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Fourier and Laplace Transforms

“There is no branch of mathematics, however abstract, which may not some day be
applied to phenomena of the real world.”, Nikolai Lobatchevsky (1792-1856)

5.1 Introduction

IN THIS CHAPTER WE TURN TO THE STUDY OF FOURIER TRANSFORMS,
which provide integral representations of functions defined on the entire
real line. Such functions can represent analog signals. Recall that analog
signals are continuous signals which are sums over a continuous set of fre-
quencies. Our starting point will be to rewrite Fourier trigonometric series
as Fourier exponential series. The sums over discrete frequencies will lead
to a sum (integral) over continuous frequencies. The resulting integrals will
be complex integrals, which can be evaluated using contour methods. We
will investigate the properties of these Fourier transforms and get prepared
to ask how the analog signal representations are related to the Fourier se-
ries expansions over discrete frequencies which we had seen in Chapter
2. Fourier series represented functions which were defined over finite do-
mains such as x € [0, L]. Our explorations will lead us into a discussion of
the sampling of signals in the next chapter.

We will also discuss a related integral transform, the Laplace transform.
Laplace transforms are useful in solving initial value problems in differen-
tial equations and can be used to relate the input to the output of a linear
system. Both transforms provide an introduction to a more general theory
of transforms, which are used to transform specific problems to simpler
ones.

In Figure 5.1 we summarize the transform scheme for solving an initial
value problem. One can solve the differential equation directly, evolving the
initial condition y(0) into the solution y(t) at a later time.

However, the transform method can be used to solve the problem indi-
rectly. Starting with the differential equation and an initial condition, one
computes its Transform (T) using

Y(s) = /Oooy(t)e*“ dt.

In this chapter we will explore the use
of integral transforms. Given a function
f(x), we define an integral transform to
a new function F(k) as

F(k) = ./abf(x)K(x, k) dx.

Here K(x,k) is called the kernel of the
transform. We will concentrate specifi-
cally on Fourier transforms,

f0 = [ e ar,

and Laplace transforms

F(s) = I/Ooof(t)e’” dt.
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Figure 5.1: Schematic of using trans-
forms to solve a linear ordinary differ-
ential equation.

ODE, y(0)— | T | —— AlgEqn
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y(t) —— |IT| —— Y(s)

Applying the transform to the differential equation, one obtains a simpler
(algebraic) equation satisfied by Y(s), which is simpler to solve than the
original differential equation. Once Y (s) has been found, then one applies
the Inverse Transform (IT) to Y(s) in order to get the desired solution, y(t).
We will see how all of this plays out by the end of the chapter.

We will begin by introducing the Fourier transform. First, we need to see
how one can rewrite a trigonometric Fourier series as complex exponential
series. Then we can extend the new representation of such series to ana-
log signals, which typically have infinite periods. In later chapters we will
highlight the connection between these analog signals and their associated
digital signals.

5.2 Complex Exponential Fourier Series

BEFORE DERIVING THE FOURIER TRANSFORM, we will need to rewrite
the trigonometric Fourier series representation as a complex exponential
Fourier series. We first recall from Chapter 2 the trigonometric Fourier se-
ries representation of a function defined on [—7t, 7r] with period 2. The
Fourier series is given by

flx) ~ % + Z (a, cos nx + by sinnx), (5.1)

n=1

where the Fourier coefficients were found as
1 T
a, = —/ f(x)cosnxdx, n=0,1,...,
T J—m
1 7T
b, = —/ f(x)sinnxdx, n=12,.... (5.2)
T J—m

In order to derive the exponential Fourier series, we replace the trigono-
metric functions with exponential functions and collect like exponential
terms. This gives

a9 00 einx 4 e—inx einx _ e—inx
— ﬂzfo +Y (an _Zlb”> ey <a" J; lb") e M (5.3)
n=1
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The coefficients of the complex exponentials can be rewritten by defining

(ay +iby), n=1,2,.... (5-4)

N\H

Cn

This implies that

o
—
N

=

—iby), n=12,.... (5.5)

So far, the representation is rewritten as

a .
f(x)Nio'i_Z_mx Zcemx‘
n=1
Re-indexing the first sum, by introducing k = —n, we can write

+ Z e x4 i cpe” X,

k=-1 n=1

Since k is a dummy index, we replace it with a new 7 as

E0 i eminx 4 i Cne—inx.
n=-—1 n=1

We can now combine all the terms into a simple sum. We first define ¢,
for negative n’s by

ch=C n=-1,-2,....

Letting co = 3, we can write the complex exponential Fourier series repre-
sentation as

0 .
Y cpe ™, (5.6)
n=—oo
where
1 .
cp = E(an—i—zbn), n=12,...,
1 .
cn = E(a,n—zb,n), n=-1,-2,...,
_ %
0 = 5. (5.7)

Given such a representation, we would like to write out the integral forms
of the coefficients, c,. So, we replace the a,’s and b,,’s with their integral
representations and replace the trigonometric functions with complex expo-
nential functions. Doing this, we have forn =1,2,...,

(an+ibn)
= = {1/n f(x)cosnxdx—o—i/f f(x)sinnxdx]

il (mxﬂ_mxw Ny ( )d

= E/_ﬂf(x)ei”x dx. (5.8)

Cn -

— N =
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It is a simple matter to determine the c,,’s for other values of n. Forn =0,

we have that
a

7T
CO:?O:%/,ﬂf(x)dx'
Forn = —-1,-2,..., we find that
= 1 T —inx 17 inx
Cn=Cn = 5 /_nf(x)e—”“‘ dx = 7 ./_nf(x)e dx.

Therefore, we have obtained the complex exponential Fourier series coeffi-
cients for all n. Now we can define the complex exponential Fourier series
for the function f(x) defined on [—7, 7] as shown below.

Complex Exponential Series for f(x) Defined on [— 71, 71]
fl)y~ Y ene™, (5.9)
n=—o0
Cy = 1 /n F(x)e"™* dx (5.10)
" 27 —7T ’ '

We can easily extend the above analysis to other intervals. For example,
for x € [—L, L] the Fourier trigonometric series is

a ad nrmx . nmx
fx) ~ EO +1§1 (ancosT +bns1nT)

with Fourier coefficients

1 (L nix
= - —_ =0,1,...
Ay L[Lf(x)cos T dx, n=0,1,...,

1 L . n7x
b, = ZLLf(x)51anx, n=12,....
This can be rewritten as an exponential Fourier series of the form
Complex Exponential Series for f(x) Defined on [—L, L]
sl .
flx)~ ) cpe /L, (5.11)
n=—oo
1t inmx /L

Cn = 57 '/_Lf(x)e dx. (5.12)

We can now use this complex exponential Fourier series for function de-
fined on [—L, L] to derive the Fourier transform by letting L get large. This
will lead to a sum over a continuous set of frequencies, as opposed to the
sum over discrete frequencies, which Fourier series represent.

5.3 Exponential Fourier Transform

BOTH THE TRIGONOMETRIC AND COMPLEX EXPONENTIAL Fourier series
provide us with representations of a class of functions of finite period in
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terms of sums over a discrete set of frequencies. In particular, for functions
defined on x € [—L, L], the period of the Fourier series representation is
2L. We can write the arguments in the exponentials, e~ /L in terms of
the angular frequency, w, = n7/L, as e~'“r*. We note that the frequencies,
Vy, are then defined through w, = 2mv, = % Therefore, the complex
exponential series is seen to be a sum over a discrete, or countable, set of
frequencies.

We would now like to extend the finite interval to an infinite interval,
x € (—o0,00), and to extend the discrete set of (angular) frequencies to a
continuous range of frequencies, w € (—o0,00). One can do this rigorously.
It amounts to letting L and n get large and keeping 7 fixed.

We first define Aw = %, so that w, = nAw. Inserting the Fourier coeffi-
cients (5.12) into Equation (5.11), we have

[ee)
f(x) ~ Z Cne—mnx/L
n=-—oo

_ i (21L /_LLf(g)einnE/L d(f) p—inmx/L

n=-—oo

_ - Aw L iwnl —iwpx
= n:z:w (271 /&ﬂé)e d(f) 4 : (5.13)

Now, we let L get large, so that Aw becomes small and w;, approaches
the angular frequency w. Then,

flx) ~ lim i i </LL f(g)eiwng dC) e~ Ay

Aw—0,L—00 27T |, ==

— o [ ([ et ae) e, (514

Looking at this last result, we formally arrive at the definition of the
Fourier transform. It is embodied in the inner integral and can be written
as

FIfl = fw) = [ fx)eax. (515)

This is a generalization of the Fourier coefficients (5.12).

Once we know the Fourier transform, f(w), we can reconstruct the orig-
inal function, f(x), using the inverse Fourier transform, which is given by
the outer integration,

FUfl = f(x) = % /_0:0 Flw)e ¥ dew. (5.16)

We note that it can be proven that the Fourier transform exists when f(x) is
absolutely integrable, that is,

/j;|f(x)|dx<oo.

Such functions are said to be L;.
We combine these results below, defining the Fourier and inverse Fourier
transforms and indicating that they are inverse operations of each other.

Definitions of the Fourier transform and
the inverse Fourier transform.
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A
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Figure 5.2: A plot of the function Dq(x)
for O = 4.

We will then prove the first of the equations, Equation (5.19). [The second
equation, Equation (5.20), follows in a similar way:.]

The Fourier transform and inverse Fourier transform are inverse
operations. Defining the Fourier transform as

FIfl = flw) = [ fx)erax (517)
and the inverse Fourier transform as
FUA =0 =5 [ f@e o, (519)

then
FUF[f]] = f(x) (5.19)

and

FIF'[f]] = f(w). (5.20)

Proof. The proof is carried out by inserting the definition of the Fourier
transform, Equation (5.17), into the inverse transform definition, Equation
(5.18), and then interchanging the orders of integration. Thus, we have

FUFA = 5o [ Flfle e

27T J -0

R
TR
S TN

In order to complete the proof, we need to evaluate the inside integral,

which does not depend upon f(x). This is an improper integral, so we first

define 0
Dq(x) = / el dw
-0

and compute the inner integral as

/oo ¢~ dw = lim Dq (& — x).
O—o00

—00

We can compute D (x). A simple evaluation yields

Q
/ 2% doo
-Q

Q

Dq(x)

iwx
e

ix |_q
eixQ _ e—ixQ
2ix

2 sin x()

= Pt (5.22)
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A plot of this function is given in Figure 5.2 for () = 4. For large (), the
peak grows and the values of Dn(x) for x # 0 tend to zero as shown in
Figure 5.3. In fact, as x approaches 0, D (x) approaches 2Q). For x # 0, the
Dq(x) function tends to zero.

We further note that

lim Da(x) =0, x#0,
O—o0

and limg_, D (x) is infinite at x = 0. However, the area is constant for
each Q). In fact,

/oo Dq(x)dx =2m.

—00

We can show this by recalling the computation in Example 4.42,

o o

sin x

/ dx = .
—c0 X

Then,

/ Dqa(x)dx = / de

— 00 —00 X
' _siny
= 2—=d
./—oo y Y
= 2m. (5.23)

Another way to look at D (x) is to consider the sequence of functions
fu(x) = %, n = 1,2,.... Thus we have shown that this sequence of
functions satisfies the two properties,

lim f,(x) =0, x#0,

n—oo

/_O:Ofn(x) dx =1.

This is a key representation of such generalized functions. The limiting
value vanishes at all but one point, but the area is finite.

Such behavior can be seen for the limit of other sequences of functions.
For example, consider the sequence of functions

This is a sequence of functions as shown in Figure 5.4. As n — co, we find
the limit is zero for x # 0 and is infinite for x = 0. However, the area under
each member of the sequences is one. Thus, the limiting function is zero at
most points but has area one.

The limit is not really a function. It is a generalized function. It is called
the Dirac delta function, which is defined by

1. 6(x) =0 for x # 0.
2. [T 0(x)dx =1.

80

for Q) = 40.

Figure 5.4: A plot of the functions f,(x)
forn =2,4,8.
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P. A. M. Dirac (1902 - 1984) introduced
the ¢ function in his book, The Principles
of Quantum Mechanics, 4th Ed., Oxford
University Press, 1958, originally pub-
lished in 1930, as part of his orthogonal-
ity statement for a basis of functions in
a Hilbert space, < ¢'|¢" >= c¢6(¢' — ")
in the same way we introduced discrete
orthogonality using the Kronecker delta.

Before returning to the proof that the inverse Fourier transform of the
Fourier transform is the identity, we state one more property of the Dirac
delta function, which we will prove in the next section. Namely, we will
show that

/°° 5(x — a)f(x) dx = f(a).

—00

Returning to the proof, we now have that

[ e o = Jim Da(g - x) = 270(¢ - %)
oo O—o0

Inserting this into Equation (5.21), we have

FURS) = 5 [ [ I efw@-”dw} £(2)de

_ % / ‘:zms@— x)f(€) dE
- f(x)

Thus, we have proven that the inverse transform of the Fourier transform of

fis f. O

(5-24)

5.4 The Dirac Delta Function

IN THE LAST SECTION WE INTRODUCED the Dirac delta function, &(x).
As noted above, this is one example of what is known as a generalized
function, or a distribution. Dirac had introduced this function in the 1930’s
in his study of quantum mechanics as a useful tool. It was later studied
in a general theory of distributions and found to be more than a simple
tool used by physicists. The Dirac delta function, as any distribution, only
makes sense under an integral.

Two properties were used in the last section. First, one has that the area
under the delta function is one:

/.o0 O(x)dx =1.

—o0
Integration over more general intervals gives

b ~]1, 0€lab)],
/a 5(x) dx—{ 0, 0¢abl. (5-25)

The other property that was used was the sifting property:

/°° 5(x — a)f(x) dx = f(a).

—00

This can be seen by noting that the delta function is zero everywhere except
at x = a. Therefore, the integrand is zero everywhere and the only contribu-
tion from f(x) will be from x = a. So, we can replace f(x) with f(a) under
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the integral. Since f(a) is a constant, we have that

/oQ S(x—a)f(x)dx = /Oo S(x —a)f(a)dx

_ f(a)/_°;5(x—a)dx:f(a). (5.26)

Another property results from using a scaled argument, ax. In this case,
we show that

8(ax) = |a|715(x). (527)
As usual, this only has meaning under an integral sign. So, we place (ax)
inside an integral and make a substitution y = ax:

) L
/ d(ax)dx = lim d(ax) dx
—00 L—oo /L,
1 ral
= lim -
L—oo a4 J—gL

5(y) dy. (5.28)

If a > 0 then .

