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Dedicated to those students who have endured
the various editions of AN INTRODUCTION
TO FOURIER AND COMPLEX ANALYSIS WITH
APPLICATIONS TO THE SPECTRAL ANALYSIS

OF SIGNALS.



Introduction

“A mathematical theory is not to be considered complete until you have made it so
clear that you can explain it to the first man whom you meet on the street.” David
Hilbert (1862-1943)

THIS BOOK IS BASED on a course in applied mathematics originally taught
at the University of North Carolina Wilmington in 2004 and set to book form
in 2005. The notes were used and modified in several times since 2005. The
course is an introduction to topics in Fourier analysis and complex analysis.
Students are introduced to Fourier series, Fourier transforms, and a basic
complex analysis. As motivation for these topics, we aim for an elementary
understanding of how analog and digital signals are related through the
spectral analysis of time series. There are many applications using spectral
analysis. These course is aimed at students majoring in mathematics and
science who are at least at their junior level of mathematical maturity.

At the root of these studies is the belief that continuous waveforms are

composed of a number of harmonics. Such ideas stretch back to the Pythagore-

ans study of the vibrations of strings, which led to their program of a world
of harmony. This idea was carried further by Johannes Kepler (1571-1630) in
his harmony of the spheres approach to planetary orbits. In the 1700’s oth-
ers worked on the superposition theory for vibrating waves on a stretched
spring, starting with the wave equation and leading to the superposition
of right and left traveling waves. This work was carried out by people
such as John Wallis (1616-1703), Brook Taylor (1685-1731) and Jean le Rond
d’Alembert (1717-1783).

In 1742 d’Alembert solved the wave equation

2%y %y
v v 0,

where y is the string height and ¢ is the wave speed. However, this solution
led himself and others, like Leonhard Euler (1707-1783) and Daniel Bernoulli
(1700-1782), to investigate what "functions" could be the solutions of this
equation. In fact, this led to a more rigorous approach to the study of
analysis by first coming to grips with the concept of a function. For example,
in 1749 Euler sought the solution for a plucked string in which case the
initial condition y(x,0) = h(x) has a discontinuous derivative! (We will see
how this led to important questions in analysis.)

This is an introduction to topics in
Fourier analysis and complex analysis.
These notes have been class tested sev-
eral times since 2005.

<

Figure 1: Plot of the second harmonic of
a vibrating string at different times.

Solutions of the wave equation, such
as the one shown, are solved using the
Method of Separation of Variables. Such
solutions are studies in courses in partial
differential equations and mathematical
physics.
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Figure 2: Plot of an initial condition for
a plucked string.

The one dimensional version of the heat
equation is a partial differential equation
for u(x, t) of the form

o
ot " ox?’
Solutions satisfying boundary condi-

tions u(0,t) = 0 and u(L,t) = 0, are of
the form

S AT 2202
u(x,t) = Z by sin ——e ekt /L7
n=0
In this case, setting u(x,0) = f(x), one
has to satisfy the condition

nrx

zwhnin
fx) n;) sin —

This is another example leading to an in-
finite series of trigonometric functions.

In 1753 Daniel Bernoulli viewed the solutions as a superposition of sim-
ple vibrations, or harmonics. Such superpositions amounted to looking at
solutions of the form

k ket
y(x,t) = ;ak sin%cos 7£C ,

where the string extend over the interval [0, L] with fixed ends at x = 0 and
x=L.
However, the initial conditions for such superpositions are
. krx
y(x,0) = ) ajsin <
k

It was determined that many functions could not be represented by a finite
number of harmonics, even for the simply plucked string given by an initial
condition of the form

(x,0) = Ax, 0<x<L/2,
SV ZV AL —x), L/2<x<L.

Thus, the solution consists generally of an infinite series of trigonometric
functions.

Such series expansions were also of importance in Joseph Fourier’s (1768-
1830) solution of the heat equation. The use of such Fourier expansions
has become an important tool in the solution of linear partial differential
equations, such as the wave equation and the heat equation. More generally,
using a technique called the Method of Separation of Variables, allowed
higher dimensional problems to be reduced to one-dimensional boundary
value problems. However, these studies led to very important questions,
which in turn opened the doors to whole fields of analysis. Some of the
problems raised were

1. What functions can be represented as the sum of trigonometric
functions?

2. How can a function with discontinuous derivatives be represented
by a sum of smooth functions, such as the above sums of trigono-
metric functions?

3. Do such infinite sums of trigonometric functions actually converge
to the functions they represent?

There are many other systems in which it makes sense to interpret the so-
lutions as sums of sinusoids of particular frequencies. One example comes
from the study of ocean waves. Ocean waves are affected by the gravita-
tional pull of the moon and the sun (and many other forces). These periodic
forces lead to the tides, which in turn have their own periods of motion. In
an analysis of ocean wave heights, one can separate out the tidal compo-
nents by making use of Fourier analysis. Typically, we views the tide height
y(t) as a continuous function. One sits at a specific location and measures



the movement of the ocean surface as a function of time. Such a function,
or time series, is called an analog function. Another common analog signal
is an audio signal, giving the amplitude of a sound (musical note, noise,
speech, etc.) as a function of time (or space). However, in both of these
cases, we actually observe a part of the signal. This is because we can only
sample a finite amount of data over a finite time interval. Thus, we have
only the values y, = y(t,). However, we are still interested in the spectral
(frequency) content of our signals even if the signal is not continuous in
time.

For example, for the case of ocean waves we would like to use the discrete
signal (the sampled heights) to determine the tidal components. For the
case of audio signals, we may want to save a finite amount of discretized
information as an audio file to play back later on our computer.

So, how are the analog and discrete signals related? We sample an analog
signal, obtaining a discrete version of the signal. By sampling an analog
signal, we might wonder how the sampling affects the spectral content of the
original analog signal. What mathematics do we need to understand these
processes? That is what we will study in this course. We will look at Fourier
trigonometric series, integral transforms, and discrete transforms. However,
we will actually begin with a review of infinite series. We will recall what
infinite series are and when they do, or do not, converge. Then we will be
ready to talk about the convergence of series of sinusoidal functions, which
occur in Fourier series.

We will see how Fourier series are related to analog signals. A true repre-
sentation of an analog signal comes from an infinite interval and not a finite
interval, such as that the vibrating string lives on. This will lead to Fourier
Transforms. In order to work with continuous transforms, we will need a
little complex analysis. So, we will spend a few sections on an introduc-
tion to complex analysis. This consists of the introduction of complex func-
tion, their derivatives, series representations, and integration in the complex
plane.

Having represented continuous signals and their spectral content by Fourier

transforms, we will then see what needs to be done to represent discrete sig-
nals. We end the course by investigating the connection between these two
types of signals and some of the consequences of processing analog data
through real measurement and/or storage devices.

However, the theory of Fourier analysis is much deeper than just looking
at sampling time series. The idea of representing functions as an expansion
of oscillatory functions extends far intro both physics and mathematics. In
physics, oscillatory and wave motion are crucial in electromagnetism, optics
and even quantum mechanics. In mathematics, the concepts of expansion
of functions in sinusoidal functions is the basis of expanding functions over
an infinite dimensional basis. These ideas can be expanded beyond the
sinusoidal basis, as we will see later in the book. Thus, the background to
much of what we are doing involves delving into infinite dimensional vector
spaces. Hopefully, the basics presented here will be useful in your future

CONTENTS
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studies.
The topics to be studied in the book are laid out as follows:

1. Sequences and Infinite Series
2. Fourier Trigonometric Series

Vector Spaces

Generalized Fourier Series

Complex Analysis

Integral Transforms

Analog vs Discrete Signals

® N o AW

Signal Analysis

At this point I should note that most of the examples and ideas in this
book are not original. These notes are based upon mostly standard exam-
ples from assorted calculus texts, like Thomas and Finney", advanced calcu-
lus texts like Kaplan’s Advanced Calculus, 2, texts in mathematical physics3,
and other areas*. A collection of some of these well known sources are
given in the bibliography and on occasion specific references will be given
for somewhat hard to find ideas.



1
Review of Sequences and Infinite Series

“Once you eliminate the impossible, whatever remains, no matter how improbable,
must be the truth.” Sherlock Holmes (by Sir Arthur Conan Doyle, 1859-1930)

IN THIS CHAPTER WE WILL REVIEW and extend some of the concepts and
definitions related to infinite series that you might have seen previously in
your calculus class * 2 3. Working with infinite series can be a little tricky
and we need to understand some of the basics before moving on to the
study of series of trigonometric functions.
For example, one can show that the infinite series
1 1 1 1

521*54’5*14’5*

converges to In 2. However, the terms can be rearranged to give

(i)t (g r)t(m-tm]) 4 =Tm2
3 25 7 49 11 6 13 20T
In fact, other rearrangements can be made to give any desired sum!

Other problems with infinite series can occur. Try to sum the following
infinite series to find that

= Ink
Y —5 ~0.937548. ...
K2
k=2
A sum of even as many as a million terms only gives convergence to four
or five decimal places.
The series
1 1 n 2t 3! " 4! >0
xo ox2 a3 xt b ’
diverges for all x. So, you might think this divergent series is useless. How-
ever, truncation of this divergent series leads to an approximation of the

) e*l‘
/ i, x>0
0 x+t

So, can we make sense out of any of these, or other manipulations, of

integral

infinite series? We will not answer all of these questions, but we will go
back and review what you have seen in your calculus classes.

The material in this chapter is a review
of material covered in a standard course
in calculus with some additional notions
from advanced calculus. It is provided
as a review before encountering the no-
tion of Fourier series and their conver-
gence as seen in the next chapter.

*G. B. Thomas and R. L. Finney. Calculus
and Analytic Geometry. Addison-Wesley
Press, Cambridge, MA, ninth edition,
1995

*]. Stewart. Calculus: Early Transcenden-
tals. Brooks Cole, sixth edition, 2007

3 K. Kaplan. Advanced Calculus. Addison
Wesley Publishing Company, fourth edi-
tion, 1991

As we will see,

X x
In(1+x) 7x—i+§—....

So, inserting x = 1 yields the first re-
sult - at least formally! It was shown in
Cowen, Davidson and Kaufman (in The
American Mathematical Monthly, Vol. 87,
No. 10. (Dec., 1980), pp. 817-819) that
expressions like

flx) = %{lnitiJrln(lfx‘l)}

1 2 2

I [(1+ 221+
lead to alternate sums of the rearrange-
ment of the alternating harmonic series.
See Problem 6
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Figure 1.1: Plot of the terms of the se-
quencea, =n—1,n=1,2,...,10.

Wk oo N®
.
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Figure 1.2: Plot of the terms of the se-

quence a, = 57 forn=1,2,...,10.

4Leonardo Pisano Fibonacci (c.1170-
c.1250) is best known for this sequence
of numbers. This sequence is the solu-
tion of a problem in one of his books:
A certain man put a pair of rabbits in a
place surrounded on all sides by a wall. How
many pairs of rabbits can be produced from
that pair in a year if it is supposed that
every month each pair begets a new pair
which from the second month on becomes
productive  http:/ /www-history.mcs.st-
and.ac.uk

2

¥

5
4

3 .

2

1 .

3 12_345658910”
-2

-3

-4

_.5 Y

Figure 1.3: Plot of the terms of the se-

quence a, = (72—1)", forn=1,2,...,10.

1.1 Sequences of Real Numbers

WE BEGIN WITH THE DEFINITIONS for sequences and series of numbers. A
sequence is a function whose domain is the set of positive integers, a(n),
neN[N={12,....}].

Examples are

1. a(n) = n yields the sequence {1,2,3,4,5,...},
2. a(n) = 3n yields the sequence {3,6,9,12,...}.

However, one typically uses subscript notation and not functional nota-
tion: a, = a(n). We then call a,, the nth term of the sequence. Furthermore,
we will denote sequences by {a,,}7 ;. Sometimes we will only give the nth
term of the sequence and will assume that # € N unless otherwise noted.

Another way to define a particular sequence is recursively. A recursive
sequence is defined in two steps:

1. The value of first term (or first few terms) is given.

2. A rule, or recursion formula, to determine later terms from earlier
ones is given.

Example 1.1. A typical example is given by the Fibonacci* sequence. It can be
defined by the recursion formula a,41 = an + a,_1, n > 2 and the starting values
of a1 = 0and ay = 1. The resulting sequence is {a, }5> ; = {0,1,1,2,3,5,8,...}.
Writing the general expression for the nth term is possible, but it is not as simply
stated. Recursive definitions are often useful in doing computations for large values

of n.

1.2 Convergence of Sequences

NEXT WE ARE INTERESTED IN THE BEHAVIOR OF SEQUENCES as n gets
large. For the sequence defined by 4, = n — 1, we find the behavior as
shown in Figure 1.1. Notice that as n gets large, a, also gets large. This
sequence is said to be divergent.

On the other hand, the sequence defined by a, = 5; approaches a limit
as n gets large. This is depicted in Figure 1.2. Another related series, a, =

(_z}q)n, is shown in Figure 1.3 and it is also seen to approach 0.. The latter
sequence is called an alternating sequence since the signs alternate from
term to term. The terms in the sequence are {—%, }I, —%, .

The last two sequences are said to converge. In general, a sequence a,
converges to the number L if to every positive number € there corresponds
an integer N such that for all n,

n>N=l|a, —L| <e.

If no such number exists, then the sequence is said to diverge.
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In Figures 1.4-1.5 we see what this means. For the sequence given by
ay = (E#, we see that the terms approach L = 0. Given an € > 0, we ask
for what value of N the nth terms (n > N) lie in the interval [L — ¢, L + €.
In these figures this interval is depicted by a horizontal band. We see that
for convergence, sooner, or later, the tail of the sequence ends up entirely
within this band.

If a sequence {a,}_; converges to a limit L, then we write either a, — L
as n — oo or lim, e a, = L. For example, we have already seen in Figure

1.3 that lim; (‘2—,1)" =0.

1.3 Limit Theorems

ONCE WE HAVE DEFINED THE NOTION of convergence of a sequence to
some limit, then we can investigate the properties of the limits of sequences.
Here we list a few general limit theorems and some special limits, which
arise often.

Limit Theorem

Theorem 1.1. Consider two convergent sequences {a, } and {b,} and
a number k. Assume that imy,_.co a; = A and lim,_, b, = B. Then
we have

1. limy_yeo(ay £by) = AL B.
2. limy,_c0(kby) = kB.
3. ].imnﬁoo(anbn) - AB.

4. im0 Z—;’ = %, B #£0.

Some special limits are given next. These are generally first encountered

in a second course in calculus.

Special Limits

Theorem 1.2. The following are special cases:
1. limy e 1“7” =0.
. 1
2. limy_eonn = 1.
. 1
D limy o xn =1, x>0
|x| < 1.

. limy e x™ =0,

n

3
4
5. limy (14 2)" = e*.
6

. x"
- limy 00 77 = 0.

The proofs generally are straightforward. For example, one can prove

the first limit by first realizing that lim, 1“7” = limy_—co lr‘Tx This limit in

its current form is indeterminate as x gets large (x — oo) since the numer-
ator and the denominator get large for large x. In such cases one employs

L+e

bW nd

S n
12345678910
* L—e¢

-1
-2
-3
-4
-5 .

Figure 1.4: Plot of a, = % for n =

1...10. Picking € = 0.1, one sees that the
tail of the sequence lies between L + €
and L — € for n > 3.

an
5
4
3 .
2
1 . L+e
@_} n
] 12345678910
-2
-3
-4
51 e
Figure 1.5: Plot of a, = # for n =

1...10. Picking € = 0.015, one sees that
the tail of the sequence lies between L +
eand L — ¢ forn > 4.
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L'Hopital’s Rule is used often in comput-
ing limits. We recall this powerful rule
here as a reference for the reader.

Theorem 1.3. Let ¢ be a finite number

or ¢ = oo. If lime,cf(x) = 0 and
limy_,c g(x) = 0, then
f) o fl(x)

o) T ()
Iflimy . f(x) = oo and limy_;, g(x) = oo,
SN N 10

. x) x

Mg ")

>We should note that we are assum-
ing something about limits of compos-
ite functions. Let a and b be real num-
bers. Suppose f and g are continu-
ous functions, lim,_,, f(x) = f(a) and
lim,_,, g(x) = b, and g(b) = a. Then,

lim f(g(x) = 7 (tim ()
Fls(8)) = Fla)

L’'Hopital’s Rule. We find that

. Inx . 1/x
Iim — = lim — =
x—oo X x—oo 1

0.

The second limit in Theorem 1.2 can be proven by first looking at

1
lim Inn'/" = lim —lnn =0
n—00 n—oo N

from the previous limit case. Now, if limy, ;e In f (1) = 0, then lim;, o f(1) =
e® = 1. Thus proving the second limit.5

The third limit can be done similarly. The reader is left to confirm the
other limits. We finish this section with a few selected examples.

n24+2n+3
n3+n

Example 1.2. Evaluate limy,_,co .
Divide the numerator and denominator by n2. Then,

1+24 5 1

o on?42m+3
111’1’17: hm 1
n-i—g

n—seo  nd4mn n—sco

Another approach to this type of problem is to consider the behavior of the nu-
merator and denominator as n — oo. As n gets large, the numerator behaves like
n?, since 2n + 3 becomes negligible for large enough n. Similarly, the denominator
behaves like n> for large n. Thus,

. n*+2n+3 . n?
lim ———— = lim — =0.
n—0o n3 +n n—00 n3

Inn?

n
Rewriting % = 21%”, we find from identity 1 of Theorem 1.2 that

Example 1.3. Evaluate lim, o0

2
Inn® o m M g,

n—oo mn

lim
n—oo n

Example 1.4. Evaluate limy_,e0(n2)7.
To compute this limit, we rewrite

. 2 ;17 IRRT %
Jim (%) = lim (n)7 (1)

using identity 2 of Theorem 1.2.

Example 1.5. Evaluate limy,_,co("2)".
This limit can be written as

n n
lim (n 2) = lim <1+ ( 2)) =e 2
n—,oo n n—oo n

Here we used identity 5 of Theorem 1.2.

1.4 Infinite Series

IN THIS SECTION WE INVESTIGATE the meaning of infinite series, which are
infinite sums of the form

aptay+taxy+.... (1.1)
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A typical example is the infinite series

1+1+1+1+ (1.2)
staztgt - .

How would one evaluate this sum? We begin by just adding the terms.
For example,

1 3
1‘1‘5—5/
141417
2 4 4
(I E
2 4 8 8’
2 4 8 16 16’

The values tend to a limit. We can see this graphically in Figure 1.6.
In general, we want to make sense out of Equation (1.1). As with the

example, we look at a sequence of partial sums . Thus, we consider the

sums
51 = 4a,
52 ay +a,
§3 = a1+ax-+as,
Sg = a+ax+taztay,.... (1.4)

In general, we define the nth partial sum as
Sp=a1+ax+...+ay.

If the infinite series (1.1) is to make any sense, then the sequence of partial
sums should converge to some limit. We define this limit to be the sum of
the infinite series, S = lim;, 0 54 If the sequence of partial sums converges
to the limit L as n gets large, then the infinite series is said to have the sum
L.

We will use the compact summation notation

Y oan=ata+.. . +a+....

n=1

Here, n will be referred to as the index and it may start at values other than
n=1

1.5 Geometric Series

INFINITE SERIES OCCUR often in mathematics and physics. In this section
we look at the special case of a geometric series. A geometric series is of
the form

(e )
Zm,n:a+ar+gr2+._.—|—m’n+.... (1.5)
n=0

There is story described in E.T. Bell’s
“Men of Mathematics” about Carl
Friedrich GauB (1777-1855). Gauf8’ third
grade teacher needed to occupy the stu-
dents, so she asked the class to sum
the first 100 integers thinking that this
would occupy the students for a while.
However, Gaufs was able to do so in
practically no time. He recognized the
sum could be written as (1+100) + (2 +
99) + ... (50 4 51) = 50(101). This sum
is a special case of

n
Y k= M
= 2

This is an example of an arithmetic pro-
gression that is a finite sum of terms. .

E. T. Bell. Men of Mathematics. Fireside
Books, 1965

Sn
20 -------+ A e e
1.8 .

1.6
14
1.2

[N NEEC

1234567 8910"

Figure 1.6: Plotof s, = ¥ j_; zk%l forn =
1...10.

Geometric series are fairly common and
will be used throughout the book. You
should learn to recognize them and
work with them.



6

FOURIER AND COMPLEX ANALYSIS

Here a is the first term and r is called the ratio. It is called the ratio because
the ratio of two consecutive terms in the sum is r.

Example 1.6. For example,

1+l Ly
274"8"

is an example of a geometric series. We can write this using summation notation,
1 1 1 > 1\"
1+-+-+-+...=) 1(-] .
+5+7Ts "t ;%(2>

Thus, a = 1 is the first term and r = % is the common ratio of successive terms.
Next, we seek the sum of this infinite series, if it exists.

The sum of a geometric series, when it exists, can easily be determined.
We consider the nth partial sum:

sp=a+ar+...+ar" 24 ar" 1 (1.6)
Now, multiply this equation by r.
rsy =ar+ar* +...+ar" ' +ar. (1.7)

Subtracting these two equations, while noting the many cancelations, we

have
(1—7)sy = (a4ar+...+ar 2 +ar"h)
—(ar +ar® + ... +ar" 4 ar")
= a—ar"
= a(l1-1"). (1.8)

Thus, the nth partial sums can be written in the compact form

_a(l—r")

Sp = =, (1.9)

The sum, if it exists, is given by S = lim,_ 5. Letting n get large in the
partial sum (1.9), we need only evaluate lim;,_, r*. From the special limits
in the Appendix we know that this limit is zero for |r| < 1. Thus, we have

Geometric Series

The sum of the geometric series exists for |r| < 1 and is given by

Z ar' = 7 i p Ir| < 1. (1.10)
n=0

The reader should verify that the geometric series diverges for all other
values of r. Namely, consider what happens for the separate cases |r| > 1,
r=1landr = —1.

Next, we present a few typical examples of geometric series.
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Example 1.7. Y50 5
In this case we have that a = 1 and r = }. Therefore, this infinite series con-
verges and the sum is

Example 1.8. Y7, gik
In this example we first note that the first term occurs for k = 2. It sometimes
helps to write out the terms of the series,

o 4 4 4 4 4
ny?+3*3+3*4+3*5+....

k=2

Looking at the series, we see that a = % and r = % Since |rl<1, the geometric
series converges. So, the sum of the series is given by

Example 1.9. Z;":l(z% — 5%,)

Finally, in this case we do not have a geometric series, but we do have the differ-
ence of two geometric series. Of course, we need to be careful whenever rearranging
infinite series. In this case it is allowed . Thus, we have

i < 3 2 > w3 i 2
n=1 2" 5 n=1 2" n=1 5
Now we can add both geometric series to obtain

f(3.2y 3 & 1
on 5 _1_% 1_%_ 2 2

n=1

Geometric series are important because they are easily recognized and
summed. Other series which can be summed include special cases of Taylor
series and telescoping series. Next, we show an example of a telescoping

series.

Example 1.10. )7 4 m The first few terms of this series are
e 1 1.1 1 1
Y ——=c++=+=+....

nn+1) 2 6 1220

n=1
It does not appear that we can sum this infinite series. However, if we used the
partial fraction expansion

1 1 1
nn+1) n n+1
then we find the kth partial sum can be written as

LI |
* = LG

n=1

Il
07~
N
S|
|
=
+ |-
—_
—

¢ A rearrangement of terms in an infinite
series is allowed when the series is abso-
lutely convergent. (See the Appendix.)
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The nth Term Divergence Test.

The Comparison Test.

We see that there are many cancelations of neighboring terms, leading to the series
collapsing (like a retractable telescope) to something manageable:

1
T
Taking the limit as k — oo, we find Y ;> 4 m =1

1.6 Convergence Tests

GIVEN A GENERAL INFINITE SERIES, it would be nice to know if it con-
verges, or not. Often, we are only interested in the convergence and not
the actual sum as it is often difficult to determine the sum even if the se-
ries converges. In this section we will review some of the standard tests for
convergence, which you should have seen in Calculus II.

First, we have the nth Term Divergence Test. This is motivated by two
examples:

1. Y 02" =14+2+4+8+....

o n+l __ 2 3 4
2. Zn:1T_T+§+§+"”

In the first example, it is easy to see that each term is getting larger and
larger, and thus the partial sums will grow without bound. In the second
case, each term is bigger than one. Thus, the series will be bigger than
adding the same number of ones as there are terms in the sum. Obviously,
this series will also diverge.

This leads to the nth Term Divergence Test:

Theorem 1.4. Iflima, # O or if this limit does not exist, then Y, a, diverges.

This theorem does not imply that just because the terms are getting
smaller, the series will converge. Otherwise, we would not need any other
convergence theorems.

For the next theorems, we will assume that the series has nonnegative
terms.

Comparison Test

The series ) a, converges if there is a convergent series ) c, such that
a, < ¢ for all n > N for some N. The series ) a, diverges if there is a
divergent series ) d, such that d,, < a, for all n > N for some N.

This is easily seen. In the first case, we have

ay < cu,Vn > N.
Summing both sides of the inequality, we have

Zan < ch.
n n

If )" c,, converges, Y ¢, < o, the ) a, converges as well. A similar argument
applies for the divergent series case.
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For this test, one has to dream up a second series for comparison. Typi-
cally, this requires some experience with convergent series. Often it is better
to use other tests first, if possible.
Example 1.11. Determine if y " 3% converges using the Comparison Test.

We already know that Y50 o 5 converges So we compare these two series. In
the above notation, we have a,, = 3,, and ¢, = 2,1 Because 3 § i forn > 0 and
ano 21,1 converges, then ano 37 converges by the Comparison Test.
Limit Comparison Test The Limit Comparison Test.

If im0 Z" is finite, then ) a, and ) b, converge together or diverge
together.

. . 2 +l . . . .

Example 1.12. Determine if ) ;> , (nil)Z converges using the Limit Comparison
Test. 456’

In order to establish the convergence, or divergence, of this series, we look to see 35 PTTLY

= 2ntl 3.0 Lot
how the terms, a,, = (D)2 behave for large n. As n gets large, the numerator g e
behaves like 2n and the denominator behaves like n?. Therefore, a,, behaves like 2.0 . *
%’; = 2. The factor of 2 does not really matter. L5y e
. . 1.01e

Thls leads us to compare the infinite series ), 4 2’:_*32 with the series Y5001 L. 05

Then,
an 2112 +n 5 10 15 20"
lim — = lim ———= =2.

n—oo by, n—00 (n + 1)
We can conclude that these two series both converge or both diverge.

If we knew the behavior of the second series, then we could finish the problem.
2n+1

(nrfkl)2
also diverges by the Limit Comparison Test. Another example of this test is given

Using the next test, we will prove that Y ;o ; 1 diverges. Therefore, Y4

in Example 1.14.

Integral Test

Consider the infinite series Y ; a,, where a, = f(n). Then, }_;° ; a, and
J1 f(x) dx both converge or both diverge. Here we mean that the integral
converges or diverges as an improper integral.

Example 1.13. Does the harmonic series, } ;" 1 & L converge?

We are interested in the convergence or divergence of the infinite series y ;> 1 + n
that we saw in the Limit Comparison Test example. This infinite series is famous
and is called the harmonic series. The plot of the partial sums is given in Figure
1.7. It appears that the series could possibly converge or diverge. It is hard to tell
graphically.

