APPLIED HARMONIC ANALYSIS OUTLINE

MARK LAMMERS

1. CLASSIC HILBERT SPACES AND FREQUENCY REPRESENTATION

Important Hilbert spaces and associated inner products.

R", (x,y) = inyz‘, C", (x,y) = Z%E

(*(Z), Real case (x,y) = szyz, Complex case (X,y) Z:clyz

L?0,1], Real case (f(z),g(x)) _/o f(z)g(x)dx

L?[0,1], Complex case (f(z), g(z)) = /0 f(x)g(z) do

L*(R), Real case (f(x),g(z)) = /OO f(z)g(x) dx
L*(R), Complex case (f(z),g(x)) = /_OO f(z)g(x) dx

Norm [[f]| = ({f, f)"?, x|l = ((x,x))"/* Caucy-Schwarz: [(f,g)| < [If]- g

Definitions of periodic functions, Fourier coefficients/ Fourier Series.
Complex case

/ f 727m’w:dl, for n € Z Z e 2ming

n=—oo

Real case

T 1 0
ao = o~ 7ﬂf(x)dx, anz;/ﬂf@)COS(mﬁ)dm”:1»2>3"'

I -
b, = —/ f(z)sin(nz)dx n=1,2,3..., ag+ Zan cos(nx) + by, sin(nx)

- n=1



1.1. Continuous.

The Fourier transform and inverse Fourier Transform for functions

f(w) = f(f(l‘))(w) — / f(ZL' 27rzwzd$ and JT_' / f 27rzwzdw
Definition of convolution fxg(x / f(x—1t)g(t) dt for functions on defined the real line.

Basic properties of the Fourier transform Exercise derive 1,3,5,7

Theorem 1.1.
DF(f@) + g w) = fw) +90w)  2)F(ef@)w) = ef(w)
HF () (w) = Fw — F) DF(fr — B))(w) = 2 f(w)
3F(f (@) (w) = 2o () 6)F (e (1)) () = o~ f )
DF( % g)w) = flw) - j(w) SF(F(P)a) = f(-2)
) F(6,) (w) = ¢~ 10)F(Ua)(w) = ——
Parseval’s Identity, ( ||f]|*> = Z| [? for any orthonormal basis {x,} )
Fuler’s Formula ¢ — cos(x) + i sin(x) .

Exercise 1) Compute F(1[_1/2,1/2)(®))(w) using the definition. Show F(f(ax))(w) =
1 -
af(%) for @ > 0 and use these two to find F(1_q11)(z))(w) .

IT) Compute F(cos(2m7x)1_1/21/2)(x))(w) using 1) and 3).

Theorem 1.2. The sequence { f(x)e*™™*},.cz is an orthonormal basis for L*[0, 1] if and only
if |f(x)] =1 for "almost all” x € [0, 1].(Note: Really true almost everywhere in measure .)

Proof. We know from above {e*™"*},.cz is an orthonormal basis for L2[0, 1], so consider

<f(x)627rimm7f($>€27rim:> _ /1 |f($)|262m(m_n)xd93
0

If | f(z)] = 1 then
<f(l,)€27rimaz7 f(x)€27rina:> — <627rima:’ 627rina:>

and hence {f(z)e*™™*},,cz is an orthonormal basis.



Let {f(x)e*™™*},.cz be an orthonormal basis then

en = (f(2), f()e*™") = (| f(2)]*, ") = do,n

which implies the Fourier series expansion of |f|*> =1
U

1.2. Discrete. The DFT and the IDFT for sequences ( also called vectors or signals) of
length N.

N-1

1
X (k) = Fn(z — Y z(j)e 2N and
~ VN =
| N
(k) = JT_'—l - X 27r1]k/N
( ) N ( \/N g
) L N i
rxylk)=— ) z(j
\/_ j=0
Exercise Compute DFT and IDFT for = (1, 1,14,1%)

If we let T" be the translation matrix, M be the modulation matrix defined by

01 0 0 --- O] 1 0 0 0 e 0
00 1 0 - 0 0 e/ 0 0 0
00 0 1 -0 0 0 e 0
T = o |m=
00 --- 0 0 1 0 0 . 0 e2ri(d®~2)/d? 0
r 0 -~ 0 0 0] 0 0 0 0 e2mi(d*~1)/d
1
and F the discrete Fourier transform matrix, i.e., F;; = —— e #mUR/N for j k € Zy then

V()
the expected relationships below follow as analogues of the continuous case.

Exercise Write out the Fourier Transform Matrix for N = 3 and check it on Matlab
fit(eye(N))/sqrt(N) .
Theorem 1.3.
)T = FMF*, 2)M* = FTF*
1
3)F(xxy)(k) = X (k)Y (K) 4)F(0) = —=1



1
Theorem 1.4. For v € C" then {T'v}Z(! is an orthonormal basis iff |(Fv)(k)| = i for
all k € Z,,

Proof. By properties of the DFT (Theorem 1.3 (2))it is enough to show {M?V ;V:’Ol is an
1
VN
) 1 )
then (M'V, M*V) = N<MJ1,M’<?1> = {

orthonormal basis iff [(V)(k)| =

0if j #k

If |V (k
M Lif j=k

1
=75
Now assume { M’ V}N,O is an orthonormal basis. Let f be any norm 1 vector so by Parseval’s
Theorem we know >, |(f, M¥V)|?> =1 but

1= 30 liE, M) NZ|fVM’f ! NZ| N2|f 2V (k
k

Now consider f = T*§; for each k implies N[V (k)|* =1 . O
Exercise Derive 3
We will introduce the matrix that acts as a derivative later and recover discrete versions of

f%f@@ﬂw)ziwfwﬁawif@#@@ﬂw)zij%fﬁw.

1.3. Application 1.
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We graph the a signal of two distinct tones and the frequency representation. See Appendix
9.1 for code.