/ d(ax)dx = E/ 3(y) dy.
However, if a < 0 then

/oo O(ax)dx = 1/700 o(y)dy = —1/.00 d(y) dy.

o a

The overall difference in a multiplicative minus sign can be absorbed into
one expression by changing the factor 1/a to 1/|a|. Thus,

(0] 1 [e¢]
/ Olax)dx = Tl 1 o) dy. (5.29)

Example 5.1. Evaluate [~ (5x + 1)5(4(x — 2)) dx. This is a straight-forward
integration:
b 1 [ 11
/ (5% + 1)5(4(x — 2)) dx = Z/ (5 +1)8(x —2)dx = -
The first step is to write 5(4(x — 2)) = 13(x — 2). Then, the final evaluation is
given by
1 11

}1/70:0(5x+1)5(x—2) dx = 1(5(2) +1) = T

Even more general than J(ax) is the delta function J(f(x)). The integral
of §(f(x)) can be evaluated, depending upon the number of zeros of f(x).
If there is only one zero, f(x7) = 0, then one has that

/Oo 5(f(x)) dx = /j; lf,(lxl”(S(x—

—00

x1) dx.

This can be proven using the substitution y = f(x) and is left as an exercise
for the reader. This result is often written as
1
O(f(x)) = ——d(x—x1),
(F3)) = gy x =)
again keeping in mind that this only has meaning when placed under an
integral.

Properties of the Dirac delta function:

(For n simple roots.)
These and other properties are often
written outside the integral:

5(ax) = ﬁa(x).

O(—x) = d(x).
d((x—a)(x—b)) = [5(x*b‘liji|(x7u)}_
(S(X—xj)
S(Fay) =y 2 %)
(f(x)) Z]: )]

for f(x;) =0, f'(xj) # 0.
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X
S
?

Figure 5.5: The Heaviside step function,
H(x).

0

Example 5.2. Evaluate [*_5(3x —2)x?dx.
This is not a simple 6(x — a). So, we need to find the zeros of f(x) = 3x — 2.

f'(x)| = 3. Therefore, we have

There is only one, x = % Also,

00 © 1 2 1/2\* 4
— 2 = — — = 2 = — — = —
/7005(3x 2)x"dx /700 35(x 3)x dx 3 (3) -

Note that this integral can be evaluated the long way using the substitution
y =3x — 2. Then, dy = 3dx and x = (y + 2) /3. This gives

® sar—2de =t [T o) (YE2) ay= L (4) = &
lmé(Sx 2)x dx—S/oocS(y)< 3 dy—3 5) =5

More generally, one can show that when f(x;) = 0 and f'(x;) # 0 for
j=1,2,...,n, (i.e, when one has n simple zeros), then

5(f(x) = ). ]

Example 5.3. Evaluate fozn cos x 6(x? — 7%) dx.

In this case, the argument of the delta function has two simple roots. Namely,
f(x) = x> — > = 0 when x = =+ Furthermore, f'(x) = 2x. Therefore,
|f'(£7)| = 27 This gives

5(x2 — 72) = %[(m — )+ o(x+ 7).

Inserting this expression into the integral and noting that x = —rt is not in the
integration interval, we have

? o(x* —m?)d L d(x—m)+6(x+m)|d

/0 cos x &(x )dx = 5 /0 cosx [6(x — ) + (x )] dx
1 1 (5.30)
27 <° 2 >3

Example 5.4. Show H'(x) = 6(x), where the Heaviside function (or, step func-
tion) is defined as

0, x<0
H(x):{ 1, x>0

and is shown in Figure 5.5.

Looking at the plot, it is easy to see that H'(x) = 0 for x # 0. In order to check
that this gives the delta function, we need to compute the area integral. Therefore,
we have

/‘0o H (x)dx = H(x)|T =1-0=1.

J —00 —0o

Thus, H'(x) satisfies the two properties of the Dirac delta function.
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5.5  Properties of the Fourier Transform

WE NOW RETURN TO THE FOURIER TRANSFORM. Before actually comput-
ing the Fourier transform of some functions, we prove a few of the proper-
ties of the Fourier transform.

First we note that there are several forms that one may encounter for the
Fourier transform. In applications, functions can either be functions of time,
f(t), or space, f(x). The corresponding Fourier transforms are then written
as

flw) = [ fwerar (53

Fo) = [ feoe (5:32

w is called the angular frequency and is related to the frequency v by w =
27tv. The units of frequency are typically given in Hertz (Hz). Sometimes
the frequency is denoted by f when there is no confusion. k is called the
wavenumber. It has units of inverse length and is related to the wavelength,
A by k= 27”

We explore a few basic properties of the Fourier transform and use them
in examples in the next section.

1. Linearity: For any functions f(x) and g(x) for which the Fourier
transform exists and constant 4, we have

Fif + 8] = FIf] + F[g]

and
Flaf] = aF[f].

These simply follow from the properties of integration and establish
the linearity of the Fourier transform.
d PN
2. Transform of a Derivative: F {dﬁ} = —ikf (k)
Here we compute the Fourier transform (5.17) of the derivative by
inserting the derivative in the Fourier integral and using integration
by parts:

F[df} = /OO ﬂeik"dx

dx —oo dx

= lim [f(x)eik"} iL — ik /j:of(x)eikx dx.

L—oo

(5-33)

The limit will vanish if we assume that lim,_,+c f(x) = 0. This last
integral is recognized as the Fourier transform of f, proving the given

property.

179



180 FOURIER AND COMPLEX ANALYSIS

These are the first and second shift-
ing properties, or First and Second Shift
Theorems.

71
3. Higher Order Derivatives: F{ f] (—ik)" f (k)

dx"
The proof of this property follows from the last result, or doing several
integration by parts. We will consider the case when n = 2. Noting
that the second derivative is the derivative of f'(x) and applying the
last result, we have

Pl = 5]
— ke | 5] = (e (534)
This result will be true if

lim f(x) =0and hm fl(x) =

x—too x—+oo

The generalization to the transform of the nth derivative easily fol-
lows.

. Multiplication by x: F [xf(x)] = —i £ (k)

ik — jxelk* and

the ability to differentiate an integral with respect to a parameter.

Flxf(x)] = /oo xf (x)e* dx

/f dk( >dx

This property can be shown by using the fact that %e

= _lﬁ - f(x)eikxdx
.d
= —igfk) (5.35)

This result can be generalized to F [x" f(x)] as an exercise.

. Shifting Properties: For constant a, we have the following shifting

properties:

f(x—a) < e*f(k), (5.36)
f(x)e ™« fk—a). (5.37)

Here we have denoted the Fourier transform pairs using a double
arrow as f(x) ¢ f(k). These are easily proved by inserting the desired
forms into the definition of the Fourier transform (5.17), or inverse
Fourier transform (5.18). The first shift property (5.36) is shown by
the following argument. We evaluate the Fourier transform:

F[f(x —a)] / f(x —a)e* dx.

Now perform the substitution y = x — a. Then,
Fife—a)] = [ fpeitnay

= o [ pyeiay
_ k), (5.38)



FOURIER AND LAPLACE TRANSFORMS 181

The second shift property (5.37) follows in a similar way.

6. Convolution of Functions: We define the convolution of two func-
tions f(x) and g(x) as

(Fr)0) = [ fgtx—)ax. (539)

Then, the Fourier transform of the convolution is the product of the
Fourier transforms of the individual functions:

F[f g] = f(k)g(k). (5.40)

We will return to the proof of this property in Section 5.6.

5.5.1  Fourier Transform Examples

IN THIS SECTION WE WILL COMPUTE the Fourier transforms of several func-
tions.

Example 5.5. Find the Fourier transform of a Gaussian, f(x) = e 0x°/2,

This function, shown in Figure 5.6, is called the Gaussian function. It has many
applications in areas such as quantum mechanics, molecular theory, probability, and
heat diffusion. We will compute the Fourier transform of this function and show
that the Fourier transform of a Gaussian is a Gaussian. In the derivation, we will
introduce classic techniques for computing such integrals.

We begin by applying the definition of the Fourier transform,

fk) = /:;f(x)eikx dx = /j:o o /2Hikx g (5.41)

The first step in computing this integral is to complete the square in the argument
of the exponential. Our goal is to rewrite this integral so that a simple substitution
. .. [} 2 . .
will lead to a classic integral of the form [ _ePY" dy, which we can integrate. The
completion of the square follows as usual:

a » .
- = k
X° 4+ 1kx

I

\
NS
| — |
N

\
N

=
—_

a ik\? K2

We now put this expression into the integral and make the substitutions y =
x—%andp=4.

Hy = ["eminiig
= (37% /00 57%(967%)2(135

—00

ik
® a

_ k= B2
= e /ﬁmie PV dy. (5-43)

Figure 5.6: Plots of the Gaussian func-
tion f(x) = e/2 for g = 1,2,3.
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Y

Figure 5.7: Simple horizontal contour.

* Here we show

/_ooe By dy = %

Note that we solved the B = 1 case in
Example 3.14, so a simple variable trans-
formation z = /By is all that is needed
to get the answer. However, it cannot
hurt to see this classic derivation again.

The Fourier transform of a Gaussian is a
Gaussian.

R
—
—a

Figure 5.8: A plot of the box function in
Example 5.6.

One would be tempted to absorb the — terms in the limits of integration.
However, we know from our previous study that the integration takes place over a
contour in the complex plane as shown in Figure 5.7.

In this case, we can deform this horizontal contour to a contour along the real
axis since we will not cross any singularities of the integrand. So, we now safely
write

. 2 foo
fk) = e~ 5 / A dy.
The resulting integral is a classic integral and can be performed using a standard

trick. Define I by*
I= /Oo A dy.

?= /oo e PV dy /oo e P dx.

Note that we needed to change the integration variable so that we can write this

re L

This is an integral over the entire xy-plane. We now transform to polar coordinates

27T poo
/ / e P rdrde
0 0

= 27‘[/ e B rdr
0

Then,

product as a double integral:

(49) dxdy.

to obtain

> =

- f% {e—ﬁﬂj = % (5.44)

The final result is obtained by taking the square root, yielding

Izﬂ.

We can now insert this result to give the Fourier transform of the Gaussian

function:
flk) =14/ 27716’7‘2/2”.

Therefore, we have shown that the Fourier transform of a Gaussian is a Gaussian.

(5-45)

Example 5.6. Find the Fourier transform of the box, or gate, function,

fl) = { o

0, |x|>a.

This function is called the box function, or gate function. It is shown in Figure
5.8. The Fourier transform of the box function is relatively easy to compute. It is

/_O:O F(x)e** dx

given by
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a
= be'** dx
—a

b .
— _—elkx

a

—a

= —sinka. (5.46)

We can rewrite this as

fk) = 2ab512aka = 2absinc ka.

Here we introduced the sinc function,

. sin x
sinc x = .
X

A plot of this function is shown in Figure 5.9. This function appears often in signal
analysis and it plays a role in the study of diffraction.

We will now consider special limiting values for the box function and its trans-
form. This will lead us to the Uncertainty Principle for signals, connecting the
relationship between the localization properties of a signal and its transform.

1. a — oo and b fixed.

In this case, as a gets large, the box function approaches the constant function
f(x) = b. At the same time, we see that the Fourier transform approaches
a Dirac delta function. We had seen this function earlier when we first de-
fined the Dirac delta function. Compare Figure 5.9 with Figure 5.2. In fact,
f(k) = bD,(k). [Recall the definition of Do(x) in Equation (5.22).] So,
in the limit, we obtain f(k) = 2mbd(k). This limit implies the fact that the
Fourier transform of f(x) = 1is f(k) = 278(k). As the width of the box
becomes wider, the Fourier transform becomes more localized. In fact, we
have arrived at the important result that

/700 e dx = 276 (k). (5-47)

2. b— o0,a—0,and 2ab = 1.

In this case, the box narrows and becomes steeper while maintaining a
constant area of one. This is the way we had found a representation of the
Dirac delta function previously. The Fourier transform approaches a constant
in this limit. As a approaches zero, the sinc function approaches one, leaving
f(k) — 2ab = 1. Thus, the Fourier transform of the Dirac delta function is
one. Namely, we have

/Oo 5(x)e® dx = 1. (5.48)

In this case, we have that the more localized the function f(x) is, the
more spread out the Fourier transform, f(k), is. We will summarize these
notions in the next item by relating the widths of the function and its Fourier
transform.

X
10 20

-20 -10

-0.5

Figure 5.9: A plot of the Fourier trans-
form of the box function in Example 5.6.
This is the general shape of the sinc func-
tion.

/oO e* dx = 278 (k).
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y
2ab
x
T T
a a

Figure 5.10: The width of the function
Zab% is defined as the distance be-
tween the smallest magnitude zeros.

More formally, the Uncertainty Principle
for signals is about the relation between
duration and bandwidth, which are de-

i — ltfla = loflly o
fined by At = B and Aw = iR

spectively, where |flla = [~ |f(t)[*dt
and [|fll = 5= [*|f(w)?dw. Under
appropriate conditions, one can prove
that AtAw > 1. Equality holds for Gaus-
sian signals. Werner Heisenberg (1901 -
1976) introduced the Uncertainty Princi-
ple into quantum physics in 1926, relat-
ing uncertainties in the position (Ax) and
momentum (Apy) of particles. In this
case, AxApy > %h‘ Here, the uncertain-
ties are defined as the positive square
roots of the quantum mechanical vari-
ances of the position and momentum.

3. The Uncertainty Principle: AxAk = 4.

The widths of the box function and its Fourier transform are related, as
we have seen in the last two limiting cases. It is natural to define the width,
Ax, of the box function as

Ax = 2a.

The width of the Fourier transform is a little trickier. This function actually
extends along the entire k-axis. However, as f (k) became more localized, the
central peak in Figure 5.9 became narrower. So, we define the width of this
function, Ak as the distance between the first zeros on either side of the main
lobe as shown in Figure 5.10. This gives

o
o

Ak

Combining these two relations, we find that
AxAk = 4m.

Thus, the more localized a signal, the less localized its transform and vice
versa. This notion is referred to as the Uncertainty Principle. For general
signals, one needs to define the effective widths more carefully, but the main
idea holds:

AxAk > ¢ > 0.

We now turn to other examples of Fourier transforms.

Example 5.7. Find the Fourier transform of f(x) = { e—szx, i i 8 ,a>0.
The Fourier transform of this function is ,
f0 = [ e
_ /'°° pikr—ax g,
0
= _1 T (5-49)

Next, we will compute the inverse Fourier transform of this result and recover
the original function.