In this case we can use the Integral Test. In Figure 1.8 we plot f(x) = % and at
each integer n we plot a box from n to n + 1 of height . We can see from the figure
that the total area of the boxes is greater than the area under the curve. Because the
area of each box is %, then we have that

i = 1
= <L

But, we can compute the integral

/Oodi: lim (Inx) =
1

X xX—00

Figure 1.7: Plot of the partial sums of the

harmonic series Yo ; 1.

The Integral Test.

RN Wwkr oo N®oo
N

1234567
Figure 1.8: Plot of f(x) =
of height % and width 1.

X
8 910

% and boxes
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p-series and p-test.

The Ratio Test.

7 Note that the Ratio Test works when
factorials are involved because using
(n+1)! = (n+ 1)n! helps to reduce the
needed ratios into something manage-
able.

Thus, the integral diverges. However, the infinite series is larger than this! So, the
harmonic series diverges by the Integral Test.

The Integral Test provides us with the convergence behavior for a class
5
Recalling that the improper integrals floo i—;‘ converge for p > 1 and diverge

otherwise, we have the p-test :

of infinite series called a p-series . These series are of the form ), ;

i i f >1
= o converges or p

and diverges otherwise.

n+1

n3-2

We first note that as n gets large, the general term behaves like 2 since the
n

Example 1.14. Does the series Y ..,

converge?

numerator behaves like n and the denominator behaves like n3. So, we expect that
this series behaves like the series Y, 4 % Thus, by the Limit Comparison Test,

. n+1
lim

n—oo 113 — 2

(n?) =1.

These series both converge, or both diverge. However, we know that ) ;> niz
converges by the p-test since p = 2. Therefore, the original series converges.

Ratio Test
Consider the series Y ; a, for a, > 0. Let

Then, the behavior of the infinite series can be determined from the condi-
tions
p <1, converges

p>1, diverges.

nl0

Example 1.15. Use the Ratio Test to determine the convergence of Y"1 {ou-

We compute

. An+41
p = lim 2
n—o  (,

(n+1)1 10"

n—co  pl0

= ,}E%o(”n) 0

1
- 1o
0 °

(1.12)

Therefore, the series is said to converge by the Ratio Test.

Example 1.16. Use the Ratio Test to determine the convergence of } ;4 %
In this case we make use of the fact that? (n +1)! = (n + 1)n!. We compute
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.a
p = lim
n—co d,

3n+1 n!

A 1!

= lim =0<1
n—ocon4+1
(1.13)
This series also converges by the Ratio Test.
nth Root Test The nth Root Test.

Consider the series } ;" ; a, for a, > 0. Let

p = lim a,'/".
n—oo

Then the behavior of the infinite series can be determined using

p <1, converges
p>1, diverges.

Example 1.17. Use the nth Root Test to determine the convergence of Y ;> e~ ".
We use the nth Root Test: limy—seo /a4y = limy_ye0 et = e~} < 1. Thus, this

series converges by the nth Root Test.® $Note that the Root Test works when
; there are no factorials and simple pow-
Example 1.18. Use the nth Root Test to determine the convergence of Y ;4 2”7 ers are involved. In such cases special

This series also converges by the nth Root Test. limit rules help in the evaluation.

n \ n
,}E‘JOV”":JE&(W> =g =0< L
Absolute and Conditional Convergence

We next turn to series that have both positive and negative terms. We can
toss out the signs by taking absolute values of each of the terms. We note
that since a, < |a,|, we have

(e ) (o) o
- Z |ﬂn| < Zan < Z ‘an|-
n=1 n=1 n=1

If the sum Y, ; |a,| converges, then the original series converges. For ex-
ample, if Y77 ; |a,| = S, then by this inequality, —S < Y>> ;a, < S
Convergence of the series }_ |a,| is useful, because we can use the previ-
ous tests to establish convergence of such series. Thus, we say that a series
converges absolutely if ) 7 ; |a,| converges. If a series converges, but does Conditional and absolute convergence.

not converge absolutely, then it is said to converge conditionally.
Example 1.19. Show that the series )" 1 “®*7* converges absolutely.

This series converges absolutely because Y1 |an| = Y5y % is a p-series with

p =2
Finally, there is one last test that we recall from your introductory calcu- 9 Gottfried Wilhelm Leibniz (1646-1716)

developed calculus independently of Sir

. . . . fo's) o l’l-‘rl
lus class. We consider the alternating series, given by Y > ;(—1)"""a,. The Isaac Newton (1643-1727).

convergence of an alternating series is determined from Leibniz’s Theorem.?
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Convergence of alternating series.

Pointwise convergence of sequences of
functions.

Theorem 1.5. The series Y o0 1 (—1)""1a, converges if

1. ay,’s are positive.
2. ap > ayyq forall n.

3. anp — 0.

The first condition guarantees that we have alternating signs in the series.
The next condition says that the magnitude of the terms gets smaller and
the last condition imposes further that the terms approach zero.

Example 1.20. Establish the type of convergence of the alternating harmonic series,
Eoo (_1)n+1
n=1 n .
First of all, this series is an alternating series. The a,’s in Leibniz’s Theorem are
given by a, = % Condition 2 for this case is

1
n+1

S|

>

This is certainly true, as condition 2 just means that the terms are not getting bigger
as n increases. Finally, condition 3 says that the terms are in fact going to zero as
n increases. This is true in this example. Therefore, the alternating harmonic series
converges by Leibniz’s Theorem.

Note: The alternating harmonic series converges conditionally, since the series
(71)n+1
n
So, the alternating harmonic series does not converge absolutely.

of absolute values ), ; ’ =Y 1 L gives the (divergent) harmonic series.

(1)

Example 1.21. Determine the type of convergence of the series Y_”_ =

Yoo (*27}1)” also passes the conditions of Leibniz’s Theorem. It should be clear
that the terms of this alternating series are getting smaller and approach zero. Fur-
thermore, this series converges absolutely!

1.7 Sequences of Functions

OUR IMMEDIATE GOAL IS TO PREPARE for studying Fourier series, which
are series whose terms are functions. So, in this section we begin to discuss
series of functions and the convergence of such series. Once more we will
need to resort to the convergence of the sequence of partial sums. This
means we really need to start with sequences of functions. A sequence
of functions is simply a set of functions f,(x), n = 1,2,... defined on a
common domain D. A frequently used example will be the sequence of
functions {1,x,x%,...},x € [-1,1].

Evaluating each sequence of functions at a given value of x, we obtain a
sequence of real numbers. As before, we can ask if this sequence converges.
Doing this for each point in the domain D, we then ask if the resulting
collection of limits defines a function on D. More formally, this leads us to
the idea of pointwise convergence.

A sequence of functions f; converges pointwise on D to a limit g if
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Jim f(x) = g(x)
for each x € D. More formally, we write that
nh_r)r(}o fn = g (pointwise on D)
if given x € D and € > 0, there exists an integer N such that

Ifu(x) —g(x)| <e, VYn>N

Example 1.22. Consider the sequence of functions

fulx) = —

T 1tmx
The limits depends on the value of x. We consider two cases, x = 0 and x # 0.

, x| <o, n=1,23,....

1. x = 0. Here limy ;00 f(0) = limy 3001 = 1.

2. x # 0. Here limy o0 fn(x) = limy 00 ﬁ =0.

Therefore, we can say that f, — g pointwise for |x| < oo, where

8(x) = { ooy (119

We also note that for a sequence that converges pointwise, N generally
depends on both x and €, N(x, €). We will show this by example.

Example 1.23. Consider the functions f,(x) = x",x € [0,1],n =1,2,....

We recall that the definition for pointwise convergence suggests that for each x
we seek an N such that |f,(x) — g(x)| < €,Yn > N. This is not at first easy to
see. So, we will provide some simple examples showing how N can depend on both
x and €.

1. x = 0. Here we have f,,(0) = 0 for all n. So, given € > 0 we seek an N such
that |f,(0) — 0| < €,Vn > N. Inserting f,(0) = 0, we have 0 < €. Since
this is true for all n, we can pick N = 1.

2. x = %. In this case we have fy(3) = 5, forn =1,2,....

As n gets large, f, — 0. So, given € > 0, we seek N such that

1
|2—n—O]<e, Vn > N.

This result means that 2%, < €.

Solving the inequality for n, we have

Ine
N> -——.
n=Nz In2

We choose N > —{;‘—5. Thus, our choice of N depends on e.
For, e = 0.1, this gives

N> In0.1  In10 ~ 330

= In2 In2
So, we pick N = 4 and we have n > N = 4.

The symbol ¥V means “for all.”

-1.0

Figure 1.9: Plot of f,(x) = x" showing
how N depends on x = 0,0.1,0.5,0.9 (the
vertical lines) and € = 0.1 (the horizontal
line). Look at the intersection of a given
vertical line with the horizontal line and
determine N from the number of curves
not under the intersection point.
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7 -15

Figure 1.10: For uniform convergence, as
n gets large, f, (x) lies in the band g(x) —
€,8(x)—e.

Uniform convergence of sequences of
functions.

) g +e
X
___.5__10
gl —e

-1.0

Figure 1.11: Plot of f,(x) = x" on [-1,1]
forn=1,...,10and g(x) £ e fore =0.2.

3. x = %. This case can be examined like the last example.
We have fn(lio) = ﬁ,for n =1,2,.... This leads to N > —lg‘—fo For
€ = 0.1, this gives N > 1,0r n > 1.

4. X = 19—0. This case can be examined like the last two examples. We have
fn(%) = (%)n,for n=1,2,....So given an € > 0, we seek an N such
that (15)" < € for all n > N. Therefore,

Ine
n>N2>———.
In (15)

For € = 0.1, we have N > 21.85,0r n > N = 22.

So, for these cases, we have shown that N can depend on both x and €. These cases
are shown in Figure 1.9.

There are other questions that can be asked about sequences of functions.
Let the sequence of functions f, be continuous on D. If the sequence of
functions converges pointwise to g on D, then we can ask the following.

1. Is g continuous on D?

2. If each f, is integrable on [a, b], then does
b
a

lim Ahfn(x) dx :/ g(x)dx?

n—oo

3. If each f, is differentiable at ¢, then does

lim f1(c) = ¢/(c)?

It turns out that pointwise convergence is not enough to provide an affir-
mative answer to any of these questions. Though we will not prove it here,
what we will need is uniform convergence.

Consider a sequence of functions {f,(x)};>; on D. Let g(x) be defined
for x € D. Then the sequence converges uniformly on D, or

nh_r}r;o fn = g uniformly on D,

if given € > 0, there exists an N such that
|fu(x) —g(x)| <€, Vn>NandVxeD.

This definition almost looks like the definition for pointwise convergence.
However, the seemingly subtle difference lies in the fact that N does not
depend upon x. The sought N works for all x in the domain. As seen in
Figure 1.10 as n gets large, f,(x) lies in the band (g(x) —€,g(x) +€).

Example 1.24. Does the sequence of functions f,(x) = x", converge uniformly on
[0,1]?

Note that in this case as n gets large, f,(x) does not lie in the band (g(x) —
€,8(x) + €) as seen in Figure 1.11. Therefore, this sequence of functions does not
converge uniformly on [—1,1].
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Example 1.25. Does the sequence of functions f,(x) = cos(nx)/n? converge
uniformly on [—1,1]?

For this example, we plot the first several members of the sequence in Figure
1.12. We can see that eventually (n > N) members of this sequence do lie inside a
band of width e about the limit g(x) = 0 for all values of x. Thus, this sequence of
Sfunctions will converge uniformly to the limit.

Finally, we should note that if a sequence of functions is uniformly con-
vergent then it converges pointwise. However, the examples should bear
out that the converse is not true.

1.8 Infinite Series of Functions

WE NOW TURN OUR ATTENTION TO INFINITE SERIES of functions, which
will form the basis of our study of Fourier series. An infinite series of
functions is given by Y7° ; fu(x), x € D. Using powers of x, an example
of an infinite series of functions might be Y7 ; x", x € [—1,1]. In order to
investigate the convergence of this series, we could substitute values for x
and determine if the resulting series of numbers converges. In general, to
investigate the convergence of infinite series of functions, we would consider
the Nth partial sums

N
sn(x) = ;fn(x)

and ask if this sequence converges? We will begin to answer this question by
defining pointwise and uniform convergence of infinite series of functions.

The infinite series ) f;(x) converges pointwise to f(x) on D if given
x € D, and € > 0, there exists an N such that

[f(x) =sn(x)| <€

forall n > N.
The infinite series }_ f;(x) converges uniformly to f(x) on D given € >0,
there exists and N such that

[f(x) —sn(x)| <€

foralln > N and all x € D.
Again, we state without proof the following important properties of uni-
form convergence for infinite series of functions:

Figure 1.12: Plot of f,(x) = cos(nx)/n?

on [—7, 7| forn =1...10 and g(x) £ €
fore =0.2.

Pointwise convergence of an infinite se-
ries.

Uniform convergence of an infinite se-
ries.
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Uniform convergence gives nice proper-
ties under some additional conditions,
such as being able to integrate, or dif-
ferentiate, term by term.

°Karl Theodor Wilhelm Weierstraf3
(1815-1897) was a German mathemati-
cian who may be thought of as the father
of analysis.

1. Uniform convergence implies pointwise convergence.
2. If f, is continuous on D, and Y] f,, converges uniformly to f on D,
then f is continuous on D.
3. If f, is continuous on [a,b] C D, ;7 fu converges uniformly on D to
g and [ ab fn(x) dx exists, then
b b ® b
Z/ fn(x)dx = / Y fu(x)dx = / g(x) dx.
7 Ja a g a

4. If f} is continuous on [4,b] C D, Y7 f, converges pointwise to g on
D, and }; f; converges uniformly on D, then

- / d - /
;fn(x) = a(;fn(x)) =g (%)

for x € (a,b).

Since uniform convergence of series gives so much, like term by term
integration and differentiation, we would like to be able to recognize when
we have a uniformly convergent series. One test for such convergence is the
Weierstras M-Test™®.

Theorem 1.6. Weierstral M-Test Let {f,}7> ; be a sequence of functions on D.
If [fu(x)] < My, for x € D and Y, 1 M, converges, then Y > fu converges
uniformly of D.

Proof. First, we note that for x € D,

[e9)

illfn(x)l <Y M,

=1

Since by the assumption that ) > ; M, converges, we have that )}’ ; f, con-
verges absolutely on D. Therefore, ) ;" ; f, converges pointwise on D. So,

welet) > fu=g
We now want to prove that this convergence is, in fact, uniform. So, given
an € > 0, we need to find an N such that

s~ )] <
-

if n > N for all x € D. Therefore, for any x € D, we find a bound on

8(x) — Ty fi(x)

s - L] = [L A0 - LA
L

j=1

= | & 5]

j=n+1

< Y Ifij(x)|, Dby the triangle inequality
j=n+1

< Z M;. (1.15)

j=n+1
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Now, the sum over the Mj’s is convergent, so we can choose N such that

o0
) M;<e, n>N.
j=n+1

Combining these results, we have
n <)
g =Y fix)| < L My<e
j=1 j=n+1

for all n > N and x € D. Thus, we conclude that the series ) f] converges
uniformly to g, which we write }_ f; — ¢ uniformly on D. O
We now give an example of how to use the Weierstrafs M-Test.

SOSIX converges unzformly on [—m, 7.

= ? = M,. We also
know that Yy 00« My, = Y74 nl—z < oo. Thus, we can conclude that the original

Example 1.26. Show that the series )" 4

cosnx nx

Each term of the infinite series is bounded by

series converges uniformly, as it satisfies the conditions of the Weierstraf§ M-Test.

1.9 Special Series Expansions

EXAMPLES OF INFINITE SERIES ARE geometric series, power series, and
binomial series. These are discussed more fully in Sections 1.5, 1.10, and
1.11, respectively. These series are defined as follows:

1. The sum of the geometric series exists for |r| < 1 and is given by The geometric series.
> a
Y art = , Ir| < 1. (1.16)
— 1—7r
n=0

2. A power series expansion about x = a with coefficient sequence c; is
given by Y o7 o cq(x —a)™.

3. A Taylor series expansion of f(x) about x = a is the series Taylor series expansion.
Z (x —a) (1.17)
where )
n
a
Cn = fo) (1.18)
4. A Maclaurin series expansion of f(x) is a Taylor series expansion of Maclaurin series expansion.
f(x) about x = 0, or
x) ~ Y epx”, (1.19)
n=0
where -
n
0
Ch = f n!( ) (1.20)

Some common expansions are provided in Table 1.1.
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Table 1.1: Common Mclaurin Series Ex-
pansions

Interval and radius of convergence.

The binomial expansion.

The binomial approximation.

Series Expansions You Should Know
T3 A T
X X x x
=1 ST - T
e MR T T ng()n!
2 4 o 2n
x* X X
= 1—7 _— = —_ n
cosx 2 H;O( e
3 5 0 2n+1
i - X - _1)n
A T T nZ:O( )V an
2 4 0o 2n
x* o x x
h = 1+—4+—+4... =
cosny T L
3 5 ol 2n+1
. x> x x
sinhx = TR = Z(Zn—i—l)!
n=0
1 2 .3 -
T - lFxEr4c 4. = nZ:Ox"
! = 1-x+x2—x3+ = i(—x)"
14+ x =0
) 345 47 oo x21+1
tanlx = x——+——" 4. = —1)"
mer s ATty ogT LV
§ X - n+1xn
In(1 = x4 = )L
nl+x) = x—=+73 PC i

5. The binomial series indexbinomial series is a special Maclaurin series.
Namely, it is the series expansion of (1 + x)? for p a nonnegative
integer.

We also considered the convergence of power series, Y oo cn(x — a)".
For x = a, the series obviously converges. In general, if }7° (¢, (b — a)"
converges for b # a, then Y ;> ;c,(x —a)" converges absolutely for all x
satisfying |x — a| < |b —a|.

This leads to the three possibilities:

1. Y7 ocn(x —a)" may only converge at x = a.
2. Y0 o cn(x —a)" may converge for all real numbers.

3. Yoeocn(x —a)" converges for |x —a| < R and diverges for |x —
al > R.

The number R is called the radius of convergence of the power series and
(a — R,a+ R) is called the interval of convergence. Convergence at the
endpoints of this interval has to be tested for each power series.

Finally, we have the special case of the general binomial expansion for
(1+ x)P for p real. The series is given by the

(1+x)F = i pp—1) .r.'(p e 1)xr, x| < 1. (1.21)
r=0 ’

In practice, one only needs the first few terms for |x| < 1. Then,

p(p—1)
2

(1+x)P ~1+px+ x2lx| < 1. (1.22)
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1.10 Power Series

ANOTHER EXAMPLE OF AN INFINITE SERIES that the student has encoun-
tered in previous courses is the power series. Examples of such series are
provided by Taylor and Maclaurin series.
A power series expansion about x = a with coefficient sequence ¢, is
given by Y° ¢, (x —a)". For now we will consider all constants to be real
numbers with x in some subset of the set of real numbers.
Consider the following expansion about x = 0 :
0
Yox'=1+x+x2+.... (1.23)
n=0
We would like to make sense of such expansions. For what values of x
will this infinite series converge? Until now we did not pay much attention
to which infinite series might converge. However, this particular series is
already familiar to us. It is a geometric series. Note that each term is gotten
from the previous one through multiplication by r = x. The first term is
a = 1. So, from Equation (1.10), we have that the sum of the series is given

by

19

Actually, what are now known as Taylor
and Maclaurin series were known long
before they were named. James Gregory
(1638-1675) has been recognized for dis-
covering Taylor series, which were later
named after Brook Taylor (1685-1731) .
Similarly, Colin Maclaurin (1698-1746)
did not actually discover Maclaurin se-
ries, but the name was adopted because

of his particular use of series.

=0

> 1
an:m, |x|<1

f(x)

1.20 /. 1.20 2

1101 / 1.10

1.00 1.00

90

-~ 0.80 0.80
+ + + > X + + + > X
—0.2-0.1 0.1 02 —0.2-0.1 0.1 02

() (b)

In this case we see that the sum, when it exists, is a simple function. In

fact, when x is small, we can use this infinite series to provide approxima-

tions to the function (1 — x)~1. If x is small enough, we can write

(1-—x)"t~1+x

In Figure 1.13a we see that for small values of x these functions do agree.

Of course, if we want better agreement, we select more terms. In Fig-

Figure 1.13: (a) Comparison of ﬁ
(solid) to 1+ x (dashed) for x €
[—0.2,0.2]. (b) Comparison of ﬁ (solid)

to 1+ x + x? (dashed) for x € [-0.2,0.2].

t t x
-1.0 -5 5
Figure 1.14: Comparison of ﬁ (solid)
to 14 x + x2 (dashed) and 1+ x + x% + x°
(dotted) for x € [—1.0,0.7].

ure 1.13b we see what happens when we do so. The agreement is much
better. But extending the interval, we see in Figure 1.14 that keeping only
quadratic terms may not be good enough. Keeping the cubic terms gives
better agreement over the interval.



20 FOURIER AND COMPLEX ANALYSIS

f(x)
5.0

4.0
3.0
2.0

\ 1.

\

' ; ; — X
-1.0 -5 5 1.0
Figure 1.15: Comparison of ﬁ (solid)
to Y20, x for x € [—1,1].

Taylor series expansion.

Maclaurin series expansion.

Finally, in Figure 1.15 we show the sum of the first 21 terms over the
entire interval [—1,1]. Note that there are problems with approximations
near the endpoints of the interval, x = +1.

Such polynomial approximations are called Taylor polynomials. Thus,
T3(x) = 1+ x + x* + 2 is the third order Taylor polynomial approximation
of f(x) = 2.

With this example we have seen how useful a series representation might
be for a given function. However, the series representation was a simple
geometric series, which we already knew how to sum. Is there a way to
begin with a function and then find its series representation? Once we have
such a representation, will the series converge to the function with which
we started? For what values of x will it converge? These questions can be
answered by recalling the definitions of Taylor and Maclaurin series.

A Taylor series expansion of f(x) about x = a is the series

f(x) ~ Z cn(x —a)", (1.24)
n=0
where .
o= (1.25)

Note that we use ~ to indicate that we have yet to determine when the
series may converge to the given function. A special class of series are
those Taylor series for which the expansion is about x = 0. These are called
Maclaurin series.

A Maclaurin series expansion of f(x) is a Taylor series expansion of
f(x) about x = 0, or

f(x) ~ i cnx”, (1.26)

n=0

where )
AR ALY (1.27)

Example 1.27. Expand f(x) = e* about x = 0.

We begin by creating a table. In order to compute the expansion coefficients, cy,
we will need to perform repeated differentiations of f(x). So, we provide a table for
these derivatives. Then, we only need to evaluate the second column at x = 0 and
divide by n!.

n | f0) | f0) | e

0 e* 0=1 %:1
1] ¢ d=1|4=1
2 e* V=1 %

@
N
=
x
o
I
—_
L=
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Next, we look at the last column and try to determine a pattern so that we can
write down the general term of the series. If there is only a need to get a polynomial
approximation, then the first few terms may be sufficient. In this case, the pattern

is obvious: ¢, = L. So,

m-
0 .1
X

X
ey T
n=0 """

Example 1.28. Expand f(x) = e* about x = 1.

Here we seek an expansion of the form e* ~ Y>>y cu(x — 1)". We could create
a table like the last example. In fact, the last column would have values of the form
- (You should confirm this.) However, we will make use of the Maclaurin series
expansion for e* and get the result quicker. Note that ¥ = e*~ 11 = ee*~1. Now,
apply the known expansion for e* :

(x—1)2+(x—1)3+.”) ie(x—l)”'

2 3! - !

exwe(l—i-(x—l)—i-
n=0
Example 1.29. Expand f(x) = 12 about x = 0.
This is the example with which we started our discussion. We can set up a table
in order to find the Maclaurin series coefficients. We see from the last column of the
table that we get back the geometric series (1.23).

n | fx) | f70) | e
0] 1 a=1
1 (1_1x)2 1 % =1
2| 20| o) 3=
3| 24 32 | §=1
So, we have found N
7 i o~ ng%)x".

We can replace ~ by equality if we can determine the range of x-values
for which the resulting infinite series converges. We will investigate such
convergence shortly.

Series expansions for many elementary functions arise in a variety of
applications. Some common expansions are provided in Table 1.2.

We still need to determine the values of x for which a given power series
converges. The first five of the above expansions converge for all reals, but
the others only converge for |x| < 1.

We consider the convergence of Y;” c,(x —a)". For x = a the series
obviously converges. Will it converge for other points? One can prove

Theorem 1.7. If Y > (b — a)" converges for b # a, then
Yoo Cn(x — a)" converges absolutely for all x satisfying |x —a| < |b — al.

21
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Table 1.2: Common Mclaurin Series Ex-
pansions

Interval and radius of convergence.

Series Expansions You Should Know
T 3 A ST
Xt x x x
Ex = 1+x+?+§+1+ = r;)ﬁ
2 4 o 2n
xs X x
cosx = 1——+——... = (-=1)"
2 "4 ;% @)t
. B x> x I - a X
siny = X = ’;)(—) RS
2 4 © |21
x* X
hx = 14+=—>—+=—+... =
cosny T L
3 5 ol 2n+1
. X0 x x
sinhx = TR = nzzo<2n+l)!
1 2 .3 -
T - lFxEr4c 4. = nZ:Ox"
! = 1-x+x2—x3+ = i(—x)"
T L
) 3,5 7 o x2n+1
tan~ = x4+ = —1)"
mer s ATty ogT LV
2 ’ - n+1xn
In(1 = x4 = i
nl+x) = x—=+73 PC i

This leads to three possibilities

1. Y ocn(x —a)" may only converge at x = a.
2. Yolgcn(x —a)" may converge for all real numbers.

3. YoroCn(x —a)" converges for |[x —a| < R and diverges for |x —
al > R.

The number R is called the radius of convergence of the power series
and (a — R,a + R) is called the interval of convergence. Convergence at the
endpoints of this interval has to be tested for each power series.

In order to determine the interval of convergence, one needs only note
that when a power series converges, it does so absolutely. So, we need only
test the convergence of Y 7" [cn(x —a)"| = Y57 |cn||x — a|". This is easily
done using either the ratio test or the nth root test. We first identify the
nonnegative terms a, = |c,||x — a|", using the notation from Section 1.4.
Then, we apply one of the convergence tests.

For example, the nth Root Test gives the convergence condition for a, =

lenllx —al",
p= }}1_1}1;0 Van = lim {/lenl|lx —al < 1.

Since |x — a| is independent of #,, we can factor it out of the limit and divide
the value of the limit to obtain

-1
|x —a| < <nli_r>lgo\/|cn|> =R.

Thus, we have found the radius of convergence, R.
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Similarly, we can apply the Ratio Test.

o= lim A1 _ lim |Cn+1|

|x —a| < 1.
n—oo n—sco |C|

Again, we rewrite this result to determine the radius of convergence:

-1
|lx —a| < (hm lc "+1|> =R

n—co |Cn|

xﬂ

Example 1.30. Find the radius of convergence of the series e* = Y_7° o 7.
Since there is a factorial, we will use the Ratio Test.

|
p = lim L‘x‘

A T o x| =0.

nﬁoo n—+ 1
Since p = 0, it is independent of |x| and thus the series converges for all x. We also
can say that the radius of convergence is infinite.

Example 1.31. Find the radius of convergence of the series 1— = Y ;o x"
In this example we will use the nth Root Test.

p = lim V1|x| = |x| < 1.
n—oo

Thus, we find that we have absolute convergence for |x| < 1. Setting x = 1 or
x = —1, we find that the resulting series do not converge. So, the endpoints are not
included in the complete interval of convergence.