1.4. Application 2.
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We use an elementary filter and convolution to remove high frequencies. See Appendix 9.3
for code.

2. LINEAR ALGEBRA AND SPECTRAL THEORY

Definitions : Linear operator, Upper-lower triangular matrix, similar Matrices, Invertible
Matrix, diagonal matrix, diagonalizeable matrix (A = PDP™!), eigenvalues, eigenvectors,
characteristic equation, singular values, orthogonal or unitary matrix (UU* = I), symmetric
matrix(A = A*), orthogonally diagonalizeable matrix (A = UDU* with UU* = I, Singular
Value Decomposition, least squares solution, linear regression.

Properties of Determinant
1)det(A) = det(AT) 2)det(A) # 0 iff A is invertible

1
 det(A)

Theorems/Lemmas you should know the proofs to.

3)det(A™) 4)det(AB) = det(A)det(B)

Theorem 2.1. If two matrices are similar they have the same eigenvalues. (What about
eigenvectors? Counterezample?)

Theorem 2.2. Square matrices A and AT have the same eigenvalues. (What about eigen-
vectors? Counterezample?)

Theorem 2.3. Fvery transition matriz has an eigenvalue of 1.
Theorem 2.4. If A = BB” then its eigenvalues are greater then or equal to zero.

Lemma 2.5. Eigenvectors from distinct eigenvalues of a symmetric matriz A are orthogonal.
(Counterexample when A is not symmetric)

Theorem 2.6. If A is symmetric it: i) has real eigenvalues(Is converse true? Counterex-
ample?), i) is orthogonally diagonalizeable.



Theorem 2.7. The least squares solution(s) of Ax =b are the non empty solutions of
ATAx = ATb.

Theorem 2.8. Every matriz A has a singular value decomposition of the form A =UXVT.

Theorem 2.9. Show that if ¢ = VX # 0 is a singular value of A then it is a singular value
of AT,

Proof. Recall that singular values of A are the square roots of the eigenvalues of AT A which
we know are all greater then or equal to zero by Theorem2.4. By definition there exists x # 0
so that ATAx = Ax and so Ax # 0 and AAT(Ax) = A(ATAx) = AXx = MAx. Because
AT Ax # 0 we know Ax # 0 and therefore Ax is an eigenvector of AAT corresponding to

the eigenvalue \.
OJ

Theorem 2.10. (Spectral Decomposition Theorem) If A is symmetric then A = Z Auguy
where v; are orthonormal eigenvectors of A in particular Ax = Z i (X, u3)uy

Exercise: What is the relationship between singularvalues and eigenvalues for a A = BBT?

Definition 2.11. For a matriz A we define |A|| = sup [|Ax||
[lzf|=1

Theorem 2.12. Show that ||A|| = on where oy is the largest singular value of A

Be able to compute (using Matlab) and use the singular value decomposition.
Be able to use the least squares solution to do a polynomial regression
We explored many of these concepts with respect to the Fourier matrix so be familiar with

them in that context. In addition, we applied the DFT matrix to numerous signals to find
dominant frequencies.

2.1. Application 1.

™
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The image on the left is the original image and the one on the left is a reconstruction from a
singular value decomposition using 19.16% of the data. See Appendix 9.4 for Matlab code.

2.2. Application 2.
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We solve the least squares problem to find a polynomial fit to the data points. See Appendix
9.5 for Matlab code.

3. FOURIER TRANSFORM AND THE TIME-FREQUENCY LOCALIZATION

Heisenberg sum. Let i € L2(R) and ||h]| = 1. If h and h are differentiable

d N N )
ST A@I + I h(@)|F = ooh - +ooh

2
Consider the differential operator, H(f) = fl_;;+t2( f) , sometimes referred to as the GaussH-
ermite (G-H) differential operator. The eigenfunctions of this differential operator are the
Hermite functions with the one corresponding to the smallest eigenvalue being the Gaussian
g(z) = e ™" ( Note different dimension and Fourier Transforms require different dilations
and normalizations ). We also point out that since the Fourier transform commutes with
this differential operator the eigenvectors are also eigenvectors of the Fourier Transform.

lzh(2)? + llwh(w)]* = |

We say that a function has good time-frequency localization if the Heisenberg sum is ||zh(x)||*+
|wh(w)]||? small. The minimizer of the Heisenberg sum above over normalized functions is
exactly this Gaussian. In other words in this sense, the Gaussian has "the best” time-
frequency localization. Some functions are so poorly time-frequency localized that the sum
is infinite. Can you come up with any?

4. DISCRETE FOURIER TRANSFORM AND TIME-FREQUENCY LOCALIZATION

We develop a discrete version of the Heisenberg sum. Let h € L*(R) and ||h]| = 1. If h and
h are differentiable



. d d .
lzh(@)[|* + [[wh(w)||* = |—=Fh(z)|* + I|%h(%’)|\2 = ooh - +0ooh

dx

We begin by replacing the derivative with the matrix D, the finite difference operator, and
denote A = D*D

"1 -1 0 0 07 2 -1 0 0 —17
0 1 -1 0 0 1 2 -1 0 0
0 0 1 -1 0 0 -1 2 -1 0
D = 7A = 7
0 0 0 1 -1 0 0 -1 2 -1
1 0 0 0 1| -1 0 0 -1 2

We observe that D = I — T, T~! = T* and M~! = M*. So if one defines X? = F*AF we
can apply TF = FM to get

F*AF = F*(I —=T)*(I = T)F = F*(=T* + 2] = T)F = —M + 2] — M*

Since I and M are both diagonal matrices, so is X2 with (j + 1) diagonal element
— 2T g 72— 9 cos(2mf /d?) + 2 = 4sin® () /d?).

