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1. &Lt §: B> R Ao a C fumckon « Thee

df= 2 dud = V5. dx (27)
2. L ax AidX L o et fort o B Tl

(ed)l = 1 (28 S__AJ » (A Ad )

= R? - dx

:Pl»

(28)
3 &%e¢ K= Fodx'ads® ¢ Fo deadd + Fy dXadx’. Tk
du = ( 23.54,’%‘_‘ "3_"_:\ dxip dx* A dx®

- (V. F) dv 2 9y



(5

3. Lt o= Fedxt Then

s

—

«dx ol = V. F (29)’

,—;A;b-w—n;//%b.-aéf?ém'c—m/pf ’;‘laalj el ol o,

Gauss- Maxwell Equations.
Fhe cbassical _.af,um /vf_%m/,«,é& _,adoWﬁ’ /&Qoamé‘? -

M&W&VIW _ad
%E = MTp 3,6: Ty 4 FE/t (30)
J-8 = o IxE=-2B/2¢t

Ccr Zask o Tocar®l ZLhese LWMM/&&. /Ze/»«?,uajx

F= L B dady (v = 6,14,23)
/M/M —_—
o Ex E, Ea E:-(E,.,E“Eg)
|-~ © Bz By __ @)
F)"" ) -Ey -Ba ) Bx B = (Bx‘B\/‘ Ba)

_E. By -Bx ©
Mﬂé olx°= dt’ AX':JXI CQXI: J\,, Jxa.—_ JZ

F= ELdeadx' «+ Eyclt/\dxz + Badtadx®
Badiadxd - By dXadx® + Bxdx*adx (32).

J= 3,.dx"= P dt + Jidx + J,dx + TJn I3 @3)
3%. —Pro:p. ./ZW %M {340) ,%_zﬁ,wé-a—a,éwf T TZe AW

dF <o 29)
| AdxF = 4T X J _
|
i Proog. . MAW(MMMM -/? " _,474_(2 7-24) Sl niz
o'l Tonglead  se ell ccae Zhe ,Z:%WWZTML ,.7/,;(:,,,,4

”  er
%M |



dF = 2B d3Adtadx' + 28 &L adbada's
dx* 9 x*

9Ey dx' AdtAdd + Er dxPA dt A APy
Dx* D x3
:%%t dx' A dt Adx® & ’%_E;‘z AP Adt A dxCs
O B: dt N d)’-‘ /\'dxl 4 DB d&sl\ dK‘ I\dx-‘-f
¢ B R3

“(FBy dt A dx' Ad® 4+ DBy dx®a dX A dXC)4
< X
OBx dt A dx*Adx 3 OBx dx'adx A dx® |
Dt xR

’aB 2 3
S5 - 95y v oRxydeadxiadxt s

2Ex _JEx _ B “Adx>
(a_’::;_:_’%i_»‘v .,’%L?;\Ab/\obc'/\dxl;
B ' 2 3
(%+%—%§_+'%%)AXAO\KAO\X = 0
I _W,&n_cl.:
2E DE, . _ 2Bx
e T e T T AT
-( Ex _’B__Ea\: ,Q_B_y =D VxE-= _a—g
,‘3 ‘ax\ (at ’at
aE" = ‘aEy =] _‘BBE
d =2 A %! dt
—and - -4
2B + 9By , 98z - o 3 =) V- =0
x ox* DR

X F= 4u%x)y M&mm%— C&. 5)

. AT _2hel _avmct F;/(/}—/W/C/Zﬁﬂ-ed» W/,&Qmjn%/ Frircars’ g

AL _ Ziak _a-a

A= AMng}& i
vt Reve

Fuv = QRAx _ v

h'J
D%V DR

(306)
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The Lzatintnl —of Lo arioiat concpli of recZimcolewlo