In this example we could have also used the Ratio Test. Thus,

1
p=lim - |x| =[] <1.

We have obtained the same result as when we used the nth Root Test.

Example 1.32. Find the radius of convergence of the series ) ;> , M

In this example, we have an expansion about x = 2. Using the nth Root Test we

find that
p = lim \/ |x—2]—3|x—2] <1

Solving for |x — 2| in this inequality, we find |x — 2| < %. Thus, the radius of
convergence is R = % and the interval of convergence is ( %,2 + 1) = (%, %) .

As for the endpoints we first test the point x = Z The resulting series is
Yoot 3n(n§) Zn 1 . This is the harmonic series, and thus it does not converge.
Inserting x = 3, we get the alternating harmonic series. This series does converge.
So, we have convergence on [3, 7) Howeuver, it is only conditionally convergent at
the left endpoint, x = g

Example 1.33. Find an expansion of f(x) = +2 about x = 1.

Instead of explicitly computing the Taylor series expansion for this function, we
can make use of an already known function. We first write f(x) as a function of
x — 1, since we are expanding about x = 1; i.e., we are seeking a series whose terms
are powers of x — 1.

23
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Euler’s Formula, ¢ = cos® + isin6,
is an important formula and is used
throughout the text.

This expansion is easily done by noting that xlﬁ = W Factoring out a 3,

we can rewrite this expression as a sum of a geometric series. Namely, we use the

expansion for
1
g(z) - 1 + 7
= 1-—z+4+22-28+ (1.28)
and then we rewrite f(x) as
1
flx) = x+2
_ 1
- (x=1)+3
_ 1
31+ 3(x—1)]
1 1
= = (1.29)
314+ 1(x—1)

Note that f(x) = 38(5(x — 1)) for g(z) = 115. So, the expansion becomes

f) =1 ll—;(x—l)—i- <;(x—1))2— (;(x—l)>3—0—...

This can further be simplified as

f(x) :%f%(x—l)Jr%(xfl)z—....

Convergence is easily established. The expansion for g(z) converges for |z| < 1.
So, the expansion for f(x) converges for | — 3(x —1)| < 1. This implies that
|x — 1| < 3. Putting this inequality in interval notation, we have that the power
series converges absolutely for x € (—2,4). Inserting the endpoints, one can show
that the series diverges for both x = —2 and x = 4. You should verify this!

Example 1.34. Prove Euler’s Formula: ¢ = cosf + isin6.
As a final application, we can derive Euler’s Formula ,

¢ = cos +isin®,

where i = /—1. We naively use the expansion for e* with x = i6. This leads us to
i0)? i0)3 i0)4
(i) , (@0 , (i0)
2! 3! 4!
Next we note that each term has a power of i. The sequence of powers of i is
given as {1,i,—1,—i,1,i,—1,—i,1,i,—1,—i,...}. See the pattern? We conclude
that

e =1+i0+ +....

i" =i, where r = remainder after dividing n by 4.

This gives

9 :
e (]_!_’_!_”.>+l<9_!_|_!_._.).

We recognize the expansions in the parentheses as those for the cosine and sine
functions. Thus, we end with Euler’s Formula.
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We further derive relations from this result, which will be important for
our next studies. From Euler’s formula we have that for integer n:

e = cos(n) + isin(nb).
We also have
ind io\" - n
e = (e’ ) = (cosf +isinf)".

Equating these two expressions, we are led to de Moivre’s Formula, named
after Abraham de Moivre (1667-1754),

(cos 0 +isin0)" = cos(nb) + isin(nd). (1.30)

This formula is useful for deriving identities relating powers of sines or
cosines to simple functions. For example, if we take n = 2 in Equation
(1.30), we find

c0s20 + isin20 = (cos B + isin§)? = cos® 6 — sin® 6 + 2i sin  cos 6.

Looking at the real and imaginary parts of this result leads to the well
known double angle identities

c0s26 = cos?  — sin? 0, sin20 = 2sin6 cos?H.

Replacing cos? @ = 1 — sin? 0 or sin? @ = 1 — cos? O leads to the half angle
formulae:

cos?0 = (14 cos26), sin®f = (1 —cos26).

NI~
NI~

We can also use Euler’s Formula to write sines and cosines in terms of
complex exponentials. We first note that due to the fact that the cosine is an
even function and the sine is an odd function, we have

e ¥ = cosf — isin®.

Combining this with Euler’s Formula, we have that

e~ 10

2i

0 | ,—if i0
e’ +e . e’ —
cosf = — sinf =

We finally note that there is a simple relationship between hyperbolic
functions and trigonometric functions. Recall that

e* +e "

h =
cosh x 5

If we let x = i0, then we have that cosh(if) = cosf and cos(ix) = cosh x.
Similarly, we can show that sinh(if)) = isin @ and sin(ix) = —isinhx.

de Moivre’s Formula.

Here we see elegant proofs of well
known trigonometric identities.

cos20 = cos?—sin®6, (1.31)
sin20 = 2sinfcoso,
1
cos?f = 3 (1+ cos26),
1
sinff = 3 (1 —cos20).

Trigonometric functions can be written
in terms of complex exponentials:

el 4 o if
cosf = —
i0 _ ,—if
. e’ —e
sinf = -
2i

Hyperbolic functions and trigonometric
functions are intimately related.

cos(ix) = coshx,

sin(ix) = —isinh x.
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The binomial expansion is a special se-
ries expansion used to approximate ex-
pressions of the form (a + b)? for b < a,
or (1+x)” for |x| < 1.

"' Pascal’s triangle is named after Blaise
Pascal (1623-1662). While such configu-
rations of numbers were known earlier
in history, Pascal published them and
applied them to probability theory.

Pascal’s triangle has many unusual

properties and a variety of uses:

Horizontal rows add to powers of 2.

The horizontal rows are powers of 11
(1, 11, 121, 1331, etc.).

Adding any two successive numbers
in the diagonal 1-3-6-10-15-21-28...
results in a perfect square.

When the first number to the right of
the 1 in any row is a prime number,
all numbers in that row are divisible
by that prime number. The reader
can readily check this for the n = 5
and n = 7 rows.

Sums along certain diagonals leads
to the Fibonacci sequence.  These
diagonals are parallel to the line con-
necting the first 1 for n = 3 row and
the 2 in the n = 2 row.

1.11 Binomial Series

ANOTHER SERIES EXPANSION WHICH OCCURS often in examples and ap-
plications is the binomial expansion. This is simply the expansion of the
expression (a + b)? in powers of a4 and b. We will investigate this expan-
sion first for nonnegative integer powers p and then derive the expansion
for other values of p. While the binomial expansion can be obtained using
Taylor series, we will provide a more intuitive derivation to show that
n
(a+b)" =Y Cla" v,
r=0

(1.32)

where the C} are called the binomial coefficients.
Lets list some of the common expansions for nonnegative integer powers.

(a+b)? = 1

(a+b)! = a+b

(a+b)? a* 4 2ab + b*

(a+b)?° = a®+3a%+3ab* +b°
(a+b)* = a*+4a%b + 6a%V* + 4ab® + b*

(1.33)

We now look at the patterns of the terms in the expansions. First, we
note that each term consists of a product of a power of a2 and a power of
b. The powers of a are decreasing from n to 0 in the expansion of (a + b)".
Similarly, the powers of b increase from 0 to n. The sums of the exponents in
each term is 7. So, we can write the (k + 1)st term in the expansion as a” bk
For example, in the expansion of (a + b)>! the 6th term is a1 ~°b° = 401>
However, we do not yet know the numerical coefficients in the expansion.

Let’s list the coefficients for the above expansions.

n=20: 1

n=1: 1 1

n=2: 1 2 1 (1.34)
n=23: 1 3 3 1

n=4: 1 4 6 4 1

This pattern is the famous Pascal’s triangle.'* There are many interesting
features of this triangle. But we will first ask how each row can be generated.

We see that each row begins and ends with a one. The second term and
next to last term have a coefficient of n. Next we note that consecutive pairs
in each row can be added to obtain entries in the next row. For example, we
have for rows n =2andn =3that1+2=3and2+1=3:

n=2: 1 2 1

p v p e (1.35)
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With this in mind, we can generate the next several rows of our triangle.

(1.36)
1 6 15 20 15 6 1

So, we use the numbers in row n = 4 to generate entries in row n = 5 :
1+4=25,446 = 10. We then use row n = 5 to get row n = 6, etc.

Of course, it would take a while to compute each row up to the desired n.
Fortunately, there is a simple expression for computing a specific coefficient.
Consider the kth term in the expansion of (a + b)". Let r = k — 1, for
k=1,...,n+ 1. Then this term is of the form C!'a"~"b". We have seen that
the coefficients satisfy

G =Crt+C

Actually, the binomial coefficients, C}', have been found to take a simple

- n! _(n
Cr_(n—r)!r!_<r )

This is nothing other than the combinatoric symbol for determining how to

form,

choose 1 objects r at a time. In the binomial expansions this makes sense.
We have to count the number of ways that we can arrange r products of b
with n — r products of a. There are n slots to place the b’s. For example, the
r = 2 case for n = 4 involves the six products: aabb, abab, abba, baab, baba,
and bbaa. Thus, it is natural to use this notation.

So, we have found that

(a+Db)" =Y < 1: ) a" Y. (1.37)
r=0

Now consider the geometric series 1 + x + x> +.... We have seen that
such this geometric series converges for |x| < 1, giving

1
1—x

1+x+x2+...=

But, ﬁ = (1 —x)~L. This is a binomial to a power, but the power is not an
integer.

It turns out that the coefficients of such a binomial expansion can be
written similar to the form in Equation(1.37). This example suggests that
our sum may no longer be finite. So, for p a real number, s =1 and b = x,

we generalize Equation(1.37) as
(1+x)P =) < P ) x" (1.38)
r=0

and see if the resulting series makes sense. However, we quickly run into
problems with the coefficients in the series.

Andreas Freiherr von Ettingshausen
(1796-1878) was a German mathemati-
cian and physicist who in 1826 intro-

duced the notation < :l ) However,

the binomial coefficients were known by
the Hindus centuries beforehand.
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2\ —1/2

The factor v = (1 — ZC’—Z) is impor-
tant in special relativity. Namely, this
is the factor relating differences in time
and length measurements by observers
moving relative inertial frames. For ter-
restrial speeds, this gives an appropriate
approximation.

Consider the coefficient for r = 1 in an expansion of (1 + x)~!. This is

-1\ (-t (=1
1 (1= (=2)nr
But what is (—1)!? By definition, it is
(-1t = (~1)(-2)(-3) -
This product does not seem to exist! But with a little care, we note that

(1! _ (D=2
(—2)! (—2)! '

So, we need to be careful not to interpret the combinatorial coefficient liter-

given by

ally. There are better ways to write the general binomial expansion. We can
write the general coefficient as

p _ p!
r (p—r)ir!

plp—1 - (p—r+1(p—r)!
(p—r)ir!
p(p—1) - (p—r+1)

- . ) (1.39)

With this in mind we now state the theorem:

General Binomial Expansion

The general binomial expansion for (1 + x)” is a simple gener-
alization of Equation (1.37). For p real, we have the following
binomial series:

(1+mwzfﬁw%4%;@—r+0ﬂ,|ﬂ<1 (1.40)

r=0

Often in physics we only need the first few terms for the case that x < 1:

(1+x)P =1+px+ wﬁ +0(x%). (1.41)

1
1—

Example 1.35. Approximate y =

- forv <.
2

For v < c the first approximation is found inserting v/c = 0. Thus, one obtains
v = 1. This is the Newtonian approximation and does not provide enough of an
approximation for terrestrial speeds. Thus, we need to expand <y in powers of v/c.

First, we rewrite 7y as

WVl—Ti - (3)1‘”.

Using the binomial expansion for p = —1/2, we have

1 v? v?
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Example 1.36. Time Dilation Example

The average speed of a large commercial jet airliner is about 500 mph. If you
flew for an hour (measured from the ground), then how much younger would you
be than if you had not taken the flight, assuming these reference frames obeyed the
postulates of special relativity?

This is the problem of time dilation. Let At be the elapsed time in a stationary
reference frame on the ground and AT be that in the frame of the moving plane.
Then from the Theory of Special Relativity these are related by

At = yAT.
The time differences would then be

At—AT = (1-—v"DHAt

2
- <1 —J1- ;) At. (1.42)

The plane speed, 500 mph, is roughly 225 m/s and ¢ = 3.00 x 10% m/s. Since
V < ¢, we would need to use the binomial approximation to get a nonzero result.

02
A—AT = [1-4/1- 5 | At
c
02
1-(1— 55 +...) ) At
(- (o z )

2

2c2

225)
= 2(3.(()03108)2(1 h) = 1.01 ns. (1.43)

2
2

Thus, you have aged one nanosecond less than if you did not take the flight.

Example 1.37. Small differences in large numbers: Compute f(R,h) =
VR? + h? — R for R = 6378.164 km and h = 1.0 m.
Inserting these values into a scientific calculator, one finds that

f(6378164,1) = \/6378164% + 1 — 6378164 = 1 x 10~7 m.

In some calculators one might obtain o, in other calculators, or computer algebra
systems like Maple, one might obtain other answers. What answer do you get and
how accurate is your answer?

The problem with this computation is that R >> h. Therefore, the computation
of f(R, h) depends on how many digits the computing device can handle. The best
way to get an answer is to use the binomial approximation. Writing h = Rx, or
X = %, we have

F(RE) = VRE+H-R
= RV1+x2—-R

R{l—i-;xz}—R

12

29
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— ZRx?
2x

1h _8
= SR 7.83926 x 107° m. (1.44)

Of course, you should verify how many digits should be kept in reporting the result.

In the next examples, we generalize this example. Such general com-
putations appear in proofs involving general expansions without specific
numerical values given.

Example 1.38. Obtain an approximation to (a + b)P when a is much larger than
b, denoted by a > b.

If we neglect b then (a 4+ b)P ~ aP. How good of an approximation is this?
This is where it would be nice to know the order of the next term in the expansion.
Namely, what is the power of b/a of the first neglected term in this expansion?

In order to do this we first divide out a as

(a+b)P =a? (1+z>p.

Now we have a small parameter, g. According to what we have seen earlier, we can
use the binomial expansion to write

<1+Z)”=§< i ) (b) (1.45)

Thus, we have a sum of terms involving powers of % Since a > b, most of these
terms can be neglected. So, we can write

b\? b b)?
<1+) =1+4p-+0 <<> )
a a a
Here we used O(), big-Oh notation, to indicate the size of the first neglected term.
p
af (1 + b)
a
2
o(enteo((2)))
a a
2
af + papg +aP0 <<l;> ) . (1.46)

Therefore, we can approximate (a + b)P ~ aP + pba? =1, with an error on the order
of b2aP~2. Note that the order of the error does not include the constant factor from
the expansion. We could also use the approximation that (a + b)P ~ aP, but it

Summarizing, we have

(a+b)?

is not typically good enough in applications because the error in this case is of the
order baP~ 1.

Example 1.39. Approximate f(x) = (a+ x)P —aP for x < a.
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In an earlier example we computed f(R,h) = vV R* + h? — R for R = 6378.164
km and h = 1.0 m. We can make use of the binomial expansion to determine
the behavior of similar functions in the form f(x) = (a + x)? — aP. Inserting the
binomial expression into f(x), we have as % — 0 that

fx) = (@+x)P—ar
- e[
= om0 ((3))

x x
= 0 (E) as - — 0. (1.47)
This result might not be the approximation that we desire. So, we could back up

one step in the derivation to write a better approximation as
x\2 x
(a+x)p—ap:a”lpx+0(<a) ) as;—>0.

We now use this approximation to compute f(R,h) = VR2+h? — R for R =
6378.164 km and h = 1.0 m in the earlier example. We let a = R?, x = 1 and
= 1. Then, the leading order approximation would be of order

o) ((z)2> =0 ((637811642>2> ~24 %1071,

Thus, we have
/63781642 4+ 1 — 6378164 ~ aP 1 px

where
aP~1px = (6378164%)71/2(0.5)1 = 7.83926 x 1078,

This is the same result we had obtained before. However, we have also an estimate
of the size of the error and this might be useful in indicating how many digits we
should trust in the answer.

1.12  The Order of Sequences and Functions

OFTEN WE ARE INTERESTED IN COMPARING the rates of convergence of
sequences or asymptotic behavior of functions. This is also useful in ap-
proximation theory. We begin with the comparison of sequences and intro-
duce big-Oh notation. We will then extend this to functions of continuous
variables.

Let {a,} and {b,} be two sequences. Then, if there are numbers N and
K (independent of N) such that

an

by

we say that a, is of the order of b,. We write this as

< K whenever n > N,

a, =0(b,) as n— oo

and say a,, is “big O” of by,.

Big-Oh notation.

31
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Sy . 2
Considering the function f(x) = gzziz,

setting f’(x) = 0, we find the maximum
is actually at x = 1(4+ v/22) ~ 2.897.
Also, inserting the first  few
integers yields the sequence

{0.6000,0.7143,0.7241,0.7200,0.7143, . . . }.

In both cases this supports choosing
n = 3 in the example.

Example 1.40. Consider the sequences given by a, = 32””2112 and b, = %

In this case, we consider the ratio

2n+1
31242
1

212 +n
3n2 42

an

by

We want to find a bound on the last expression as n gets large. We divide the
numerator and denominator by n? and find that

an| _|24+1/n

by, N 3—1—2/112 '
Further dividing out a 2/3, we find

an| 2|1+1/2n

by| 3 [1+4+2/3n2|"

The last expression is largest for n = 3. This gives

an _g 1+1/2n <g 1+1/6 _271
by| 3|14+2/3n2| = 3|14+2/27| 29
Thus, for n > 3, we have that
ay 21
—| < —=<1=K.
by| =29 ©

We then conclude from the definition of big-oh that

an = O(by) = O <1> .

n

In practice, one is often given a sequence like a,,, but the second simpler
sequence needs to be found by looking at the large n behavior of a,,.

Referring to the last example, we are given a, = 32;2:12. We look at the

large n behavior. The numerator behaves like 21 and the denominator be-

haves like 3n2. Thus, a, = 32;2112 ~ 32% = 3%[ for large n. Therefore, we
say that a, = O(%) for large n. Note that we are only interested in the
n-dependence and not the multiplicative constant since % and % have the
same growth rate.

In a similar way, we can compare functions. We modify our definition of
big-Oh for functions of a continuous variable: f(x) is of the order of g(x), or

f(x) =0(g(x)), as x — xq if

f(x)

s <K

lim
X—rXp

for some finite nonzero constant K independent of x.

Example 1.41. Show that

2

cosx—1+% = O(x*)

— 0.
5 as x
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This should be apparent from the Taylor series expansion for cos x,

2
cosle—x—+O(x4)asx%O.

2
However, we will show that cosx — 1+ x; is of the order of O(x*) using the above
definition.
We need to compute
cosx — 1+ %

m
x4

x—0

The numerator and denominator separately go to zero, so we have an indeterminate
form. This suggests that we need to apply L'Hopital’s Rule. (See Theorem 1.3.) In
fact, we apply it several times to find that

. cosx—l—{—x—z2 . —sinx + x
Iim|———=| = lim|—
x—0 x4 x—0 4x3
— lim = cosx+1
o ox—0| 122
— lim sinx| 1
x50 24x | 247
Thus, for any number K > 21—4, we have that
cosx — 1+ 2
x—0 X
We conclude that
x2
cosx—l+7 =0(x*) asx—0.

Example 1.42. Determine the order of f(x) = (x3 — x)1/3 — x as x — co. We
can use a binomial expansion to write the first term in powers of x. However, since
x — oo, we want to write f(x) in powers of %, so that we can neglect higher order
powers. We can do this by first factoring out the x> :

3_.3\1/3 _ 11 13
(x> —x)""—x = «x -2 —x
1 1
- x(1=5e 0 () -
1 1
= _3x+o(x3> (1.48)

' ; 3 1/3 _ 1
Now we can see from the first term on the right that (x> — x)1/3 —x = O (;) as
X — oo.

33
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Problems

1. For those sequences that converge, find the limit lim, o a;.

a. a, = Ziﬁ
b. a, = %
c an= (3"
d. _ _on’44n

in = n3+45v2+n6"
e. an:nln(l—i-%).
f. a, = nsin (%) .

2n+-3)!
& n = ((;Jrl))! :

2. Find the sum for each of the series:
-1)"3
a. Lo L.
b. Yo, &
C. 2;30:0 (% + %) .
3
d. Z;.lozl m.

3. Determine if the following converge, or diverge, using one of the con-
vergence tests. If the series converges, is it absolute or conditional?

8] n+4
a. Y1 pon

b. Yo, sinn,

o
gl
7e
=

-~
ﬁg
pA
SNS
g

8

he T (—1)"3.
4. Do the following:

a. Compute: limy o nln (1 —2).

b. Use L'Hopital’s Rule to evaluate L = limy_,c0 (1 — %)x .
[Hint: Consider In L.]

2
c. Determine the convergence of Y ; (5225)" -

d. Sum the series Y5> ; [tan~!n — tan"!(n + 1)] by first writing the
Nth partial sum and then computing limy_,« sy

5. Consider the sum ) ;> ; (,Hz)lw
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a. Use an appropriate convergence test to show that this series con-
verges.

b. Verify that

ad 1 X n+1 n
El(nu)(nﬂ) :,;1<n+2_n+1>'

c. Find the nth partial sum of the series Y. ; (Z—i; - HLH) and use

it to determine the sum of the resulting telescoping series.
6. Recall that the alternating harmonic series converges conditionally.

a. From the Taylor series expansion for f(x) = In(1 + x), inserting
x = 1 gives the alternating harmonic series. What is the sum of the
alternating harmonic series?

b Since the alternating harmonic series does not converge absolutely,
then a rearrangement of the terms in the series will result in se-
ries whose sums vary. One such rearrangement in alternating p
positive terms and 7 negative terms leads to the following sum™>:

O P ) T T P
2 n 3 2p—1 2 4 2n
p terms n terms

*> This is discussed by Lawrence H. Rid-
dle in the Kenyon Math. Quarterly, 1(2),
6-21.

L LN (1
2p+1 4p -1 2n+2 4n '

p terms n terms

Find rearrangements of the alternating harmonic series to give the
following sums; i.e., determine p and # for the given expression
and write down the above series explicitly; i.e, determine p and =
leading to the following sums.

i 3In2.

ii. In8.

ii. 0.

iv. A sum that is close to 7.

7. Determine the radius and interval of convergence of the following infi-
nite series:

a. Yo (-1t
b. Yooy o
¢ Tilix(3)"
d L (-1 2
8. Find the Taylor series centered at x = a and its corresponding radius of

convergence for the given function. In most cases, you need not employ the
direct method of computation of the Taylor coefficients.
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9. Test for pointwise and uniform convergence on the given set. [The Weier-
stras M-Test might be helpful.]

a. f(x)=Y7, hl‘ﬁx, x €[1,2].
b. f(x) = ¥y 37 cos 5 on R.

10. Consider Gregory’s expansion

1 S o L2k
tan~ x—x—g—i——— ; k—|—1 .

a. Derive Gregory’s expansion using the definition
tan~lx = ’ i
o 1+
expanding the integrand in a Maclaurin series, and integrating the
resulting series term by term.

b. From this result, derive Gregory’s series for 7 by inserting an ap-
propriate value for x in the series expansion for tan~! x.

11. Use deMoivre’s Theorem to write sin® 0 in terms of sinf and sin 36.
[Hint: Focus on the imaginary part of ¢3?.]

12. Evaluate the following expressions at the given point. Use your calcula-
tor and your computer (such as Maple). Then use series expansions to find
an approximation to the value of the expression to as many places as you

trust.
1 2 _
a. s cos x~ at x = 0.015.
b. Iny/{t2 — tanx at x = 0.0015.
_ 1 _ 3
c f(x)= 1+2 —1+x%atx =5.00 x 10~
d. f(R,h) =R —VR2+h2 for R = 1.374 x 103 km and h = 1.00 m.

e. f(x)=1- \/11? for x = 2.5 x 10713,

13. Determine the order, O(x"), of the following functions. You may need
to use series expansions in powers of x when x — 0, or series expansions in
powers of 1/x when x — oo.

a. /x(1—x)asx —0.

5/4
X
b. T—cosx as x — 0.

C. as X — oo.

X
x2—1

d. vVx24+x—xasx — oo



2
Fourier Trigonometric Series

"Profound study of nature is the most fertile source of mathematical discoveries.”
Joseph Fourier (1768-1830)

2.1 Introduction to Fourier Series

WE WILL NOW TURN TO THE STUDY of trigonometric series. You have seen
that functions have series representations as expansions in powers of x, or
x — a, in the form of Maclaurin and Taylor series. Recall that the Taylor
series expansion is given by

[e9)
f(x) = Z Cn(x - a)n,
n=0
where the expansion coefficients are determined as

f"(a)

Cyp = |
n.

From the study of the heat equation and wave equation, Fourier showed
that there are infinite series expansions over other functions, such as sine
functions. We now turn to such expansions and in the next chapter we will
find out that expansions over special sets of functions are not uncommon in
physics. But, first we turn to Fourier trigonometric series.

We will begin with the study of the Fourier trigonometric series expan-
sion -

flx) = %0 +n;1ancosn—7zx +bnsin$.

We will find expressions useful for determining the Fourier coefficients
{an, by} given a function f(x) defined on [—L,L]. We will also see if the
resulting infinite series reproduces f(x). However, we first begin with some
basic ideas involving simple sums of sinusoidal functions.

There is a natural appearance of such sums over sinusoidal functions in
music. A pure note can be represented as

y(t) = Asin(27tft),

As noted in the Introduction, Joseph
Fourier (1768-1830) and others studied
trigonometric series solutions of the heat
and wave equations.
The temperature, u(x, ), of a one dimen-
sional rod of length L satisfies the heat
equation,

ou %u

T
The general solution, which satisfies the
conditions u(0,t) = 0 and u(L,t) =0, is
given by

[e°]

. o nmx 2.2 2

u(x,t) =Y. b,,smTe WIRk/LE
n=0

If the initial temperature is given by
u(x,0) = f(x), one has to satisfy the con-
dition

f(x) =Y bysin nex.
n=0 L

The height, u(x, t), of a one dimensional
vibrating string of length L satisfies the
wave equation,

Pu_ o
92 7 ox?’

The general solution, which satisfies the

fixed ends u(0,¢) = 0 and u(L,t) =0, is

given by

[ee]
t
u(x,t) = 2 A, cos n7£c sin L?Zx
n=1

nret . nmx

[ sin——
If the initial profile and velocity are
given by u(x,0) = f(x) and u;(x,0) =
g(x), respectively, then one has to satisfy
the conditions

fx)=u(x,0)=) A, sinn—zx
n=1

+B;, sin

and
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y(t)
2 m
O N
_2 E
o 1 2 3
t
(a) y(t) = 2sin(47tft)
y()
2 m
o IAMAMAANAANAA
_2 |
o 1 2 3

() y(t) = sin(107tft)

Figure 2.1: Plots of y(t) = Asin(27tft)
on [0,5] for f =2 Hz and f =5 Hz.