Finally we observe that since AF = F'X? the columns of the Fourier matrix are the eigen-
vectors of A with the diagonal elements of X? as the corresponding eigenvalues. Now that
we have established a ”derivative” let us give an equivalent derivative that helps us fill in
the gaps in generalizing form the continuous case to the discrete case. Since X? is a diag-
onal matrix with all positive entries we will let X be the natural diagonal matrix obtained
by simply taking the positive square root of these entries. Hence, we define D1 = FXF*
as our symmetric derivative and we recover the discrete form of the continuous properties

5)F(f' () (w) = iwf(w) and 6)F(zf(z))(w) = i% f(w) form above. Namely:

1)FX = DIF, 2)DIF = FX

We propose the following norm as the replacement:d?(||Dg|* + ||DFgl||*) . To see why, let

g be a function in @dz we let h be a function on R to C defined by h(n/d) = Vdg(n) for

n=—[d?/2],-- [ (d® = 1)/2]. Tt is easy to show ||g|l;z = ||h]|L2(m). Now using the fact that
d2

sin(x) &~ z for small z we get :



d?—1 d?—1

(| Dg|l® + IDFg|?) = 4d*(Y_ sin®(mj/d*)|(Fg)(j)* + Z sin’(mj /d*)]g(7)[*)

=0

L(d2—1)/2] . L(d*>-1)/2] .

d) . h(j/d)

<A (i PO S ey Dy

e j-1a2)

s L)) 1 (@-1)/2)

=Ad’—( > @/AhG/APS+ Y (mi/d)[h( Gl 5)

= 1a/2) -1 2]

~ (47r2)/Rw2|ﬁ(w)|2dw+/Rx2|h(x)|2d$
= (4m)(|lwh(w)[* + [[zh(x)|*)

We have produced a finite version of the G-H differential operator that asymptotically seems
to agree with the Heisenberg Sum when we apply norms. Hence we can consider the eigen-
vectors of this positive definite linear operator (A + F*AF') and refer to them as the finite
Hermite functions. As usual, we label the eigenvector with the smallest eigenvalue as the
Gaussian and provide an image below when d = 19.
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5. TIME-FREQUENCY REPRESENTATIONS: CONTINUOUS AND DISCRETE

5.1. Continuous. It is easy to show that e*™™ is an orthonormal basis for L?[0,1]. One

may translate this basis around to get an orthonormal basis for L*(R), i.e. €., ,, = 62’”’"“”1[”7,1“)
is an orthonormal basis of L?(R). In other words one may create an orthonormal basis in
L*(R) by applying time shifts ( from 1j1) to 1p, 41y ) and frequency shifts (from 11y to
62“”“’1[0,1) ) to the single function 1p ;). A fundamental tool used in analyzing sequences
created by time-frequency shifts of a smgle function is the Zak transform:

Z(f(x)) (t,v) = f(t—n)e ™.

neZ



This is a linear map from L*(R) to L*([0,1] x [0, 1]).

a) Show another representation of the Zak transform is

Z(f(@) (tv) = Y (fremu)et™ e,

m,nel

Why is Z a unitary map?

b) For k € Z show
Z(f(z = k)(t,v) = ™ Z(f(2))(t, )

and

Z(e*™M f(2))(t,v) = e MZ(f(x))(t, v).

c) For fixed f, g in L?(R) define time-frequency convolution
foglr) = Z(f, emn) €™ ™ g(z — n).

m,n

Use a), b) to show
Z(f © g(x))(t,v) = Z(f () (t, 0))Z(g(x))(t,v)

d) What can you say about Z(g)(t,v) if {T"M™g}mmez = {g(x — n)e*™™*},, nez forms an
orthonormal basis for L?(R)?

Theorem 5.1. (Balian-Low) If {T"M™ g} nez = {g(x—n)ezmmx}m,nez forms an orthonor-
mal basis for L*(R) then ||zg(x)|)* + |Jwg(w)||* = co.

Example 5.2. By above we know e, , = 62ﬂimx1[n7n+1) is an orthonormal basis for L*(R),
so in this case g(x) = 11y . Compute ||lxg(x)|]* + [|lwg(w)|* .

Definition 5.3. For given parameters a, b we define the Gabor System as {T”“Mmbg}mmez =
{g(x o na)QQmmbx}m’nEZ

Remark 5.4. Let us put two things together. If we want good time frequency-localization
and something close to an orthonormal basis perhaps for g(x) = e ™ and some a and b the
sequence {T"*M™ g} pnez = {g(x — na)e*™™*}, ez is a basis?



5.2. Discrete. We examine creating o.n. bases with time-frequency shifts of a vector in C*".
We chose a square dimension so that we can apply a finite Zak transform to the window.
Let f € C¥ be periodic in that f(d?+ j) = f(j) so that C¥ = (*(Z,). We define the Zak
transform as the unitary operator Z : (?(Zg) — (*(Zg2),

(Zf)md+n) = \/_me+/<;d

kEZq

271'7,kn

and its inverse Z*

271'7,k:m

(Z*F)(md + n) = \/_ZFndHc

k€Zq

Remark 5.5. Matlab code for Zak matriz Z

F2=fft(eye(d))/sqrt(d);

for j = 0:d72-1;

Z(j+1,n+1+floor(j/d)) = F2(mod(j,d)+1,:); %Zak transform
end;

Remark 5.6. Alternatively, the finite Zak transform can be described as the synthesis op-
erator for the canonical Gabor system, i.e., the Gabor system with "block” window b so
that

b(i):{ﬁifogmd

0 else

Let M, N, T be operators defined on ¢?(Zz) by :
(T™f)(n) = f(n —m) and (M™f)(n) = ™% f(n) for m,n € Zg.
(N4 f)(md +n) = e>™I™/4f (md 4+ n) for m,n € Zg

We consider the special case of the d power of M and N. Here (M%f)(n) = >/ f(n) for
n € Zg. and (Nf)(n) = 2™ VA/df () for n € Zgpe.

Now we are ready to show the finite Zak transform changes Translation to Modulation and
sends Modulation to a Modulation as in the continuous case.