Example 5.8. Find the inverse Fourier transform of f(k) =

a—ik*
The inverse Fourier transform of this function is
1 o . 1 oo p—ikx
—_ ke~ = — .
f() 27T,/—oof( Je™ dk 2n/fooa—ikdk

This integral can be evaluated using contour integral methods. We evaluate the

integral
00 pixz
I:/ —dz,
—co 1 —iZ
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using Jordan’s Lemma from Section 4.4.8. According to Jordan’s Lemma, we need
to enclose the contour with a semicircle in the upper half plane for x < 0 and in the
lower half plane for x > 0, as shown in Figure 5.11.

The integrations along the semicircles will vanish and we will have

fo = = [

E —eo 4 — ik

1 —ixz
= i—]{ ¢ —dz
2t Jca—iz

B 0, x <0

B —5-27i Res [z = —ia], x>0

B 0, x <0 (5.50)
N e, x>0 >3

Note that without paying careful attention to Jordan’s Lemma, one might not
retrieve the function from the last example.

Example 5.9. Find the inverse Fourier transform of f(w) = md(w + wy) +
é(w — wy).

We would like to find the inverse Fourier transform of this function. Instead of
carrying out any integration, we will make use of the properties of Fourier trans-
forms. Since the transforms of sums are the sums of transforms, we can look at each
term individually. Consider 5(w — wy). This is a shifted function. From the shift
theorems in Equations (5.36) and (5.37) we have the Fourier transform pair

eOf(t) ¢ f(w — wp).
Recalling from Example 5.6 that

/_o; e“tdt = 2mé(w),
we have from the shift property that

1 .
Fé(w —wp)] = Eeﬂ“’ot.

The second term can be transformed similarly. Therefore, we have

1; 1 _;
F Y (w + wp) + mé(w — wy] = Ee“"ot + Ee_“"ﬂt = cos wyt.

Example 5.10. Find the Fourier transform of the finite wave train.

coswpt, |t| <La,
£t :{ 4

0, |t| > a.

For the last example, we consider the finite wave train, which will reappear in
the last chapter on signal analysis. In Figure 5.12 we show a plot of this function.
A straight-forward computation gives

flw) = [ smetar

Yy
Cr
—R R X
—ia X
Yy
—R R
X
—ia X
Cr

Figure s5.11: Contours for inverting

f(k) = a—lik'

Figure 5.12: A plot of the finite wave
train.
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The convolution is commutative.

a .
= / [cos wot + i sin wyt]e'! dt
—a
a a
/ coswotcoswtdt+i/ sin wyt sin wt dt

—a —a

a

- % [ [cos((@ -+ wo)t) + cos( (@ — wo)1)] dt

sin((w 4+ wp)a)  sin((w — wp)a)

- w + wy + w — wy ' (5:51)

5.6 The Convolution Operation

IN THE LIST OF PROPERTIES OF THE FOURIER TRANSFORM, we defined the
convolution of two functions, f(x) and g(x), to be the integral

/ f(t)g(x —t)dt (5.52)

In some sense one is looking at a sum of the overlaps of one of the functions
and all of the shifted versions of the other function. The German word
for convolution is faltung, which means “folding” and in old texts this is
referred to as the Faltung Theorem. In this section we will look into the
convolution operation and its Fourier transform.

Before we get too involved with the convolution operation, it should be
noted that there are really two things you need to take away from this dis-
cussion. The rest is detail. First, the convolution of two functions is a new
functions as defined by Equation (5.52) when dealing with the Fourier trans-
form. The second and most relevant is that the Fourier transform of the con-
volution of two functions is the product of the transforms of each function.
The rest is all about the use and consequences of these two statements. In
this section we will show how the convolution works and how it is useful.

First, we note that the convolution is commutative: f *x ¢ = ¢ * f. This is
easily shown by replacing x — t with a new variable, y = x — t and dy = —dt.

N = [ sWf-na

—00

= - /mg(x —y)f(y)dy

/ ) —v)dy

fxg)(x ) (5-53)

The best way to understand the folding of the functions in the convolu-
tion is to take two functions and convolve them. The next example gives
a graphical rendition followed by a direct computation of the convolution.
The reader is encouraged to carry out these analyses for other functions.

Example 5.11. Graphical convolution of the box function and a triangle function.
In order to understand the convolution operation, we need to apply it to specific
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functions. We will first do this graphically for the box function

) _{ L |x <1,

0, |x]>1,

and the triangular function

x, 0<x<1,
g(X)—{

0, otherwise,

as shown in Figure 5.13.

Next, we determine the contributions to the integrand. We consider the shifted
and reflected function g(t — x) in Equation (5.52) for various values of t. For t =0,
we have g(x — 0) = g(—x). This function is a reflection of the triangle function,
g(x), as shown in Figure 5.14.

We then translate the triangle function performing horizontal shifts by t. In
Figure 5.15 we show such a shifted and reflected g(x) for t =2, or g(2 — x).

In Figure 5.15 we show several plots of other shifts, g(x — t), superimposed on
f(x).

The integrand is the product of f(t) and g(x — t) and the integral of the product
f(t)g(x — t) is given by the sum of the shaded areas for each value of x.

In the first plot of Figure 5.16, the area is zero, as there is no overlap of the
functions. Intermediate shift values are displayed in the other plots in Figure 5.16.
The value of the convolution at x is shown by the area under the product of the two
functions for each value of x.

Plots of the areas of the convolution of the box and triangle functions for several
values of x are given in Figure 5.15. We see that the value of the convolution
integral builds up and then quickly drops to zero as a function of x. In Figure 5.17
the values of these areas is shown as a function of x.

fx)
—
| |
| |
|
Q ;
-1 1 "
g(x)
1Ak
|
|
|
f }
-1 1"

Figure 5.13: A plot of the box function
f(x) and the triangle function g(x).

g(=t)
1
|
|
|
| |
T T

-1 1t

Figure 5.14: A plot of the reflected trian-
gle function, g(—t).

g(2-1)

1
\
|
|
| |
T

T T
-1 1 2t
Figure 5.15: A plot of the reflected trian-
gle function shifted by two units, g(2 —

f).

¥ Yy y

t t t
Yy Yy Yy

t t t
y y y

t t t

The plot of the convolution in Figure 5.17 is not easily determined using
the graphical method. However, we can directly compute the convolution
as shown in the next example.

Figure 5.16: A plot of the box and trian-
gle functions with the overlap indicated
by the shaded area.
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(f+8))
- 1 o2 *

Figure 5.17: A plot of the convolution of
the box and triangle functions.

Figure 5.18: Intersection of the support
of g(x) and f(x).

Figure 5.19: Intersection of the support
of g(x) and f(x) showing the integration
regions.

Example 5.12. Analytically find the convolution of the box function and the tri-
angle function.

The nonvanishing contributions to the convolution integral are when both f(t)
and g(x — t) do not vanish. f(t) is nonzero for |t| < 1,0r —1 < t < 1. g(x — )
is nonzero for 0 < x —t < 1, or x — 1 < t < x. These two regions are shown in
Figure 5.18. On this region, f(t)g(x —t) = x — t.

Isolating the intersection in Figure 5.19, we see in Figure 5.19 that there are
three regions as shown by different shadings. These regions lead to a piecewise
defined function with three different branches of nonzero values for —1 < x < 0,
O<x<land1 <x <2

The values of the convolution can be determined through careful integration. The

resulting integrals are given as

(Fr)x) = [ figle—nar

3 0<x<1, (5.54)
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A plot of this function is shown in Figure 5.17.

5.6.1  Convolution Theorem for Fourier Transforms

IN THIS SECTION WE COMPUTE the Fourier transform of the convolution in-
tegral and show that the Fourier transform of the convolution is the product
of the transforms of each function,

Flf xg] = f(k)g(k). (5.55)

First, we use the definitions of the Fourier transform and the convolution
to write the transform as

Fifegl = [ (Frg)(xeax

/_Dz </_O:of(t)g(x— t) dt) ok dy

/jo (/wg (x = 1)’ dX> fb)dt. (556)

We now substitute y = x — t on the inside integral and separate the integrals:

Ry = [ ([ str-near) o

—00 —00

- /. (/Z g™ty dy) F(t) dt
= ([ st ay) sveta

[e9)

= <_/_O:O lf;t)eikt dt) (/_0; g(y)ey dy) . (5-57)

We see that the two integrals are just the Fourier transforms of f and g.

Therefore, the Fourier transform of a convolution is the product of the
Fourier transforms of the functions involved:

F[f 8] = f(k)§ (k).

Example 5.13. Compute the convolution of the box function of height one and
width two with itself.

Let f(k) be the Fourier transform of f(x). Then, the Convolution Theorem says
that E[f * f](k) = f?(k), or

(f * /)(x) = F (k).

For the box function, we have already found that

fk) = % sink.

So, we need to compute
(Fxf)x) = Fl[zsin*k]

= % /_oo (:2 sin® k) e~ gk, (5.58)

189
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One way to compute this integral is to extend the computation into the complex
k-plane. We first need to rewrite the integrand. Thus,

1 [~ 4
(fxf)(x) = 5] k—zsm ke dk

_ 1 / ﬁ[l—COSZk]e’ik"dk

= —/ {1 — (e +eik)} e~ kx gk

= E/_ooﬁ [e kxfi(e (=0 4 ¢ <1+’<))} dk. (5.59)

We can compute the above integrals if we know how to compute the integral

1 o e*iky
0 [
Then, the result can be found in terms of 1(y) as
1
(f*f)(x) = I(x) = S[I(1 = k) + (1 + K)].
We consider the integral
e~ iyz p
7{: nz2 °

over the contour in Figure 5.20.

We can see that there is a double pole at z = 0. The pole is on the real axis. So,

we will need to cut out the pole as we seek the value of the principal value integral.
Figure 5.20: Contour for computing Recall from Chapter 4 that

Pf_oo zyzz
. e~ yz e~ yz —€ p—iyz e~ yz R p—iyz

f zdz:/ cazt [ o [ Codr [ S
Cr Tz Tx 712 -R TIZ C. Tz e Tz

The integral §£C r €27 dz vanishes since there are no poles enclosed in the contour!

The sum of the second and fourth integrals gives the integral we seek as € — 0
and R — oo. The integral over I'r will vanish as R gets large according to Jordan’s
Lemma provided y < 0. That leaves the integral over the small semicircle.

As before, we can show that

lim f( )dz = —ti Res[f(z);z = 0].

e—0

Therefore, we find

—iyz e~ lyz
P/ zdz:m'Res[z;z:O}
co TIZ Tz

A simple computation of the residue gives I(y) = —y, for y < 0.
When y > 0, we need to close the contour in the lower half plane in order to
apply Jordan’s Lemma. Carrying out the computation, one finds 1(y) = y, for

y > 0. Thus,
Y > 0/
Iy) = { A (560)
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We are now ready to finish the computation of the convolution. We have to
combine the integrals 1(y), I(y + 1), and I(y — 1), since (f = f)(x) = I(x) —
$I(1 — k) + I(1 + k)]. This gives different results in four intervals:

(f*fx) = x—5l(x-2)+(x+2)] =0, x<-2

= x—i[(x—Z)—(x+2)]:2+x —2<x<0,

= —x—%[(x—Z)—(x—l—Z)] =2—x, 0<x<2,
1
= —x—i[—(x—z)—(x—i—Z)]:O, x> 2. (5.61)
A plot of this solution is the triangle function:

0, x< =2
24x, -2<x<0
2—x, O<x<2

0, x> 2,

(f = f)(x) = (5.62)

which was shown in the last example.

Example 5.14. Find the convolution of the box function of height one and width
two with itself using a direct computation of the convolution integral.

The nonvanishing contributions to the convolution integral are when both f(t)
and f(x — t) do not vanish. f(t) is nonzero for |t| < 1,0r —1 <t < 1. f(x —t)
is nonzero for |x —t| < 1,0or x —1 < t < x + 1. These two regions are shown in
Figure 5.22. On this region, f(t)g(x —t) = 1.

Thus, the nonzero contributions to the convolution are

x+1
dt, 0<x<2 2+x, 0<x<2
— -1 4 - - = ’ _ !
(f * f)(x) {fl it {Z—x, —2<x<0.

x—14%4 -2 S X S O;
Once again, we arrive at the triangle function.

In the last section we showed the graphical convolution. For complete-
ness, we do the same for this example. In Figure 5.22 we show the results.
We see that the convolution of two box functions is a triangle function.

Figure 5.21: Plot of the regions of sup-
port for f(t) and f(x —t)..
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flx—1) £
T N I - | t
B — I — n 1
. 1. I

Figure 5.22: A plot of the convolution of
a box function with itself. The areas of
the overlaps of as f(x — t) is translated
across f(t) are shown as well. The result
is the triangular function.

<

g)(x)

*
1 2%

Example 5.15. Show the graphical convolution of the box function of height one
and width two with itself.

2 -1

Let’s consider a slightly more complicated example, the convolution of
two Gaussian functions.

Example 5.16. Convolution of two Gaussian functions f(x) = e,
In this example we will compute the convolution of two Gaussian functions with
different widths. Let f(x) = e gnd g(x) = e~ A direct evaluation of the

integral would be to compute
(Fr)x) = [ fgx—tydi= [ et gy
This integral can be rewritten as
(F+g)(x) = o2 /°° o~ (a+b)2+2bxt gy

One could proceed to complete the square and finish carrying out the integration.
However, we will use the Convolution Theorem to evaluate the convolution and
leave the evaluation of this integral to Problem 12.

Recalling the Fourier transform of a Gaussian from Example 5.5, we have

k) = Flewe) = | [T (565

8(k) = P[] = ﬁekw.

Denoting the convolution function by h(x) = (f x g)(x), the Convolution Theorem
gives

and

~ ~ R T 2 2
(k) = fR)3(k) = e/,
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This is another Gaussian function, as seen by rewriting the Fourier transform of
h(x) as
N 7T 1(1,1\42 7T a+b;2
W) = L pa(ats)R = T e (5.64)
(k) = —— — 5-64
In order to complete the evaluation of the convolution of these two Gaussian
functions, we need to find the inverse transform of the Gaussian in Equation (5.64).

We can do this by looking at Equation (5.63). We have first that

1 |: /ne—k2/4a] _ e—axz'
a

Moving the constants, we then obtain

Ffl [€7k2/4u] — / ﬂefuxz.
7T

We now make the substitution o« = ﬁ,

1 2
F—l —ak? _ —x /4oc_
] ama’
This is in the form needed to invert Equation (5.64). Thus, for o = %, we find f(t) fw)

(f*8)(x) = h(x) = | Zema™. t “

Figure 5.23: Schematic plot of a signal
f(t) and its Fourier transform f(w).