Figure 2.2: Problems can occur while
plotting. Here we plot the func-
tion y(t) = 2sin4nt using N =
201,200,100,101 points.

where A is the amplitude, f is the frequency in Hertz (Hz), and ¢ is time in
seconds. The amplitude is related to the volume of the sound. The larger
the amplitude, the louder the sound. In Figure 2.1 we show plots of two
such tones with f = 2 Hz in the top plot and f = 5 Hz in the bottom one.

In these plots you should notice the difference due to the amplitudes and
the frequencies. You can easily reproduce these plots and others in your
favorite plotting utility.

As an aside, you should be cautious when plotting functions, or sampling
data. The plots you get might not be what you expect, even for a simple sine
function. In Figure 2.2 we show four plots of the function y(t) = 2sin(47t).
In the top left, you see a proper rendering of this function. However, if you
use a different number of points to plot this function, the results may be sur-
prising. In this example we show what happens if you use N = 200, 100,101
points instead of the 201 points used in the first plot. Such disparities are
not only possible when plotting functions, but are also present when collect-
ing data. Typically, when you sample a set of data, you only gather a finite
amount of information at a fixed rate. This could happen when getting data
on ocean wave heights, digitizing music, and other audio to put on your
computer, or any other process when you attempt to analyze a continuous

signal.
y(t)=2 sin(4 r t) for N=201 points y(t)=2 sin(4 = t) for N=200 points
4 4
2 2
=X g
2 ! -2
-4 -4
0 1 2 3 4 5 0 1 2 3 4 5
Time Time
y(t)=2 sin(4 = t) for N=100 points y(t)=2 sin(4 = t) for N=101 points
4 4
2 2
e e
-2 -2
-4 -4
0 1 2 3 4 5 0 1 2 3 4 5
Time Time

Next, we consider what happens when we add several pure tones. After
all, most of the sounds that we hear are, in fact, a combination of pure tones
with different amplitudes and frequencies. In Figure 2.3 we see what hap-
pens when we add several sinusoids. Note that as one adds more and more
tones with different characteristics, the resulting signal gets more compli-
cated. However, we still have a function of time. In this chapter we will ask,
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“Given a function f(t), can we find a set of sinusoidal functions whose sum
converges to f(£)?”

Looking at the superpositions in Figure 2.3, we see that the sums yield
functions that appear to be periodic. This is not unexpected. We recall that a
periodic function is one in which the function values repeat over the domain
of the function. The length of the smallest part of the domain which repeats
is called the period. We can define this more precisely: A function is said to
be periodic with period T if f(t + T) = f(t) for all t and the smallest such
positive number T is called the period.

For example, we consider the functions used in Figure 2.3. We began with
y(t) = 2sin(4rt). Recall from your first studies of trigonometric functions
that one can determine the period by dividing the coefficient of ¢ into 277 to
get the period. In this case we have

T_an 1

4 2
Looking at the top plot in Figure 2.1 we can verify this result. (You can
count the full number of cycles in the graph and divide this into the total
time to get a more accurate value of the period.)
In general, if y(t) = Asin(27ft), the period is found as

27T 1

Of course, this result makes sense, as the unit of frequency, the hertz, is also

defined as s~!

, or cycles per second.

Returning to Figure 2.3, the functions y(t) = 2sin(47t), y(t) = sin(107t),
and y(t) = 0.5sin(167tt) have periods of 0.5s, 0.2s, and 0.125s, respectively.
Each superposition in Figure 2.3 retains a period that is the least common
multiple of the periods of the signals added. For both plots, this is 1.0 s
=2(0.5) s =5(.2) s = 8(.125) s.

Our goal will be to start with a function and then determine the ampli-
tudes of the simple sinusoids needed to sum to that function. We will see
that this might involve an infinite number of such terms. Thus, we will be
studying an infinite series of sinusoidal functions.

Secondly, we will find that using just sine functions will not be enough
either. This is because we can add sinusoidal functions that do not neces-
sarily peak at the same time. We will consider two signals that originate
at different times. This is similar to when your music teacher would make
sections of the class sing a song like “Row, Row, Row Your Boat” starting at
slightly different times.

We can easily add shifted sine functions. In Figure 2.4 we show the
functions y(t) = 2sin(4rtt) and y(t) = 2sin(4nt + 77t/8) and their sum.
Note that this shifted sine function can be written as y(t) = 2sin(47(t +
7/32)). Thus, this corresponds to a time shift of —7/32.

So, we should account for shifted sine functions in the general sum. Of
course, we would then need to determine the unknown time shift as well
as the amplitudes of the sinusoidal functions that make up the signal, f(t).

(a) Sum of signals with frequencies

f=2Hzand f =5Hz.

y(t)

(b) Sum of signals with frequencies

f=2Hz, f =5Hz,and f = 8 Hz.

Figure 2.3: Superposition of several si-
nusoids.

y(t)

(a) Plot of each function.

y(t)

2 1
21
0 1 2 3

(b) Plot of the sum of the functions.

Figure 2.4: Plot of the functions y(t) =
2sin(47t) and y(t) = 2sin(47tt + 771/8)
and their sum.
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While this is one approach that some researchers use to analyze signals,
there is a more common approach. This results from another reworking of

We should note that the form in the the shifted function.
lower plot of Figure 2.4 looks like a sim-
ple sinusoidal function for a reason. Let

yi(t) = 2sin(4rt), y(t) = Asin(2rtft + ). (2.1)

y2(t) = 2sin(4rtt + 77/8).
Then, Note that 271ft 4 ¢ is called the phase of the sine function and ¢ is called

the phase shift. We can use the trigonometric identity (2.9) for the sine of

Consider the general shifted function

ni+y2 = 2sin(4nt+7m/8) + 2sin(4mrt) L )
= 2[sin(47nt +77/8) + sin(47t)] the sum of two angles’ to obtain
7. 7 .
= 4cosﬁsm <47rt+E) . y(t) = ASIn(ZT[ft—i-(P)
' Recall the identities (2.9) and (2.10) = A Sin(¢) COS(ZT(ft) +A COS((P) sin(27'[ft). (2'2)
sin(x+y) = sinxcosy+sinycosy, Defining a = Asin(¢) and b = A cos(¢), we can rewrite this as
cos(x+y) = cosxcosy—sinxsiny.

y(t) = acos(27tft) + bsin(27ft).

Thus, we see that the signal in Equation (2.1) is a sum of sine and cosine
functions with the same frequency and different amplitudes. If we can find
a and b, then we can easily determine A and ¢:

A=+Va>+b? tan¢g= Z.

We are now in a position to state our goal:

Goal - Fourier Analysis

Given a signal f(t), we would like to determine its frequency content by
finding out what combinations of sines and cosines of varying frequencies
and amplitudes will sum to the given function. This is called Fourier

Analysis.

2.2 Fourier Trigonometric Series

As WE HAVE SEEN IN THE LAST SECTION, we are interested in finding
representations of functions in terms of sines and cosines. Given a function
f(x) we seek a representation in the form

agk

fx) ~ % + [an cos nx + by, sinnx] . (2.3)

n=1

Notice that we have opted to drop the references to the time-frequency form
of the phase. This will lead to a simpler discussion for now and one can
always make the transformation nx = 27 f,t when applying these ideas to
applications.

The series representation in Equation (2.3) is called a Fourier trigonomet-
ric series. We will simply refer to this as a Fourier series for now. The set



FOURIER TRIGONOMETRIC SERIES 41

of constants ag, a,, by, n = 1,2,... are called the Fourier coefficients. The
constant term is chosen in this form to make later computations simpler,
though some other authors choose to write the constant term as ag. Our
goal is to find the Fourier series representation given f(x). Having found
the Fourier series representation, we will be interested in determining when
the Fourier series converges and to what function it converges.

From our discussion in the last section, we see that The Fourier series is
periodic. The periods of cosnx and sinnx are 2Z. Thus, the largest period,
T = 27, comes from the n = 1 terms and the Fourier series has period 27t.
This means that the series should be able to represent functions that are
periodic of period 27t.

While this appears restrictive, we could also consider functions that are
defined over one period. In Figure 2.5 we show a function defined on [0, 27].
In the same figure, we show its periodic extension. These are just copies of
the original function shifted by the period and glued together. The extension
can now be represented by a Fourier series and restricting the Fourier series
to [0,27t] will give a representation of the original function. Therefore, we
will first consider Fourier series representations of functions defined on this
interval. Note that we could just as easily considered functions defined on
[—7t, 7t] or any interval of length 27t. We will consider more general intervals
later in the chapter.

Fourier Coefficients

Theorem 2.1. The Fourier series representation of f(x) defined on 0,271, when
it exists, is given by Equation (2.3) with Fourier coefficients

1 27 J
_ 1 . n=012,...,
ay <) f(x)cosnxdx, n
1 27
b, = p f(x)sinnxdx, n=1,2,.... (2.4)
0

These expressions for the Fourier coefficients are obtained by considering
special integrations of the Fourier series. We will now derive the a, integrals
in Equation (2.4).

We begin with the computation of ag. Integrating the Fourier series term
by term in Equation (2.3), we have

27 27 ao 2
f(x)dx = / > dx + / Y [an cos nx + by sinnx] dx. (2.5)
0 0

0 n=1

We will assume that we can integrate the infinite sum term by term. Then
we will need to compute

21 ag ag
/O 3 dx - ?(277:) - 7'[110,

27 . 27
/ cosnxdx = [sm nx} =0,

0 n 0

27 _ 2
/ sinnxdx = [ €08 nx] =0. (2.6)
0 n 0
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(a) Plot of function f(t).
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(b) Periodic extension of f(t).

Figure 2.5: Plot of the function f(t) de-
fined on [0,27r] and its periodic exten-
sion.

Evaluating the integral of an infinite se-
ries by integrating term by term depends
on the convergence properties of the se-
ries.
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2 Note that % is the average of f(x) over
the interval [0,27]. Recall from the first
semester of calculus, that the average of
a function defined on [4, ] is given by

1 b d
fave = —a /a f(x)dx.
For f(x) defined on [0,27], we have

1 27T ap
fave = E/o OEES

From these results we see that only one term in the integrated sum does not
vanish, leaving
27
A f(x)dx = may.

This confirms the value for 4.2

Next, we will find the expression for a,,. We multiply the Fourier series in
Equation (2.3) by cos mx for some positive integer m. This is like multiplying
by cos2x, cos5x, etc. We are multiplying by all possible cosmx functions
for different integers m all at the same time. We will see that this will allow
us to solve for the a;’s.

We find the integrated sum of the series times cos mx is given by

27
a
/ 20 cos mx dx
0

2

2 &

+ / Y [an cos nx + by sinnx] cos mx dx.
0 n=1

27
f(x) cos mx dx
0

(2.7)
Integrating term by term, the right side becomes
27 i ag 27 i
x)cosmxdx = — cos mx dx
) |
0 27 27
+ Z {an / cosnxcosmxdx + by / sin nx cos mx dx} .
n=1 0 0

(2.8)

We have already established that fozn cosmx dx = 0, which implies that the
first term vanishes.

Next we need to compute integrals of products of sines and cosines. This
requires that we make use of some of the well known trigonometric. For
quick reference, we list these here.

Useful Trigonometric Identities

sin(xty) = sinxcosy+sinycosx (2.9)
cos(x£y) = cosxcosy Fsinxsiny (2.10)
sinfx = %(1 — cos 2x) (2.11)
cos?x = %(1 + cos 2x) (2.12)
sinxsiny = %(cos(x —y) —cos(x+y)) (2.13)
cosxcosy = %(cos(x +y)+cos(x —v)) (2.14)
sinxcosy = %(sin(x +y) +sin(x —y)) (2.15)

We first want to evaluate fOZH cos nx cos mx dx. We do this using the prod-
uct identity (2.14). In case you forgot how to derive this identity, we will
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quickly review the derivation. Using the identities (2.10), we have

cos(A+B) = cosAcosB—sinAsinB,
cos(A—B) = cosAcosB -+ sin AsinB.

Adding these equations,
2cos Acos B = cos(A + B) + cos(A — B).

We can use this result with A = mx and B = nx to complete the integra-
tion. We have

27 1 r2m
/ cosnxcosmxdx = 5 / [cos(m + n)x + cos(m — n)x] dx
0 0
_ 1 [sin(m+mn)x N sin(m — n)x]*"
2 m+n m—n |,
0.

(2.16)

There is one caveat when doing such integrals. What if one of the de-
nominators m £ n vanishes? For this problem, m +n # 0, as both m and »
are positive integers. However, it is possible for m = n. This means that the
vanishing of the integral can only happen when m # n. So, what can we do
about the m = n case? One way is to start from scratch with our integration.
(Another way is to compute the limit as n approaches m in our result and
use L'Hopital’s Rule. Try it!)

For n = m we have to compute fom cos? mx dx. This can also be handled
using a trigonometric identity. Using the half angle formula, Equation (2.12),
with 8 = mx, we find

27T ’ 1 27
/ cos“mxdx = f/ (14 cos2mx) dx
0 2 Jo
1 1 ) 2
= = |x+ =—sin2mx
2 2m 0
1
= 5(271?) = 7. (2.17)
To summarize, we have shown that
27
/ cosnx cosmx dx = { 0, mzn (2.18)
0 T, m=n.

This holds true for m,n = 0,1,.... [Why did we include m,n = 0?] When
we have such a set of functions, they are said to be an orthogonal set over the
integration interval. A set of (real) functions {¢,(x)} is said to be orthogonal
on [a,b] if [ uh $n(x)Pm(x) dx = 0 when n # m. Furthermore, if we also have
that | ab $2(x) dx = 1, these functions are called orthonormal.

The set of functions {cos nx}5>, is orthogonal on [0, 277]. Actually, the set
is orthogonal on any interval of length 271. We can make them orthonormal
by dividing each function by /7, as indicated by Equation (2.17). This is
sometimes referred to as normalization of the set of functions.

Definition of an orthogonal set of func-
tions and orthonormal functions.
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Identity (2.15) is found from adding the

identities
sin(A + B)
sin(A — B)

sin A cos B +sin Bcos A,

sin A cos B —sin Bcos A.

The notion of orthogonality is actually a generalization of the orthogonal-
ity of vectors in finite dimensional vector spaces. The integral [ Hb f(x)f(x)dx
is the generalization of the dot product, and is called the scalar product of
f(x) and g(x), which are thought of as vectors in an infinite dimensional
vector space spanned by a set of orthogonal functions. We will return to
these ideas in the next chapter.

Returning to the integrals in equation (2.8), we still have to evaluate
fom sinnx cos mx dx. We can use the trigonometric identity involving prod-
ucts of sines and cosines, Equation (2.15). Setting A = nx and B = mx, we
find that

27 1 r2m
/ sinnxcosmxdx = > / [sin(n + m)x + sin(n — m)x] dx
0
1 [—cos(n+m)x —cos(n—m)x 2
2 n+m n—m 0
= (-1+1)+(-1+41)=0. (2.19)
So,
27
/ sinnx cosmxdx = 0. (2.20)
0

For these integrals we should also be careful about setting n = m. In this
special case, we have the integrals

27 1 27 1
/ sinmx cosmx dx = 7/ sin2mxdx = = {
0 2 Jo 2 0

Finally, we can finish evaluating the expression in Equation (2.8). We

_ 2 27
cos mx] _0

2m

have determined that all but one integral vanishes. In that case, n = m. This
leaves us with

A f(x)cosmxdx = aym.

Solving for a;, gives
T
= | f(x) cos mx dx.

Since this is true forall m = 1,2, ..., we have proven this part of the theorem.
The only part left is finding the b,,’s This will be left as an exercise for the
reader.

We now consider examples of finding Fourier coefficients for given func-
tions. In all of these cases, we define f(x) on [0,27].

Example 2.1. f(x) = 3cos2x, x € [0,271].
We first compute the integrals for the Fourier coefficients:

1 27
ag = — 3cos2xdx =0,
T JO
1 27
a, = A 3cos2xcosnxdx =0, n#2,
1 27
a = —/ 3cos? 2x dx = 3,
7T JO
1 27
b, = p 3cos2xsinnxdx = 0,Vn.
0
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The integrals for agy, ay,n # 2, and b, are the result of orthogonality. For aj, the
integral can be computed as follows:

1 27
a = —/ 3cos® 2x dx
7T JO

3 27 p
= E/o [1+ cos4x] dx
27

I
w

1
= 5 x+ 1 sin4x
\W—/
This term vanishes!]

(2.21)

Therefore, we have that the only nonvanishing coefficient is ap = 3. So there is
one term and f(x) = 3 cos2x.

Well, we should have known the answer to the last example before doing
all of those integrals. If we have a function expressed simply in terms of
sums of simple sines and cosines, then it should be easy to write the Fourier
coefficients without much work. This is seen by writing out the Fourier
series,

flx) ~ %0 + Z [an cos nx + by, sinnx] .
n=1
- 61270+a1cosx+blsinx++a2C052x+bzsin2x—|—.... (2.22)

For the last problem, f(x) = 3cos2x. Comparing this to the expanded
Fourier series, one can immediately read off the Fourier coefficients without

doing any integration. In the next example, we emphasize this point.
2x,x €0,2m].

We could determine the Fourier coefficients by integrating as in the last example.

Example 2.2. f(x) = sin

Howewver, it is easier to use trigonometric identities. We know that

1 1 1
sin®x = 5(1 —cos2x) = 5~ Ecost.
There are no sine terms, so by, = 0,n =1,2,.... There is a constant term, implying

ap/2 = 1/2. So, ay = 1. There is a cos2x term, corresponding to n = 2, so
ap = —%. That leaves a, = 0 for n # 0,2. S0, a9 = 1, a; = —%, and all other
Fourier coefficients vanish.

1, O<x<m,
-1, m<x<2m,
This example will take a little more work. We cannot bypass evaluating any

Example 2.3. f(x) =

integrals this time. As seen in Figure 2.6, this function is discontinuous. So, we
will break up any integration into two integrals, one over [0, 7t| and the other over
[7t,27t].

a = %/Oznf(x)dx

-2
Figure 2.6: Plot of discontinuous func-
tion in Example 2.3.
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Often we see expressions involving
cosnmt = (—1)" and 1 +cosnmt = 1+
(—1)". This is an example showing how
to re-index series containing cos nr.

- 7/ dx + — /27[

E( )+71T( 2+ 1) = 0.

(2:23)

27
f(x) cosnxdx
0

T 27T
{/ cosnxdx — / cos nx dx}
0 7T
l 1 1 27
( smnx — ( sinnx) ]
n n -

S 3~ 3~ 3~

(2:24)

by o=~
T Jo

17 rm 27
= / sinnx dx —/ sinnx dx}
0

27
f(x)sinnxdx

7T

e

1 1 T 1 27
= — (cosnx) + ( cosnx) ]

7T n 0 n .

1 1 1 1 1 }
— |——cosnm+ —+ — — —cosnr
T n n n n

2
= —(1—cosnm).

p= (2.25)

=

We have found the Fourier coefficients for this function. Before inserting them
into the Fourier series (2.3), we note that cosnmt = (—1)". Therefore,

1—cosnm = { 0, n even, (2.26)

2, nodd.

So, half of the b,’s are zero. While we could write the Fourier series representation
as

S~

(e} 1 .
Z —smmnx,
n=1
odd

,:]
=

we could let n = 2k — 1 in order to capture the odd numbers only. The answer can
be written as

4 & sin(2k —1)x

T n ; 2k—1 '

Having determined the Fourier representation of a given function, we
would like to know if the infinite series can be summed; i.e., does the series
converge? Does it converge to f(x)? We will discuss this question later in
the chapter after we generalize the Fourier series to intervals other than for

€ [0,27].
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2.3 Fourier Series over Other Intervals

IN MANY APPLICATIONS WE ARE INTERESTED in determining Fourier series
representations of functions defined on intervals other than [0,27]. In this
section, we will determine the form of the series expansion and the Fourier
coefficients in these cases.

The most general type of interval is given as [a, b]. However, this often
is too general. More common intervals are of the form [—r, 7t], [0, L], or
[—L/2,L/2]. The simplest generalization is to the interval [0, L]. Such in-
tervals arise often in applications. For example, for the problem of a one-
dimensional string of length L, we set up the axes with the left end at x =0
and the right end at x = L. Similarly for the temperature distribution along
a one dimensional rod of length L we set the interval to x € [0,27]. Such
problems naturally lead to the study of Fourier series on intervals of length
L. We will see later that symmetric intervals, [—a, a], are also useful.

Given an interval [0, L], we could apply a transformation to an interval
of length 27t by simply rescaling the interval. Then we could apply this
transformation to the Fourier series representation to obtain an equivalent
one useful for functions defined on [0, L].

We define x € [0,27t] and t € [0, L]. A linear transformation relating these
intervals is simply x = th as shown in Figure 2.7. So, t = 0 maps to x =0
and t = L maps to x = 27t. Furthermore, this transformation maps f(x) to
a new function g(t) = f(x(t)), which is defined on [0, L]. We will determine
the Fourier series representation of this function using the representation
for f(x) from the last section.

Recall the form of the Fourier representation for f(x) in Equation (2.3):

f(x) ~ ﬂzo + Z ay cosnx + by sinnx]. (2.27)

n=1

Inserting the transformation relating x and t, we have

2nm . 2nmt
g(t) ~ 2 0 4 Z [an cos —— +b sin—— | . (2.28)

This gives the form of the series expansion for g(t) with t € [0, L]. But, we
still need to determine the Fourier coefficients.
Recall that

Vi
=— dx.
= f(x) cosnxdx

%. We also will need

We need to make a substitution in the integral of x =
to transform the differential, dx = 2Tﬂdt‘. Thus, the resulting form for the

Fourier coefficients is

2 t
ap = L/ ) cos nr dt. (2.29)

Similarly, we find that

7Tt
i / sm ——dt. (2.30)

by

Figure 2.7: A sketch of the transforma-
tion between intervals x € [0,27] and
te o, L]
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Table 2.1: Special Fourier Series Repre-
sentations on Different Intervals

Integration of even and odd functions
over symmetric intervals, [—a, a].

Even Functions.

We note first that when L = 27, we get back the series representation
that we first studied. Also, the period of cos Z”L”t is L/n, which means that
the representation for g¢(t) has a period of L corresponding to n = 1.

At the end of this section, we present the derivation of the Fourier series
representation for a general interval for the interested reader. In Table 2.1
we summarize some commonly used Fourier series representations.

Fourier Series on [0, L]

flx) ~ % +;§1 {ﬂn cos ey + b, sin nx
2 L 2n
o = 1 [ s T ax n=012
2 L 2nmx
= 7 =1,2
bn LA f(X) n I d ,2,
Fourier Series on [— % %}
a = 2nmx 2nmx
f(x)~2°+2{ancos + by,
n=1
2 % 2n
o= 7 [ ST n=012
2 % 2nmx
o= 7 [ s =12

Fourier Series on [— 71, 7]

(o]
~ = —l— Z [an cos nx + by, sinnx] .
n:

by =

7T
l/ f(x)cosnxdx. n=0,1,2,...
T J—m

1 T
—/ f(x)sinnxdx. n=1,2,....
wTJ—m

(2.31)

(232)

(2.33)

(2.34)

(2.35)

(2.36)

At this point we need to remind the reader about the integration of even

and odd functions on symmetric intervals.
We first recall that f(x) is an even function if f(

—x) = f(x) for all x.

One can recognize even functions as they are symmetric with respect to the

y-axis as shown in Figure 2.8.

If one integrates an even function over a symmetric interval, then one has

that

_aaf(x)dx :2/Oaf(x)dx

(237)

One can prove this by splitting off the integration over negative values of x,
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using the substitution x = —y, and employing the evenness of f(x). Thus,

a

Flx)dx = /_Oa Flx) dx + /0 Flx) dx
= [ ey [ foax
= /Oaf(y)der/Oaf(X)dx
= Z/Ouf(x)dx. (2.38)

—a

This can be visually verified by looking at Figure 2.8.

A similar computation could be done for odd functions. f(x) is an odd
function if f(—x) = —f(x) for all x. The graphs of such functions are sym-
metric with respect to the origin, as shown in Figure 2.9. If one integrates
an odd function over a symmetric interval, then one has that

jaf(x) dx = 0. (2.39)

Example 2.4. Let f(x) = |x| on [—7, T] We compute the coefficients, beginning
as usual with ay. We have, using the fact that |x| is an even function,

7T
ay = l/ |x| dx
T J—-m
2 (7 i
= E/o xdx =71 (2.40)

We continue with the computation of the general Fourier coefficients for f(x) =
|x| on [—7t, 7t]. We have

1 /= 2 (7"
ay = —/ |x| cosnx dx = —/ X COS nx dx. (2.41)
7T J—71 7T JO

Here we have made use of the fact that |x| cos nx is an even function.
In order to compute the resulting integral, we need to use integration by parts ,

b b b
/ udov = uv —/ vdu,
a a a

by letting u = x and dv = cos nx dx. Thus, du = dx and v = [ dv =
Continuing with the computation, we have

1

n smmnx.

2 T
a, = —/ x cosnxdx.
7T Jo
271 . T 1 [T,
= — —xsmnx‘ - — sinnx dx
T o n.Jo

n

7],
= —— |——cosnx
n

———(1-(=1)". (2.42)

Figure 2.8: Area under an even function
on a symmetric interval, [—a, a].

Odd Functions.

Figure 2.9: Area under an odd function
on a symmetric interval, [—a, a].
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Here we have used the fact that cosnmt = (—1)" for any integer n. This leads
to a factor (1 — (—1)"). This factor can be simplified as

2, nodd
1-(-1)"= ’ ’ 2.
(=1) { 0, n even. (243)
So, ay = 0 for n even and a,, = —%for n odd.
Computing the by,’s is simpler. We note that we have to integrate |x| sinnx from
x = —rt to 7. The integrand is an odd function and this is a symmetric interval.
So, the result is that b, = 0 for all n.
Putting this all together, the Fourier series representation of f(x) = |x| on
[—t, 7| is given as
T 4 & cosnx
fx)~ 5 —— }:1 5 (2.44)
nodd

While this is correct, we can rewrite the sum over only odd n by re-indexing. We
let n =2k —1fork =1,2,3,.... Then we only get the odd integers. The series
can then be written as

T 4 & cos(2k—1)x
R D Vi

k=1

(2.45)

Throughout our discussion we have referred to such results as Fourier
representations. We have not looked at the convergence of these series.
Here is an example of an infinite series of functions. What does this series
sum to? We show in Figure 2.10 the first few partial sums. They appear to
be converging to f(x) = |x| fairly quickly.

Even though f(x) was defined on [—7, 77|, we can still evaluate the Fourier
series at values of x outside this interval. In Figure 2.11, we see that the rep-
resentation agrees with f(x) on the interval [—, 7r]. Outside this interval,
we have a periodic extension of f(x) with period 2.

Another example is the Fourier series representation of f(x) = x on
[—7, 7t] as left for Problem 7. This is determined to be

n+1
~ 2 Z sinnx. (2.46)

As seen in Figure 2.12, we again obtain the periodic extension of the
function. In this case, we needed many more terms. Also, the vertical parts
of the first plot are nonexistent. In the second plot, we only plot the points
and not the typical connected points that most software packages plot as
the default style.

Example 2.5. It is interesting to note that one can use Fourier series to obtain
sums of some infinite series. For example in the last example, we found that

n+1
x~2 Z sin nx.