Proposition 5.7. a) ZT7% = M%7

b) ZMI* = Ntz



Proof. a)

—2mikn

Vd(ZT7f)(md +n) = > f(m+ jd+kd)e™ 7

k€Zqy
=D fm+ (b d)e 5"
k€Zqy
=3 flm o+ tdye
LELy
— T Z f(m+ fd)e_%éwn = \/C_Z(deZf)(md +n)

Lelq

b) First we note that (M7?f)(n) = > f(n)

—27nikn

VA(ZM f)(md +n) = ™D L (4 fd)ea

k€Zyg
_ Z 627rijm/df(m + kd)e;%&ikn
k€Zqg
— Z f(m+ k:d)e_%;kn = \/E(deZf)(md +n)

k€Zyg
Alternatively we write ZT92Z* = M¢ and ZM?Z* = N°.
0

Now let us consider the Finite Gabor System generated with d translations with d
modulations, that is, given g € £(Zg) we have the d? x d? system/matrix {T"*M™ g}, ez,
If we consider this in matrix form we get

G =g (T) ... (TNg) (M) (T?M%) ... (MN~4g) (TIMN~g)... (TN MN-dg)]

In some sense we have seen this before but either only Translates or only Modulations. For

example the Identity matrix can be described as a translates of the delta function dy and the
1

Fourier matrix can be described as Modulations of the normalized constant function —=1.

VN

We now give the Time-Frequency version of Theorem 1.4.

Theorem 5.8. Let g € ((Zg), ||lgl| = 1 then G = {T""M™ g}, nez,, is an orthonormal
1
system iff |(Zg)(n)| = ¥ for alln

Proof. Applying the Zak Transform to {T"*M™g},, ez, gives {M"N™Z(9)}mmnecz,- M and
N are both diagonal matrices, i.e. multiplication operators, and is easy to show that for



|H(n)| = % the system {M"N"™H)},, nez, is an orthonormal basis. The rest follows from
the fact that the Zak Transform is a Unitary operator.
O

One last observation we include here without proof regarding the interplay between the finite
Zak transform and Gabor systems. Is we define the Gabor A, matrix for a window ¢ to be
the matrix whose rows are {T"M™dg}, .c7. then for any vectors g, h, f we have

Z(AA5()) = & Z(9) - Z(h) - Z(f)

where the multiplication on the right hand side of the equation is point wise in each compo-
nent of the vector.

5.3. Application.

n & (5] fa e o — m [} = m

We give a time frequency representation of a signal of two distinct tones using the inverse
Zak transform. See Appendix 9.6 for Matlab code.
6. FRAMES

Formal definition. For any of the vector spaces X defined in Section 1, i.e. C", {5, we can
define a frame as a sequence of vectors or functions {g,} C X so there exists 0 < A < B
satisfying the inequality

(1) AJIE|I” < ) IE )17 < BIIE| for all f € X
We have seen a version of this before and we know tons of examples. Unlike in previous

sections we will start with the finite cases and extend to the infinite ones.

Example 6.1. If A=B=1 the inequality above looks like Parsevals identity. Therefore, any
orthonormal basis is a frame.

Example 6.2. Any basis in C? is also a frame. Why? What are the eigenvalues of GG*?
What does this have to do with the inequality above. Hint if G = [g) g - - - 4] then ||G*f||* =



Z [(f,g,)|? . But we also know |G*f||* = (G*f,G*f) = (GG*f,f) and since the matriz G
zsn wnwertible we know the eigenvalues of GG* are > 0 and hence

Ml < IGTE* < Aall £1?
Another way to describe the frame inequality (2) is to say that A, B are the smallest and
largest eigenvalues of GG*

In finite dimensions if a frame has a finite number of elements it is simply a spanning set.
In matrix form this turns out to be a non square matrix that is full rank.

—17 1=l 15 3
Example 6.3. For R? {g,} ={ [(1)] : |:i§:| : |:i§:|} or in matriz form G =
S 0 37 =
We compte the eigenvalues of GG* = {8 g] and it is easy to see that A= B = 3
2

What is an example of a frame in finite dimensions with an infinite number of elements?

2
Example 6.4. Consider the set in R? {Lﬂ} U { {81 1>, Claim A =1 and B = % will

work in inequality (2)

Definition 6.5. A dual frame to the frame {gn}n = 1N C X is any set of vectors
{h,}Y , C X so that for all x € X we have

N N
X = Z<X7 hp)gn = Z<Xa gn)hn.
n=1 n=1

In matriz form a frame G can be represented as the columns of a matriz

G=[g182 - 8N
and a dual s a any matric

H: [hl h2 hN]
so that GH* = HG* = I. If dim(X) = d what can you say about N compared to d?
> =<...7

IMPORTANT Difference between frames and bases is that the duals of a frame do not
have to be unique.

17 -1
Exercise: Find three distinct duals to the frame {g,} ={ B} , {\}3} , [_3/3] .
2 T2

Definition 6.6. Let the Frobenius norm of a matriz, even non square, be defined to be

Al = /2232 Nai 512



Definition 6.7. We define the canonical dual of a frame n

G =lg1 82 " 8N|
to be the columns of the matriz Gy = (GG*)~'G. Can you show this is a dual frame?

Deﬁnitior;v 6.8. The trace of a square matriz A is the the sum of the diagonal element, or
Tr(A) = Z ag;
i=1
Proposition 6.9. If A and and B are both square N x N matrices
1) Tr(A) =Tr(A")
2) Tr(AB) =Tr(BA)
8) Tr(BAB™) =Tr(A)
4) Tr(A+ B)=Tr(A)+Tr(B)
If A and and B are both non square M x N matrices
5) (A, B) =Tr(B*A) = Tr(A*B) is an inner product for non square matrices.

6)0< (A A) = HAH?T is a norm for the set of non square matrices.

Theorem 6.10. The canonical dual of a finite frame G of C" is the dual that minimizes the
Frobenius norm.