Mf@(—,cam—/w&f/éf >

Help w,fwvz e
fo—w_)xa/wawa——, /&/t .7\‘" /7£

A M A lamot B =<B, B, B> Le

(R3) _qaecl (26) _ZRal

—Wae

(-;:x—é)&: e(éck A:.Bﬁ
(6 x;\‘),k B Eii v OA4
r-Y. 31

. ke _clasaccal anw A any . atesr Ae aifn bl Lo o

&%L’/E—%WMM (see Ex. 3 )

|
. 3 . |
et e, - 8 8% - 8y st | (31) |

39 Example.

[A x(BxC)}i

e 143

€

"L A (BXCIm

€™ e Aam (€8 B CW

Iam

€7y € 0 Ay Cu

"

|
s €7 AT B, O |

(8% 6m- 8% 55V K" By Cn
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6.2

nvarionar | Madenuea

EKC\'CISCS,

a) o= gerdx 3 x*dy
) d = xTydxady + 2 dxAdz & (xty) dyadz
[

=. =] o = _X_d._xzh"'ﬁ,iﬂ_ . o) %a—u//daaé_m/a, MMMJM
x *—72 MM‘?M—’ K _ez _hcad

b  Fmd f awch Zhat o = dy.
3 CLhn At € €z B e T, S8 8L 8
Y. Using Lo facl Ehnt diz 0 _elorZh v Eielitean
2rSpece
2y ¥V x V§ =0
b)) ¥ (¥xRAY=z o

Sa (ﬂwﬂa/t dxF= #w«%3 M—'LMM e AL gHen

6. St A=(A A A, B: (BB By, C = (0,C ). AhmrecAal

». g =l
e AIBC = AL (BXC)

7. Clsineg The omelhocts Zhie ellaplen M,m,,&wwf

o) _{7)& (%x?\) = V(_V"--A)- "‘z;\

B T-CFAY = £ R 4 ALV
c) Y_(Rx_ﬁ\ = E'(axi\-x~@x—é)

d) Vx ($A) = $UxN- K xVy
Y., A that AxB)(ExD)= :'C E'c'
A-D B.D

!9_ ’éwm Fooe i /sl)M*(F/\*F),mi % (FAF)
0. b Al  mxA= (1T DK e L N &™)




TV TENSORS.

sl plpaicirZe —olefive Loigrit —ae g Liles eitic A
D ardffrrn Lkt Hmarrds FLZheigh Zhir Kimol of oleforiim
e Aol AE _a Canel for ZHe pecit o Zhercalilian |

Con'\'\—o vart om'\' Tg nsocs .

mo&:«yiw &, - x*) e B o pen P MW,&Z,
= Vi 2.
X \/(mgiA?,
W \VASS: -of/t&maaw,%www at
Mﬂéb';/f'/a. Wca-& et el o Tl /ﬁmm ,afm
_fvf‘mu'\

3 Xl's 51(7-(?) (38’)

/W(,M et el

(39)

rwhonn .
EVRSERVARE o

(20.)
dx v

LAl Jacotiin omalim N 2T of guawtilis wchih Lot -
W —rd A Afr“ﬂfa"‘— (¥2) _ce /e—a/ééﬂef/a_ ,Ma:v-w'mé
Maz;;'/v-f /LM s Y AU %m Wz—%/ avle _Aavt

4.1 Degtaition. Mael _of guatibie TN o _cicaot

(4) Assume dd|Ti#0.



ma/&/oﬁm?u caz wn (3%), The ,7.44444/&&24— M‘\m

Sdeesabiey D Sptasse i aple L s (1)
2" oxtm

¥ Note.

Meothemmalically inclined readecs should be aware That whal o physicist calls a confravaradt
tensoe vs reafly the quanTay consisTing of the components of a tenser. Tn more mathematical beems a ranh
pteacoe T is a moltilinear map - THE N .c?.’ﬁ’-h-‘-gx-r*([\\ — R, Is,-_ Ty 15 o rank-p tenser and

To o rank-q tenewer, then the tensor product s a4 rank-prq tensor depmned ly

T @Ta) ety k™, plo gty = Toel! L dY T (s, o YY) &, p €TEYY.