Now, what if we chose x = % ? Then, we have

T (—1)n+1 1 1 1
22 ol —c =+
2 n; PR 375777
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Figure 2.10: Plot of the first partial sums

of the Fourier series representation for
fx) = [x].
N=1 N=2
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Figure 2.11: Plot of the first 10 terms
of the Fourier series representation for
f(x) = |x| on the interval [—27, 47].
3
254
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X

Figure 2.12: Plot of the first 10 terms
and 200 terms of the Fourier series rep-
resentation for f(x) = x on the interval
[-2m,4n].
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This section can be skipped on first read-
ing. It is here for completeness and the
end result, Theorem 2.2 provides the re-
sult of the section.

This gives a well known expression for 7t:

11 1
SN P S
i A

2.3.1 Fourier Series on [a, b]

A FOURIER SERIES REPRESENTATION is also possible for a general interval,
t € [a,b]. As before, we just need to transform this interval to [0,27t]. Let

t—a

=2
x nb—a

Inserting this into the Fourier series (2.3) representation for f(x), we obtain

+ Z a, Cos %;a) + by sin %t;a) . (2.47)

Well, this expansion is ugly. It is not like the last example, where the
transformation was straightforward. If one were to apply the theory to
applications, it might seem to make sense to just shift the data so thata =0
and be done with any complicated expressions. However, some students
enjoy the challenge of developing such generalized expressions. So, let’s see
what is involved.

First, we apply the addition identities for trigonometric functions and
rearrange the terms.

a0 | o 2nm(t —a) . 2nm(t—a)
8(t) 5 +3, [ﬂnCOSb_IZ +bn5m7b—a

n=

[uy

_ £+i 2n7rt sZnnu+Sin2nntsin2n7m
2~ b—a b—a b-a

(, 2n7tt 2nma 2n7t | 2n7m)}

3

cos cos sin
b—a b—a b—a b—a

a ad 2n7tt 2n7a 2n7ma
= —O+ 2 Ccos a; c0S —— — by, sin
= a a b—a

+ sin —— 2t a, sin 721171{1 + by, cos 2na (2.48)
b—a \'" a " b—a)/|’ 4

Defining Ay = ap and

A, = a,cos Znﬂ — by, sin 2n7a
b— b—
. 2nm 2nma
B, = a,sin —— - + b,, cos T (2.49)

we arrive at the more desirable form for the Fourier series representation of
a function defined on the interval [g, b].

A | © 2nm . 2nmt
8(t) ~ =+ 2 Ap cos 2 — + Bysin—|. (2.50)
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We next need to find expressions for the Fourier coefficients. We insert
the known expressions for 4, and b, and rearrange. First, we note that
under the transformation x = 27‘[%, we have

1 2m
o= ) f(x) cosnxdx
2 b 2n7(t —a)
= b_aA g(t) COSﬁdt, (2.51)
and
1 [2m
by = o f(x) cos nx dx
2 b . 2n7(t —a)
= b—a/a g(t)smﬁdt. (2.52)

Then, inserting these integrals in A;,, combining integrals, and making use
of the addition formula for the cosine of the sum of two angles, we obtain

A, = a,cos Znﬂ — by sin 2n7a
b—a b—a
2 b 2nmt(t—a)  2nma 2nm(t—a) . 2nma
— ¢ — si i dt
b—a/g g(t) {cos p— g sy, —sin—— ———sin
2 b 2nrt
= t dt. .
A similar computation gives
2 b . 2nmt
B, = T /a g(#) sin T dt. (2.54)
Summarizing, we have shown that:
Theorem 2.2. The Fourier series representation of f(x) defined on
[a, b] when it exists, is given by
f(x) P4 i ay COs n + by sin nmx (2.55)
2 =1 T b—a " b—a)’ 2
with Fourier coefficients
2 b 2nmx
an b_ﬂ/ﬂf(x)cosb_ d n=20,12,...,
2 b . 2nmx
b, = b—a./u f(x)smb_adx. n=12,.... (2.56)
2.4 Sine and Cosine Series
IN THE LAST TWO EXAMPLES (f(x) = |x| and f(x) = x on [, 7T]), we

have seen Fourier series representations that contain only sine or cosine
terms. As we know, the sine functions are odd functions and thus sum
to odd functions. Similarly, cosine functions sum to even functions. Such
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Figure 2.13: This is a sketch of a func-
tion and its various extensions. The orig-
inal function f(x) is defined on [0, 1] and
graphed in the upper left corner. To its
right is the periodic extension, obtained
by adding replicas. The two lower plots
are obtained by first making the original
function even or odd and then creating
the periodic extensions of the new func-
tion.

occurrences happen often in practice. Fourier representations involving just
sines are called sine series and those involving just cosines (and the constant
term) are called cosine series.

Another interesting result, based upon these examples, is that the orig-
inal functions, |x| and x, agree on the interval [0, 77]. Note from Figures
2.10 through 2.12 that their Fourier series representations do as well. Thus,
more than one series can be used to represent functions defined on finite
intervals. All they need to do is agree with the function over that partic-
ular interval. Sometimes one of these series is more useful because it has
additional properties needed in the given application.

We have made the following observations from the previous examples:

1. There are several trigonometric series representations for a func-
tion defined on a finite interval.

2. Odd functions on a symmetric interval are represented by sine
series and even functions on a symmetric interval are represented
by cosine series.

These two observations are related and are the subject of this section.
We begin by defining a function f(x) on interval [0, L]. We have seen that
the Fourier series representation of this function appears to converge to a
periodic extension of the function.

In Figure 2.13, we show a function defined on [0,1]. To the right is its
periodic extension to the whole real axis. This representation has a period
of L = 1. The bottom left plot is obtained by first reflecting f about the y-
axis to make it an even function and then graphing the periodic extension of
this new function. Its period will be 2L = 2. Finally, in the last plot, we flip
the function about each axis and graph the periodic extension of the new
odd function. It will also have a period of 2L = 2.

f(x) on [0,1] Periodic Extension of f(x)
15 1.5
1 1
0.5 / 0.5 ////
—_ —
X o X o
= =
-0.5 -0.5
-1 -1
-15 -15
-1 0 1 2 3 -1 0 1 2 3
X X
Even Periodic Extension of f(x) Odd Periodic Extension of f(x)
15 15
1 1
0.5 0.5
—_ —
g0 S
-0.5 -0.5
-1 -1
-15 -15
-1 0 1 2 3 1 0 1 2 3

In general, we obtain three different periodic representations. In order to
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distinguish these, we will refer to them simply as the periodic, even, and
odd extensions. Now, starting with f(x) defined on [0, L], we would like
to determine the Fourier series representations leading to these extensions.
[For easy reference, the results are summarized in Table 2.2]

. ) Table 2.2: Fourier Cosine and Sine Series
Fourier Series on [0, L] Representations on [0, L]
a > 2nmx . 2nmx
fx) ~ ?O + 7; {un cos —— + by sin (2.57)
2 L
a, = Z/ f(x) dx. n=0,1,2,...,
. Znnx
b, = L/ fx dx. n=12,.... (2.58)
Fourier Cosine Series on [0, L]
> nix
f(x) ~ag/2+ ) aycos - (2.59)
n=1
where
ay L/ f(x os—dx n=20,1,2,.... (2.60)
Fourier Sine Series on [0, L]
x) ~ E by, sin nTﬂx (2.61)
n=1
where
2 (L . nmx
bn_f/o f(x)sdex. n=12,.... (2.62)

We have already seen from Table 2.1 that the periodic extension of f(x),
defined on [0, L], is obtained through the Fourier series representation

ap & 2nmwx . 2nmx
f(x) ~ > 4 ngl [ﬂn cos + b, sin I , (2.63)
where
2 rL
o = 2 [ s dv =012,
2
o= 2 [ s P w1, (264)
Given f(x) defined on [0, L], the even periodic extension is obtained by Even periodic extension.

simply computing the Fourier series representation for the even function

fe(x):{ flx), 0<x<IL,

| f(=x) -L<x<0. (2.65)
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Fourier Cosine Series.

Odd periodic extension.

Fourier Sine Series Representation.

Since f,(x) is an even function on a symmetric interval [—L, L], we expect
that the resulting Fourier series will not contain sine terms. Therefore, the
series expansion will be given by [Use the general case in Equation (2.55)
witha=—Land b= L.]:

nritx

fe(x) ~ 2 0 4 Z Ay COS ——. (2.66)
with Fourier coefficients
/ fe(x os—dx n=20,1,2,.... (2.67)

However, we can simplify this by noting that the integrand is even and
the interval of integration can be replaced by [0, L]. On this interval f,(x) =
f(x). So, we have the Cosine Series Representation of f(x) for x € [0,L] is

given as
a ad nrix
?0 + Z a, cos < (2.68)
n=1
where .
2 nrx
an_f/o f(x)cosde. n=20,12,.... (2.69)

Similarly, given f(x) defined on [0,L], the odd periodic extension is
obtained by simply computing the Fourier series representation for the odd
function

£olx) = { f(x), 0<x<L, (2.70)

| —f(=x) -L<x<0.

The resulting series expansion leads to defining the Sine Series Representa-
tion of f(x) for x € [0,L] as

(o]
xX) ~ Z by, sin ?, (2.71)
n=1

where
b, L/ fx 1n—dx n=12,.... (2.72)

Example 2.6. In Figure 2.13, we actually provided plots of the various extensions
of the function f(x) = x? for x € [0,1]. Let’s determine the representations of the
periodic, even, and odd extensions of this function.

For a change, we will use a CAS (Computer Algebra System) package to do the
integrals. In this case, we can use Maple. A general code for doing this for the
periodic extension is shown in Table 2.3.

Example 2.7. Periodic Extension - Trigonometric Fourier Series Using the
code in Table 2.3, we have that ag = %, a, = 11217, and b, = —%. Thus, the
resulting series is given as

QJM—‘

ad 1
Z —5—5 08 2nmtx — —sin2nmwx| .
= nrm
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In Figure 2.14, we see the sum of the first 50 terms of this series. Generally,
we see that the series seems to be converging to the periodic extension of f. There

appear to be some problems with the convergence around integer values of x. We

will later see that this is because of the discontinuities in the periodic extension and

the resulting overshoot is referred to as the Gibbs phenomenon, which is discussed
in the last section of this chapter.

vV V. V V V

restart:
L:=1:
fi=x"2:

Figure 2.14: The periodic extension of

f(x) =x%on [0,1].

assume(n,integer):
a0:=2/Lxint(f,x=0..L);

Jos / /
/ 0.4 / / /
// ,’/ // /
/ 0.2 ’// //
/ / / /
Lw/ wl\v/ in / ‘nw/
1 f # d ;
Table 2.3: Maple code for computing
Fourier coefficients and plotting partial
sums of the Fourier series.
al := 2/3
an:=2/Lxint(f*xcos(2xn*xPixx/L),x=0..L);
1
an i= -------
2 2
n~ Pi
bn:=2/Lxint(fxsin(2*n*Pixx/L),x=0..L);
1
bn 1= - -----
n~ Pi

F:=a0/2+sum((1/ (kxPi)”"2)*cos (2xkxPixx/L)
-1/ (kxPi)*sin(2xk*Pixx/L),k=1..50):
plot(F,x=-1..3,title='Periodic Extension’,
titlefont=[TIMES,ROMAN, 14], font=[TIMES,ROMAN, 14]);

Example 2.8. Even Periodic Extension - Cosine Series

In this case we compute ag = 5 and a, = P

CIE T3>

4(_1)”

. Therefore, we have

(=1)"
2

COSN7rXx.
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In Figure 2.15, we see the sum of the first 50 terms of this series. In this case the
convergence seems to be much better than in the periodic extension case. We also
see that it is converging to the even extension.

Figure 2.15: The even periodic extension
of f(x) = x? on [0,1].

\ 08

\ ] / \
\ 04 / \ )

a 0 1 E) 3

Example 2.9. Odd Periodic Extension - Sine Series
Finally, we look at the sine series for this function. We find that

by = — (n?m?(=1)" —2(=1)" +2).

n373

Therefore,
flx) ~ 2 i l(7127'52(—1)” —2(=1)"+2)sinnnx
71—3 =1 n3 *
Once again we see discontinuities in the extension as seen in Figure 2.16. However,

we have verified that our sine series appears to be converging to the odd extension
as we first sketched in Figure 2.13.

Figure 2.16: The odd periodic extension
of f(x) = x% on [0,1].

0.5+




FOURIER TRIGONOMETRIC SERIES 59

2.5 The Gibbs Phenomenon

WE HAVE SEEN THE GIBBS PHENOMENON when there is a jump discontinu-
ity in the periodic extension of a function, whether the function originally
had a discontinuity or developed one due to a mismatch in the values of
the endpoints. This can be seen in Figures 2.12, 2.14, and 2.16. The Fourier
series has a difficult time converging at the point of discontinuity and these
graphs of the Fourier series show a distinct overshoot which does not go
away. This is called the Gibbs phenomenon3 and the amount of overshoot
can be computed.

In one of our first examples, Example 2.3, we found the Fourier series
representation of the piecewise defined function

1, O<x<m,
f(x)_{—l, T<x<2m,
to be
éi n(2k — 1)x
i 2k-1

N N

N~ -l
1 “ \ / \/ \/\/\/\/\/\f\/s \

0.5 |

|3 -2 -1 1 2 3

| N N
‘\ ;/ \VAVA YA YA VaVaVAY. &2

V \/

In Figure 2.17, we display the sum of the first ten terms. Note the wig-
gles, overshoots and undershoots. These are seen more when we plot the
representation for x € [—37,37], as shown in Figure 2.18.

We note that the overshoots and undershoots occur at discontinuities in
the periodic extension of f(x). These occur whenever f(x) has a disconti-
nuity or if the values of f(x) at the endpoints of the domain do not agree.

One might expect that we only need to add more terms. In Figure 2.19 we
show the sum for twenty terms. Note the sum appears to converge better
for points far from the discontinuities. But, the overshoots and undershoots
are still present. Figures 2.20 and 2.21 show magnified plots of the overshoot
at x = 0 for N = 100 and N = 500, respectively. We see that the overshoot

3 The Gibbs phenomenon was named af-
ter Josiah Willard Gibbs (1839-1903) even
though it was discovered earlier by the
Englishman Henry Wilbraham (1825-
1883). Wilbraham published a soon for-
gotten paper about the effect in 1848. In
1889 Albert Abraham Michelson (1852-
1931), an American physicist,observed
an overshoot in his mechanical graphing
machine. Shortly afterwards J. Willard
Gibbs published papers describing this
phenomenon, which was later to be
called the Gibbs phenomena. Gibbs was
a mathematical physicist and chemist
and is considered the father of physical
chemistry.

Figure 2.17: The Fourier series represen-
tation of a step function on [—, 7t] for
N =10.
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Figure 2.18: The Fourier series represen-

tation of a step function on [—, 7t] for
N = 10 plotted on [—37,37] displaying
‘p\ ‘ﬂ r\‘ A A (4‘ ‘n‘ “4‘ the periodicity.
(A || | | V‘ WA \/WWVA‘U‘ ‘
- | I
] .
] N
L B
\‘ ) ’_e 4 ‘ 2 2 | 4 6 8
. |
‘ | ‘ 051 ‘ ‘
]| |
I A Narnnnnnd MAnnns
‘ f \w‘\ﬁf W /‘,\“ “‘ I WW \/\J-»Uﬂ.k‘ 1 ‘ “\ \VWww v\*ﬂ\f \‘\
‘ l | V | {
Figure 2.19: The Fourier series represen-
tation of a step function on [—, 7t] for
N = 20.
| |
N |
1*“\ “L/‘ \/\/\/\/\/\/\/\/\/\/\/\/\/\/\/\/\/\) “
o5 |
\
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persists. The peak is at about the same height, but its location seems to be
getting closer to the origin. We will show how one can estimate the size of
the overshoot.

We can study the Gibbs phenomenon by looking at the partial sums of
general Fourier trigonometric series for functions f(x) defined on the inter-
val [—L, L]. Writing out the partial sums, inserting the Fourier coefficients,
and rearranging, we have

ao—i—Z[ancos I +bnsm?}

= g [ R [(1 [ s ay) cos ™
(/f smi >sinn7£x}

g
N

nmwy  Amx . A7y |, N7X
+ ( [ Cos —— +sin sin )}f(y) dy

@)
@]
2

L L

—_

=)=

— E—

——
N —
_I_
™=
(o)

o
@

3
Il
—

m(yL_x)}f(y) dy

Dn(y —x)f(y) dy

Sl

We have defined
D (x)—l—i- %cosn—
NP =T o L’
which is called the N-th Dirichlet kernel .
We now prove

Lemma 2.1. The N-th Dirichlet kernel is given by

sin((N-‘r%)%) . x
Dy(x)={ 2smir -+ S #0
N+ 3, sin % =0

Proof. Let § = 2% and multiply Dy (x) by 2sin § to obtain

1
ZSingDN(x) = ZSing [2+c059+---+c05N9}

0 0 0 0
= sini —|—2cosﬂs'm§+2C05265in§+~-+2cosN65in§

= sing+ sin%—sing + smS—Q—sm% +
o 2 2 2 2 2

oo o-on(-3)¢

0.8
0.6] |

|
04] [

024/

0

0.02 0.04 0.06 0.08 0.1

Figure 2.20: The Fourier series represen-
tation of a step function on [—7, 7] for
N = 100.

AV V2N NP NN
0.8]|
0.6
04 ‘

0.2

0

Figure 2.21: The Fourier series represen-
tation of a step function on [—, 7t] for
N = 500.
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1
= sin (N + 2) 6. (2.73)
Thus,
.0 . 1
2sin —=Dy(x) =sin | N+ = ] 6.
2 2
If sin % # 0, then
sin(N+3) 6
DN<x>=( . 9) . 0=
2sin 5 L
If sin % = 0, then one needs to apply L'Hospital’s Rule as 8 — 2mt:
sin(N—i—%)B (N—i—%)cos(N—i—%)G
lim ———— = lim
0—2mr 2 sin % 0—2mrt cos g
_ (N+ 3)cos (2mnN + mrr)
B cos m7t
(N + 3)(cos2mmN cos mm — sin 2m7N sinmzr)
B cos mrmt
1
= N+ 7 (2.74)
O

We further note that Dy(x) is periodic with period 2L and is an
function.
So far, we have found that the Nth partial sum is given by

Making the substitution ¢ = y — x, we have
1 rL—x
svx) = 1 [ DN@FE+ e
L
= 1 [, ov@fE+

even

(2.75)

(2.76)

In the second integral, we have made use of the fact that f(x) and Dy(x)

are periodic with period 2L and shifted the interval back to [—L, L].

We now write the integral as the sum of two integrals over positive and

negative values of ¢ and use the fact that Dy(x) is an even function. Then,

sv@ = 1 [ DN@FEDd T [ DN+
= 1 [ -0+ fe+ v D@

We can use this result to study the Gibbs phenomenon whenever

(2.77)

it oc-

curs. In particular, we will only concentrate on the earlier example. For this

case, we have

Sx () = = [ [f(x = &) + (& + )] Da(@) ¢

7T

(2.78)
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for
1 N
Dy(x) = 5 +nX::1cos nx.
Also, one can show that
2, 0<¢<x,
fx=8)+f(l+x)=4¢ 0, x<I<m—ux,
-2, m—x<Z<T

Thus, we have

2 ["onee dc——/” Dy(@) dé

_ 47/'DN )dz+ = / Dy(r —z) (279)

Here we made the substitution z = 7 — ¢ in the second integral.

Sn(x)

The Dirichlet kernel for L = 7t is given by

sin(N + 1)x
Dy(x) = ——2—

n(x) 2sin 5
For N large, we have N + % ~ N; and for small x, we have sin 5 ~ 3. So,
under these assumptions,

sin Nx
Dn(x) & ——.

Therefore,

v
Sn(x) — % / smgNC ag for large N, and small x.
0

If we want to determine the locations of the minima and maxima, where
the undershoot and overshoot occur, then we apply the first derivative test
for extrema to Sy(x). Thus,

d 2 sin Nx

—Sn(x) =

dx T X =0

The extrema occur for Nx = mm, m = £1,£2,.... One can show that there
is a maximum at x = 77/N and a minimum for x = 27t/ N. The value for
the overshoot can be computed as

Sn(m/N) =

- /” smt

= 1.178979744.... (2.80)

E/’”/N sinNédg

¢

Note that this value is independent of N and is given in terms of the sine

integral,
sint

Si(x) = /O =Lt

63
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0 X
0 L

Figure 2.22: The rectangular membrane
of length L and width H. There are fixed
boundary conditions along the edges.

The general solution for the vibrating
rectangular membrane.

2.6 Multiple Fourier Series

FUNCTIONS OF SEVERAL VARIABLES CAN HAVE FOURIER SERIES REPRE-
SENTATIONS as well. We motivate this discussion by looking at the vibra-
tions of a rectangular membrane. You can think of this as a drumhead with
a rectangular cross section as shown in Figure 2.22. We stretch the mem-
brane over the drumhead and fasten the material to the boundary of the
rectangle. The height of the vibrating membrane is described by its height
from equilibrium, u(x,y, ).

Example 2.10. The vibrating rectangular membrane.
The problem is given by the two-dimensional wave equation in Cartesian coordi-
nates,
ug = (uxx +1tyy), +>00<x<L0<y<H, (2.81)

a set of boundary conditions,

u(0,y,t) =0, u(Lyt)=0 t>0, 0<y<H,
u(x,0,6) =0, u(x,Ht)=0, t>0, 0<x<IL, (2.82)

and a pair of initial conditions (since the equation is second order in time),

u(x,y,0) = f(x,y), u(x,y,0)=g(xy). (2.83)

The general solution is obtained in a course on partial differential equa-
tions using what is called the Method of Separation of Variables. One as-
sumes solutions of the form u(x,y,t) = X(x)Y(y)T(t) which satisfy the
given boundary conditions, u(0,y,t) = 0, u(L,y,t) = 0, u(x,0,t) = 0, and
u(x, H, t) = 0. After some work, one finds the general solution is given by a
linear superposition of these product solutions. The general solution is

2 nx . mmy
u(x,y,t) = Ay COS Wyt + by sin Wy, t) Sin —— sin —=~, (2.8
( vy ) n;lm;]( nm nm nm nm) I H ( 4)
where
N2 mrt 2
=y () + (51" @59

Next, one imposes the initial conditions just like we had indicated in
the side note at the beginning of this chapter for the one-dimensional wave
equation. The first initial condition is u(x,y,0) = f(x,y). Setting t = 0 in
the general solution, we obtain

g X . mm
= Z Z nm sm ——sin —y (2.86)
b H
n=1m=
This is a double Fourier sine series. The goal is to find the unknown coeffi-
cients a;;.
The coefficients a,,;, can be found knowing what we already know about
Fourier sine series. We can write the initial condition as the single sum

ZA" sin Zx (2.87)
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where

- . M7
= Z Ay SIN Hy' (2.88)
m=1

These are two Fourier sine series. Recalling from Chapter 2 that the
coefficients of Fourier sine series can be computed as integrals, we have

L
% / f(x,y)sin @ dx,

mri
Anm = H/ ) sin yd

Inserting the integral for A,(y) into that for a,;,, we have an integral

An(y)

V. (2.89)

representation for the Fourier coefficients in the double Fourier sine series,

4 H (L . MTX . mmy
anm—m/o /Of(x,y)sstm T dxdy. (2.90)

We can carry out the same process for satisfying the second initial condi-
tion, u¢(x,y,0) = g(x,y) for the initial velocity of each point. Inserting the
general solution into this initial condition, we obtain

Z Z by sin % sin any (2.91)
n=1m=

Again, we have a double Fourier sine series. But, now we can quickly de-
termine the Fourier coefficients using the above expression for a,;, to find
that

4 H rL . NTX . mmy
bnm_wnmLH/o /Og(x,y)sstm i dxdy. (2.92)

This completes the full solution of the vibrating rectangular membrane
problem. Namely, we have obtained the solution

(x,y,t) ; ;1(11% €08 Wyt + by SIN Wy t) sin ? sin %,
(2.93)

where

4 H (L . nmIx . mmny
gnmim/o /Of(x,y)sstm o dxdy, (2.94)

L . nmx . mmuy
b”m_wnmLH/o /Og(x,y)sstm 7 dxdy,  (2.95)

and the angular frequencies are given by

om=o/(T) + ()" e

In this example we encountered a double Fourier sine series. This sug-
[0, H] has

gests a function f(x,y) defined on the rectangular region [0, L] x
a double Fourier sine series representation,

Z Z bym sin ﬂ sin mr{y (2.97)
n=1m= H

The Fourier coefficients for the double
Fourier sine series.

The full solution of the vibrating rectan-
gular membrane.
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where

4 H (L . MIX . mmy B
bnm—m/0 /Of(x,y)sstm T dxdy nm=1,2,.... (2.98)

Of course, we would expect some of the same convergence problems already
seen with Fourier series.

Example 2.11. Find the double Fourier sine series representation of f(x,y) = xy
on the unit square.
For this example, we seek the series representation

f(x,y) =Y ) buusinnmxsinmmy. (2.99)
n=1m=1
We compute the Fourier coefficients:
1,1
bym = 4/ / f(x,y) sinnmx sin mrmy dxdy
0 Jo

1,1
= 4/ / xy sin nrtx sin mrry dxdy
0 Jo

1 1
= 4 </ xsinnrrxdx) (/ sinmnydy)
0 0

oo [ cobmr

nri mrt
B 4(_1)n+m
- nmm?
Therefore,
o o (_1)n+m
xy ~ 4 Z Z Ere—— sinn7tx sinmmy. (2.100)
n=1m=1

We could just as well seek a double Fourier cosine series on [0, L] x [0, H],

1 1 &
flxy) ~ a% + > P A0 COS L7er + > mX::l agy COS mgy
o o
+ Z 2 Apm COS fex cos mﬂry’ (2.101)
n=1m=1 L H

where the Fourier coefficients are given by

o = o [ [ ) cos "X
nm—LH 0 0 ,Y)COS I cos

The more general double Fourier trigonometric series on [0, L] x [0, H]

mgy dxdy, n,m=0,1,.... (2.102)

would take the form

2nmx

a 1
flx,y) ~ vaZZ{anocos
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2nmx sin 2mmy
H 7

+
agk
e

by sin

3
—
3
l
—

2nrmx sin 2mmy
H

+
[1e
[1e
o

3

(@)

@

3
Il
—_
3
Il
—_

2nrx 2mmy

dym sin — oS- (2.103)

+
agk
agk

)
Il
—_
3
Il
—_

The corresponding double Fourier coefficients would take the form you
might expect.

Problems

1. Write y(t) = 3 cos 2t — 4sin 2t in the form y(t) = Acos(27tft + ¢).

2. Determine the period of the following functions:

a. flx) =

b. f(x): sin 27tx.

c. f(x) =sin2mx — 0.1 cos 37x.
d. f(x)=|sin5mx|.

e. f(x) = cot2mx.

£ flx) =

g f(x)= 3s1n% +2cos 3%
3. Derive the coefficients b, in Equation (2.4).

4. Let f(x) be defined for x € [—L, L]. Parseval’s identity is given by
1t “é . 2.

Assuming the the Fourier series of f(x) converges uniformly in (—L,L),
prove Parseval’s identity by multiplying the Fourier series representation
by f(x) and integrating from x = —L to x = L. [In Section 5.6.3 we will
encounter Parseval’s equality for Fourier transforms which is a continuous
version of this identity.]

5. Consider the square wave function

f(x):{ 1, O<x<m,

-1, n<x<2m.

a. Find the Fourier series representation of this function and plot the
first 50 terms.

b. Apply Parseval’s identity in Problem 4 to the result in part a.