Proof. Recall Gy = (GG*)7'G and the fact that if H is a dual of G then so is any H + K
where GK* = KG* = 0 (Why?). Consider any dual of the form Gy + K . First show that
GoK* = 0 and compute the (H + K, H + K) using the properties above.

0

Definition 6.11. A frame {gn} C X is called a tight frame
(2) S |(E, )2 = B|]? for all f € X

that is A= B # 0 and if A= B =1 it is called a Parseval frame.

Example 6.12. What do we need to do to turn this into a Parseval frame? {gn} ={ Lﬂ , {%} , [

2

Theorem 6.13. If the columns of a d x N matrix G form a frame then the columns of
(GG*)™'2G form a Parseval frame.

Proof. See homework 3. U

2
—V3

2

)



It is common to use the derivative to create a new norm in for %unction on the real line

namely for f € L?(R) consider the space of functions so that Hﬂ” < 00 . There are a
x

k 00
number of variations on the norm such as Z | /"|l and Z(l +n2)|f(n)]2 . Since not all
n=0 n=0

functions in L?*(R) have derivatives (Example?) one needs to massage these definitions by
saying the the derivatives exist in some weak sense. We already have a discreet version of
the derivative but we are going to tweak it a bit to make it invertible( Why do we want it
invertible?), hence we introduce

1 -1 0 0 - 0]

01 -1 0 - 0

00 1 —1-- 0
D =

00 -~ 0 1 -1

0o 0 -~ 0 0 1]

With this new ”Discrete Derivative” we define a norm on non square d X N matrices Agxn

by

1Al = DR A xall v
Definition 6.14. For a given frame matriz E for R? we define the K" Sobolev dual to be
F=(EVE) ' EV
where V¢ = D** Dk,
Theorem 6.15. Given a frame E the K" Sobolev dual F is the minimizer of both and ||F ||
over all dual frames of E.

Proof. The argument for the k' case is nearly identical to k=1 so for simplicity we prove
the result for k = 1. Observe that F is a dual frame to E iff FD* is a dual frame to ED™!,
that is FD*D*'E* = FE* = I. By Lemma 6.10, if FD* is the canonical dual of ED~!
then it is the minimizer over the Frobenius norm. So let

FD* = (ED'D*'E*)'ED™".
Multiplying both sides of the equation on the right by the inverse of D* and simplifying the

notation gives us that F' is the Sobolev dual
O

7. CRITICAL SAMPLING V.S. OVER SAMPLING: BASES v.S. FRAMES

Definition 7.1. A function f € L2(R) is called band-limited if f(w) vanishes outside a

certain interval (i.e. band). Alternatively we say f(w) =0 for |w| > W and refer to W as
the band width.



Exercise: Give an example of examples of a function with bandwidth 37

Theorem 7.2. Sampling Theorem Suppose f is a bandlimited function with bandwidth
with W then
Zf n sm 2r(Wz —n))
7(Wz —n)

nez
A W A . A
Proof. Since f(w) =0if w > |W|, f(z) = / f(w)e*™*dw and f is compactly supported
-w

, , 1 " ,
SO f(w) _ ch627rznw/W _ Zc_n€—27rlnw/W with c_,, = ﬁ/w f(w)e27rzwn/de _

1
W f (%) . Putting these together yields

w
= /_ 2 %f ()2 /W i dy

w
_ Lf(ﬂ) / eQm'w(fon)/de
-w

nez
27rzw(Wx n)/W w

1
=216y w3 W ri(Wz —n)] W)|_

nez
n 1 eQm(W:c—n) _ e—27r7,(Wx—n)
B ;z f(W)Qﬂ'(WJ? —n) (2i)
B n  sin(2r(Wx —n))
a Z f(W) 2n(Wax —n)

nez

O

7.1. Taking advantage of Over Sampling Quantization. Given an expansion of the
form f(z) = Z Znen , find an expression f(x anen so ||f — f| is small and ¢, come

from a finite alphabet. For example, ¢, € {—1, 1}.

Example 7.3. For bandlimited functions f(z) with |f(w)|,|f(z)| < 1 and representation
=13 (gt -
T

we would like representations of the form



f(l’) = %ZQng(m - %) with Gn € {_17 1}

AND |f(t) — f(t)] is small.

Sigma Delta(XA For Finite Frames) scheme.

First order X AWe introduce a state variable u,, and let 0 = uy then we find inductively
Up = Tp — Qp + Up—1 and dn = QJ(mn + unfl) or

Aun = Up — Up—1 = Tp — (n

and

N
= E £,
n=1

Higher order YA For an k*" order scheme A*u,, = =, — ¢,
N—k k
|z — 22 = || Z un A f, + Z un—j 1 A vl
n=1 j=1

Our next example will be for a vector in R? jus to make sure the notation is clear.

Example 7.4. ( From Anna Maser’s thesis)
We will begin with an original signal, ¥ and a sampling frame, E. We will show how to

obtain an error magnitude between the original signal, T, and the reconstructed signal, T,
1

through the use of a first-order quantization scheme. Let & = 3, | be an original signal

T4
and E be the sampling frame matrixz such that the rows of E correspond to e, and

(3) E=

=== O O

SO OO ==




We apply E to T to achieve an oversampled representation of &, a vector originally in R?
and now in R®. The result follows:

O [0 | =

s [ s [

We then apply the first order quantization scheme defined above to send each of our x,’s to a
member of our quantization alphabet, {—1,1}, while keeping track of the error between each

T, and q, as we proceed.