Any rank-p teasor | wmay ke espressetd in local coordimales ag
T T ext @- - @ Y2x. The Ty are called the contravarasT compe -
nenls of the teasor. Covartant temvovs can be depined in o sidhmilar woy. A covgrmant tensor of rank -P

‘.acu“y looks like thes:
T = Teo... tp At ®. ... @dgw,

A ,/-,..H:;-. S L #9 _e.?x,caaz—_f%— o) W/&. e anr W .
o aliBx . o w dirnillan ity avie M‘?/M —of pnalo
(?l),M-W«-rm el liliinear _Zearafrrrn alos i ThR
den st ARl A Lo _Mirear i _each tmolex %MGA-W:'-M,
LHe a cothedni

AR _sTrccline ooff n e lirapnct - K _Zoarr foedek o a prmieTh
/ch,ofmm/af,&a_cﬂwzaf E™

Covaciont Tensors._

Boomaictic oo gt frrmi K= AL el e g
—Aerforrn o ool ?&MM@MM B8). Fiee
Ag dx
A x’ gz |
QRS

= “zk ‘*Rk |

of

relee .
Awn= Ai (#2)
IR
%/7,“.»,«&:52 M//A«u(- W /a_ccm-olka/a— Fz) o ealdol
gww“ym?///a, errarianl Aonter _off ranh P _ic a2l
.’vf ,VLM@. A{;....{T Py & W .acc,c‘_w&vu/ S

(1



Mg sy = Atigg 2837 («3)

1 _rhe wmelric Teasor odicch W e e A ”’f .y
Wdﬁ.—mc g TH . ATl el obtciitis it trgrrTanl
et~ 2ot AT alll -
Ale recall _CRal v Buw clelonne Py . _Ee —epuane _of e
—ane. Lo ?a —&%M«—é_ o ,/CMW rptclirra Ll e 7/4—4—1\, -'6/

ds* = _i;:. Axt dxt = Sc‘ axtdxt (%)
ds*=  drte rrdetr det = g, datdxt (¥48)

rt o

. b pd .
mchere = (v, 8,2) cand  Fog = \% o 1‘\
S dst= dy’-+}‘de‘+)‘mo&91 = 3oy dx’ dxt Cree)
B L \
x*= (J), &¢,®) awnmdd %"6 = R.z J: prasme |
Q)
"%’”WWC'/ ’Mm ,.pf m %’V%
d_A:L: %.:1 dKi JX.& (‘/s—)

Wﬂ& 3:#4— — el ?MM /%Wﬂz- n—m,ﬂbzac.b(_/l_aclt
MW%W ¥, a2l —catleol n—mz&cc_d_ %Wz:-

v Fey MWM%W#%

|
|
|
‘ xt = vc(x")
|
. C sk 1 g2
dst= geq (X, dR*)( 2L 424

! . 2 gk psR
I P %_;.K %.:%1 dx dx

"

%KL d?ck et:(l
anitene . .
Fur= 3¢5 2%, L @e)
|\ Thecen, Frg ianaforrnt Lhe o Az o Ko e o
_Cerd . .
/#MWMW —~a Fey s Ao

ik L
Caak FRERE M *7)

4) Technieally eq.&r 53 shovtd be wieiTTen ds*= e; J._;i @dxi
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- , at.—ef (e o D 3 B e ) MWM( 2l 2l

<R, ¥YS = g x vt o ,SL.Q. W xt

- %M,W&Z’M o IS }.c-{:/{,o ’WM'?W'
MLM%/MM 3c1' x'vi_co AM&AW
Aahet MWMMMMC;’W%/MmaLMw_
st T ?L'a"d' A raiae amnol Mgt ot ol etd ..a__c_md,,‘,‘;,

3 A, - A
e
(ot 3)

A\'_ %\'ﬁ = PG

ol o e B o Becliloan epact kR Lhe 2linctarcl elice
?:'a'f Cf;-f anl golenZical Cire A'-= 6\’A$‘= A{\_ T ARt —caar
e ATsava —art . collecl Awmw-wo(”t PSRN P
et bt o iR _Ehe thnobe et _aht i o Al

EKC!‘C\SG

@) oS Ko _ThaH 4 Fog ,a&a.?o—v._al Al e 3”.-. l/c}”l %"7‘-,“317_,_. Por

by %yt d/f': o(x7‘+d‘a7'+.dt" Ma@ /&Jé' x> trecozd, '3.-:.\",44»‘»6, ZT== .
D orcre A’MW &y s)

&) Fnod Lt Aemgth off AHe Aelix xz acoz b, gz a wsme, T= b6
o Aotleetr of € Aeiretere 620 —amd 6= 27T