(o)
1
c. Use the result of part b to show %

67
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6. For the following sets of functions: (i) show that each is orthogonal on
the given interval, and (ii) determine the corresponding orthonormal set.
[See page 43.]

a. {sin2nx}, n=123,..., 0<x

IN

T
b. {cosnnmx}, n=0,12,..., 0<x<2.
c {sin®=*}, n=123,.., xe|[-LL]
7. Consider f(x) = 4sin>2x.
a. Derive the trigonometric identity giving sin® § in terms of sin § and
sin 30 using DeMoivre’s Formula.
b. Find the Fourier series of f(x) = 4sin>2x on [0,27] without com-

puting any integrals.

8. Find the Fourier series of the following:

7, 0<x<m,
-7, m<x<2m.

x, O0<x<m,
w, < x<27m.

T—x, 0<x<mm,
. flx) =
ef() { 0, < x<2r.

9. Find the Fourier series of each function f(x) of period 27t. For each
series, plot the Nth partial sum,

N
Sy = %0 + Y [an cos nx + by, sinnx],
n=1

for N = 5,10,50 and describe the convergence (Is it fast? What is it con-
verging to?, etc.) [Some simple Maple code for computing partial sums is

shown in the notes.]
a. f(x)=x,|x| <m.
b. f(x)=|x], |x| < 7.

c. f(x)=cosx, |x| < m.

d f(x):{ 0, —mT<x<0,

1, O0<x<rm

10. Find the Fourier series of f(x) = x on the given interval. Plot the Nth
partial sums and describe what you see.

a. O<x<2
b. 2<x<2.
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c l<x<2

11. The result in Problem 8b above gives a Fourier series representation of
%2. By picking the right value for x and a little arrangement of the series,
show that [See Example 2.5.]

) LD SN N S
6 2T
b.
n2—1+1+1+1+
8 325

Hint: Consider how the series in part a. can be used to do this.

c. Use the Fourier series representation result in Problem 8e to obtain
the series in part b.

12. Sketch (by hand) the graphs of each of the following functions over
four periods. Then sketch the extensions of each of the functions as both an
even and odd periodic function. Determine the corresponding Fourier sine
and cosine series and verify the convergence to the desired function using

Maple.
a. f(x):x20<x<1.
b. f(x) = x( ),0 < x <2
0 0<x<l,
1<x<2.

df() { T, O<x<m,

2m—x, w<x <27
13. Consider the function f(x) = x, — 7w < x < 7.

a. Show thatx =2)"" ;(— )n+1 sinnx

b. Integrate the series in part a and show that

B i i COS nx

2

c. Find the Fourier cosine series of f(x) = x* on [0, 7] and compare

it to the result in part b.

d. Apply Parseval’s identity in Problem 4 to the series in part a for
f(x) =xon —m < x < 7. This gives another means to finding the
value {(2), where the Riemann zeta function is defined by

i 1
= n
14. Consider the function f(x) = x,0 < x < 2.

a. Find the Fourier sine series representation of this function and plot
the first 50 terms.
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b. Find the Fourier cosine series representation of this function and
plot the first 50 terms.

c. Apply Parseval’s identity in Problem 4 to the result in part b.

d. Use the result of part c to find the sum } > ; n%

15. Differentiate the Fourier sine series term by term in Problem 14. Show
that the result is not the derivative of f(x) = x.

16. The temperature, u(x,t), of a one-dimensional rod of length L satisfies

the heat equation,
ou o%u

ot " ox?

a. Show that the general solution,
u(x,t) i by sin 2% gkt /L2
’ = n —— ’
n=0 ! L

satisfies the one-dimensional heat equation and the boundary con-
ditions #(0,t) = 0 and u(L,t) = 0.

b. For k =1 and L = 7, find the solution satisfying the initial con-
dition u(x,0) = sin x. Plot six solutions on the same set of axes for
t e [0,1].

c. For k =1and L =1, find the solution satisfying the initial condi-

tion u(x,0) = x(1 — x). Plot six solutions on the same set of axes
for t € [0,1].

17. The height, u(x,t), of a one-dimensional vibrating string of length L
satisfies the wave equation,

Pu_
otz " ox?
a. Show that the general solution,

nrmct . nmax
sin ——

L L

nrct . nmx
sin ——
L L’

(e}
u(x,t) = ZAncos
n=1

+B,, sin
satisfies the one-dimensional wave equation and the boundary con-
ditions u(0,t) = 0 and u(L,t) = 0.

b. For c =1 and L = 1, find the solution satisfying the initial condi-
tions u(x,0) = x(1 — x) and u¢(x,0) = x(1 — x). Plot five solutions

for t € [0,1].
c. For c =1 and L = 1, find the solution satisfying the initial condi-
tion
4 <x<l
uroy={ , 2 9=r=w
3(1-x), <x<1L

Plot five solutions for t € [0,0.5].



18. Show that

u(x,y,t) = Z Z (@nm COS Wymt + by SiN Wy t) sin % sin %,
n=1m=1

= eif () + (25,

satisfies the two-dimensional wave equation

where

ugp = (e +1tyy), t>00<x<L0<y<H,
and the boundary conditions,

u(0,y,t) =0, u(L,yt)=0, t>0, 0<y<H,
u(x,0,t1) =0, u(x,Ht)=0, t>0 0<x<I,

19. Find the double Fourier sine series representation of the following:

a. f(x,y) =sinmxsin27my on [0,1] x [0,1].
b. f(x,y) = x(2—x)siny on [0,2] x [0, 7T].
c. f(x,y) =x*yon|0,1] x [0,1].

FOURIER TRIGONOMETRIC SERIES

20. Derive the Fourier coefficients in the double Fourier trigonometric series

in Equation (2.103).
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3
Generalized Fourier Series and Function

Spaces

"Understanding is, after all, what science is all about and science is a great deal
more than mindless computation.” Sir Roger Penrose (1931-)

IN THIS CHAPTER WE PROVIDE a glimpse into more general notions for gen-
eralized Fourier series and the convergence of Fourier series. It is useful to
think about the general context in which one finds oneself when discussing
Fourier series and transforms. We can view the sine and cosine functions
in the Fourier trigonometric series representations as basis vectors in an in-
finite dimensional function space. A given function in that space may then
be represented as a linear combination over this infinite basis. With this in
mind, we might wonder

* Do we have enough basis vectors for the function space?
® Are the infinite series expansions convergent?

® For other other bases, what functions can be represented by such expan-
sions?

In this chapter we touch a little on these ideas, leaving some of the deeper
results for more advanced courses.

3.1 Finite Dimensional Vector Spaces

MUCH OF THE DISCUSSION AND TERMINOLOGY that we will use comes
from the theory of vector spaces . Until now you may only have dealt with
finite dimensional vector spaces. Even then, you might only be comfortable
with two and three dimensions. We will review a little of what we know
about finite dimensional spaces so that we can introduce more general func-
tion spaces later.

The notion of a vector space is a generalization of three dimensional vec-
tors and operations on them. In three dimensions, we have objects called
vectors,” which are represented by arrows of a specific length and pointing

*In introductory physics one defines a
vector as any quantity that has both
magnitude and direction.
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2In multivariate calculus one concen-
trates on the component form of vectors.
These representations are easily general-
ized as we will see.

Properties and definition of vector
spaces.

A field is a set together with two oper-
ations, usually addition and multiplica-
tion, such that we have

* Closure under addition and multipli-
cation

* Associativity of addition and multi-
plication

e Commutativity of addition and mul-
tiplication

¢ Additive and multiplicative identity
¢ Additive and multiplicative inverses

¢ Distributivity of multiplication over
addition

Basis vectors.

in a given direction. To each vector, we can associate a point in a three di-
mensional Cartesian system. We just attach the tail of the vector v to the
origin and the head lands at the point (x,y,z).? We then use unit vectors i,
j and k along the coordinate axes to write

v = xi+yj +zk.

Having defined vectors, we then learned how to add vectors and multiply
vectors by numbers, or scalars. We then learned that there were two types
of multiplication of vectors. We could multiply them to get a scalar or a
vector. This led to dot products and cross products, respectively. The dot
product is useful for determining the length of a vector, the angle between
two vectors, if the vectors are perpendicular, or projections of one vector
onto another. The cross product is used to produce orthogonal vectors,
areas of parallelograms, and volumes of parallelepipeds.

In physics you first learned about vector products when you defined
work, W = F - r. Cross products were useful in describing things like torque,
T =r X F, or the force on a moving charge in a magnetic field, F = gv x B.
We will return to these more complicated vector operations later when we
need them.

The properties three dimensional vectors are generalized to spaces of
more than three dimensions in linear algebra courses. The properties roughly
outlined above need to be preserved. So, we will start with a space of vec-
tors and the operations of addition and scalar multiplication. We will need
a set of scalars, which generally come from some field. However, in our
applications the field will either be the set of real numbers or the set of
complex numbers.

A vector space V over a field F is a set that is closed under addition and
scalar multiplication and satisfies the following conditions:

Forany u,v,w € Vanda,be F

1. utv=v+u

2. (u+v)+w=u+(v+w).

3. There exists a 0 such that 0 4 v=v.

4. There exists an additive inverse, —v, such that v+ (—v) = 0.
There are also several distributive properties:

5. a(bv) = (ab)v.

6. (a+Db)v=av+bv.

7. a(u+v) =au+av.

8. There exists a multiplicative identity, 1, such that 1(v) = v.

For now, we will restrict our examples to two and three dimensions and
the field will consist of the set of real numbers.
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In three dimensions the unit vectors i, j, and k play an important role.
Any vector in the three dimensional space can be written as a linear combi-
nation of these vectors,

v =xi+yj+zk

In fact, given any three non-coplanar vectors, {al, ap, a3}, all vectors can be
written as a linear combination of those vectors,

vV = c1a; + cpap + c3as.

Such vectors are said to span the space and are called a basis for the space.

We can generalize these ideas. In an n-dimensional vector space any vec-
tor in the space can be represented as the sum over n linearly independent
vectors (the equivalent of non-coplanar vectors). Such a linearly indepen-
dent set of vectors {v]-};.’:1 satisfies the condition

n
Z C]'Vj =0 < C/' =0.
=

Note that we will often use summation notation instead of writing out all
of the terms in the sum. Also, the symbol < means "if and only if," or "is
equivalent to." Each side of the symbol implies the other side.

Now we can define a basis for an n-dimensional vector space. =~ We
begin with the standard basis in an n-dimensional vector space. It is a
generalization of the standard basis in three dimensions (i, j and k).

We define the standard basis with the notation

e, =(0,...,0, 1 ,0,...,0), k=1,...,n. (3.1)

kth space

We can expand any v € V as
n
v = 2 Uk, (3.2)
k=1

where the v’s are called the components of the vector in this basis. Some-
times we will write v as an n-tuple (v1,vy,...,v,). This is similar to the
ambiguous use of (x,y,z) to denote both vectors and points in the three
dimensional space.

The only other thing we will need at this point is to generalize the dot
product.  Recall that there are two forms for the dot product in three
dimensions. First, one has that

u-v=uvcosb, (3.3)
where u and v denote the length of the vectors. The other form is the
component form:

3

UV = U101 + U0y + UzV3 = Y UkD. (3.4)
k=1

n-dimensional vector spaces.

Linearly independent vectors.

The standard basis vectors, ey are a nat-
ural generalization of i, j and k.

For more general vector spaces the term
inner product is used to generalize the
notions of dot and scalar products as we
will see below.
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3 The bra-ket notation was introduced by
Paul Adrien Maurice Dirac (1902-1984)
in order to facilitate computations of in-
ner products in quantum mechanics. In
the notation (u|v), (u| is the bra and
|v) is the ket. The kets live in a vector
space and represented by column vec-
tors with respect to a given basis. The
bras live in the dual vector space and
are represented by row vectors. The
correspondence between bra and kets is
[v) = |v)T. One can operate on kets,
Alv), and make sense out of operations
like(u|A|v), which are used to obtain ex-
pectation values associated with the op-
erator. Finally, the outer product, |v)(v]|
is used to perform vector space projec-
tions.

Orthogonal basis vectors.

Normalization of vectors.

Of course, this form is easier to generalize. So, we define the scalar product
between two n-dimensional vectors as

(w,v) =Y upoy. (3-5)
k=1

Actually, there are a number of notations that are used in other texts. One
can write the scalar product as (u,v) or even in the Dirac bra-ket notation3
(u|v).

We note that the (real) scalar product satisfies some simple properties.
For vectors v, w and real scalar &« we have

1. (v,v) > 0and (v,v) = 0if and only if v = 0.
2. {(v,w) = (w, V).

3. (av,w) = a{v,w).

While it does not always make sense to talk about angles between general
vectors in higher dimensional vector spaces, there is one concept that is
useful. It is that of orthogonality, which in three dimensions is another way
of saying the vectors are perpendicular to each other. So, we also say that
vectors u and v are orthogonal if and only if (u,v) = 0. If {a;}}_;, is a set
of basis vectors such that

k#j,

(ajar) =0,

then it is called an orthogonal basis.

If in addition each basis vector is a unit vector, then one has an orthonor-
mal basis. This generalization of the unit basis can be expressed more com-
pactly. We will denote such a basis of unit vectors by e; for j = 1...n.
Then,

(ej, ex) = Ojk, (3-6)
where we have introduced the Kronecker delta (named after Leopold Kro-
necker (1823-1891))

0, j#k
O = .
i { 1, j—k (37)

The process of making vectors have unit length is called normalization.
This is simply done by dividing by the length of the vector. Recall that the
length of a vector, v, is obtained as v = /v - v. So, if we want to find a unit
vector in the direction of v, then we simply normalize it as

N

V=

v
Notice that we used a hat to indicate that we have a unit vector. Further-
more, if {aj};lzl, is a set of orthogonal basis vectors, then
a; .
dj=———, j=1...n
(aj,aj)
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Example 3.1. Find the angle between the vectors u = (—2,1,3) and v = (1,0,2).
we need the lengths of each vector,

u=4/(-2)2+12432 =14,
v =112+ 02422 = /5.

We also need the scalar product of these vectors,
u-v=-24+6=4

This gives
uo VB4
So, 0 = 61.4°.

Example 3.2. Normalize the vector v = 2i + j — 2k.

The length of the vector is v = /22 4+ 12+ (—2)2 = /9 = 3. So, the unit

. . . e 2: 1 2
vector in the direction of v is ¥ = 5i+ 3j — 5k

Let {ar}}_,, be a set of orthogonal basis vectors for vector space V. We
know that any vector v can be represented in terms of this basis, v =
Yr_q1 vkag. If we know the basis and vector, can we find the components,
v;? The answer is yes. We can use the scalar product of v with each basis el-
ement a;. Using the properties of the scalar product, we have for j =1,...,n

n
<aj/ V> = <aj, 2 vkag)
k=1
n
= Z vk<a]-, ak). (38)
k=1
Since we know the basis elements, we can easily compute the numbers

Ajx = (aj, ag)

and
b; = (aj,v).

Therefore, the system (3.8) for the v;’s is a linear algebraic system, which
takes the form .
bj =) Ajvk. (3.9)
k=1
We can write this set of equations in a more compact form. The set of
numbers Ajk, j,k =1,...n are the elements of an n X n matrix A with A]-k
being an element in the jth row and kth column. We write such matrices
with the n? entries Ajj as

All A12 e Al?‘l
Azl A22 . e Azn

A= (3.10)

Anl App .. Amn
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Also, v; and bj can be written as column vectors, v and b, respectively.
Thus, system (3.8) can be written in matrix form as

Av =Db.
However, if the basis is orthogonal, then the matrix Aj = (aj a) is
diagonal,

Ap 0 ... ... 0

0 A22 0
A= : o . - : . (3.11)

: . . . 0

0 0 ... 0 Aum

and the system is easily solvable. Recall that two vectors are orthogonal if
and only if

(aia)) =0, i#]. (3.12)

Thus, in this case we have that

(aj, V) = Uj(aj, aj>, j=1,...,n (3.13)
or ( >
aj,v
v = . 1
] <a], a]> (3 4)

In fact, if the basis is orthonormal, i.e., the basis consists of an orthogonal
set of unit vectors, then A is the identity matrix and the solution takes on a
simpler form:

vj = (aj, v). (3-15)
Example 3.3. Consider the set of vectors a; =i+ j and ap =i — 2j.
1. Determine the matrix elements Aj = (aj, ay).
2. Is this an orthogonal basis?

3. Expand the vector v = 2i + 3j in the basis {a;,a; }.

First, we compute the matrix elements of A:

An = (aap) =2

A (aj, a2) = —1

An (ag,a1) = —1

Ay = (ag,ay)=5 (3.16)

So,

Since A1y = Ay # 0, the vectors are not orthogonal. However, they are
linearly independent. Obviously, if c; = ¢y = 0, then the linear combination
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cja1 + cpay = 0. Conversely, we assume that cia; + cpay = 0 and solve for the
coefficients. Inserting the given vectors, we have

0 = ali+j)+eli-2j)
= (a+a)it(a—20)j. (3.17)
This implies that
c1+c =0
c1—2c = 0. (3.18)

Solving this system, one has c; = 0, cp = 0. Therefore, the two vectors are linearly
independent.

In order to determine the components of v with respect to the new basis, we need
to set up the system (3.8) and solve for the vy’s. We have first,

_ (a1,v)

° ( (a2,v) )
B (i+j,2i+3j)
B (i —2j,2i+3j)

= ( _54 ) (3.19)

So, now we have to solve the system Av = b for v :

(20 (2)-(5) e

We can solve this with matrix methods, v = A~'b, or rewrite it as a system of two
equations and two unknowns as

200 —vp = 5
-0 +5, = -4 (3.21)
The solution of this set of algebraic equations is v1 = %, vy = —%. Thus, v =

%al - %az. We will return later to using matrix methods to solve such systems.

3.2 Function Spaces

EARLIER WE STUDIED FINITE DIMENSIONAL VECTOR SPACES. Given a set
of basis vectors, {ak}zzl, in vector space V, we showed that we can expand
any vector v € V in terms of this basis, v = )} _; vxay. We then spent
some time looking at the simple case of extracting the components vy of the
vector. The keys to doing this simply were to have a scalar product and an
orthogonal basis set. These are also the key ingredients that we will need in

79
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We note that the above determination
of vector components for finite dimen-
sional spaces is precisely what we did
to compute the Fourier coefficients us-
ing trigonometric bases. Reading fur-
ther, you will see how this works.

The space of square integrable functions.

the infinite dimensional case. In fact, we already did this when we studied
Fourier series.

Recall when we found Fourier trigonometric series representations of
functions, we started with a function (vector) that we wanted to expand in a
set of trigonometric functions (basis) and we sought the Fourier coefficients
(components). In this section we will extend our notions from finite dimen-
sional spaces to infinite dimensional spaces and we will develop the needed
background in which to think about more general Fourier series expansions.
This conceptual framework is very important in other areas in mathematics
(such as ordinary and partial differential equations) and physics (such as
quantum mechanics and electrodynamics).

We will consider various infinite dimensional function spaces. Functions
in these spaces would differ by their properties. For example, we could con-
sider the space of continuous functions on [0,1], the space of differentiably
continuous functions, or the set of functions integrable from a to b. As you
will see, there are many types of function spaces . In order to view these
spaces as vector spaces, we must be able to add functions and multiply them
by scalars in such as way that they satisfy the definition of a vector space as
defined in Chapter 3.

We will also need a scalar product defined on this space of functions.
There are several types of scalar products, or inner products, that we can
define. An inner product (,) on a real vector space V is a mapping from
V x V into R such that for u,v,w € V and « € R, one has

1. (v,v) > 0and (v,v) =0iff v = 0.
2. (v,w) = (w,v)

3. (av,w) = a{v, w)

4. (u+0o,w) = (u,w)+ (v,w)

A real vector space equipped with the above inner product leads to what
is called a real inner product space. For complex inner product spaces, the
above properties hold with the third property replaced with (v, w) = (w, v).

For the time being, we will only deal with real valued functions and,
thus we will need an inner product appropriate for such spaces. One such
definition is the following. Let f(x) and g(x) be functions defined on [a, ]
and introduce the weight function o(x) > 0. Then, we define the inner

product, if the integral exists, as

b
(,8) = | FR)g(x)o(x)dx. (22)

Spaces in which (f, f) < oo under this inner product are called the space
of square integrable functions on (a,b) under weight ¢ and are denoted as
L%(a,b). In what follows, we will assume for simplicity that (x) = 1. This
is possible to do using a change of variables.

Now that we have function spaces equipped with an inner product, we
seek a basis for the space. For an n-dimensional space we need # basis
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vectors. For an infinite dimensional space, how many will we need? How
do we know when we have enough? We will provide some answers to these
questions later.

Let’s assume that we have a basis of functions {¢,(x)}?"_;. Given a func-
tion f(x), how can we go about finding the components of f in this basis?

In other words, let
[ee]

f(x) = Z Cnn(x).

n=1

How do we find the c;,’s? Does this remind you of Fourier series expan-
sions? Does it remind you of the problem we had earlier for finite dimen-
sional spaces? [You may want to review the discussion at the end of Section
3.1 as you read the next derivation.]

Formally, we take the inner product of f with each ¢; and use the prop-
erties of the inner product to find

[e0)

(@, f) = (¢ X cndn)

n=1

= Z Cn <¢j/ Pn)- (3-23)
n=1
If the basis is an orthogonal basis, then we have

(@), o) = Njjn, (3.24)

where Jj,, is the Kronecker delta. Recall from Chapter 3 that the Kronecker

0, i#j
0ij = { N zj]] (3.25)

delta is defined as

Continuing with the derivation, we have

0 f) = il n (i )

o0
= Z cnN;djy. (3.26)
n=1
Expanding the sum, we see that the Kronecker delta picks out one nonzero
term:
<(P],f> = Cle5j1 + C2Nj5]‘2 + ...+ C]Njéj] +
= C]N] (3.27)

So, the expansion coefficients are

‘= (9.f) _ (i, f) i1,

N; (9, 9))

We summarize this important result:

For the generalized Fourier series expan-
sion f(x) = Y51 cu¢u(x), we have de-
termined the generalized Fourier coeffi-

cients to be ¢; = (¢, f)/(¢j, ¢)-
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4The norm defined here is the natural,
or induced, norm on the inner product
space. Norms are a generalization of the
concept of lengths of vectors. Denoting
||v|| the norm of v, it needs to satisfy the
properties

1. ||v]| >0.||v|]| = 0if and only if v = 0.
2. |Jav] = [a[]v].
3. flu+ v < flull +[Iv].
Examples of common norms are
1. Euclidean norm:
vl = /o] +-- -+ 3
2. Taxicab norm:
VIl = lo1] + - -+ |onl.

3. LP norm:

111 = ([ ax)

==

Generalized Basis Expansion

Let f(x) be represented by an expansion over a basis of orthogonal func-
tions, {¢n (%)},

[e0]

flx) = Z Cnn(x).

n=1
Then, the expansion coefficients are formally determined as

(¢n, f)

= .

(¢, fn)
This will be referred to as the general Fourier series expansion and the
cj’s are called the Fourier coefficients. Technically, equality only holds
when the infinite series converges to the given function on the interval of
interest.

Example 3.4. Find the coefficients of the Fourier sine series expansion of f(x),
given by
f(x) =Y bysinnx, x¢€[-m,nl
n=1
In the last chapter we established that the set of functions ¢n(x) = sinnx for
n=1,2,...is orthogonal on the interval [—7t, 7t|. Recall that using trigonometric
identities, we have for n # m

7T
(Pn, Pm) = / sinnx sinmx dx = 7tyy,. (3.28)
—7T

Therefore, the set ¢, (x) = sinnx for n = 1,2, ... is an orthogonal set of functions
on the interval [—7t, 7T].
We determine the expansion coefficients using
po— P f) _ Adn f)
=

1 7T
N, = o] = ;Lnf(x)sinnxdx.

Does this result look familiar?

Just as with vectors in three dimensions, we can normalize these basis functions
to arrive at an orthonormal basis. This is simply done by dividing by the length of
the vector. Recall that the length of a vector is obtained as v = \/v - v. In the same
way, we define the norm of a function by

£ =/ <fo )

Note that there are many types of norms, but this induced norm will be sufficient.4
For this example, the norms of the basis functions are ||pn|| = /7. Defining
Pu(x) = ﬁcpn(x), we can normalize the ¢,’s and have obtained an orthonormal
basis of functions on [—7t, 71].
We can also use the normalized basis to determine the expansion coefficients. In
this case we have

($n, f) L -
by, = N, (Pu, f) = ;Lnf(x)31nnxdx.
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3.3 Classical Orthogonal Polynomials

THERE ARE OTHER BASIS FUNCTIONS that can be used to develop series
representations of functions. In this section we introduce the classical or-
thogonal polynomials. We begin by noting that the sequence of functions
{1,x,x2,...} is a basis of linearly independent functions. In fact, by the
Stone-Weierstra8 Approximation TheoremS5 this set is a basis of L2(a, b), the
space of square integrable functions over the interval [a, b] relative to weight
o(x). However, we will show that the sequence of functions {1,x,x2,...}
does not provide an orthogonal basis for these spaces. We will then proceed
to find an appropriate orthogonal basis of functions.

We are familiar with being able to expand functions over a basis of pow-
ers of x, {1,x,x?,...}, since these expansions are just Maclaurin series rep-
resentations of the functions about x = 0,

fx) ~ i cpx.
n=0

However, this basis is not an orthogonal set of basis functions. One can
easily see this by integrating the product of two even, or two odd, basis
functions with o(x) =1 and (a,b)=(—1,1). For example,

1 2
0,2

dx = =,

/_13(' xX-ax 3

Since we have found that orthogonal bases have been useful in determin-
ing the coefficients for expansions of given functions, we might ask, “Given
a set of linearly independent basis vectors, can one find an orthogonal basis
of the given space?" The answer is yes. We recall from introductory linear
algebra, which mostly covers finite dimensional vector spaces, that there is
a method for carrying out this so-called Gram-Schmidt Orthogonalization
Process. We will review this process for finite dimensional vectors and then
generalize to function spaces.

Let’s assume that we have three vectors that span the usual three-dimensional

space, R3, given by aj, ap, and a3 and shown in Figure 3.1. We seek an or-
thogonal basis ej, ey, and e3, beginning one vector at a time.
First we take one of the original basis vectors, say a;, and define

€1 = aj.

It is sometimes useful to normalize these basis vectors, denoting such a
normalized vector with a “hat”:
5 e
€ =—
€1

where €1 — /€1 -eq1.

Next, we want to determine an e; that is orthogonal to e;. We take an-
other element of the original basis, a;. In Figure 3.2 we show the orientation

5 Stone-Weierstrafs Approximation The-
orem Suppose f is a continuous function
defined on the interval [a,b]. For every
€ > 0, there exists a polynomial func-
tion P(x) such that for all x € [a,b], we
have |f(x) — P(x)| < e. Therefore, every
continuous function defined on [a, b] can
be uniformly approximated as closely as
we wish by a polynomial function.

The Gram-Schmidt Orthogonalization
Process.

Figure 3.1: The basis aj, ap, and a3, of
RS
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Figure 3.2: A plot of the vectors ej, ay,
and e; needed to find the projection of
a, on ej.