U
q1

Uy

q2

U2

qs

qa
Uy
qs
Us

de

Ug

0

Qluo +71) = Q0+ %) 1

1
UO+ZE1—(]1:O+——1:——

3
Qur + 1) = Q(—5) = —1

1
U+ Ty —@=—5+1=
Qug +x3) =1
Up+23—q3=1—-—1=0

Qus + x4) = Q(_l) = -1

U:‘5—1‘$4—CI4:Z—l
Qus + 25) = Q(

—_

g = !
1

Uy +T5 — G5 = )

Q(us + x6) = Q(—Z) =1

e~ =

Us + T — g =

2
3



Now, the quantized vector consisting of the q.,;s, or quantized coefficients, from above is

S

Sl
I
|
[

and the vector of state variables is

|
oo

]
Il
Bl O wlin

|
N |+

W=

Stability s the task of keeping the state variables bounded. Notice that stability conditions
are met in this example because the state vector, U, is bounded above by 1 and below by —1.
We will now reconstruct the signal. This can be done using any dual frame matriz. In this
case, we will use the canonical dual .

To find the canonical dual, we use the property EXE = 1.

O O OwlFwl—w|—

WFwFwi= O O O

We then calculate EXE using E. from (6) and our sampling frame matriz, E, from (3).

Lo
10
L1 Lgogo0l|l1o0 10
*rm— | 3 3 3 —
(7) ECE_OOO%%% 01| |01
0 1
0 1




Applying E* to q, we get

_—
-1
(1 1L 1 09 0 0 1
(8) Ed = |3 33
000§ 3 3 -1
1
L —1
Mol
(9) = 31 :i
[ 73 |

Then, we calculate the magnitude of the error by

Ix —x[| =

1\> 1
1 — 2y (=) = —.
(10) 0 +'(12) 12

Let’s revisit the error between x and X. Given any dual frame F' = {f,} we get

N N
X—X = anfn - anfn
n=1 n=1
N

= Z(mn - Qn)fn

n=1
N

= Z(un — up_1)f,

n=1
N

= Z(Aun)fn

n=1

N

= Z un (Af,) + untfy — upf; summation by parts
n=1
N

= Zun(Afn) + unfy since we get to choose uy =0

n=1

This should look familiar. We can stat this as the matrix equation

x—X= FD*u



where F'is any dual frame to E, D is the invertible finite difference operator defined in 6 and
Uy

U2
u= | . | Now the beauty of frames is that we get to choose any dual frame that suits us.

un
So instead of choosing the canonical dual to reconstruct, how about we chose the Sobolev
dual F = (EV 2E*)"'EV 2

-1

6 5 4 3 2 1 10 6 5 4 3 2 1
5 5 4 3 2 1 10 5 5 4 3 2 1
F_{111000]444321 1 0 {111000 4 4 4 3 2 1
000 1 1 1 333 3 21 0 1 000 1 1 1 333 3 21
2 2 2 2 2 1 0 1 2 2 2 2 2 1
11 1 1 1 1 0 1 11 1 1 1 1
[ 00560 —00720 [ 15 14 12 9 6 3
~ | —0.0720 0.1640 H 6 6 6 6 5 3}

[ 0.4080 0.3520  0.2400 0.0720 —0.0240 —0.0480
| —0.0960 —0.0240 0.1200 0.3360  0.3880 0.2760

Why are we guessing this may be a better choice? Well

[x = x[| = [|[FD || < |[FD"[|[Jul
here ||F'D*|| represents the operator norm of the matrix, (see Definition 2.11 and we have
already seen in Theorem 6.15 that this dual minimizes the Frobenious norm of this matrix.
It turns out that the Sobolev dual also minimizes the operator norm. Let see what happens
in the example above.

SR
-1
= _ 0.4080  0.3520 0.2400 0.0720 —0.0240 —0.0480 1
2 7 | —0.0960 —0.0240 0.1200 0.3360 0.3880  0.2760 -1
1
L —1 ]
B 0.2480
| =0.1760 |-
Computing the error gives.
— 1 0.2480 1
_ — 3 _ _ -
[x —x2|| = H{—i] [_0_1760” =0.1130 > .

It seems to be worse instead of better. However lets try a few more and let Matlab do the
heavy lifting.



7.2.

Applications.

1-Bit quantization of 250 trials 30 poinst per trial
Canonical (black), Sobolev (green)

MNumber of elements in frame
First order scheme



8. HOMEWORK
Math 592/475 Homework 1

Directions: NEATLY write all solutions on your own paper. Solutions should include de-
tails.

1) Show that every symmetric matrix A = AT can be written as A = UDUT where D is a
diagonal matrix and UUT = I. We shall proceed by induction.

i) Show for n=1 the statement is true. (Yes it is so easy it seems hard)

ii) Assume true for n — 1. Now let x be any normalized eigenvector of an n x n symmetric
matrix A with eigenvalue A , i.e., Ax = Ax and ||x|| = 1. By the Gram-Schmidt process
there exist {y1,¥2-* ¥n_1} so that {y1,y2-"*yn_1,X} is an orthonormal basis for R".

Use the n x (n — 1) matrix Y = [y1y2---yn_1] and A to create an (n — 1) X (n — 1) sym-
metric matric ( be sure to show it is symmetric) and apply the induction for (n — 1) to get
a (n—1) x (n — 1) diagonal matrix D and an orthogonal matrix U = [uj uz - - - up_1]

iii) Show BABT is diagonal and BB” = I if BY = [xYu; Yuy....Y u,_4]

2) Let {us,uz---up} be an orthonormal basis for a subspace W of R". Define the n x p
matrix

U=[uiuz---up)
and for any y € R" define y = UU"y .

i) Showy —y L W

ii) Show that ||[§ —y|| < ||[v —y|| for all v e W



Math 475/592 Homework 2

Directions: NEATLY write all solutions on your own paper.