5.6.2  Application to Signal Analysis

THERE ARE MANY APPLICATIONS of the convolution operation. One of

these areas is the study of analog signals. An analog signal is a continu- B f(w)
ous signal and may contain either a finite or continuous set of frequencies.
Fourier transforms can be used to represent such signals as a sum over the
frequency content of these signals. In this section we will describe how v
convolutions can be used in studying signal analysis. Filtering signals.
The first application is filtering. For a given signal, there might be some
noise in the signal, or some undesirable high frequencies. For example, a (b) Pao (@)
device used for recording an analog signal might naturally not be able to )
record high frequencies. Let f(t) denote the amplitude of a given analog 1 1
signal and f(w) be the Fourier transform of this signal such as the exam- —a‘JO u;g “
ple provided in Figure 5.23. Recall that the Fourier transform gives the
frequency content of the signal.
There are many ways to filter out unwanted frequencies. The simplest © 8(w)
would be to just drop all the high (angular) frequencies. For example, for
some cutoff frequency wy, frequencies |w| > wy will be removed. The
Fourier transform of the filtered signal would then be zero for |w| > wy. w
This could be accomplished by multiplying the Fourier transform of the
signal by a function that vanishes for |w| > wy. For example, we could use Figure 5.24: () Plot of the Fourier trans-
the gate function form f(w) of a signal. (b) The gate func-
1, |w| < wo, tion Pa (w) used to filter out high fre-
Pwo( ) = { 0 |a}| > wo (5.65) quencies. (c) The product.of the func-
’ tions, §(w) = f(w)pw,(w), in (a) and (b)

shows how the filters cuts out high fre-
quencies, |w| > wp.
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Windowing signals.

Figure 5.25: A plot of the finite wave
train.

The convolution in spectral space is de-
fined with an extra factor of 1/27 so
as to preserve the idea that the inverse
Fourier transform of a convolution is the
product of the corresponding signals.

as shown in Figure 5.24.
In general, we multiply the Fourier transform of the signal by some fil-
tering function /1(t) to get the Fourier transform of the filtered signal,

§(w) = f(w)h(w).
The new signal, g(t) is then the inverse Fourier transform of this product,
giving the new signal as a convolution:

g(t) = FUf(@h(w)] = [ h(t=7)f(x)dr. (5.66)

—00

Such processes occur often in systems theory as well. One thinks of
f(t) as the input signal into some filtering device, which in turn produces
the output, g(t). The function h(t) is called the impulse response. This is
because it is a response to the impulse function, §(t). In this case, one has

/°° h(t — 7)8(t) dt = h(t).

—00

Another application of the convolution is in windowing. This represents
what happens when one measures a real signal. Real signals cannot be
recorded for all values of time. Instead, data is collected over a finite time
interval. If the length of time the data is collected is T, then the resulting
signal is zero outside this time interval. This can be modeled in the same
way as with filtering, except the new signal will be the product of the old
signal with the windowing function. The resulting Fourier transform of the
new signal will be a convolution of the Fourier transforms of the original
signal and the windowing function.

Example 5.17. Finite Wave Train, Revisited.
We return to the finite wave train in Example 5.10 given by

n(t) = coswot, |t <a,
B 0, [t| > a.

We can view this as a windowed version of f(t) = coswyt obtained by multi-
plying f(t) by the gate function

1, |x| <a,
t) = .6
gﬂ( ) { 0, ‘x‘ > a. (5 7)

This is shown in Figure 5.25. Then, the Fourier transform is given as a convolution,

@) = (Frén))
= o[ Fe-va)a (5.68)

Note that the convolution in frequency space requires the extra factor of 1/ (27).
We need the Fourier transforms of f and g, in order to finish the computation.
The Fourier transform of the box function was found in Example 5.6 as

A

@) =2
Sa w)—asmwa.
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The Fourier transform of the cosine function, f(t) = coswyt, is

e}

flw) = / cos(wot)e'“t dt

—0o0

© 1 /. . .
_ - iwot —iwgt iwt

Lm 5 (e +e ) et dt
1 > i(w—wp)t i(w—wp)t
= L i} (e +e ) at
= n[d(w+wp)+d(w—wp)]. (5.69)
Note that we had earlier computed the inverse Fourier transform of this function in

Example 5.9.
Inserting these results in the convolution integral, we have

@) = 5 [ flo-vgw)a

= 1/ 7([(5(w—v+w0)+(5(w—v—w0)]%sinvadu

27 ) oo
_ sin(w+wp)a | sin(w — wp)a
- w + wy T wy (570)

This is the same result we had obtained in Example 5.10.

5.6.3 Parseval’s Equality

ASs ANOTHER EXAMPLE OF THE CONVOLUTION THEOREM, we derive Par-
seval’s Equality (named after Marc-Antoine Parseval (1755 - 1836)):

[irwpar= o [ 1f(w)Pde. G571

27

This equality has a physical meaning for signals. The integral on the left
side is a measure of the energy content of the signal in the time domain.
The right side provides a measure of the energy content of the transform
of the signal. Parseval’s Equality, is simply a statement that the energy is
invariant under the Fourier transform. Parseval’s Equality is a special case
of Plancherel’s Formula (named after Michel Plancherel, 1885 - 1967).

Let’s rewrite the Convolution Theorem in its inverse form

FUf ()R] = (f = )(b)- (572)
Then, by the definition of the inverse Fourier transform, we have
[ se—wgwyan= o [ o) do.

Setting t = 0,

[ rrwgmdn= o [ flw)g(w) de. 573

The integral/sum of the (modulus)
square of a function is the integral/sum
of the (modulus) square of the trans-
form.
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The Laplace transform is named after
Pierre-Simon de Laplace (1749 - 1827).
Laplace made major contributions, espe-
cially to celestial mechanics, tidal analy-
sis, and probability.

Integral transform on [4, b] with respect
to the integral kernel, K(x, k).

Now, let g(t) = f(—t), or f(—t) = g(t). We note that the Fourier transform
of g(t) is related to the Fourier transform of f(f) :

fw) = [ fEnetar
= / f(r)e “Tdr
‘KmffﬂmﬁT:7@5 (5.74)

So, inserting this result into Equation (5.73), we find that

" f(—u)f(—u) du = i If( )2 dew
—00 271

which yields Parseval’s Equality in the form in Equation (5.71) after substi-
tuting ¢+ = —u on the left.

As noted above, the forms in Equations (5.71) and (5.73) are often referred
to as the Plancherel Formula or Parseval Formula. A more commonly de-
fined Parseval equation is that given for Fourier series. For example, for a
function f(x) defined on [, 7|, which has a Fourier series representation,

we have
7T

d 1
L) = ~ [ Ik
n=1 T -7
In general, there is a Parseval identity for functions that can be expanded
in a complete sets of orthonormal functions, {¢,(x)}, n =1,2,..., which is
given by
c- 2 2
Y < fopn >*=IfI%
n=1
Here, ||f||> =< f,f > . The Fourier series example is just a special case of
this formula.

5.7 The Laplace Transform

UP TO THIS POINT WE HAVE ONLY EXPLORED Fourier exponential trans-
forms as one type of integral transform. The Fourier transform is useful
on infinite domains. However, students are often introduced to another
integral transform, called the Laplace transform, in their introductory dif-
ferential equations class. These transforms are defined over semi-infinite
domains and are useful for solving initial value problems for ordinary dif-
ferential equations.

The Fourier and Laplace transforms are examples of a broader class of
transforms known as integral transforms. For a function f(x) defined on an
interval (a,b), we define the integral transform

F(k) = / 'K K)f(x) d,
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where K(x, k) is a specified kernel of the transform. Looking at the Fourier
transform, we see that the interval is stretched over the entire real axis and
the kernel is of the form, K(x,k) = ¢/**. In Table 5.1 we show several types
of integral transforms.

Laplace Transform [—'(s) = fooo e_sxf(x) dx Table 5.1: A Table of Common Integral
Fourier Transform F(k) = [T, e f(x)dx Transforms.
Fourier Cosine Transform | F(k) = [;° cos(kx)f(x) dx
Fourier Sine Transform | F(k) = [;° sin(kx)f(x) dx
Mellin Transform F(k) = [;° x*"1f(x)dx
Hankel Transform F(k) = [3° xJu(kx)f(x) dx

It should be noted that these integral transforms inherit the linearity of
integration. Namely, let 1(x) = af(x) + Bg(x), where a and 8 are constants.
Then,

b
H(k) = /aK(x,k)h(x)dx,
= [ KGR f 0+ pg)

b b
- /ﬂ K(x, k) f(x) dx + B /a K(x,k)g(x) dx,
= aF(x) +pG(x). (5.75)

Therefore, we have shown linearity of the integral transforms. We have seen

the linearity property used for Fourier transforms and we will use linearity

in the study of Laplace transforms. The Laplace transform of f, F = L[f].
We now turn to Laplace transforms. The Laplace transform of a function

f(t) is defined as

Fs) = £IAls) = [ fineat, s> (5.76)
This is an improper integral and one needs

lim f(t)e * =0

t—ro0

to guarantee convergence.

Laplace transforms also have proven useful in engineering for solving
circuit problems and doing systems analysis. In Figure 5.26 it is shown that
a signal x(t) is provided as input to a linear system, indicated by h(t). One
is interested in the system output, y(¢), which is given by a convolution
of the input and system functions. By considering the transforms of x(t)
and h(t), the transform of the output is given as a product of the Laplace
transforms in the s-domain. In order to obtain the output, one needs to
compute a convolution product for Laplace transforms similar to the convo-
lution operation we had seen for Fourier transforms earlier in the chapter.
Of course, for us to do this in practice, we have to know how to compute
Laplace transforms.
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Figure 5.26: A schematic depicting the
use of Laplace transforms in systems

theory.

Table 5.2:

Table of Selected Laplace

Transform Pairs.

X(8) === |h() | -=-» y(t) = h(t) * x(t)
Laplace Inverse Laplace
Transform Transform

X(s) — —— Y(s) = H(s)X(s)

5.7.1 Properties and Examples of Laplace Transforms

IT 1S TYPICAL THAT ONE MAKES USE of Laplace transforms by referring to
a Table of transform pairs. A sample of such pairs is given in Table 5.2.
Combining some of these simple Laplace transforms with the properties of
the Laplace transform, as shown in Table 5.3, we can deal with many ap-
plications of the Laplace transform. We will first prove a few of the given
Laplace transforms and show how they can be used to obtain new trans-
form pairs. In the next section we will show how these transforms can be
used to sum infinite series and to solve initial value problems for ordinary
differential equations.

f(t) F(s) f(t) F(s)
c at 1
c - e , sS>a
, S s—a ol
n n: n at N
t S”ﬁ, s>0 t'e m
: w at _: w
sin wt Tra? e sin wt T
cos wt _5 e cos wt _s-a
§%2 + w? (s —a)? + w?
t sin wt ZL t cos wt ﬂ
(sz+w2)2 (52+w2)2
) a 5
smh at 711@ COSh at m
H(t—a) es , s>0 S(t—a) | e™®, a>0s5s>0

We begin with some simple transforms. These are found by simply using
the definition of the Laplace transform.

Example 5.18. Show that L[1] = 1.

For this example, we insert f(t) = 1 into the definition of the Laplace transform:

cij = /O Vet at,

This is an improper integral and the computation is understood by introducing an
upper limit of a and then letting a — oo. We will not always write this limit,
but it will be understood that this is how one computes such improper integrals.
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Proceeding with the computation, we have

cu = / et di
0]
a
= lim e st dt
a—oQ 0
a
= lim (1e_St>
a—oQ S O
_ : 1 —sa 1 71
= al;ngo( S +S>—S. (5-77)

Thus, we have found that the Laplace transform of 1 is % This result

can be extended to any constant c, using the linearity of the transform,
L[c] = cL[1]. Therefore,

Example 5.19. Show that L]e™] = L fors > a.
For this example, we can easily compute the transform. Again, we only need to
compute the integral of an exponential function.

ﬁ[eut] — / eate—st dt
JO

/oo e(afs)t dt
0

— ( 1 e(u—s)t)oo
a—s 0

1 1
_ . (a=s)t _ =
tlgga—se a—s s—a (5.78)

Note that the last limit was computed as lim;_ e(*~)* = 0. This is only true
ifa—s <0, ors > a.[Actually, a could be complex. In this case we would only
need s to be greater than the real part of a, s > Re(a).]

Example 5.20. Show that L[cosat] = 5 and Lsinat] = .
For these examples, we could again insert the trigonometric functions directly
into the transform and integrate. For example,

o
L]cos at] :/ e~ cosat dt.
0

Recall how one evaluates integrals involving the product of a trigonometric function
and the exponential function. One integrates by parts two times and then obtains
an integral of the original unknown integral. Rearranging the resulting integral
expressions, one arrives at the desired result. However, there is a much simpler way
to compute these transforms.

Recall that ¢ = cosat + isinat. Making use of the linearity of the Laplace
transform, we have

L[e™] = L[cosat] + iL[sinat].

Thus, transforming this complex exponential will simultaneously provide the Laplace
transforms for the sine and cosine functions!
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> This integral can just as easily be done
using differentiation. We note that

d n .o o
<f—> / e stdt =/ teSt dr.
ds 0 0
Since
i —st 1
/ e Stdt ==,
0 s

o0 d\"1 n!
testdt=(——) ~=——.
/0 ¢ ( ds) s gntl

We compute [;°t"e ! dt by turning it
into an initial value problem for a first-
order difference equation and finding
the solution using an iterative method.

The transform is simply computed as

,C[gi“t] _ /oo elato—st gy — /Oo e—(s—iu)tdt o 1
0 0

T s—ia’

Note that we could easily have used the result for the transform of an exponential,
which was already proven. In this case, s > Re(ia) = 0.

We now extract the real and imaginary parts of the result using the complex
conjugate of the denominator:

1 1 s—+ia s+ ia

s—ia s—ias+ia s2+4a2

Reading off the real and imaginary parts, we find the sought-after transforms,

s
L[cos at] a2
. a
Example 5.21. Show that L]t] = slz
For this example we evaluate
L]t] = / te~t dt.
Jo
This integral can be evaluated using the method of integration by parts:
/ te™s! dt —t=e* +f/e*Wt
0 0o sJo
1

Example 5.22. Show that L[t"] = S,ﬂl for nonnegative integer n.