Pria;
Figure 3.3: A plot of vectors for deter-
mining e3.

of the vectors. Note that the desired orthogonal vector is e;. We can now
write aj as the sum of e; and the projection of a; on ej. Denoting this pro-
jection by pr;ay, we then have

e, = ap — pryap. (3-29)

Recall the projection of one vector onto another from your vector calculus
class.
ay - e
prjaz; = Tel. (3.30)
1

This is easily proven by writing the projection as a vector of length a; cos 6
in direction &;, where 6 is the angle between e; and a,. Using the definition
of the dot product, a - b = abcos 6, the projection formula follows.
Combining Equations (3.29) and (3.30), we find that
a - e

ey =ay— ———ey. (3-31)
€1

It is a simple matter to verify that e, is orthogonal to e:

a
€€y — ax-€] —
= ay-ej—ay-e; =0. (3-32)

Next, we seek a third vector e3 that is orthogonal to both e; and e;. Picto-
rially, we can write the given vector a3 as a combination of vector projections
along e; and ey with the new vector. This is shown in Figure 3.3. Thus, we

can see that
az - €1

2
€1

az - e
-8 22, (3-33)

€3 =az— &2
Again, it is a simple matter to compute the scalar products with e; and e;
to verify orthogonality.

We can easily generalize this procedure to the N-dimensional case. Let
ay,, n = 1,..,N be a set of linearly independent vectors in RN. Then, an
orthogonal basis can be found by setting e; = a; and defining

nfla .e:
en:an—z nz ]ej, n=2,3,...,N. (3-34)
=16

Now we can generalize this idea to (real) function spaces. Let f,(x),
n € No = {0,1,2,...}, be a linearly independent sequence of continuous
functions defined for x € [a,b]. Then, an orthogonal basis of functions,
¢n(x), n € Ny can be found and is given by

$o(x) = fo(x)

and

Pn(x) = fulx) —

"il (fn 07

I H‘Pj”z (p]-(x), n=12,.... (3-35)
]:
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Here we are using inner products relative to weight o(x),

b
(f,8) = | f@)3(x)o() dx. (5:36)

Note the similarity between the orthogonal basis in Equation (3.35) and the
expression for the finite dimensional case in Equation (3.34).

Example 3.5. Apply the Gram-Schmidt Orthogonalization Process to the set f,(x) =
x", n € Ng, when x € (=1,1) and o(x) = 1.
First, we have ¢o(x) = fo(x) = 1. Note that

/jl ¢F(x)dx = 2.

We could use this result to fix the normalization of the new basis, but we will hold
off doing that for now.
Now we compute the second basis element:

e Y0
¢1(x) - fl( ) ||¢0||2 (PO( )
1

{x, 1)

= X— W =X, (3-37)

since (x,1) is the integral of an odd function over a symmetric interval.
For ¢ (x), we have

pox) = folx)— {flgo‘ﬁ? Po(x) - <ffl;1"’|;> ()
L, W, (@)
S TTARE T RE
_ 27f711x2dx
JL dx
_ o2 1 (3.38)

3

So far, we have the orthogonal set {1,x,x? — %} If one chooses to normalize
these by forcing ¢, (1) = 1, then one obtains the classical Legendre polynomials,
Py (x). Thus,

Po(x) = (3% ~1).

Note that this normalization is different from the usual one. In fact, we see that
Py(x) does not have a unit norm,

1
Il = [ PRx)dx ==

The set of Legendre® polynomials is just one set of classical orthogo-
nal polynomials that can be obtained in this way. Many of these special
functions had originally appeared as solutions of important boundary value
problems in physics. They all have similar properties and we will just elab-
orate some of these for the Legendre functions in the next section. Others
in this group are shown in Table 3.1.

¢ Adrien-Marie Legendre (1752-1833)
was a French mathematician who made
many contributions to analysis and
algebra.
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Table 3.1: Common Classical Orthogo-
nal Polynomials with the Interval and
Weight Function Used to Define Them.

Polynomial Symbol | Interval a(x)
Hermite H,(x) (—00,0) e X
Laguerre L%(x) [0, 00) o X
Legendre Py (x) (-1,1) 1

Gegenbauer CH(x) (-1,1) (1- x2)A-1/2
Tchebychef of the 1st kind Tu(x) (-1,1) (1—x2)"1/2
Tchebychef of the 2nd kind | U, (x) (-1,1) (1—x2)"1/2

Jacobi PP | iy | (-0 -

3.4 Fourier-Legendre Series

IN THE LAST CHAPTER WE SAW how useful Fourier series expansions were
for solving the heat and wave equations. In the study of partial differential
equations in higher dimensions and one finds that problems with spheri-
cal symmetry can lead to the series representations in terms of a basis of
Legendre polynomials. For example, we could consider the steady-state
temperature distribution inside a hemispherical igloo, which takes the form

¢(r,0) = i Apr™ Py (cos0)
n=0

in spherical coordinates. Evaluating this function at the surface » = a as
¢(a,0) = f(0), leads to a Fourier-Legendre series expansion of function f :

f(8) = )_ cuPu(cosb),
n=0
where ¢, = Aua".
In this section we would like to explore Fourier-Legendre series expan-
sions of functions f(x) defined on (—1,1):

f(x) ~ i)cnPn(x)- (339

As with Fourier trigonometric series, we can determine the expansion coef-
ficients by multiplying both sides of Equation (3.39) by P,;(x) and integrat-
ing for x € [—1,1]. Orthogonality gives the usual form for the generalized
Fourier coefficients,

(f, Py)
=0,1,....
i =0

Cp =

We will later show that

2
P|* = :
H 1’l|| 2”"‘1

Therefore, the Fourier-Legendre coefficients are

1
o =250 [ FR () dx (3-40)
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3.4.1  Properties of Legendre Polynomials

WE CAN DO EXAMPLES OF FOURIER-LEGENDRE EXPANSIONS given just a
few facts about Legendre polynomials. The first property that the Legendre
polynomials have is the Rodrigues Formula:

1 4

_ 2
T 2npl dxn (" = 1)%,

Py(x)

n € Np. (3.41)

From the Rodrigues formula, one can show that P,(x) is an nth degree
polynomial. Also, for n odd, the polynomial is an odd function and for n
even, the polynomial is an even function.

Example 3.6. Determine P,(x) from the Rodrigues Formula:

1 d?
Py(x) = ﬁﬁ(xzfly

= E(Bx2 —1). (3-42)

Note that we get the same result as we found in the last section using orthogonal-
ization.

n (x% —1)" (-1 | 5 Py (x)

(6] 1 1 1 1

1 x2—1 2x % X

2 x*—2x2 4+ 1 12x2 — 4 | 2Bx2-1)
3| x0—3x*+3x2—1| 120x®—72x | & | 3(5x° —3x)

The first several Legendre polynomials are given in Table 3.2. In Figure
3.4 we show plots of these Legendre polynomials.

All of the classical orthogonal polynomials satisfy a three-term recursion
formula (or, recurrence relation or formula). In the case of the Legendre
polynomials, we have

(n+1)Py41(x) = 2n+1)xPy(x) —nP,_1(x), n=12,.... (3-43)

This can also be rewritten by replacing n with n — 1 as

(2n —1)xP, 1 (x) =nPy(x)+ (n—1)P, 2(x), n=1,2,.... (3-44)

Example 3.7. Use the recursion formula to find Pp(x) and Ps(x), given that
Py(x) = 1and Py(x) = x.
We first begin by inserting n = 1 into Equation (3.43):

2P, (x) = 3xPy(x) — Py(x) = 3x2 — 1.

Table 3.2: Tabular computation of the
Legendre polynomials using the Ro-
drigues Formula.

The Three-Term Recursion Formula.
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Figure 3.4: Plots of the Legendre poly-
nomials P,(x), P3(x), Ps(x), and Ps(x).

The first proof of the three-term recur-
sion formula is based upon the nature of
the Legendre polynomials as an orthog-
onal basis, while the second proof is de-
rived using generating functions.

—1-

So, Py(x) = 1(3x% —1).
For n = 2, we have
3P3(x) = b5xPy(x) —2P;(x)

= ;x(sz —-1)—2x

1
= 5(15x° —9x). (3.45)
This gives P3(x) = 1(5x% — 3x). These expressions agree with the earlier results.

We will prove the three-term recursion formula in two ways. First, we
use the orthogonality properties of Legendre polynomials and the following
lemma.

1 (2n)!
2l nl

Lemma 3.1. The leading coefficient of x" in P,(x) is

Proof. We can prove this using the Rodrigues Formula. First, we focus on
the leading coefficient of (x> — 1)", which is x?". The first derivative of x*"
is 2nx?"~1. The second derivative is 211(2n — 1)x?"~2. The jth derivative is

djx2n . on—i
— = 2n(2n—1)...(2n — 1)]x" .
= u(2n - 1) 2n i+ Dlx
Thus, the nth derivative is given by
A y2n

=[2n(2n—1)...(n+1)]x".

dx"
This proves that P,(x) has degree n. The leading coefficient of P,(x) can
now be written as

2n(@2n—-1)...(n+1)] _ [2n(2n—1)...(n+1)|n(n—-1)...1
2hp! 2"p! nn—1)...1
- znln! (2;!)! ‘ (3:46)
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Theorem 3.1. Legendre polynomials satisfy the three-term recursion formula
(2n —1)xP,_1(x) =nPy(x)+ (n—1)P, 2(x), n=1,2,.... (3-47)

Proof. In order to prove the three-term recursion formula, we consider the
expression (2n — 1)xP,_1(x) — nP,(x). While each term is a polynomial of
degree n, the leading order terms cancel. We need only look at the coeffi-
cient of the leading order term first expression. It is

2n—1 (2n-2)! 1 en-1)!  (2n-1)!
27l =1 (n=1)! 27 Y (n—=1)! (n =11 2n-1[(n— 1)1

The coefficient of the leading term for nP,(x) can be written as

1 (2n)!_n<2n)< 1 )(Zn—l)! (2n —1)!

2l n! 212 ) \2r-1(n—1)1) (n—1)! pn-1 [(n_1)1]2'

It is easy to see that the leading order terms in the expression (2n —1)xP,_1(x) —

nP,(x) cancel.

The next terms will be of degree n — 2. This is because the P,’s are either
even or odd functions, thus only containing even, or odd, powers of x. We
conclude that

(2n —1)xP,_1(x) — nP,(x) = polynomial of degree n — 2.

Therefore, since the Legendre polynomials form a basis, we can write this
polynomial as a linear combination of Legendre polynomials:

(2n —1)xP,_1(x) —nPy(x) = coPy(x) + 1 P1(x) + ...+ cn_2Py_2(x). (3.48)

Multiplying Equation (3.48) by Py, (x) for m = 0,1,...,n — 3, integrating
from —1 to 1, and using orthogonality, we obtain

0=cul|Pul?>, m=0,1,...,n—3.

[Note: fil xkP,(x)dx = 0 for k < n — 1. Thus, fil xP,_1(x)Py(x)dx =0
form <n-—3.]
Thus, all these c;,’s are zero, leaving Equation (3.48) as

(2n —1)xP,_1(x) — nPy(x) = cy_2Py_2(x).

The final coefficient can be found using the normalization condition, P,(1) =
1. Thus, ¢, o =2n—1)—n=n-—1. O

3.4.2  The Generating Function for Legendre Polynomials

A SECOND PROOF OF THE THREE-TERM RECURSION FORMULA can be ob-
tained from the generating function of the Legendre polynomials. Many
special functions have such generating functions. In this case, it is given by

1 e}

xX,t) = —m—— = P, ()", x| <1t < 1. .

89
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Figure 3.5: The position vectors used to
describe the tidal force on the Earth due
to the moon.

I
Q r
2

[

This generating function occurs often in applications. In particular, it
arises in potential theory, such as electromagnetic or gravitational potentials.
These potential functions are % type functions.

For example, the gravitational potential between the Earth and the moon
is proportional to the reciprocal of the magnitude of the difference between
their positions relative to some coordinate system. An even better example
would be to place the origin at the center of the Earth and consider the
forces on the non-pointlike Earth due to the moon. Consider a piece of the
Earth at position r; and the moon at position rp as shown in Figure 3.5. The
tidal potential ® is proportional to

1 1 1

D x o - !
—r|  /(rp—r11) (rp—17) \/r%—Zrlrzcosﬁ—i—r%

where 6 is the angle between r; and rp.
Typically, one of the position vectors is much larger than the other. Let’s
assume that r; < rp. Then, one can write

@ o 1 :l 1

\/r%—2r1rzcose+r% 72\/122c059+(2)2

Now, define x = cosf and t = % We then have that the tidal potential is
proportional to the generating function for the Legendre polynomials! So,
we can write the tidal potential as

1 & r "
Do — Y Pycost) (— ) .
ry =0 ra

The first term in the expansion, %, is the gravitational potential that gives
the usual force between the Earth and the moon. [Recall that the gravita-

_ GMm
r

tional potential for mass m at distance r from M is given by ® = and

that the force is the gradient of the potential, F = —V® o« V (%) .] The next
terms will give expressions for the tidal effects.

Now that we have some idea as to where this generating function might
have originated, we can proceed to use it. First of all, the generating function
can be used to obtain special values of the Legendre polynomials.

Example 3.8. Evaluate P,(0) using the generating function. P,(0) is found by
considering g(0, t). Setting x = 0 in Equation (3.49), we have

(Ot) — #
s V1+£2
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3" P(0)f"
n=0

Py(0) + Py (0)t + Py (0)£2 + P3(0)£3 +. . .. (3.50)

We can use the binomial expansion to find the final answer. Namely, we have

1 lpy3py
Niww: STttt

Comparing these expansions, we have the P,(0) = 0 for n odd and for even integers
one can show (see Problem 12) that”

(2n—1)1

Pau(0) = (1) s

(3.51)
where n!! is the double factorial,

n(n—2)...(3)1, n>0,odd,
n!'=< n(n—2)...(4)2, n>0,even,
1, n=0-1

Example 3.9. Evaluate P,(—1). This is a simpler problem. In this case we have

1 1
71,1’ - =
s ) Vi+2t+12 1+t
Therefore, P,(—1) = (—1)".

=1—t+2 -8B +....

Example 3.10. Prove the three-term recursion formula,
(k+1)Peiq(x) — 2k +1)xPe(x) + kP, _1(x) =0, k=1,2,...,

using the generating function.

We can also use the generating function to find recurrence relations. To prove the
three term recursion (3.43) that we introduced above, then we need only differentiate
the generating function with respect to t in Equation (3.49) and rearrange the result.
First note that

og x—t x—t

= = ).
ot (1—2xt+t2)3/2 1—2xt+t2g(x')

Combining this with

% _ Y nPy(x)t" 1,
o =
we have -
—_— y = —_ n n—- .
(x = 1)g(x, ) = (1 —2xt +#7) Y nPy(x)t"?
n=0

Inserting the series expression for ¢(x, t) and distributing the sum on the right side,
we obtain

o o]

(x—1) ) Pu(x)t" = i nP,(x)t" 1 — i 2nxPy ()" + Y nPy(x) "+
n=0 n=0 n=0 n=0

7This example can be finished by first
proving that

(2n)!t =2"n!
and
2n)! 2n)!
(2n— 1)t = ((2:))!! - (znr;)!'

Proof of the three-term recursion for-
mula using the generating function.
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Multiplying out the x — t factor and rearranging, leads to three separate sums:

[e9)

i nPy ()" — Y (20 + 1)xPy (x)" + i (n4+1)P, ()" = 0. (3.52)
n=0 n=0 n=0

Each term contains powers of t that we would like to combine into a single sum.
This is done by reindexing. For the first sum, we could use the new index k = n —1.
Then, the first sum can be written

[e9) [e0]

[%)mvn(x)t”*1 = kz (k4 1) Py (x)t5.
n= =—1

Using different indices is just another way of writing out the terms. Note that

o)

Y nPy(x)t" 1 = 0+ Py(x) + 2P (x)t + 3Ps(x) 2 + . ..
n=0
and
Y (k+1)Peyq (x)t* = 0+ Py(x) + 2Py (x)t + 3P5(x)2 + ...
k=-1

actually give the same sum. The indices are sometimes referred to as dummy indices
because they do not show up in the expanded expression and can be replaced with
another letter.

If we want to do so, we could now replace all the k’s with n’s. However, we will
leave the k's in the first term and now reindex the next sums in Equation (3.52).
The second sum just needs the replacement n = k and the last sum we re-index
using k = n + 1. Therefore, Equation (3.52) becomes

Y (k+ 1) Py (0)tF = Y (2k + 1)xP ()t + Y kP (x)tF = 0. (3.53)
k=-1 k=0 k=1
We can now combine all the terms, noting the k = —1 term is automatically

zero and the k = 0 terms give

Py(x) — xPp(x) = 0. (3-54)

Of course, we know this already. So, that leaves the k > 0 terms:

Y [(k+ )Py (x) — (2% + DxPu(x) kP (1) 5 =0, (3.59)
k=1

Since this is true for all t, the coefficients of the t*'s are zero, or
(k+1)Peiq(x) — 2k +1)xPe(x) + kPr_1(x) =0, k=1,2,....

While this is the standard form for the three-term recurrence relation, the earlier
form is obtained by setting k = n — 1.

There are other recursion relations that we list in the box below. Equation
(3.56) was derived using the generating function. Differentiating it with re-
spect to x, we find Equation (3.57). Equation (3.58) can be proven using the
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generating function by differentiating g(x, t) with respect to x and rearrang-
ing the resulting infinite series just as in this last manipulation. This will be
left as Problem 4. Combining this result with Equation (3.56), we can derive
Equations (3.59) and (3.60). Adding and subtracting these equations yields
Equations (3.61) and (3.62).

Recursion Formulae for Legendre Polynomials forn =1,2,....

(n+1)Pya(x) = (21 +1)xPu(x) = nPy1(x) (3.56)

(n+ 1P (x) = @n+1)[Pa(x) + 2Py (x)] — 1P, _4(x)
(3.57)
Pu(x) = Ppyq(x) = 2xPy(x) + Py (x) (3.58)
P, 1(x) = xPy(x)—nPy(x) (3-59)
Praa(x) = xPy(x) + (n+1)Pu(x) (3.60)
pi1 () + Py (x) = 2xP(x) + Pu(x). (3.61)
P (x) = Pyq (%) (211 + 1) Py (x)- (3.62)
(P —1)Py(x) = nxPu(x) — nPy_1(x) (3.63)

Finally, Equation (3.63) can be obtained using Equations (3.59) and (3.60).
Just multiply Equation (3.59) by x,

x?P)(x) — nxPy(x) = xP,_4(x).

Now use Equation (3.60), but first replace n with n — 1 to eliminate the
xP/_,(x) term:

x?P! (x) — nxP,(x) = P\ (x) — nPy_1(x).
Rearranging gives the Equation (3.63).

Example 3.11. Use the generating function to prove

1 2
2 _ 2 —
1P = [ PRy dx = 5.

Another use of the generating function is to obtain the normalization constant.
This can be done by first squaring the generating function in order to get the prod-
ucts P, (x) Py (x), and then integrating over x.

Squaring the generating function must be done with care, as we need to make
proper use of the dummy summation index. So, we first write

2
1 _ d "
T2+ 2 Eop"(x)t]
= ) ) Pu(x)Pu(x)t"™. (3.64)
n=0m=0

Integrating from x = —1 to x = 1 and using the orthogonality of the Legendre
polynomials, we have

1 dx o 1
/11—2xt+t2 - 22tn+m/ P () P () dx

n=0m=0 -1

The normalization constant.

93
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8 You will need the integral

dx 1
/a+bx 751n(a+bx)+C.

9 You will need the series expansion

i(il)n+lx7n

In(l+x) =
n=1 n

A generalization of the Legendre equa-
tion is given by (1 — x2)y" — 2xy’ +
{n(nJrl)f m? }y = 0. Solutions to

1-x2
this equation, P(x) and Qf(x), are
called the associated Legendre functions
of the first and second kind.

oo 1
= ZtZ”/ P2(x) dx. (3.65)

n=0 -1

However, one can show that®

/1 dx —lln 1+t
11 —2xt+1£2 " ¢t 1—t)°

Expanding this expression about t = 0, we obtain®
1 1+t =2
“-In(— ) =) ——t".
P (1 - t> n;) 2+ 1
Comparing this result with Equation (3.65), we find that

2

1
2 _ 2 _
1P = [ PRy dx = 5= (366)

3.4.3 The Differential Equation for Legendre Polynomials

THE LEGENDRE POLYNOMIALS SATISFY a second-order linear differential
equation. This differential equation occurs naturally in the solution of initial-
boundary value problems in three dimensions which possess some spherical
symmetry. There are two approaches we could take in showing that the Leg-
endre polynomials satisfy a particular differential equation. Either we can
write down the equations and attempt to solve it, or we could use the above
properties to obtain the equation. For now, we will seek the differential
equation satisfied by P,(x) using the above recursion relations.

We begin by differentiating Equation (3.63) and using Equation (3.59) to
simplify:

% ((x2 - 1)P,;(x)) = nPy(x)+nxP,(x) — nP,_;(x)
= nPy(x) + n*Py(x)
= n(n+1)P,(x). (3.67)

Therefore, Legendre polynomials, or Legendre functions of the first kind,
are solutions of the differential equation

(1—x2)y" —2xy' +n(n+1)y = 0.

As this is a linear second-order differential equation, we expect two linearly

independent solutions. The second solution, called the Legendre function
of the second kind, is given by Q,(x) and is not well behaved at x = +1.
For example,

1., 1+x
Qo(x)—ilnl_x

We will not need these for physically interesting examples in this book.
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3.4.4 Fourier-Legendre Series Examples

WITH THESE PROPERTIES OF LEGENDRE FUNCTIONS, We are now prepared
to compute the expansion coefficients for the Fourier-Legendre series repre-
sentation of a given function.

3

Example 3.12. Expand f(x) = x° in a Fourier-Legendre series.

We simply need to compute

2 1 /1
Ch = n2+ /71x3Pn(x)dx. (3.68)

We first note that

1

/ x"Py(x)dx =0 form > n.

-1
As a result, we have that ¢, = 0 for n > 3. We could just compute f}l X3Py (x) dx
for m = 0,1,2,... outright by looking up Legendre polynomials. We note that x>
is an odd function. So, ¢y = 0 and c; = 0.

This leaves us with only two coefficients to compute. We refer to Table 3.2 and

find that
3ty 3
a=; /71 x*dx = 5
7 0 51, 2
3= 5./_1x [Z(Sx 3x)] dx = 5
Thus, 3 )
3= gPl(x) + 5P3(x).
Of course, this is simple to check using Table 3.2:
3 2 3. 201, 3 3
5P1(x) + 5P3(x) =gtz [2(536 3x)] =x°.

We could have obtained this result without doing any integration. Write x3 as a
linear combination of Py (x) and Ps(x) :

1
B o= x4 ECZ(SXS — 3x)
3 5
= (1 — §c2)x + Ecsz’. (3.69)

Equating coefficients of like terms, we have that cy = % and c; = %cz = %

Example 3.13. Expand the Heaviside® function in a Fourier-Legendre series.
The Heaviside function is defined as

1, x>0,
H(x) = { o r<0 (3.70)

In this case, we cannot find the expansion coefficients without some integration. We
have to compute
2n+1 [1
= 7 / ) f(x)Py(x)dx

2n+1 1
= 2= [ R (3.71)

° Oliver Heaviside (1850-1925) was an
English mathematician, physicist, and
engineer who used complex analysis to
study circuits and was a co-founder of
vector analysis. The Heaviside function
is also called the step function.
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Figure 3.6: Sum of first 21 terms for
Fourier-Legendre series expansion of
Heaviside function.

We can make use of identity (3.62),

Pra(x) = Py (x) = (21 +1)Pu(x), n>0. (3.72)

We have for n > 0

=3 [ s (x) ~ By ()] = 3[Ry 4(0) — Prsa(0)]

For n = 0, we have

We still need to evaluate the Fourier-Legendre coefficients

1

Cn = E[Pn—l(o) - Pn+1(0)]'

Since P, (0) = O for n odd, the c,’s vanish for n even. Letting n = 2k — 1, we
re-index the sum, obtaining

+

N —
agk

[Pog—2(0) — P (0)] Pog—1(x)-

NI =

flx) ~

k=1

We can compute the nonzero Fourier coefficients, cox_1 = % [Pax_2(0) — Pa(0)],
using a result from Problem 12:

Py (0) = (—1)"W (3.73)
Namely, we have
Cok—1 = %[P2k72(0>_P2k(0)]
1 (2k —3)!! 2k —1
B _E(_l)k(Zk—z)!! [1 2k }
= 5V G e (374)

Thus, the Fourier-Legendre series expansion for the Heaviside function is given

by
F)~ 5 = 5 LD G Ty P ().

The sum of the first 21 terms of this series are shown in Figure 3.6. We note the slow
convergence to the Heaviside function. Also, we see that the Gibbs phenomenon is
present due to the jump discontinuity at x = 0. [See Section 2.5.]

(3-75)
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3.5 Gamma Function

A FUNCTION THAT OFTEN OCCURS IN THE STUDY OF SPECIAL FUNCTIONS
is the Gamma function. We will need the Gamma function in the next
section on Fourier-Bessel series.

For x > 0 we define the Gamma function as

I'(x) :/ Fletdt, x> 0. (3.76)
0

The Gamma function is a generalization of the factorial function and a plot
is shown in Figure 3.7. In fact, we have

r(1) =1

and
I'(x+1)=xl(x).

The reader can prove this identity by simply performing an integration by
parts. (See Problem 7.) In particular, for integers n € Z*, we then have

I'n+1)=nl'(n)=nn—1)I(n-2)=n(n—1)---2I(1) = nl.

We can also define the Gamma function for negative, non-integer values
of x. We first note that by iteration on n € Z*, we have

I(x+n)=(x+n-1)---(x+1)xI'(x), x>0.
Solving for I'(x), we then find

I'(x+n)

(x+n—1)---(x+1)x’ —n<x<0

I'(x) =

Note that the Gamma function is undefined at zero and the negative inte-
gers.

Example 3.14. We now prove that

()

This is done by direct computation of the integral:

| Y i G
F(2>/0 t 2e¢ " dt.
1 _ © 2
F<2>2/Oe dz.

Due to the symmetry of the integrand, we obtain the classic integral

()t

Letting t = z2, we have

The name and symbol for the Gamma
function were first given by Legendre in
1811. However, the search for a gener-
alization of the factorial extends back to
the 1720’s when Euler provided the first
representation of the factorial as an infi-
nite product, later to be modified by oth-
ers like Gauf3, Weierstraf3, and Legendre.

!
A

Figure 3.7: Plot of the Gamma function.

Y
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In Example 5.5 we show the more gen-
eral result:

” e B dy = \/ﬁ
./m YT B

Bessel functions have a long history
and were named after Friedrich Wilhelm
Bessel (1784-1846).

which can be performed using a standard trick. Consider the integral

I:/ e dx.

12:/ e dx/ eV dy.

Note that we changed the integration variable. This will allow us to write this

Then,

product of integrals as a double integral:

= /‘oo /.oo e (V) dxdy.

This is an integral over the entire xy-plane. We can transform this Cartesian inte-
gration to an integration over polar coordinates. The integral becomes

27T oo
1?2 = / / e rdrde.
o Jo

This is simple to integrate and we have 1> = 1. So, the final result is found by
taking the square root of both sides:

r(i):z:\/ﬁ

In Problem 12, the reader will prove the identity

rns5) = 2w

Another useful relation, which we only state, is

7T

I'(x)I'(1 —x) = = .
()T( ) sin 71x

The are many other important relations, including infinite products, which
we will not need at this point. The reader is encouraged to read about
these elsewhere. In the meantime, we move on to the discussion of another
important special function in physics and mathematics.