1) Recall that e*™™? is an orthonormal basis for L?[0, 1]. One may translate this basis around
to get an orthonormal basis for L?(R), i.e. €p, = ™1}, .1 is an orthonormal basis of
L?*(R). In other words one may create an orthonormal basis in L?*(R) by applying time
shifts ( from 1y 1) to 1p, 41y ) and frequency shifts (from 1j9 ;) to €™ 1) ) to the single
function 1j0;). A fundamental tool used in analyzing sequences created by time-frequency
shifts of a single function is the Zak transform:

Z(f(x)) (t,0) = > f(t —n)e T,

nez
This is a linear map from L*(R) to L*([0,1] x [0, 1]).

a) Show another representation of the Zak transform is

Z(f(l‘)) (t, U) _ Z <f, emﬂ)e%imte%m”.
m,neL

Why is Z a unitary map?

b) For k € Z show '
Z(f(x = k))(t,v) = ™ Z(f(2))(t,v)

and

Z(e*™M [ (2)) (1, v) = e™ML(f (2)) (¢, ).

c) For fixed f, g in L*(R) define time-frequency convolution

foglx) = Z<fa em,n>e2mmxg(x —n).

m,n

Use a), b) to show
Z(f © g(x))(t,v) = Z(f(x)(t,v))Z(g(x))(t,v)

d) What can you say about Z(g)(t,v) if {T"M™g}mnez = {g(x — n)e*™ ™"}, nez forms an
orthonormal basis for L*(R)?



Math 475/592 Homework 3

Directions: NEATLY write all solutions on your own paper.

1) Suppose f is an eigenvector of A+ F*AF on CV where F is the the discrete

Fourier transform and

2 -1 0 0 ~1
~1 2 -1 0 0
0 -1 2 -1 0
A = * . * .
0 0 ~1 2 -1
-1 0 0 —1 2|

a) Why is the associated eigenvalue A > 0
b) What are the eigenvalues of F'7 Why?

c) If the associated eigenvalue A is unique show that f is also an eigenvector
of F.

2) Suppose the columns of a d x N matrix X form a frame for R?. Let
S = XX* with bounds 0 < A< B.

> - %)n .

n=0

a) Show that BS™*

Hint from Calculus II you know the

1 o0
geometric series E 2" when |z| < 1.
n=0

_l‘ —

b) Show that (S)~/2X is a Parseval frame, where S71/2 is defined to be the
symmetric matrix so that S7125-1/2 — =1 How do you know it exists?



9. APPLICATION APPENDIX

9.1. DFT. Hearing and "seeing” constant frequencies with the DFT.

Note: Latex and the Matlab editor interpret the symbol * differently so if you copy and paste
this code into a Matlab editor you may have to do some editing
N=2"10;

n=[1:N];

freq=2*pi/N;

£=1000;

%f=100*rand (1) ;

jj=[1:N]; 7% creating two tone signal
kk=[floor(N/2):N];

x=5in(400%*jj/pi);

x (kk)=b*cos (60*kk/pi) ;
%ra=10*rand(1,N)’; %noise
hx=2*sin(n*f*freq)’;
hx=2xsin(n*f*freq)’+ra; %noiset+signal
%x=x-mean(x) ;% subtract mean

clf

figure(1)

plot(x)

figure(2)

y=fft(x);

plot(abs(y))

wavplay (x,44000)

figure(1)

9.2. Vector convolution. function vconv.m

function y = vconv(x,y)
hhhvector conculution
A=fft (x);

B=fft(y);

N=length(x);

y =ifft(A.*B)/sqrt(N) ;

9.3. Using convolution to filter noise. .

Requirements:
1)noisy signal. 'noisythinkl.wav’ in the current code.
2) vconv.m function must be in same folder.

clf



clear all

y = wavread(’noisythinkl.wav’);

wavplay (y,44000)

N=length(y);

fl=ones(1,floor(N/8));

Freqfilt=[f1 zeros(1,N-2xlength(f1)) f1 ]°’;
hFreqfilt=[f1 zeros(l,N-length(f1)) 1°’;
filt=real (ifft(Freqfilt)/norm(Freqfilt));
filtered=N*real (vconv(y,filt));
filtered=filtered/max(filtered);
wavplay(filtered,44000)

figure(1)

plot(abs(£fft(y)))

figure(2)

plot(abs(fft(filtered)),’k’)

axis([0 N 0 max(abs(fft(y)))1)

9.4. Singular Value Decomposition. .

Requires 512 x 512 image
L=imread(’Lennab12. jpg’);
N=length(L);
K=50; %change to get different compression percents
X=L(1:N,1:N,1);%+L(1:N,1:N,2)+L(1:N,1:N,3);
X=double (X) ;
[U,S,V]=svd(X);
U1=U;
S1=S;
V1i=V;
figure(1)
colormap(gray)
subplot (121)
imagesc (UxS*V’)
U(:,K:N)=0;
S(:,K:N)=0;
V(:,K:N)=0;
subplot (122)
imagesc (UxS*V’)

percent_original_coeff =100%(2%(K-1)*N+K-1)/N"2}, percent of

9.5. Regression.
clf

coefficients kept



clear all;

L=4,;

N=50;

%X (1, :)=L*rand(1,N);

X(1, :)=L*rand(1,N);
X(2,:)=(X{,)+((1/2)-rand(1,N))/2)."3;
A=ones(2,N);
AC2,:)=X(1,:);
A(3,:)=X(1,:).72;
A(4,:)=X(,:)."3
Y=X(2,:)
C=inv(Ax*A’);
B=C*xAx*xY’
j=L*(0:N)/N;

plot (X(1,:),X(2,:),’g*’)
hold on

1=B(2)*j+B(1) ;
1=1+B(3)*j. 2+B(4)*j."3;
plot(j,1)