We have seen the n = 0 and n = 1 cases: L[1] = L and L]t] = slz We now
generalize these results to nonnegative integer powers, n > 1, of t. We consider the

integral
L") = / the~s dt.
0

Following the previous example, we again integrate by parts:*

00 . oy oy
/t"esdt = —|——/t"esdt
0 o s.Jo

= E/ t et dt. (5.81)
s Jo

i lefst
S

We could continue to integrate by parts until the final integral is computed.
Howeuver, look at the integral that resulted after one integration by parts. It is just
the Laplace transform of "~1. So, we can write the result as

cler = Lepert.

This is an example of a recursive definition of a sequence. In this case, we have a
sequence of integrals. Denoting

I, = L[t"] = / et dt
0
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and noting that Iy = L[1] = 1, we have the following:

n 1
In=—-I,_1, Ip=-. 82
n P 1 0 P (5 )
This is also what is called a difference equation. It is a first-order difference equation
with an “initial condition,” Iy. The next step is to solve this difference equation.
Finding the solution of this first-order difference equation is easy to do using
simple iteration. Note that replacing n with n — 1, we have

n—1

L1 = Lo
s
Repeating the process, we find
n
L = —I,
s
n(n-—1
s s
~ n(n—=1) I
= T g
nn—1)(n—-2
S A A (583)

We can repeat this process until we get to Iy, which we know. We have to
carefully count the number of iterations. We do this by iterating k times and then
figure out how many steps will get us to the known initial value. A list of iterates
is easily written out:

n
In = -l
s
B n(n—l)l
= T g 2
nn—1)(n—-2)
-

(n — -2)...(n—k
_ nn—1)(n ZS)k (n +1)In,k. (5.82)

Since we know Iy = 1, we choose to stop at k = n obtaining

nn—1 —-2)...(2)(1 !
LU s O PR

Therefore, we have shown that L["] = S,’ﬁl.
Such iterative techniques are useful in obtaining a variety of integrals, such as
L= [, 2= .

As a final note, one can extend this result to cases when n is not an
integer. To do this, we use the Gamma function, which was discussed in
Section 3.5. Recall that the Gamma function is the generalization of the
factorial function and is defined as

I'(x) = /Ooo et dt. (5.85)

201
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Note the similarity to the Laplace transform of t¥~1 :
[e9)
L1 = / P le=st dt.
0
For x — 1 an integer and s = 1, we have that
I'(x)=(x—1).

Thus, the Gamma function can be viewed as a generalization of the factorial

and we have shown that - .
L) = 7(5 +1)
forp > —1.
Now we are ready to introduce additional properties of the Laplace trans-
form in Table 5.3. We have already discussed the first property, which is a
consequence of the linearity of integral transforms. We will prove the other

properties in this and the following sections.

Table 5.3: Table‘ of selected Laplace Laplace Transform Properties
transform properties. E[af(t) + bg(t)] _ EIF(S) + bG(S)

LIF0] = — S F(s)
c| %] =t - o)
2
£| G| =0 510 - 7o)

Lle"f(t)] = F(s —a)
C[H(f—ﬂ f(t—a)] =e "F(s)

L1 8)(0)] = £1[| f(¢ - w)g(0) du] = FEG()

Example 5.23. Show that L {%] =sF(s) — f(0).

We have to compute
af ©df st
{ dt } 0 dt dt.

We can move the derivative off f by integrating by parts. This is similar to what we
had done when finding the Fourier transform of the derivative of a function. Letting
u=e " and v = f(t), we have

df _ df 7st
£ {dt}  Jo dt at
= f(t)e :+s/000f(t)e*5f dt
= —f(0)+sF(s). (5.86)

Here we have assumed that f(t)e

The final result is that

vanishes for large t.

c|%] =5k - 10
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Example 6: Show that L [dz—f] = s?F(s) —sf(0) — £'(0).

dr?
We can compute this Laplace transform using two integrations by parts, or we
could make use of the last result. Letting g(t) = %(tt), we have

2
c {‘;tﬂ y [‘;ﬂ — 5G(s) — g(0) = 5G(s) — £(0).
But,
G(s)=L [‘Z} = sF(s) — f(0).
So,
2
c|%] = sco-ro
s[sF(s) — f(0)] — f'(0)
= $°F(s) —sf(0) — £'(0). (5.87)

We will return to the other properties in Table 5.3 after looking at a few

applications.

5.8 Applications of Laplace Transforms

ALTHOUGH THE LAPLACE TRANSFORM IS A VERY USEFUL TRANSFORM, it
is often encountered only as a method for solving initial value problems
in introductory differential equations. In this section we will show how to
solve simple differential equations. Along the way we will introduce step
and impulse functions and show how the Convolution Theorem for Laplace
transforms plays a role in finding solutions. However, we will first explore
an unrelated application of Laplace transforms. We will see that the Laplace
transform is useful in finding sums of infinite series.

5.8.1  Series Summation Using Laplace Transforms

WE saw IN CHAPTER 2 THAT FOURIER SERIES can be used to sum series.
For example, in Problem 2.13, one proves that

| 7.[2
La= g
In this section we will show how Laplace transforms can be used to sum
series.3 There is an interesting history of using integral transforms to sum
series. For example, Richard Feynman* (1918 - 1988) described how one
can use the Convolution Theorem for Laplace transforms to sum series with
denominators that involved products. We will describe this and simpler
sums in this section.

We begin by considering the Laplace transform of a known function,

F(s) = /wa(t)efsf dt.

3 Albert D. Wheelon, Tables of Summable
Series and Integrals Involving Bessel Func-
tions, Holden-Day, 1968.

4R. P. Feynman, 1949, Phys. Rev. 76, p.
769
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5 A translation of Riemann, Bernhard
(1859), “Uber die Anzahl der Primzahlen
unter einer gegebenen Grosse” is in H.
M. Edwards (1974). Riemann’s Zeta Func-
tion. Academic Press. Riemann had
shown that the Riemann zeta function
can be obtained through contour in-
tegral representatlon 2sin(7ts)T'C(s) =

i 9§C Fk 1 dx for a specific contour C.

Inserting this expression into the sum Y, F(n) and interchanging the sum
and integral, we find

S Fm) = Y / Y F(e dt

n=0 n=0

I
-
=

=
N—
[1e
—~
m‘
N
=
[
—~

dt. (5.88)

|
-~
—
-
=
—_

0 —et

The last step was obtained using the sum of a geometric series. The key is
being able to carry out the final integral as we show in the next example.

Example 5.24. Evaluate the sum Y50, = 1)”“
Since, L[1] = 1/s, we have
)1’1+1 00

I

2/ (_1>n+lefntdt
n=1"0

00 e—t

= ——dt

/O 14 et

2du

= Y n2. (5.89)

1 u
Example 5.25. Evaluate the sum ) ;. 111—2
This is a special case of the Riemann zeta function

Z ni (5.90)

The Riemann zeta function’ is important in the study of prime numbers and more
recently has seen applications in the study of dynamical systems. The series in this
example is {(2). We have already seen in Problem 2.13 that

Using Laplace transforms, we can provide an integral representation of {(2).

The first step is to find the correct Laplace transform pair. The sum involves the
function F(n) = 1/n%. So, we look for a function f(t) whose Laplace transform is
F(s) = 1/s% We know by now that the inverse Laplace transform of F(s) = 1/s>
is f(t) = t. As before, we replace each term in the series by a Laplace transform,
exchange the summation and integration, and sum the resulting geometric series:

ii = i/wte*’”dt
n=1 n2 n=1 0

R
= /0 ] dt. (5.91)

So, we have that

© ©
/Oe_ldtzzﬁ:g(z).
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Integrals of this type occur often in statistical mechanics in the form of Bose-
Einstein integrals. These are of the form

~00 n—1
Gu(z) = /0 zjlceix—l dx.
Note that G, (1) =T'(n){(n).

In general, the Riemann zeta function must be tabulated through other
means. In some special cases, one can use closed form expressions. For

example,
22n—1,2n

() =~

where the B,,’s are the Bernoulli numbers. Bernoulli numbers are defined

Bn/

through the Maclaurin series expansion

é(Z)IZ/ C(4)=%, é(@z%.

We can extend this method of using Laplace transforms to summing se-
ries whose terms take special general forms. For example, from Feynman'’s
1949 paper, we note that

1 9 [ s
GBS e

This identity can be shown easily by first noting
/Oo p—sla+bn) g5 _ _es(a+hn)‘| 1
0

a+ bn T atbn
Now, differentiate the result with respect to a and the result follows.

The latter identity can be generalized further as

1 _ (_1)k o e 7s(a+bn)d
(@t on)1 Kk adkJo © >

In Feynman’s 1949 paper, he develops methods for handling several other
general sums using the Convolution Theorem. Wheelon gives more exam-
ples of these. We will just provide one such result and an example. First,
we note that

1 /1 du
ab — Jo [a(1—u)+buj
However,

s e

1 /1 i /°° po—tla(l—u)+bul gy
ab 0 0

We see in the next example how this representation can be useful.

So, we have

205
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Figure 5.27: The scheme for solving
an ordinary differential equation using
Laplace transforms. One transforms the
initial value problem for y(t) and obtains
an algebraic equation for Y(s). Solve for
Y(s) and the inverse transform gives the
solution to the initial value problem.

Example 5.26. Evaluate ), m
We sum this series by first letting a = 2n + 1 and b = 2n + 2 in the formula
for 1/ab. Collecting the n-dependent terms, we can sum the series leaving a double

integral computation in ut-space. The details are as follows:

> du
n;) 2n+1)( 2n—|—2) B 2/ (2n+1)(1—u) + (2n +2)ul?

_ Z/ du/ —t(2n+1+u) dt
n=0
_ / du/ fo—t(1+1) Z o2t gy

te—t L
= —_ du dt
/o 1—e 2t /o
©  pemt 1 et
_ / e 178 g
0o 1—e 2t ¢

0 eft
= —dt
/o 1+et

= —In(1+e7h ‘;o =In2. (5.92)
5.8.2  Solution of ODEs Using Laplace Transforms

ONE OF THE TYPICAL APPLICATIONS OF LAPLACE TRANSFORMS is the so-
lution of nonhomogeneous linear constant coefficient differential equations.
In the following examples we will show how this works.

The general idea is that one transforms the equation for an unknown
function y(t) into an algebraic equation for its transform, Y (t). Typically,
the algebraic equation is easy to solve for Y(s) as a function of s. Then,
one transforms back into t-space using Laplace transform tables and the
properties of Laplace transforms. The scheme is shown in Figure 5.27.

Laplace Transform

Llyl =3 FY)=6G
: Algebraic
ODE : Equation
fory(t) Y
y(t) Y(s)

Inverse Laplace Transform

Example 5.27. Solve the initial value problem y' + 3y = ¢*, y(0) = 1.
The first step is to perform a Laplace transform of the initial value problem. The
transform of the left side of the equation is

Ly +3y] =sY —y(0)+3Y = (s +3)Y —
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Transforming the righthand side, we have

L[e*] = s—%
Combining these two results, we obtain
(s+3)Y—-1= L
s—2
The next step is to solve for Y (s) :
1 1

Y(s)

- s+3+ (s—=2)(s+3)°

Now we need to find the inverse Laplace transform. Namely, we need to figure
out what function has a Laplace transform of the above form. We will use the tables
of Laplace transform pairs. Later we will show that there are other methods for
carrying out the Laplace transform inversion.

The inverse transform of the first term is e~3. However, we have not seen any-
thing that looks like the second form in the table of transforms that we have com-
piled, but we can rewrite the second term using a partial fraction decomposition.
Let’s recall how to do this.

The goal is to find constants A and B such that

1 A L B (593)
5-2)(5+3) s5-2  s5+3° >93
We picked this form because we know that recombining the two terms into one term This is an example of carrying out a par-

will have the same denominator. We just need to make sure the numerators agree tial fraction decomposition.

afterward. So, adding the two terms, we have

1 A(s+3)+B(s—2)

(5—2)(s +3) (5—2)(s +3)

Equating numerators,
1=A(s+3)+B(s—2).

There are several ways to proceed at this point.

a. Method 1.

We can rewrite the equation by gathering terms with common powers of s,
we have
(A+B)s+3A—-2B=1.

The only way that this can be true for all s is that the coefficients of the
different powers of s agree on both sides. This leads to two equations for A

and B:
A+B=0,
3A—-2B=1. (5.94)
The first equation gives A = —B, so the second equation becomes —5B = 1.

The solution is then A = —B = %
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1 2
Figure 5.28: A plot of the solution to Ex-
ample 5.27.

b. Method 2.
Since the equation (S*Z;W = % + S_% is true for all s, we can pick
specific values. For s = 2, we find 1 = 5A, or A = % For s = —3, we find
1= -5B,or B = —%. Thus, we obtain the same result as Method 1, but
much quicker.

¢. Method 3.

We could just inspect the original partial fraction problem. Since the numer-
ator has no s terms, we might guess the form

1 1 1

(s—2)(s+3) s—2 s+3

But, recombining the terms on the right hand side, we see that

11 5
s—2 s+3 (s—2)(s+3)

Since we were off by 5, we divide the partial fractions by 5 to obtain

1 1711
(s—2)(s+3) 5[s—2 s+3]’
which once again gives the desired form.
Returning to the problem, we have found that
1 1 1 1
Y(s) = 51375 (5—2 B s+3>'

We can now see that the function with this Laplace transform is given by

_ a1 /1 1 T N TR v
y(t) = £ [s+3+5 s—2 s+3)| ¢ +5(“/’ e )

works. Simplifying, we have the solution of the initial value problem

B O TR
y(t)f5e +5e .

We can verify that we have solved the initial value problem.

25 12

Y +3y = = =2 e 3t +3(162t + ée‘3t) = e

5 5
andy(0) =1 + 3 =1

Example 5.28. Solve the initial value problem y"” +4y =0, y(0) =1, ' (0) = 3.
We can probably solve this without Laplace transforms, but it is a simple exercise.
Transforming the equation, we have

0 = s*Y —sy(0) —y'(0) +4Y
= (s*4+4)Y—s—3. (5.95)

Solving for Y, we have
s+3

Y(s) = s2+4
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We now ask if we recognize the transform pair needed. The denominator looks
like the type needed for the transform of a sine or cosine. We just need to play with
the numerator. Splitting the expression into two terms, we have

s 3
O =gt e
The first term is now recognizable as the transform of cos2t. The second term
is not the transform of sin2t. It would be if the numerator were a 2. This can be
corrected by multiplying and dividing by 2:

3 3( 2
s2+4 2\s2+4)°

The solution is then found as

s 3 2\ 3
y(t) =L Lz+4 + 5 <52+4)] = cos 2t + 251n2t.

The reader can verify that this is the solution of the initial value problem.