A Dofone 2he limglth of o Fwolictear el X K
1\ = O X)Y.  Cfhm ZAE e Aty Th At _preserreoh

ol et proadte L _stafinr et ol rusetl Lgper | Tewnom

—~1 oy Lgpt (P, q) A/AIW —at & _ertiaraiia Xl Lrisr— |

../m"P.,V':\o(Ach M’CMMMW et 9-Mé&2¢J—-- The /ZTM,_|
- ]

Fi4--- - o~ =X =1
T ke = T BRORRL R R 49)



The permutation symbols.

e %Mﬂhdﬁ%,«»«kaﬂ:&om‘ LK W Wv—&_ s
€2 0). ,-.f/)q_/yga‘kf— /a—,@MMMMM
€~ Wo—é:- .- 4 fefult gl ces ety it nitt ppeirrrertcal
MWMA%{chL ZW/'% Ey,.
Lt 2o callel ;Wa/?;%“ miéu ol l il .,e;ZMQLM

.75»—5&”4/./1/

&, U
S,Q. —————— é_e,“ 1 1§ (o) is an even permuTalion of (4,.. .44Y
: ' and the 43 are all digg erea™
84&‘:24‘ = : ': I ~A ¢ (k.,.._.,k,..\l s an odd permdlalion of (4. ... 4w
and the &k¢s are all diggerent.
kn (2% .
§e. -7 " - 3tm O  therwice, (s50)
Thcee, S earmgpte .
(Y wi
éf"=&‘t-83—‘l‘; -5 = ‘2;5.‘31.3:0
3:’7: =5l\;= < Szl = =53512=1
':Z; = é: = 531 = 8% —83"3 = 83.1"1-

%Wm,af e €Lt aml _Zhe doa LA
Y PERRPRTY 0 L S el SARY

e B oo
Gt

'lm 3

...... (32

M/AQA,CW,AWM,;W,L Fhe Lefl Harnd zicle _ia
 ocirlets all Zhe Tia (ag iitll s Ha R _ane oteffeel,

S lhe Rl _are e sren patrnclalio of Zhis tVa _anol _EhR

Ve are all ALffuird | Lo Fotde facZint i Zhe LefZ i

2 gecatrn (52) _/m/éécwmw&?&bmo& Ko ct _Ztie AprsolocK

—-1 .7444-/(4- .Maéé%amw/ﬂfm Jda .
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%é Af‘......-L

.M /&"/a"’ /“/A“A ez W-—
e _There Aol
§% i d P s b A (53)
%—AWMMJ%CMacJ? ,74/3%»4— M%@L‘“—}m
MGVALW/M%MA:

%/&/Z Aarrl _zeole /.,74 €53) et
/z%bm/o% (}‘1f M#WW%%Q% A,k‘.... k.,
af

Cect. . AR gt Hen nonace Lot _eavi-o-Eriens A/Ma&% —of .
(ke R | IS e W%MW Jd&%,&oxj,«d
Lo Ak,.....k,. ﬁ%eMMM otk L. _ZA e s
apo amgiher , Kemce HLhe Lo St mlio eguat Lo Ak,.oenihom

5:9‘ _____ Bz e

o o b U LR PR S 4
Ao lHen apeecak sxomple o otlaimed o avie Lihe (Koo hm)
A Ao e el R4, . ..oom). Then (31) _Torgelhen s XA Coe) speeddl
e—\:.-.... T Gf‘ | (55)
Ul leare E o a exercion T EHe teasler L it ‘
A 2l
61(_-...,. Lm 4‘......-4.“_.\," e‘kl‘--”

© oo ins l
- - 0 (56
- e, A e stk gk' < werdeom !

%MM—M’/&’M,MWM,MWW
Ehe € la o the Lo _PHamsforr oa ke _corrpmirili —ofl

_/695,;,&» il ,eﬁ,./«_a/z:f_r‘— @2), £ A= (A‘;,-) T et K
s al A

cted A= AV = gy AN AT G 3)
e JM
€z 2y A: i Al:,,. = [AY €4 .o, (s%a)
gt Ao /_\f;l..... . Ai?u, - AL 6?}..... (29

(5s%8)

’X,{: f l.(gﬂ.)

sl L



23

Ay = 2x' - (T
2% 4
o 2K .. 5 9 o
Gk, cooe (B B e é—ék: . %k (59x)
pliciam iy o Lgr) @bee B R 977 (59 8
Ix Dxtm

@W(f?)wwwe/p,wwm.
Clhrecmililicr v bk —Zraafrrre oz alrre _ars —callecl _nelalat
WM. 474(/7544.