I

9.6. Zak transform. .

Creates two tone signal to illustrate the time frequency representation, i.e. a spectrogram,
via the inverse Zak transform

clear all
d=30;N=d"2;
F2=fft(eye(d))/sqrt(d); %Small Fourier for creation of Zak
Z = zeros(N,N);
F=fft(eye(N))/d;
n = 0:4d-1;
n=dx*n;
for j = 0:d72-1;
Z(j+1,n+1+floor(j/d)) = F2(mod(j,d)+1,:); %Zak transform
end;
jj=[1:N]; 7% creating two tone signal
kk=[floor (N/2) :NJ;
f=sin(400%jj/pi);
f (kk)=5*cos (50*kk/pi) ;
Zf=7Z’*f’; Ytaking inverse Zak to create spectrogram
ZF=zeros(d,d);
for k=1:d Jsturning the vector into
figure(1) Yoriginal signal a matrix



for m=1:d

ZF (k,m)=2f ((k-1) *d+m) ;

end;

end;

clf

plot (f);

figure(2) %Fourier transform
plot(abs(F*f’))

figure(3) 7 spectrogram-Inverse Zak
imagesc(abs(ZF))

9.7. Sobolev Dual. .

clear all

N=6;

D = diag(ones(1,N),0) + diag(-ones(1,N-1),1);%invertible Difference Matrix
D(N,N) = 1;

E=[ones(1,N/2) zeros(1,N/2) ;zeros(1,N/2) ones(1,N/2) 1]
S=inv(Ex(inv(D’*D) )*E’)*E*xinv (D’ *D)

inv(D’*D)

inv(E*(inv(D’*D))*E’)

Q=01 -11-11-117";

Sxq-[1/3; -1/4]

norm(ans)

9.8. Sigma Delta. . Needs Q.M in same folder.

clear all
format long

gamma=.2;

Voo o oo oo To oo ToToToToToToTo oo 1o 1o 1o o 1o o o o o o o o o o o Jo o o ToToTo oo o oo oo o o o o o o o o o o o Jo T To T To T oo oo oo oo
% Compute optimal sig-delt dual frame for odd Nth roots of unity frame.

% Compute MSE second oreder schemes for canonical dual and

i alternate dual

% Do not treat boundary term as random - use exact value. yA
b b
% S = starting size of Nth roots of unity pA

% pts = number of test points for computing error

T



% 2*xK = number of quantizer levels (large K gives small delta below)
% T= number of trials, i.e., computes MSE for S upt S+T roots of unity

Toloo oo oo oo oo ToToToTo o To oo o o o o o o o o o o o o oo oo oo ToToToTo oo oo o o o o o o o o o o oo o o o T ToToTo oo oo oo o fo o o

for t=1:T

N=S+t;

bbb hhhhhhhh Construct Nth roots of unity frame matrix %hhhhhhhhhhhhhhhh
hfor j = 1:N

% E(:,j) = [cos(2xpix(j-1)/N); sin(2xpix*(j-1)/N)];

%end

Db I hhhhsh Construct sampling frame %kl hhlolslshhlohsh
for j = 1:floor(N/2)
E(:,j) = [1;0];
E(:,j+floor(N/2)) =[0;1];
end
EC:,N) =[0;1];
ToTo oo To o To To oo To o Too o fo o fo o oo o fo o To o o foTo o o o foJo Fo o To foTo To o To o To fo o To o To fo o To o o fo o o o o foJo o o

Edual = ((Ex(E.’))"(-1))*E; %%% canonical dual of E
Dotololotototototolofototete Compute MSE Y%7 htolstotolslotolslotololetotoletotolelotololotolote Tototootslotololetorolototols

delt= 1/(K-.5); %kl quantizer stepsize
%% random test points (as column vectors)
m=1;

while m<pts+1l ;
tt(:,m)=rand(2,1);
if abs(max(tt(1,m),tt(2,m))) <1;
P(1,m)=tt(1,m)-1/2; P(2,m)=tt(2,m)-1/2;
m=m+1;
else

end
end
Ttoto ol totohhtotohitele Mtrices for computing Sobolev dual frame for first order %%kl
D = diag(ones(1,N),0) + diag(-ones(1,N-1),1);
D(N,N) = 1; %%h

Dinv=inv (D) ;

M = Dinv*(Dinv.’);



F = ((ExM*(E.?))"(-1))*(ExM); %%% Sobolev dual Fx(E.’) =Identity

X2 = (E.”)*P; %kl frame coefficients of test pts with respect to E
for m =1:pts %%k

q = zeros(1,N);

x = X2(:,m);

u = zeros(1,N);

q(1) = Q(x(1) ,delt,K);
u(l) =0 ;
for j = 2:N
q() = QuG-1+ x(j),delt,K);
u(j) = u(j-1) +x(3>-q(3);
end
xtilde_can = Edual*(q’); %k reconstruct with canonical dual
xtilde_alt = Fx(q’); %%%h reconstruct with alternate dual

error_sq_can(m) = norm((P(:,m) - xtilde_can));
error_sq_alt(m) norm((P(:,m) - xtilde_alt));

end

%%% MSE for second order recon w/ canonical dual and alt dual
trial_second_can(1:S)=1;

trial_second_alt(1:S)=1;
trial_second_can(t+S)=max(error_sq_can);
trial_second_alt(t+S)=max(error_sq_alt);

ee (t+8)=300/(t+S) " (2);

ee2(t+8)=10/(t+S)~(1);

end

figure(1)
loglog(trial_second_alt,’g*’)
hold on
loglog(trial_second_can, 'kx’)
%loglog(ee2,’b-",’linewidth’,3)



hloglog(ee,’r-’",’linewidth’,3)

axis([S+1 S+T min(trial_second_alt) 1])

xlabel ({[’Number of elements in frame’];[’First order scheme’]},’fontsize’,12)
ylabel(’Max L"2 norm of error’,’fontsize’,12)

title({[’1-Bit quantization of ’,num2str(T),’ trials ’ num2str(pts), ’ points per trial’];
[’Canonical (black), Sobolev (green)’]},’fontsize’,13)

grid on

hold off

Q.m
function y = Q(x,delt,K)
Dkt 2K level midrise quant w/ stepsize delt

A

linspace((-K+.5)*delt, (K-.5)x*delt,2*K);

D

abs (A-x);
[Y,I]= sort(D);

y = A(I(1));