5.8.3 Step and Impulse Functions

OFTEN, THE INITIAL VALUE PROBLEMS THAT ONE FACES in differential
equations courses can be solved using either the Method of Undetermined
Coefficients or the Method of Variation of Parameters. However, using the
latter can be messy and involves some skill with integration. Many circuit
designs can be modeled with systems of differential equations using Kir-
choff’s Rules. Such systems can get fairly complicated. However, Laplace
transforms can be used to solve such systems, and electrical engineers have
long used such methods in circuit analysis.

In this section we add a couple more transform pairs and transform prop-
erties that are useful in accounting for things like turning on a driving force,
using periodic functions like a square wave, or introducing impulse forces.

We first recall the Heaviside step function, given by

0, t<0,
H(t) = .
(t) { Lot (5.96)

A more general version of the step function is the horizontally shifted
step function, H(t — a). This function is shown in Figure 5.30. The Laplace
transform of this function is found for a > 0 as

CIH(t—a)] = / H(t — a)e= dt
0
= / e st dr
a
e*Stoo efus
= <. =5 (5.97)

Just like the Fourier transform, the Laplace transform has two Shift The-
orems involving the multiplication of the function, f(t), or its transform,
F(s), by exponentials. The First and Second Shift Properties/ Theorems are
given by

(WAA
VYA

Figure 5.29: A plot of the solution to Ex-
ample 5.28.

2

H(t—a)
11—

1
1
, t
a

Figure 5.30: A shifted Heaviside func-
tion, H(t — a).

The Shift Theorems.
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e

! !

| |

l l

0 a
Figure 5.31: The box function, H(t) —
H(t—a).

| |
| |
| |
0 a
Figure 5.32: Formation of a piecewise
function, f(t)[H(t) — H(t — a)].

LI"f()] = F(s—a),
L[f(t—a)H(t—a)] e ®F(s).

We prove the First Shift Theorem and leave the other proof as an exercise

(5.98)
(5-99)

for the reader. Namely,
Lltfm] = [ etfe
0

= /Ooo F(e =Dt dt = F(s —a). (5.100)

Example 5.29. Compute the Laplace transform of e~ sin wt.

This function arises as the solution of the underdamped harmonic oscillator. We
first note that the exponential multiplies a sine function. The First Shift Theorem
tells us that we first need the transform of the sine function. So, for f(t) = sinwt,

we have
w

F(s) = —.
(5) 52 + w?
Using this transform, we can obtain the solution to this problem as

w

ﬁ[efat sinwt] = F(s+a) = m

More interesting examples can be found using piecewise defined func-
tions. First we consider the function H(t) — H(t — a). For t < 0, both terms
are zero. In the interval [0, 4], the function H(t) = 1and H(t —a) = 0. There-
fore, H(t) — H(t —a) = 1 for t € [0,a]. Finally, for t > a, both functions are
one and therefore the difference is zero. The graph of H(t) — H(t —a) is
shown in Figure 5.31.

We now consider the piecewise defined function:

g(t):{f(t)r 0<t<aqg,

0, t<0,t>a.

This function can be rewritten in terms of step functions. We only need to
multiply f(t) by the above box function,

We depict this in Figure 5.32.

Even more complicated functions can be written in terms of step func-
tions. We only need to look at sums of functions of the form f(t)[H(t —
a) — H(t — b)] for b > a. This is similar to a box function. It is nonzero
between a and b and has height f(f).

We show as an example the square wave function in Figure 5.33. It can
be represented as a sum of an infinite number of boxes,

[e0]

f(t)y="Y [H(t—2na)—H(t— (2n+1)a)],

n=-—oo

fora > 0.
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Example 5.30. Find the Laplace Transform of a square wave “turned on” at t = 0.
We let
f(t) =Y [H(t—2na) —H(t— (2n+1)a)], a>0.
n=0

Using the properties of the Heaviside function, we have

CUO) = 3 £ - 200) - £[H(: - 2+ 1a)]
o | ,—2nas  ,—(2n+1)as
S
_ 1—:_“5 noio (e—Zas)n
1—e™% 1
- $ (1—(3—2”5)
1— e
= m_ (5.101)

Note that the third line in the derivation is a geometric series. We summed this
series to get the answer in a compact form since 2% < 1.

Other interesting examples are provided by the delta function. The Dirac
delta function can be used to represent a unit impulse. Summing over a
number of impulses, or point sources, we can describe a general function as
shown in Figure 5.34. The sum of impulses located at points a;,i =1,...,n,
with strengths f(a;) would be given by

A continuous sum could be written as
fo) = [ f@s—-gde.

This is simply an application of the sifting property of the delta function.
We will investigate a case when one would use a single impulse. While a
mass on a spring is undergoing simple harmonic motion, we hit it for an
instant at time ¢ = 4. In such a case, we could represent the force as a
multiple of 6(f — a).

One would then need the Laplace transform of the delta function to solve
the associated initial value problem. Inserting the delta function into the

Figure 5.33: A square wave, f(f) =
Y [H(t—2na) — H(t— (21 +1)a)).

f(x) . o
ATt Terl

ai a as a4 as ae Az ag ag Ao

Figure 5.33: Plot representing im-
pulse forces of height f(a;). The sum
Y f(a;)é(x — a;) describes a general
impulse function.

LI6(t—a)] =e ™.
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02 1Y)

—0.2
Figure 5.35: A plot of the solution to Ex-
ample 5.31 in which a spring at rest ex-
periences an impulse force at t = 2.

Laplace transform, we find that for a > 0,

Lot —a) = Awﬂhmkﬂwt
= /OO 5(t—a)e st dt
= %, (5.102)

Example 5.31. Solve the initial value problem y" + 4y = 6(t —2), y(0) =
y'(0) = 0.

This initial value problem models a spring oscillation with an impulse force.
Without the forcing term, given by the delta function, this spring is initially at rest
and not stretched. The delta function models a unit impulse at t = 2. Of course,
we anticipate that at this time the spring will begin to oscillate. We will solve this
problem using Laplace transforms.

First, we transform the differential equation:

$?Y —sy(0) — i/ (0) +4m?Y = e~ %.
Inserting the initial conditions, we have
(s +4m2)Y = e .
Solving for Y (s), we obtain

6—25

Y(s) = 5——.
(s) s2 +4m?
We now seek the function for which this is the Laplace transform. The form of

this function is an exponential times some Laplace transform, F(s). Thus, we need
the Second Shift Theorem since the solution is of the form Y (s) = e 2F(s) for

E(s) L

T 2t
We need to find the corresponding f(t) of the Laplace transform pair. The de-
nominator in F(s) suggests a sine or cosine. Since the numerator is constant, we
pick sine. From the tables of transforms, we have

. 2
£[51n27'[t} = m
So, we write .
27
F(s) = ————=.
(5) 277 52 + 472

This gives f(t) = (27r) ! sin27t.
We now apply the Second Shift Theorem, L[f(t —a)H(t —a)] = e *™F(s), or

y(t) = c*%ﬁw@ﬂ
= H(t-2)f(t—2)
1

= 5 -H(t—2)sin2(t -2). (5.103)

This solution tells us that the mass is at rest until t = 2 and then begins to
oscillate at its natural frequency. A plot of this solution is shown in Figure 5.35
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Example 5.32. Solve the initial value problem

y'+y=f(t), y(0)=0y(0)=0,

where

cosmtt, 0<t<2,
t) = o~
) { 0, otherwise.

We need the Laplace transform of f(t). This function can be written in terms
of a Heaviside function, f(t) = cosmtH(t — 2). In order to apply the Second
Shift Theorem, we need a shifted version of the cosine function. We find the shifted
version by noting that cos 7t(t — 2) = cos rtt. Thus, we have

f(t) = cosmt[H(t) — H(t—2)]
= cosmt—cosmt(t—2)H(t—2), t>0. (5.104)

The Laplace transform of this driving term is

s
2 + 2’

F(s) = (1—e %)L[cosmtt] = (1 — e %)

Now we can proceed to solve the initial value problem. The Laplace transform of
the initial value problem yields

(24+ DY) = (1—e )5 j —.
Therefore,
_2s s
Y(s) = (=) @@y

We can retrieve the solution to the initial value problem using the Second Shift
Theorem. The solution is of the form Y(s) = (1 —e~2°)G(s) for
s
G(s) = .
O = ErED
Then, the final solution takes the form
y(t) = g(t) —g(t =2)H(t —2).

We only need to find g(t) in order to finish the problem. This is easily done
using the partial fraction decomposition

G(s) = s 1 s s
(24 (s2+1) m2—1(s2+1 2412
1y(t)

Then, 04

02+
g(t) =71 S - (cost — cos rtt) t
(s2+7m2)(s2+1) 2 —1 ' u : -
The final solution is then given by —-02 ¢
1 —04 |
y(t) = P [cost — cos it — H(t — 2)(cos(t — 2) — cos 7tt)] .

Figure 5.36: A plot of the solution to Ex-
ample 5.32 in which a spring at rest ex-
periences an piecewise defined force.

A plot of this solution is shown in Figure 5.36
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The convolution is commutative.

The Convolution Theorem for Laplace
transforms.

5.9 The Convolution Theorem

FINALLY, WE CONSIDER THE CONVOLUTION of two functions. Often, we are
faced with having the product of two Laplace transforms that we know and
we seek the inverse transform of the product. For example, let’s say we have
obtained Y(s) = m while trying to solve an initial value problem. In
this case, we could find a partial fraction decomposition. But, there are
other ways to find the inverse transform, especially if we cannot perform a
partial fraction decomposition. We could use the Convolution Theorem for
Laplace transforms or we could compute the inverse transform directly. We
will look into these methods in the next two sections.We begin with defining
the convolution.

We define the convolution of two functions defined on [O,oo) much the
same way as we had done for the Fourier transform. The convolution f * g
is defined as

(F*8)(0) = [ fog(t ) du (5.105)

Note that the convolution integral has finite limits as opposed to the Fourier
transform case.
The convolution operation has two important properties:

1. The convolution is commutative: f xg = g * f

Proof. The key is to make a substitution ¥ = t — u in the integral. This
makes f a simple function of the integration variable.

PO = [ gf—wau
= —/tog(t—y)f(y)dy
= /Otf(y)g(t—y)dy
(f =g)(t). (5.106)
O

2. The Convolution Theorem: The Laplace transform of a convolution is
the product of the Laplace transforms of the individual functions:

L[f * 8] = F(s)G(s).

Proof. Proving this theorem takes a bit more work. We will make
some assumptions that will work in many cases. First, we assume
that the functions are causal, f(t) = 0 and g(t) = 0 for t < 0. Second,
we will assume that we can interchange integrals, which needs more
rigorous attention than will be provided here. The first assumption
will allow us to write the finite integral as an infinite integral. Then
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a change of variables will allow us to split the integral into the prod-
uct of two integrals that are recognized as a product of two Laplace
transforms.

Carrying out the computation, we have

/ (/f (t—u) du)e_Stdt
- / (/ flu t—ucM)e”dt
= /0 f(u) (/0 g(t—u)e dt> du (5.107)

Now, make the substitution T = t — u. We note that

intgy f(u) (/Ooog(t —u)e st dt> du = /Ooof(u) </o:g(r)es(7+”) dT) du

However, since g(7) is a causal function, we have that it vanishes for

L[f =gl

T < 0 and we can change the integration interval to [0, c0). So, after a
little rearranging, we can proceed to the result.

/Ooof(u) (/(;oog(r)e_s(”“) dT) du
= /Ooof(u)e_su (/Ooog(r)e_ST dT) du
= </Ooo flu)e ™" du) (/Ooog(r)e” dT)

= F(s)G(s). (5.108)

O

L[f =gl

We make use of the Convolution Theorem to do the following examples.

Example 5.33. Find y(t) = £} [m} .
We note that this is a product of two functions:

1 1 1
Y(s) = (s—=1)(s—2) T s—1s-2 F(e)Gs).

We know the inverse transforms of the factors: f(t) = ¢! and g(t) =
Using the Convolution Theorem, we find y(t) = (f * g)(t). We compute the

convolution:
/ flu)g(t—u)

/ ete2(t=1) gy
0

t
= ezt/ e “du
0

= et +1] =¥ - ¢, (5.109)

et

y(t)

One can also confirm this by carrying out a partial fraction decomposition.

215



216 FOURIER AND COMPLEX ANALYSIS

r ],

VAR K/ b

-2+

Figure 5.37: Plot of the solution to Exam-
ple 5.34 showing a resonance.

Example 5.34. Consider the initial value problem, y" + 9y = 2sin3t, y(0) = 1,

y'(0) =0.
The Laplace transform of this problem is given by

6
2 _
(s +9)Y —s = 239
Solving for Y (s), we obtain
6 s
YO = o oo

The inverse Laplace transform of the second term is easily found as cos(3t); however,
the first term is more complicated.
We can use the Convolution Theorem to find the Laplace transform of the first

term. We note that
6 2 3 3

(2492 3(s2+9) (2+9)

is a product of two Laplace transforms (up to the constant factor). Thus,

c! {(52+69)2] = %(f*g)(t),

where f(t) = g(t) = sin3t. Evaluating this convolution product, we have

2
£t [(s2+69)2} = ()t
= %/Otsin3usin3(t—u)du
= %/Ot[COSS(Zu —t) — cos 3t] du

1[1 ‘
= 3 [6 sin(6u — 3t) — u cos 3t .

1 1
= §sin3t — gtcos?)t. (5.110)

Combining this with the inverse transform of the second term of Y (s), the solu-
tion to the initial value problem is

1 1
y(t) = fgtcos3t + 5 sin 3t + cos 3t.

Note that the amplitude of the solution will grow in time from the first term. You
can see this in Fiqure 5.37. This is known as a resonance.

(52%)2] using partial fraction decomposition.

If we look at Table 5.2, we see that the Laplace transform pairs with the denomi-
nator (s*> + w?)? are

Example 5.35. Find L]

. 2ws
ﬁ[t SIIIaJt] - m,
and ) )
L[tcoswt] = S

(s2 + w?)?’
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So, we might consider rewriting a partial fraction decomposition as

6 Abs B(s>-9) Cs+D

(2492 (s219)2 i (s249)2 TR

Combining the terms on the right over a common denominator, we find
6 = 6As + B(s*> —9) + (Cs + D)(s* +9).
Collecting like powers of s, we have
Cs® + (D + B)s* + 6As + (D — B) = 6.

Therefore, C = 0, A =0,D+B = 0,and D —B = % Solving the last two
equations, we find D = —B = %
Using these results, we find

6  1(s*-9) 1

1
(2492 3(s2+9)2 ' 3s52+9

This is the result we had obtained in the last example using the Convolution Theo-
rem.