ALz orr ”7{ MW —l ol +/
;,,M_A&ZGZ‘—C /ﬁd—f"‘" ’ﬂ‘%
v

e T
! —rn A —//ﬁW’M‘%W’

(e _aom <.5‘2.))
/u/,a?%ﬁ
. Amare o Zgpe (o)
Ve ] MWWC’:M«,& e W,of ,e?,“m (46) _and & va)
Tl jMJ-—
m | 2211 22,

Wwa,
(¢o0)

e.... . 8, = Vg Chivn o lemn (67a)
'&,.....A{m ke-r-oo b
€ - 6/ 6)
75 € C
—CA ./Z—T'd—"‘l-— . %Wt

TXe e’. cane, _ZHen, /%W/vf

ol BRE i THe _pmolices —of Zht Lowzrial
i € _ast _rceredd ol Mowitre ol aniTHh ZHE e aic Feg
g&méu/oymmw € _are MWW&C
il Hhe Sip . Thie o Ehe _recarn ity Ahe €lo aild
tnp bt Ot cet —arh WM%’—W—M Lo ZHe €Els

‘ MA/CA —-ZWCM._,JmaA_cM-
ﬁwMWﬁm .W46{;-L *me—
dl”'" ,..,../\clxlm

VAN dx» = __A/:i—- eh.””.im"lm&\ oo
(=) 6 2)

% (dx*



Curvilinear Coordinates.
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T A pe T e capply - MWW _/,Mm,z;
/7;«4-&

e gl M%MW——@%W /a_/%um

M),W/m %’\M/LMM /pa,&a(M,“.?,W
_/ff,dmm%.

Y M —

W
%’W«zz Wﬂm/% MMC’K&—/W

ittt mh. et ot Tl ,oy/»m
—l Pt ol o R .

T

akl

Xt = X cuk) (€3)
Bur= 5..1 %ﬁu ’%%4 (6%
e e oleee MM@_JMMWA,M&M'M
»//MJ— _%VWK |
ds*z G, (@u) & F2.CdUNY 4+ Gaa (d®)T s |
|
_ﬁmw ot
Qf = Nq, du’ = L. du' “Classieal notatuwn
% - 4. Fu.
6% = Ao, du* = b, du" Tn > o Tuwe (6¢)
;:(.1 '—-e\\ _V‘Hsl
0" = Ags, du® = 4, dd
G \ 2 - { ?;
LA™ R
N ¥ - ¥ A G
Ca = t - .L’) .
T Fnde t T
M Jf da®= dpts+ f‘ele‘+f1,d~*ze d¢° hon
=dp, "= pde, 0’z parme dg b

22 P, -2\3=f,u=ne.



_%—W//am«aé —Aatca e clivr o pretersed T hatt <t
OL((’13= 4&
Gradieal.

ds= 2% dx' = N§-dx
oxf

T e e acitpe WM.,;%WZ}”_ SEE AR covrolimnaE
Wﬂrz}w xt= 2x (ut) Py ?/’é

ds = 2f au oQ-r.
du¥

,ﬁ dut = L 28 @' - eg({\e"
\ Bu‘

(c8)

(-I‘r-\:%ﬁ" T'a' %u"' R aus) é9)
Cuel
Lt F

= B0 +F. 0 +F0 . That in, Fic n necZir foodol drse
it ll wan e 5@y —efrase aw CF F,, Fy)
el Lhe el

e call b ol

curL = xd (_4.4‘ 28). e _HPare :

Fz= F.0'4+F,0%4 F0° |
= (-R.F‘\du.' + (."\-;,Fz)dui + (th;)dua
= (AP dut. wwAhune ChF) = BiF
aF =

E Qéhi\.. _ 'a;()hr-),\ Aul Aduf
w ut

[ AR _ 3che) ¢ 6t A 0
2"\114!1 dui dud

*#d F = E‘.fk[

i, ( RwBy acu),)] "

= (Vx ), OF
duid [2ut

Fhin, Lht ermprsnte —of Ehe cord oo Ehe 6 cofpome _ars

A robha ) - 2ChaFa) ! D FY - 2Cha B A () _ haFa) )
(hzh,[ au* au* ) h-_k.l du? dur ‘/ -mn‘ U 'aw»]
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__Dlgsrger\cg R

X_/'- /“7{0"‘; ,M F= F‘e'\erezl—Fses. %,crﬂ—ry«o«a—/é& clrren —

WMCMMJ/ Zhhat Divz «F#.