5.10 The Inverse Laplace Transform

UP TO THIS POINT WE HAVE SEEN that the inverse Laplace transform can be
found by making use of Laplace transform tables and properties of Laplace
transforms. This is typically the way Laplace transforms are taught and
used in a differential equations course. One can do the same for Fourier
transforms. However, in the case of Fourier transforms, we introduced an
inverse transform in the form of an integral. Does such an inverse integral
transform exist for the Laplace transform? Yes, it does! In this section we
will derive the inverse Laplace transform integral and show how it is used.

We begin by considering a causal function f(t), which vanishes for t < 0,
and define the function ¢(t) = f(t)e " with ¢ > 0. For g(t) absolutely
integrable,

| Iswlar= [T i ar < e

we can write the Fourier transform,

§(w) = /oo g()etdt = /Ooof(t)eiwtfctdt

—00

and the inverse Fourier transform,

g(t) = f(t)e @ = % /oo §(w)e ™ dew.

—00

Multiplying by e and inserting ¢(w) into the integral for g(t), we find

£(t) = % / ~ / " F(r)eliw-OTgre w0t ¢,
—o0 JO

A function f(t) is said to be of exponen-
tial order if f;~ [f(t)|e™ dt < oo
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¢ Closing the contour to the left of the
contour can be reasoned in a manner
similar to what we saw in Jordan’s
Lemma. Write the exponential as e =
eGrHISIE — gSRteisit The second factor is
an oscillating factor and the growth in
the exponential can only come from the
first factor. In order for the exponential
to decay as the radius of the semicircle
grows, sgt < 0. Since t > 0, we need
s < 0 which is done by closing the con-
tour to the left. If t < 0, then the contour
to the right would enclose no singulari-
ties and preserve the causality of f(¢).

y
/—c+iR
Cr
X%
) c ¥
I~ _ir

Figure 5.38: The contour used for apply-
ing the Bromwich integral to the Laplace

transform F(s) = s(;Tl)

Letting s = ¢ — iw (so dw = ids), we have

c—ioo

=5 [ [ s et as

Note that the inside integral is simply F(s). So, we have

c+ico
f(t) = ZLm/ F(s)e® ds. (5.111)

c—ioo

The integral in the last equation is the inverse Laplace transform, called
the Bromwich Integral and is named after Thomas John I’Anson Bromwich
(1875 - 1929) . This inverse transform is not usually covered in differen-
tial equations courses because the integration takes place in the complex
plane. This integral is evaluated along a path in the complex plane called
the Bromwich contour. The typical way to compute this integral is to first
choose ¢ so that all poles are to the left of the contour. This guarantees that
f(t) is of exponential type. The contour is a closed semicircle enclosing all
the poles. One then relies on a generalization of Jordan’s Lemma to the
second and third quadrants.®

Example 5.36. Find the inverse Laplace transform of F(s) = s(s}&-l)'

The integral we have to compute is

1 c+ico et
0= 3 | N
This integral has poles at s = 0 and s = —1. The contour we will use is shown
in Figure 5.38. We enclose the contour with a semicircle to the left of the path in
the complex s-plane. One has to verify that the integral over the semicircle vanishes
as the radius goes to infinity. Assuming that we have done this, then the result is
simply obtained as 27ti times the sum of the residues. The residues in this case are

zt ezt
Res | ——;z=0| =lim —— =1
z(z+1) =0 (z+1)
and , ,
Z Z
Res | —— 72— —1| = 1im & = —¢ .
z(z+1) z=-1 2

Therefore, we have

1
2711

f(t) =2mi {1(1) +

27T

(—et)} =1—¢"

We can verify this result using the Convolution Theorem or using a partial
fraction decomposition. The latter method is simplest. We note that

1 1 1

sG+1) s s+l

The first term leads to an inverse transform of 1 and the second term gives e . So,

C_l[l ! ]zle_t.
s s+1

Thus, we have verified the result from doing contour integration.
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Example 5.37. Find the inverse Laplace transform of F(s) = ——

s(+es)
In this case, we need to compute
1 c+ico est
t) = — —ds.
f(t) 27ti ./c—ioo s(1+¢9) ;
This integral has poles at complex values of s such that 1 +¢° = 0, or ¢ = —1.

Letting s = x + iy, we see that
e =" = ¢¥(cosy +isiny) = —1.

We see x = 0 and y satisfies cosy = —1 and siny = 0. Therefore, y = nmt for n
an odd integer. Therefore, the integrand has an infinite number of simple poles at
s =nmi,n = =+x1,%3,.... It also has a simple pole at s = 0.

In Figure 5.39, we indicate the poles. We need to compute the residues at each

pole. At s = nrti, we have
est st
Res | —;s=mnmi| = lim (s— ni)
S(l + 65) S—n7Ti
est
= lim —
s—nmi Se°
eTleIt
= - -, nodd.
nrti

e
s(1+e°)

(5.112)

At s = 0, the residue is
o5t

Res Lmesyszo] S Tre 2

Summing the residues and noting the exponentials for +n can be combined to
form sine functions, we arrive at the inverse transform.

1 enm’t
f = 5- .
2 odd nrti
1 = sin (2k — 1) et
= -2y oo (5.113)
2 k; 2k—1)m
. I vn'l N!WWWW
0.8 |
0.6
0.4
0.2
0 nV Vn JVA VA

The series in this example might look familiar. 1t is a Fourier sine series with
odd harmonics whose amplitudes decay like 1/n. It is a vertically shifted square

c+iR
c X
c—1iR

Figure 5.39: The contour used for apply-
ing the Bromwich integral to the Laplace

transform F(s) = 5.

Figure 5.40: Plot of the square wave re-
sult as the inverse Laplace transform of

F(s) = sﬂﬁ with 50 terms.
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wave. In fact, we had computed the Laplace transform of a general square wave in
Example 5.30.
In that example, we found

0 1—e 8
c HX::O[H(t—Zna)—H(t—(Zn+1)a)] - ﬁ
1
= s(tem) (5.114)

In this example, one can show that

f(t) = i[H(t —2n+1) — H(t —2n)].

The reader should verify that this result is indeed the square wave shown in Figure
5.40.

5.11 Transforms and Partial Differential Equations

As ANOTHER APPLICATION OF THE TRANSFORMS, we will see that we
can use transforms to solve some linear partial differential equations. We
will first solve the one-dimensional heat equation and the two-dimensional
Laplace equations using Fourier transforms. The transforms of the partial
differential equations lead to ordinary differential equations which are eas-
ier to solve. The final solutions are then obtained using inverse transforms.

We could go further by applying a Fourier transform in space and a
Laplace transform in time to convert the heat equation into an algebraic
equation. We will also show that we can use a finite sine transform to
solve nonhomogeneous problems on finite intervals. Along the way we will
identify several Green’s functions.

5.11.1 Fourier Transform and the Heat Equation

WE WILL FIRST CONSIDER THE SOLUTION OF THE HEAT EQUATION On an
infinite interval using Fourier transforms. The basic scheme was discussed
earlier and is outlined in Figure 5.41.

Consider the heat equation on the infinite line:

Ut = QlUyy, —00 < x <00, t>0,

u(x,0) = f(x), —oo<x < oo. (5.115)

We can Fourier transform the heat equation using the Fourier transform of
u(x,t),

Flu(x,0)] = ak,t) = / ¥ u(x, el dx.

—00
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Fourier Transform Figure 5.41: Using Fourier transforms to
” solve a linear partial differential equa-
u(x,0) i1(k,0) ton,
!
|
|
Up =iy iy = —ak?i
|
!
u(x,t) ik, t)

Inverse Fourier Transform

We need to transform the derivatives in the equation. First we note that

f[ut] _ / au(i t) kX gy
= at/ (x,t)e™* dx
on(k,t
= at ) (5.116)
Assuming that lim | u(x,t) = 0 and lim,|_ ux(x,t) = 0, we also
have that
© 2u(x,t) ;
Fluxx] = /700 785@ )elkx dx
= —k*a(k,t). (5.117)
Therefore, the heat equation becomes The transformed heat equation.
P0L) _ ik,

This is a first-order differential equation which is readily solved as
ik, t) = A(k)e ¥,

where A(k) is an arbitrary function of k. The inverse Fourier transform is

u(xt) = % | atkne > a.
= L% sy kRt ik
= 5 /ﬂOA(k)e e " dk. (5.118)

We can determine A(k) using the initial condition. Note that

Flu(x,0)] =10(k,0) = /_O:of(x)eikx dx.

But we also have from the solution that

u(x,0) = % /700A(k)e*ikx dk.

Comparing these two expressions for iI(k, 0), we see that
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We note that iI(k, t) is given by the product of two Fourier transforms,
ik, t) = A(k)e”"kzt . So, by the Convolution Theorem, we expect that u(x, t)
is the convolution of the inverse transforms:

ue,t) = (Frg)et) = oo [ fEnge—gnde,

where

glx,t)=F! [e_"‘kzt].

In order to determine g(x,t), we need only recall Example 5.5. In that
example, we saw that the Fourier transform of a Gaussian is a Gaussian.

f-[e—axz/Z] — /Zje—kz/Zu’
a
-1 27 —k2/2a —ax?/2
F [\ —e |=e .
a

Applying this to the current problem, we have

Namely, we found that

or,

g(x) = F e = | [ Zemr/,

Finally, we can write the solution to the problem:

ef(x7§)2/4t

u(et) = (Fr)et) = [ fEn*——d,

The function in the integrand,

—x2 /4t
K(x, t) - 4rtat’

(8N

K(x,t) is called the heat kernel. is called the heat kernel and acts as an initial value Green’s function. The
solution takes the form

uet) = [ eof (6 HK(x, 1) de.
5.11.2  Laplace’s Equation on the Half Plane

WE CONSIDER A STEADY-STATE SOLUTION in two dimensions. In particular,

y we look for the steady-state solution, u(x, y), satisfying the two-dimensional
Laplace equation on a semi-infinite slab with given boundary conditions as
V2u =0 shown in Figure 5.42. The boundary value problem is given as
u(x,0) = f(x) X Uyy + Uyy = 0, —oco<x<oo, y > 0,
Figure 5.42: This is the domain for a M(X,O) = f(X), —00 < x < 00,

semi-infinite slab with boundary value 1i —0 li -0
u(x,00 = f(x) and governed by yg{}ou(x’ y) =0, \x\linoou(x,y) =Y (5.119)

Laplace’s equation.
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This problem can be solved using a Fourier transform of u(x,y) with
respect to x. The transform scheme for doing this is shown in Figure 5.43.
We begin by defining the Fourier transform

[e0]

i(k,y) = Flu] = / u(x,y)e™ dx.
—0
We can transform Laplace’s equation. We first note from the properties
of Fourier transforms that

o%u 2.
F |:ax2:| = —k u(k,y),
if Himy| o0 u(x,y) = 0 and limyy |, ux(x,y) = 0. Also,

o%u o%ii(k,y)
gk

a2

Thus, the transform of Laplace’s equation gives i, = K24

Fourier Transform Figure 5.43: The transform scheme used

~ to convert Laplace’s equation to an ordi-

u(x’ 0) u(k’ O) nary differential equation, which is eas-
ier to solve.

u(x,y) ia(k,y)

Inverse Fourier Transform

This is a simple ordinary differential equation. We can solve this equation
using the boundary conditions. The general solution is The transformed Laplace equation.

a(k,y) = a(k)ek + b(k)e ™.

Since limyﬁOo u(x,y) = 0 and k can be positive or negative, we have that
a(k,y) = a(k)eI¥l¥. The coefficient a(k) can be determined using the re-
maining boundary condition, u(x,0) = f(x). We find that a(k) = f(k) since

a(k) = a(k,0) :/

—00

[e)

u(x,0)e* dx = /jo f(x)e* dx = f(k).

We have found that it(k,y) = f(k)e~kl¥. We can obtain the solution using
the inverse Fourier transform,

u(x,t) = F 1 F(k)e k),

We note that this is a product of Fourier transforms and use the Convolution
Theorem for Fourier transforms. Namely, we have that a(k) = F|[f] and
eV = Flg] for g(x,y) =
Problem 6.

2y . . . .
Py This last result is essentially proven in
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The Green’s function for the Laplace
equation.

Then, the Convolution Theorem gives the solution

uxy) = o /°° f(@)g(x—é)dé
= 27r/ f(e yzdg. (5.120)

We note that this solution is in the form
(%) / fO)G(x, Gy)dg

where

L) — 2y
S = o)

is the Green’s function for this problem.

5.11.3 Heat Equation on Infinite Interval, Revisited

WE NEXT CONSIDER THE INITIAL VALUE PROBLEM for the heat equation
on an infinite interval,
Ut = Uy, —00<x<o0o, t>0,
u(x,0) = f(x), —oo<x < oco. (5.121)
We can apply both a Fourier and a Laplace transform to convert this to an

algebraic problem. The general solution will then be written in terms of an
initial value Green’s function as

ut) = [~ Gl bO)f@) e

For the time dependence, we can use the Laplace transform; and, for
the spatial dependence, we use the Fourier transform. These combined
transforms lead us to define

a(k,s) = F[L[u]] = L ” /0 T u(x, e te™ dtdx.

Applying this to the terms in the heat equation, we have

F[L[u]] = si(k,s)— Flu(x,0)]
— sa(ks) - f(K)
FlLluw]] = —K*a(k,s). (5.122)

Here we have assumed that

lim u(x, t)e s =0, lim wu(x,t) =0, Lm wuy(x,t) =0.

t—o0 |x|—o00 [x]—o00

Therefore, the heat equation can be turned into an algebraic equation for
the transformed solution:

(s +k)a(k,s) = f(k),
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tion.

or

a(k,s) = Sf+(kk)2.

The solution to the heat equation is obtained using the inverse transforms
for both the Fourier and Laplace transforms. Thus, we have

u(x,t) = F Lo a)

1 = 1 c+oo f(k) o i
= Elm (27‘[1 /Ciioo s—i—kze ds|e dk. (5.123)

Since the inside integral has a simple pole at s = —k?, we can compute

the Bromwich Integral by choosing ¢ > —k?. Thus,

1 ctoo f(k) st
— ds = R
2711 ,/cfioo s+ 2t ©s

s+ k2

fk) els = _kZ] = e ¥ E (k).

Inserting this result into the solution, we have
u(x,t) = F Lo a)
- % 1 0; Flk)e R te=ikx g (5.124)
This solution is of the form

u(x, t) = Ffg]

for §(k) = ekt So, by the Convolution Theorem for Fourier transforms,the
solution is a convolution:

uGot) = [ f@0x—e)de.

All we need is the inverse transform of §(k).
We note that ¢(k) = e~¥! is a Gaussian. Since the Fourier transform of a
Gaussian is a Gaussian, we need only recall Example 5.5:

Fle /2 = |/ 2771:6”‘2/2”.

Setting a = 1/2t, this becomes
Fle™ /4] = Vamre ™",

So,

efx2/4t

— i,k )
gx) =F e ] o

Inserting g(x) into the solution, we have
1 o 2
= — —(x=g)7/4t
uwt) = = [ fl@e dc
- [ caf@ad (5125)

Here we have identified the initial value Green’s function

G(x, t¢) = 7i7r o (x=8)/at,

—~

The initial value Green’s function for the
heat equation.
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Figure 5.44: Using finite Fourier trans-
forms to solve the heat equation by solv-
ing an ODE instead of a PDE.

5.11.4 Nonhomogeneous Heat Equation

WE NOW CONSIDER THE NONHOMOGENEOUS HEAT EQUATION with homo-
geneous boundary conditions defined on a finite interval.

—kuyy =h(x,t), 0<x<L, t>0,
u(0,¢) =0, u(Lt)=0, t>0,
u(x,0) = f(x), 0<x<L. (5.126)

When h(x,t) = 0, the general solution of the heat equation satisfying the
above boundary conditions, u(0,t) =0, u(L,t) = 0, for t > 0, can be written
as a Fourier Sine Series:

Z by, sin —— e
So, when h(x,t) # 0, we might assume that the solution takes the form

u(x, t) =Y b(t) sm?

where the b,,’s are the Finite Fourier Sine Transform of the desired solution,

L
bu(t) = Fs[u] = %/ u(x,t) sinn—;rxdx
0

Note that the Finite Fourier Sine Transform is essentially the Fourier Sine
Series which we encountered in Section 2.4.

Finite Fourier Sine Transform

u(x,0) A(k,0)
ut—uxxizh(x,t) db” + w2by |= By (t)
u(x,t) A(k,t)

Inverse Finite Fourier Sine Transform

The idea behind using the Finite Fourier Sine Transform is to solve the
given heat equation by transforming the heat equation to a simpler equation
for the transform, by,(t), solve for bn(t), and then do an inverse transform,
that is, insert the b, (t)’s back into the series representation. This is depicted
in Figure 5.44. Note that we had explored a similar diagram earlier when
discussing the use of transforms to solve differential equations.

First, we need to transform the partial differential equation. The finite
transform of the derivative terms are given by

L
Fslu = L/ auxifsm%dx
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d (2 (L . NTX
= dt(./o u(x,t)sdex)

_ -
L 92y . nmx
.Fs[lxlxx] = Z 0 ﬁ(x/t)SIHde
nmx L nmy 2 (L ou nmwx
= [fuesin "] = () L) g otcos T dn
nrm nmx L 22 (L nmwx
= = [Tueos Y] = (7)1, wlonsin == dx
2
= %[u(o,t) u(L,0) cos nrtj (%)
— R, (5.128)

where w, = 7.

Furthermore, we define
Hy(t) = Fs[h L/ xtsm—dx.

Then, the heat equation is transformed to

dby,
ﬁ—i—wb Hy(t), n=1,23,....
This is a simple linear first-order differential equation. We can supple-

ment this equation with the initial condition

2 L . nmXx
ba(0) = T /0 u(x,0) sin 7 dx.

The differential equation for b, is easily solved using the integrating factor,
u(t) = et Thus,
d w%t _ w%t
= (e bn(t)) = Hy(t)e

and the solution is
2 t 2
bu(f) = b (0)e R + / Hy(1)e <k gr.
0

The final step is to insert these coefficients (Finite Fourier Sine Transform)
into the series expansion (inverse finite Fourier sine transform) for u(x,t).
The result is

= _ niwx
an wit sm ; [/ Hy(t Wilt=7) gr smT

This solution can be written in a more compact form in order to identify
the Green’s function. We insert the expressions for b, (0) and Hy(f) in terms
of the initial profile and source term and interchange sums and integrals.

227
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This leads to

u(x,t) = i(

/OL (&,0) smé{d§> ~@it sin nzx
nmx

/OL (&, T)sm€d§> —wn(t= T)d'r] smT

nmux . nmng _wn] iz

1
£ L 2 & nnx . nné (=)
+ 0/0 h(¢, ) lLZsmLsm T

n=1
L t oL
= [ u@0Gat0de+ [ [ nEnG gt T dedr.
0 0 Jo
(5.129)
Here we have defined the Green’s function
G(x, ¢t 1) = % 7; sin ? sin n—mge_w%(t_f).

We note that G(x, ;t,0) gives the initial value Green’s function

Evaluating the Green'’s function at ¢t = 7, we have
2 & | nmx , nnd
G(x, &t t) = 7 Z sin —— sin ——.

n=1

This is actually a series representation of the Dirac delta function. The

Fourier Sine Transform of the delta function is
2 (L nmx 2 . nnd

Fs[o(x—8)] = f/o S(x—¢ sdex = ZsmT

Then, the representation becomes

@sm nn§ G(x, &t 7).

S(x—¢) = 2 Zsm T

n=1

Also, we note that
G

ar i

Therefore, Gt = Gyy, at least for T # f and ¢ # x.
We can modify this problem by adding nonhomogeneous boundary con-

ditions.
up —kuyy =h(x,t), 0<x<L, t>0,
u(0,t) = A, u(L,t)=B, t>0,
u(x,0) = f(x), 0<x<L. (5.130)

One way to treat these conditions is to assume u(x, t) = w(x) 4+ v(x, t) where
kvyx = h(x,t) and wyy = 0. Then, u(x,t) = w(x) + v(x,t) satisfies the

original nonhomogeneous heat equation.
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If v(x,t) satisfies v(0,t) = v(L,t) = 0 and w(x) satisfies w(0) = A and
w(L) = B, then u(0,t) = w(0) +v(0,t) = Au(L,t) =w(L) +v(L,t) = B
Finally, we note that

v(x,0) = u(x,0) —w(x) = f(x) —w(x).
Therefore, u(x,t) = w(x) + v(x, t) satisfies the original problem if
v — kv = h(x,t), 0<x<

L
v(0,t) =0, o(L,t)=0, t>0,
v(x,0) = f(x) —w(x), 0<x<IL, (5.131)

and

wXX = 0/ O S X S L/
w(0) = A, w(L)=B. (5.132)

We can solve the last problem to obtain w(x) = A + %x. The solution

to the problem for v(x,t) is simply the problem we solved already in terms

of Green’s functions with the new initial condition, f(x) = A — 84«

Problems

1. In this problem you will show that the sequence of functions

£ = 2 (1 )

approaches 6(x) as n — co. Use the following to support your argument:

a. Show that limy, .« fu(x) = 0 for x # 0.
b. Show that the area under each function is one.

2. Verify that the sequence of functions {f,(x)}5_;, defined by f,(x) =
1e=nx, approaches a delta function.

3. Evaluate the following integrals:

Jo sinxd (x — F) dx.

[, (552e%) (3x2 — 7x +2) dx.

Jor x26 (x+ %) dx.

d. [ e *5(x* — 5x + 6) dx. [See Problem 4.]

e. [7 (x?—2x+3)5(x? —9)dx. [See Problem 4.]

ST

o

4. For the case that a function has multiple roots, f(x;) =0,i=1,2,..., it
i X — x;)
i1 |f'(x) -

Use this result to evaluate [~_3(x? —5x — 6)(3x% — 7x + 2) dx.

can be shown that

229
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5. Find a Fourier series representation of the Dirac delta function, é(x), on
[—L,L].

6. For a > 0, find the Fourier transform, f(k), of f(x) = e~

7. Use the result from Problem 6 plus properties of the Fourier transform
to find the Fourier transform, of f(x) = x2e~?1*l for a > 0.

8. Find the Fourier transform, f(k), of f(x) = e 20X,

9. Prove the Second Shift Property in the form

Fle®f(x)| = f(k+B).

10. A damped harmonic oscillator is given by

Ae—zxteiwgt’ >0,
f(t) = {

0, t <O0.

a. Find f(w) and
b. the frequency distribution | f(w)|?.

c. Sketch the frequency distribution.

11. Show that the convolution operation is associative: (f % (g h))(t) =
((f *8) *h)(t).

12. In this problem, you will directly compute the convolution of two Gaus-
sian functions in two steps.

a. Use completing the square to evaluate

/°° o~ 2HB g
—00

b. Use the result from part a. to directly compute the convolution in
Example 5.16:

(f*g)(x) = o b /°° o~ (a+b)P+2bxt 34

13. You will compute the (Fourier) convolution of two box functions of the
same width. Recall, the box function is given by

fa(x) :{ 1, |x| <a

0, |x|>a.

Consider (f, * fz)(x) for different intervals of x. A few preliminary sketches
will help. In Figure 5.45, the factors in the convolution integrand are show
for one value of x. The integrand is the product of the first two functions.
The convolution at x is the area of the overlap in the third figure. Think
about how these pictures change as you vary x. Plot the resulting areas as a
function of x. This is the graph of the desired convolution.
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fu (t) Figure 5.45: Sketch used to compute the
convolution of the box function with it-
self. In the top figure is the box func-

1 tion. The middle figure shows the box
shifted by x. The bottom figure indicates
N the overlap of the functions.
—a a
! !
! !
| |
! fa(x—t) !
| 4 X
I D
| — 1
| |
! !
| R
—a—+x a—+x

W

14. Define the integrals I, = [ X2 dy. Noting that I = /7,

a. Find a recursive relation between [, and I,, 1.
b. Use this relation to determine Iy, I, and I5.

c. Find an expression in terms of n for I,.

15. Find the Laplace transform of the following functions:

a. f(t) = 9t2

b f(t) =

c. f(t): cos 7t.
d. f(t) = e*sin2t.

o

f(t) = e*(t + cosht).
£t) = PH(E- 1)

sint, t < A4m,
g f(t) —{ .

sint +cost, t > 4.

lma)

h. f(t) = fot(t —u)?sinudu.
i. f(t) = (t+5)?+ te? cos3t and write the answer in the simplest
form.

16. Find the inverse Laplace transform of the following functions using the
properties of Laplace transforms and the table of Laplace transform pairs.
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¢ F(s) ssz—:ll

d. Fls) 52+§s+2

e. F(s) = (5_11)2

f. F(s) = %.

g F5) = 5=
h. F(s) = %

17. Compute the convolution (f * ¢)(#) (in the Laplace transform sense) and
its corresponding Laplace transform L[f  g| for the following functions:

a f(t) =P, g(t) =

b. f(t): ()—COSZt

c f(t)=3t2—2t+1,¢(t) =e 3.
d. f(t)= ( 7), g(t) =sin5t.

18. For the following problems, draw the given function and find the
Laplace transform in closed form.
() =1+ 150 (Z1)"H(t —n).
b. f(t) Yo olH(t—2n+1) — H(t —2n)].

(t) = Yoo(t—2n)[H(t—2n) —H(t—2n—1)]+ (2n+2—t)[H(t —
2n—1) — H(t —2n —2)].

19. Use the Convolution Theorem to compute the inverse transform of the
following:

2
a. F(S):m
€_3S
b. F(s) = 2
1
C F(s)_75(52+25+5).

20. Find the inverse Laplace transform in two different ways: (i) Use tables.
(ii) Use the Bromwich Integral.

1
a F6) = S
1
b. F(s) = 5=
s+3
CF(s) = o0
¢ F(s) s2 4+ 8s+17
1
d F(s)= — >+

G-27G+4)
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s24+8 —3

e. F(s) = (2425 +1)(s2+1)

21. Use Laplace transforms to solve the following initial value problems.
Where possible, describe the solution behavior in terms of oscillation and
decay.

a. y" =5y +6y=0,y(0)=2y'(0)=0.
b. ¥y’ —y=te*, y(0) =0,y/(0) = 1.
c. yV'+4y=06(t—1),y(0)=3,4(0)=0.
d. y"+6y +18y =2H(w —t), y(0) =0, y'(0) = 0.
22. Use Laplace transforms to convert the following system of differential

equations into an algebraic system and find the solution of the differential
equations.

" = 3x—6y, x(0)

/!

y' = x+y,  y0)=

1, x'(0)=0,

, ¥(0) =0

23. Use Laplace transforms to convert the following nonhomogeneous sys-
tems of differential equations into an algebraic system and find the solutions
of the differential equations.

a.
x' = 2x+3y+2sin2t, x(0)=1,
y = -3x+2y, y(0)=0.
b.
X' = —dx—y+e!, x(0)=2
Yy = x—2y+2, y(0)=-1.
c.
xX' = x—y+2cost, x(0)=3,
Yy = x+y-3sint, y(0)=2.

24. Use Laplace transforms to sum the following series:

o (D"

a :
nga 1+2n
d 1

b. .
n;l n(n+3)

gk
=

|
S|
+|=
w =
S~—

2
Il
—_

o
e
T
—_
=

By
Il
o
=
¥
I
_
®)
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1
0 (2n+1)

234
e. 5 tl2 .

I agh

n

1 _
e an'
n

e

Il
—_

n
b

25. Use Laplace transforms to prove
1 140

/ )

0o 1—u

—a

ad 1
ngl(n—i—a)(n—i—b) b

Use this result to evaluate the following sums:

= 1
o G
[e9)
1
b ——
n; (n+2)(n+3)
26. Do the following:
a. Find the first four nonvanishing terms of the Maclaurin series ex-
x

-1

pansion of f(x) = =
b. Use the result in part a. to determine the first four nonvanishing

Bernoulli numbers, B;,.
c. Use these results to compute {(2n) forn =1,2,3,4.

27. Given the following Laplace transforms, F(s), find the function f(t).
Note that in each case there are an infinite number of poles, resulting in an

infinite series representation.
1
. F(s) = 57—
a F(s) s2(14e7%)
1
b. F(s) = .
(s) ssinhs
_ sinhs
~ s2coshs’
sinh(B/5)

d. F(s) = ssinh(BvsL)"

28. Consider the initial boundary value problem for the heat equation:

c. F(s)

U = 2Uyy, 0<t, 0<x<1,
u(x,0) =x(1—x), 0<x<l,
u(0,t) =0, t>0,
u(l,t) =0, £>0.
Use the finite transform method to solve this problem. Namely, assume
that the solution takes the form u(x,t) = Y"1 b, (t) sinnmrx and obtain an

ordinary differential equation for b, and solve for the b,’s for each n.
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