F
*F

FT.0'+F 0 +F, 0
F. 62A 6% + T, 0%r0 + F, 0'A0°
(J\-,_ﬁs\:dduz/\ do® 4+ (A b Forduada’ « Chow, Fa) du.‘/\du.z

|

dxF = [ 2 Chah.F) , A(hh, F) Q(h.h-.ﬂ)] du'ndu® A du®

2w d2ur 2ur
= CICUGA IR TOUSU S B YOS R R SN
h.hihs due fur Qud

’Kd-lfF = ) ’a (htthI) + ?(h‘hz F't) + a(hith‘)
hhahns [dw 2ur Dud

“,Ké :E\G\ ciaty .

i)

W/’f M7L4M_(“,d- &6g8)) M&MMM

S e Laplocion

- % 1R 2 Nt .
oy &-L»lsx‘%'(b—%\k}; ﬁ'\ * éal_l"( L"ﬁk{ au‘l—\"' 5(11( h"% gﬁ—‘B
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Exercise s

oot ol alea /47 <) Mmf —€g. Coreé)

2. e ,cWW#&,CM&» el e
A= (AAVARYY L ol he eeraiand o prprrrieriZio—in _aptonciak

3. clhnrzhoat of A = (K ASAY) amd B = (B, BB, _tlen
Coa CAR) = g.o; A'B
(9ret AR (G R B

v4hk i ke
Y. Lo tht & S 1.‘ : 3t (vfk=023) . ) Jfgu 7L N € X S GRTAN

.5') C/ﬂm/w.»«{ Aﬂ' MMWGW (viq= ..o »)

A . LA Areertben off _ealinl Dot - M (m~1)/2

é) %ﬂﬂftx{ AIVI"/;"WC.M (121'_(4—_-1;-7 , Y Zhan
%M%WW%MM{AUFQKM N wtune
N= m + ;nlm-0 + min-im-2)

<9

¢

) bl A €4 o €T _ae clfiad i _epunZom (E1) |
V) Vaufy LAat PRI\

N

X ox . . o . o O
| =) W LAY J,E,?y::\ P\Lm“- A’k—/‘tk*\\-ﬁ("h-/\“ +Ak+- A
| 20) ‘KM a) cft_;', L) Jﬂl’- c) J; d"{iJ'{{ gk = 0 oo )

1) Brot thal Lhe gomialiesl Farccho datlac 0770 Limme -
_%rwvw- MMW /v-f —a Tt .
re) Ahrs thal ST LK o Lk Ctgk =1, 2)

/3) (,ZM—-,/AW%«MZ‘) %t A:(A‘:a'\/émmkm
el —amol L DY, _Le _the _cofaclir madiix . I

k2 [
=) %//%'z A"L' = e’i,iz,“s;",im A 7;. A 3 == e At‘hm |
) efholo that A A = AL = AI: € ir - -

) By ctiffonintiativg VA= €ty AV KD ke 2hed

DIA A : AT e A "
Axa i N rYl AL ¢ B
= 3@\{& Ak.;_

|

)
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((anf)

%.- (b \A\) = Q__Ack ) /'\kc
x4 DXy

1) A h thal of Ay Bimaforms e o e Zlem b A
—olott el Mww,%am. :

’5) ’\%”"‘//d‘/é M W-cowe Mo&/nk&:—

P Priin6 Praimts Dor
TRE = _I D oA ~RF ¢ 2% _2 L. 172 _3mted
D NS S e R G0 SC e\ U8 it A SR RN SR SIS B2

06) Ellplic coplindiial comolinnlii . Lt x:ckm, y=cAGoGmy  EF=3
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