3.6  Fourier-Bessel Series

BESSEL FUNCTIONS ARISE IN MANY PROBLEMS in physics possessing cylin-
drical symmetry, such as the vibrations of circular drumheads and the radial
modes in optical fibers. They also provide us with another orthogonal set
of basis functions.

The first occurrence of Bessel functions (zeroth order) was in the work
of Daniel Bernoulli on heavy chains (1738). More general Bessel functions
were studied by Leonhard Euler in 1781 and in his study of the vibrating
membrane in 1764. Joseph Fourier found them in the study of heat conduc-
tion in solid cylinders and Siméon Poisson (1781-1840) in heat conduction
of spheres (1823).
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The history of Bessel functions, did not just originate in the study of the
wave and heat equations. These solutions originally came up in the study
of the Kepler problem, describing planetary motion. According to G. N.
Watson in his Treatise on Bessel Functions, the formulation and solution of
Kepler’s Problem was discovered by Joseph-Louis Lagrange (1736-1813), in
1770. Namely, the problem was to express the radial coordinate and what
is called the eccentric anomaly, E, as functions of time. Lagrange found
expressions for the coefficients in the expansions of r and E in trigonometric
functions of time. However, he only computed the first few coefficients. In
1816, Friedrich Wilhelm Bessel (1784-1846) had shown that the coefficients
in the expansion for r could be given an integral representation. In 1824, he
presented a thorough study of these functions, which are now called Bessel
functions.

You might have seen Bessel functions in a course on differential equations
as solutions of the differential equation

2y +xy + (2% = pPy = 0. (.77)

Solutions to this equation are obtained in the form of series expansions.
Namely, one seeks solutions of the form

y(x) = Y apd
j=0

by determining the form the coefficients must take. We will leave this for a
homework exercise and simply report the results.

One solution of the differential equation is the Bessel function of the first
kind of order p, given as

(=1)"

- X\ 2n+p
y(x) = Jp(x) = ,;)F(n+1)l"(n+p+1) (E) : (3.78)

30
0.8

0.6
0.4+

/ Ve
/ Y,
024 / /
/

10

Figure 3.8: Plots of the Bessel functions

]O(x)/ ]1 (X), Iz(x)/ and ]3(x)'
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Figure 3.9: Plots of the Neumann func-
tions Np(x), N1(x), N2(x), and N3(x).

In Figure 3.8, we display the first few Bessel functions of the first kind
of integer order. Note that these functions can be described as decaying
oscillatory functions.

A second linearly independent solution is obtained for p not an integer as
J-p(x). However, for p an integer, the I'(n + p + 1) factor leads to evaluations
of the Gamma function at zero, or negative integers, when p is negative.
Thus, the above series is not defined in these cases.

Another method for obtaining a second linearly independent solution is
through a linear combination of J,(x) and | ,(x) as

_cosTtpp(x) = J-p(x)
B sin 7tp '

Np(x) = Yp(x) (3-79)

These functions are called the Neumann functions, or Bessel functions of
the second kind of order p.

0.87

06 N

N;()

In Figure 3.9, we display the first few Bessel functions of the second kind
of integer order. Note that these functions are also decaying oscillatory
functions. However, they are singular at x = 0.

In many applications, one desires bounded solutions at x = 0. These
functions do not satisfy this boundary condition. For example, one stan-
dard problem is to describe the oscillations of a circular drumhead. For
this problem one solves the two dimensional wave equation using separa-
tion of variables in cylindrical coordinates. The radial equation leads to a
Bessel equation. The Bessel function solutions describe the radial part of
the solution and one does not expect a singular solution at the center of
the drum. The amplitude of the oscillation must remain finite. Thus, only
Bessel functions of the first kind can be used.

Bessel functions satisfy a variety of properties, which we will only list
at this time for Bessel functions of the first kind. The reader will have the
opportunity to prove these for homework.

Derivative Identities These identities follow directly from the manipula-
tion of the series solution.
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L WR@] = ). (380)
LER@] = (). (81

Recursion Formulae The next identities follow from adding, or subtract-
ing, the derivative identities.

Jpa®) + I (®) = LJ(0. (3.82)
]pfl(x)_]p+1(x) = 2];;(x) (3-83)

Orthogonality One can recast the Bessel equation into an eigenvalue

problem whose solutions form an orthogonal basis of functions on L2(0,a).

Using Sturm-Liouville Theory, one can show that

2
/ x]p(]rm )]p(]Pm )dx— ry []p+l(jpn)]2f5n,m/ (3.84)

where jp, is the nth root of J,(x), ]p(jpn) =0,n=12,.... Alist of some
of these roots is provided in Table 3.3.

m=0|m=1|m=2 | m=3 | m=4|m=>5
2.405 | 3.832 | 5.136 | 6.380 | 7.588 | 8.771
5.520 | 7.016 | 8417 | 9.761 | 11.065 | 12.339
8.654 | 10.173 | 11.620 | 13.015 | 14.373 | 15.700
11.792 | 13.324 | 14.796 | 16.223 | 17.616 | 18.980
14.931 | 16.471 | 17.960 | 19.409 | 20.827 | 22.218
18.071 | 19.616 | 21.117 | 22.583 | 24.019 | 25.430
21.212 | 22.760 | 24.270 | 25.748 | 27.199 | 28.627
24.352 | 25.904 | 27.421 | 28.908 | 30.371 | 31.812
27.493 | 29.047 | 30.569 | 32.065 | 33.537 | 34-989

O CoON o AW N R |3

Generating Function

=172 = Z Tn(X)t", x>0, #0. (3.85)

n=-—oo

Integral Representation

T
Ju(x) = %/ cos(xsinf —nf)do, x>0,n¢€Z. (3.86)
0

Fourier-Bessel Series

Since the Bessel functions are an orthogonal set of functions of a Sturm-
Liouville problem, we can expand square integrable functions in this ba-
sis. In fact, the Sturm-Liouville problem is given in the form

Py +xy' + (AP —pPly =0, x€(0,4a], (3.87)

Table 3.3: The zeros of Bessel Functions,
Jin (jmn) = 0.
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In the study of boundary value prob-
lems in differential equations, Sturm-
Liouville problems are a bountiful
source of basis functions for the space
of square integrable functions, as will be
seen in the next section.

satisfying the boundary conditions: y(x) is bounded at x = 0 and y(a) =
0. The solutions are then of the form ]p(ﬁx), as can be shown by making
the substitution t = v/Ax in the differential equation. Namely, we let
y(x) = u(t) and note that

dy dtdu du

o aa
Then,

2u” + tu' + (2 — pP)u =0,
which has a solution u(t) = J,(t).
Using Sturm-Liouville theory, one can show that J,(jyu%) is a basis

of eigenfunctions and the resulting Fourier-Bessel series expansion of f(x)
defined on x € [0,4] is

f(x) = Z Cn]p(jpng)/ (3.88)
n=1

where the Fourier-Bessel coefficients are found using the orthogonality

relation as
2

a X
n = g || () ) (3.80)
a2 Uerl (]pn)] 0 a
Example 3.15. Expand f(x) = 1 for 0 < x < 1 in a Fourier-Bessel series of

the form

[e)

f(x) = Z Cn]O(jOnx)

n=1

We need only compute the Fourier-Bessel coefficients in Equation (3.89):

2 1

= ——— [ xJo(jonx)dx. (3.90)

[h(;fm)]z/o e

From the identity
d
A1) = 2y (x), (o1
we have
1 . 1 Jon
Jy o = o [T v dy
1 jOn d
= 7, gyl

1 .
= — Whyy"
]On

1.
= =—J1(jon)- (3.92)
Jon
As a result, the desired Fourier-Bessel expansion is given as

o Jo(jonx)
= jonJ1(jon)”
In Figure 3.10, we show the partial sum for the first fifty terms of this series.

1=2 0<x<l (3.93)

Note once again the slow convergence due to the Gibbs phenomenon.
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3.7 Appendix: The Least Squares Approximation

IN THE FIRST SECTION OF THIS CHAPTER, we showed that we can expand
functions over an infinite set of basis functions as

[e0]

f(x) = Z Cn‘Pn(x)

n=1

and that the generalized Fourier coefficients are given by

_ <¢nf>

cy = .
< (P}’I/(P}’l >

In this section we turn to a discussion of approximating f(x) by the partial
sums YN c,¢,(x) and showing that the Fourier coefficients are the best
coefficients minimizing the deviation of the partial sum from f(x). This will
lead us to a discussion of the convergence of Fourier series.

More specifically, we set the following goal:

Goal

N
To find the best approximation of f(x) on [a,b] by Sn(x) = ¥ cuu(x)
n=1

for a set of fixed functions ¢, (x); i.e., to find the expansion coefficients,

cn, such that Sy (x) approximates f(x) in the least squares sense.

We want to measure the deviation of the finite sum from the given func-
tion. Essentially, we want to look at the error made in the approximation.
This is done by introducing the mean square deviation:

By = [ 1) — Su(Pp(x) i,

Figure 3.10: Plot of the first 50 terms
of the Fourier-Bessel series in Equation
(3.93) for f(x) =1on0< x < 1.
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where we have introduced the weight function p(x) > 0. It gives us a sense
The mean square deviation. as to how close the Nth partial sum is to f(x).
We want to minimize this deviation by choosing the right c;,’s. We begin
by inserting the partial sums and expand the square in the integrand:

Ev = [ 1)~ sw()Petx) dx

N

b 2
/ [f(x)—zcmpn(x)] o(x) dx

n=1

- /bfZ(x) dx—2/f cn4>n x)o(x) dx

+ / 2 () Y. ot (x)p() . (94)

m=1

Looking at the three resulting integrals, we see that the first term is just
the inner product of f with itself. The other integrations can be rewritten
after interchanging the order of integration and summation. The double
sum can be reduced to a single sum using the orthogonality of the ¢;’s.
Thus, we have

En = <ff> 22Cn<f¢n>+zzcncm<¢n/¢m

n=1m=

= <fff>_chn<fr¢n>+zci<4’m¢n>- (3-95)

n=1 n=1

We are interested in finding the coefficients, so we will complete the
square in c,. Focusing on the last two terms, we have

N N
2Y < o>+ Y < pupu >

n=1 n=1

N
= Y <¢Pubn>ci—2<f,¢u>cn

n=1

al 2< fru > }
= nr Pn % _

'rlg;l<¢ (P >|: <¢7l/¢n
= S < f,Pn > < f,¢n> 2
= Lt (o Sph2) - (5552)

(3-96)

Up to this point, we have shown that the mean square deviation is given

(  <fipn> )2_ ( < frn> )2
Cn < ‘Pn/(Pn > < ¢”/¢” > .

as

N
EN =< f,f > + Z < ¢nr¢n >
n=1
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So, En is minimized by choosing

S frfn >
n — - .
< 4)11/ (Pl’l >
However, these are the Fourier Coefficients. This minimization is often Minimization in Least Squares Sense

referred to as Minimization in Least Squares Sense.
Inserting the Fourier coefficients into the mean square deviation yields Bessel’s Inequality.

N
0<En=<ff>-Y & <¢ndu>.
n=1

Thus, we obtain Bessel’s Inequality:

N
<ff>=Y < upn>.
n=1
. . Convergence in the mean.
For convergence, we next let N get large and see if the partial sums con-
verge to the function. In particular, we say that the infinite series converges
in the mean if

/ab[f(x) — Sn(x)]?0(x)dx — 0as N — co.

Letting N get large in Bessel’s inequality shows that the sum ZnN:1 <
¢n, ¢ > converges if

b
(< f,f>= [ Pp(x)dx < oo,

The space of all such f is denoted L%(a,b), the space of square integrable
functions on (4, b) with weight p(x).

From the nth term divergence test from calculus, we know that the con-
vergence of ) a, implies that a, — 0 as n — co. Therefore, in this problem,
the terms c2 < ¢, ¢, > approach zero as n gets large. This is only possible
if the c,’s go to zero as n gets large. Thus, if YN | c,¢, converges in the
mean to f, then fah [f(x) — XN, cngpn]?0(x) dx approaches zero as N — co.
This implies from the above derivation of Bessel’s inequality that

N
<f.f>- ;C%(%,qbn) —0.

This leads to Parseval’s equality: Parseval’s equality.

< f, f>= icfl<¢n,¢n>.
n=1

Parseval’s equality holds if and only if

b N

Jm [ (0= X enpa()o(a) dx =0

If this is true for every square integrable function in Lf,(a, b), then the set of

functions {¢,(x)}5 , is said to be complete. One can view these functions
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as an infinite dimensional basis for the space of square integrable functions
on (a,b) with weight p(x) > 0.

One can extend the above limit ¢, — 0 as n — oo, by assuming that gn (1)

([l

b
is uniformly bounded and that [ |f(x)|p(x) dx < co. This is the Riemann-

a
Lebesgue Lemma, but will not be proven here.

3.8 Appendix: Convergence of Trigonometric Fourier Series

In this section we list definitions, lemmas and theorems needed to pro-

vide convergence arguments for trigonometric Fourier series. We will not

attempt to discuss the derivations in depth, but provide enough for the in-

terested reader to see what is involved in establishing convergence.
Definitions

1. For any nonnegative integer k, a function u is C* if every k-th order
partial derivative of u exists and is continuous.

2. For two functions fand g defined on an interval [a,b], we will
define the inner product as < f, g >= fabf(x)g(x) dx.

3. A function f is periodic with period p if f(x+ p) = f(x) for all x.

4. Let f be a function defined on [—L,L] such that f(—L) = f(L).
The periodic extension fof f is the unique periodic function of
period 2L such that f(x) = f(x)for all x € [-L, L].

5. The expression
1 Y nix
Dn(x) = 5+ ;;COS -

is called the N-th Dirichlet Kernel. [This will be summed later
and the sequences of kernels converges to what is called the Dirac
Delta function.]

6. A sequence of functions {s1(x),s2(x),...} is said to converge point-
wise to f(x) on the interval [—L, L] if for each fixed x in the inter-
val,

lim |f(x) —sn(x)| =0.

N—oo

7. A sequence of functions {s1(x),sp(x),...} is said to converge uni-
formly to f(x) on the interval [—L, L] if

lim (max |f(x) sN(x)) =0.

N—oo \ |x|<L

8. One-sided limits: f(x;") = lim f(x) and f(x, ) = lim f(x).

x)xg xTxg
9. A function f is piecewise continuous on [a, b] if the function sat-
isfies
a. f is defined and continuous at all but a finite number of points
of [a,b].
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b. For all x € (a,b), the limits f(x*) and f(x™) exist.
c. f(at)and f(b™) exist.

10. A function is piecewise C! on [a, b] if f(x) and f'(x) are piecewise
continuous on [a, b].

Lemmas

1. Bessel’s Inequality: Let f(x) be defined on [—L, L] and
[ _—LLf2(x) dx < oo. If the trigonometric Fourier coefficients exist,
then a3 + YN | (a2 +2) < %ffL f2(x)dx. This follows from the
earlier section on the Least Squares Approximation.

2. Riemann-Lebesgue Lemma: Under the conditions of Bessel’s In-
equality, the Fourier coefficients approach zero as n — 0. This
is based upon some earlier convergence results seen in Calculus
in which one learns for a series of nonnegative terms, ) c,with
cn > 0,if cudoes not approach o as n — oo, then Y c,does not con-
verge. Therefore, the contrapositive holds, if )¢, converges, then
cn — 0 as n — oo. From Bessel’s Inequality, we see that when f is
square integrable, the series formed by the sums of squares of the
Fourier coefficients converges. Therefore, the Fourier coefficients
must go to zero as n increases. This is also referred to in the earlier
section on the Least Squares Approximation. However, an exten-
sion to absolutely integrable functions exists, which is called the
Riemann-Lebesgue Lemma.

3. Green’s Formula: Let fand gbe C? functions on [a,b]. Then <
f.8 > = < £,8" >= [f'(x)g(x) = f(x)g'(x)]l, . [Note: This is
just an iteration of integration by parts.]

4. Special Case of Green’s Formula: Let fand gbe C? functions on
[-L,L] and both functions satisfy the conditions f(—L) = f(L)
and f'(—L) = f'(L). Then < f", ¢ >=< f,¢" >.

5. Lemma 1: If ¢ is a periodic function of period 2Land c any real
number, then ffzricg(x) dx = LLL ¢(x)dx.

6. Lemma 2: Let f be a C? function on [—L, L] such that f(—L) =
f(L) and f'(=L) = f'(L). Then for M = maxy < |f"(x)| and
n>1,

L
1 nix 202M
lan| = z/f(x)cosT dx| < —5— (3.97)
—L
1 7 212M
. nix

7. Lemma 3: For any real 6 such that sing #0,

. l 6
1—i—cos@—i—cosZG—i—---4—cosn€: w
2 2sin 5



108

FOURIER AND COMPLEX ANALYSIS

8. Lemma 4: Let i(x) be C! on [~L, L]. Then

,}E’c}o% [ Duton(x) dx = 1(0).
L

Convergence Theorems

1. Theorem 1. (Pointwise Convergence) Let f be C! on [—L, L] with

f(=L) = f(L), f'(—=L) = f'(L). Then FS f(x) = f(x) for all x in
[—L,L].

. Theorem 2. (Uniform Convergence) Let f be C? on [—L, L] with

f(—=L) = f(L), f'(=L) = f/(L). Then FS f(x) converges uniformly
to f(x). In particular,

2
£(x) — Sn()] < 2

for all x in [—L, L], where M = ‘rr‘1ax ()]
x|<L

. Theorem 3. (Piecewise C! - Pointwise Convergence) Let f be a

piecewise C! function on [—L,L]. Then FS f(x) converges to the
periodic extension of

for all x in [—L, L].

. Theorem 4. (Piecewise C! - Uniform Convergence) Let f be a

piecewise C! function on [—L, L] such that f(—L) = f(L). Then
FS f(x) converges uniformly to f(x).

Proof of Convergence

We are considering the Fourier series of f(x) :

FSf(x) = a0+ Z [ancos nL +bns1n$},

where the Fourier coefficients are given by

L
‘lozﬂf
0
an =1 [ f(x)cos "F= dx,
L
L
bn:%fo( ) sin X dx.

We are first interested in the pointwise convergence of the infinite series.

Thus, we need to look at the partial sums for each x. Writing out the partial
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sums, inserting the Fourier coefficients and rearranging, we have

A nrix nix
Sn(x) = ag+ a, COS —— + b, sin ——
n;[ €08 7=+ bysin <
Lot 3 1t niy nrix
= ZL/Lf(]/)dy+nZ;1 [(L/Lf(y)cosLdy> cos ——
1k . nmy . Nmx
# (1 [ S an s
e nry  RX nmwy . nmx
= L/L{2+,§1(COS I cos I + sin I sin I )}f(y)dy
1 7 1 N nr[( _x)
- L/{2+Z°°syL}f(y)dy
—L n=1
1 L
= 1 / Dn(y = x)f(y) dy (3.99)
~L
Here

1 N nrix
Dn(x) = 5+ Z:lcosT
n=

is called the N-th Dirichlet Kernel. What we seek to prove is (Lemma 4)

that

L
&T&% / Dn(y —x)f(y) dy = f(x).
—L

[Technically, we need the periodic extension of f.]

the Dirichlet kernel. Then pointwise convergence follows, as I\l{im Sn(x)
—00

f(x).
Proposition:
sin((n+3) 7*) sin 2x
3 X
Dy(x) = 2singl 2L
1y TX
n+ 5, sin 57

Proof: Actually, this follows from Lemma 3. Let 6 = 7

Dy (x) by 2sin § to obtain:

0
2 sin EDn (x)

2 2

+ (sin ((n + ;)9) — sin ((n -

sin <(n + ;)9) :

So, we need to consider

#0
=0
X

and multiply

01
Zsini {2 +cos€+---+cosn9}

0 0 0 0
sinE +2cos€sin§ +2c052651n§ 4+ +2cosn951n§

.0 . 36 .0 . b0 . 360
sm§+ sin— —sin—- |+ |(sm——sin— | +---

2 2
"))

(3.100)

109
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Figure 3.11:
N=25.

Figure 3.12:
N=50.

Nth Dirichlet Kernel for

Nth Dirichlet Kernel for

Thus,
ZsingD (x) = sin (n+1)9
27T 277 )7
orifsing#o,
sin ((n+3)8
2sin § L

If sin % = 0, then one needs to apply L'Hospital’s Rule:

i sin ((n—i—%)@) . (n+ %) cos ((n—i—%)@)
6 2sin % T oomn cos %

(n+ %) cos (2mnm + mmn)
cos m7

1
n-+ ok (3.101)

As n — oo, Dy(x) — J(x), the Dirac delta function, on the interval
[—L,L]. In Figures 5.13-5.14 are some plots for L = mrand n = 25,50, 100.
Note how the central peaks of Dy(x) grow as N gets large and the values
of Dy(x) tend towards zero for nonzero x.

25

20

&
i
=1
<]
=1
——1
—_—]
=]
=]
=
<]
=

n5

o

50

40

a0

20

The Dirac delta function can be defined as that quantity satisfying

a. 6(x) =0, x #0;
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b Figure 3.13: Nth Dirichlet Kernel for
N=100.
b. [ §(x)dx=1.
This generalized function, or distribution, also has the property:
/f (x —a) dx = £(a)
Thus, under the appropriate conditions on f, one can show
L
lim + [ Duly = x)f(y) dy = £(x)
—00
-L
We need to prove Lemma 4 first.
L
Proof: Since f Dy(x) dx = 5 [ dx =1, we have that
-L
1§ 1§
o[ Dx(h() dx—h(0) = ;[ Du(x) [h(x) ~ h(0)] dx
-L -L
1k
' nrix X . N7X
= 57 /L [cos - + cot - sin T} [h(x) — h(0)] dx.
(3.102)

The two terms look like the Fourier coefficients. An application of the
Riemann-L:ebesgue Lemma indicates that these coefficients tend to zero as
n — oo, provided the functions being expanded are square integrable and
the integrals above exist. The cosine integral follows, but a little work is
needed for the sine integral. One can use L'Hospital’s Rule with h € C.

Now we apply Lemma 4 to get the convergence from

g&f/mq—x y) dy = f(x).

Due to periodicity, we have

L
%/Dw(y—x)f(y) dy = %/DN(y*X)f(y) dy
L
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= % [ Dxty=f(w) dy

= 1 [Dv@fta)dn Gaoy

-L

We can apply Lemma 4 providing f(z + x) is C! in z, which is true since
f is C! and behaves well at +L.

To prove Theorem 2 on uniform convergence, we need only combine
Theorem 1 with Lemma 2. Then we have,

[f(x) =Sn()] = [f(x) = Sn(x)]

< ) {ancosn—nx‘—i- bnsin@H
_ L L
n=N+1
< Y [lan + [bul] (3.104)
n=N+1
41°M & 1
S 2 L n?
n=N+1
412M (3.105)
N 3.105

This gives the uniform convergence.
These Theorems can be relaxed to include piecewise C! functions. Lemma

4 needs to be changed for such functions to the result that
L

lim ~ [ Dy(x)h(x) dx = &

Jim 7 [ Da(x)h(x) dx = 5

—L

by splitting the integral into integrals over [—L, 0], [0, L] and applying a one-
sided L'Hospital’s Rule. Proving uniform convergence under the conditions
in Theorem 4 takes a little more effort, but it can be done.

Problems

1. Consider the set of vectors (—1,1,1), (1,-1,1), (1,1, —-1).

a. Use the Gram-Schmidt process to find an orthonormal basis for R®
using this set in the given order.

b. What do you get if you do reverse the order of these vectors?

2. Use the Gram-Schmidt process to find the first four orthogonal polyno-
mials satisfying the following:

a. Interval: (—oco, 00) Weight Function: e

b. Interval: (0,00) Weight Function: e~ *.

3. Find Py(x) using
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a. The Rodrigues Formula in Equation (3.41).
b. The three-term recursion formula in Equation (3.43).
4. In Equations (3.56) through (3.63) we provide several identities for Leg-

endre polynomials. Derive the results in Equations (3.57) through (3.63) as
described in the text. Namely,

a. Differentiating Equation (3.56) with respect to x, derive Equation
(3:57)-

b. Derive Equation (3.58) by differentiating g(x,t) with respect to x
and rearranging the resulting infinite series.

c. Combining the previous result with Equation (3.56), derive Equa-
tions (3.59) and (3.60).

d. Adding and subtracting Equations (3.59) and (3.60), obtain Equa-
tions (3.61) and (3.62).

e. Derive Equation (3.63) using some of the other identities.
5. Use the recursion relation (3.43) to evaluate fil XPy(x) Py (x) dx, n < m.

6. Expand the following in a Fourier-Legendre series for x € (—1,1).

a. f(x)
b f(x)

e f(x) =

I
Q1 =R
N

x4 2x% — x4 3.

-1, —-1<x<0,
1, O<x<1.

{x,—1<x<Q

0, O<x<l
7. Use integration by parts to show I'(x +1) = xT'(x).

8. Prove the double factorial identities:

(2n)!! = 2""n!
and (2n)!
n)!
2n -1 = T

9. Express the following as Gamma functions. Namely, noting the form
I(x+1) = fooo t*e~!dt and using an appropriate substitution, each expres-
sion can be written in terms of a Gamma function.

a. [y x3e % dx.
b. [ B dx.
c. fol [ln (%)]n dx.

10. The coefficients C,f in the binomial expansion for (1 + x)” are given by

cr_Pp=1)--(p—k+1)
kT Kl '
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a. Write le in terms of Gamma functions.

b. For p = 1/2, use the properties of Gamma functions to write C,l/ 2

in terms of factorials.

c. Confirm your answer in part b by deriving the Maclaurin series

expansion of (1+ x)/2.

11. The Hermite polynomials, H, (x), satisfy the following:
i < Hy, Hy >= [ e Hy (x)Hy (x) dx = /72 18 .
ii. H)(x)=2nH, 1(x).
iii. Hyyq(x) =2xH,(x) —2nH,_1(x).
iv. Hy(x) = (—1)"e" 4 (efxz) .

Using these, show that

a. H]! —2xH], 4 2nH, = 0. [Use properties ii. and iii.]
b. [, xe™ Hy(x)Hy(x)dx = /72" 0! 8y n 1 + 200 + 18y n11] -
[Use properties i. and iii.]
0, n odd,
c. Hy(0) =
1(0) { (1)@ o
Note from iv. that Hy(x) = 1 and Hy(x) = 2x. ]

[Let x = 0 in iii. and iterate.

12. In Maple one can type simplify(LegendreP(2*n-2,0)-LegendreP(2*n,0));
to find a value for Py, _»(0) — P, (0). It gives the result in terms of Gamma
functions. However, in Example 3.13 for Fourier-Legendre series, the value
is given in terms of double factorials! So, we have

V7i(4n —1) :(_1),1,1(2;1—3)!!471—1
2T (n+1)T (3 —n) 2n—2)!! 2n

PZn—Z(O) - PZn(O) =

You will verify that both results are the same by doing the following:
a. Prove that P»,(0) = (—1)" (2(’;)1,?” using the generating function
and a binomial expansion.
b. Prove that T (n + %) = Wﬁ using I'(x) = (x —1)I'(x — 1)
and iteration.

c. Verify the result from Maple that P,,,_»(0) — P,,(0) = zr(;qx/fl(?ig(}l)@'
.

d. Can either expression for P, _»(0) — P,,(0) be simplified further?

13. A solution of Bessel’s equation, x%y” + xy’ + (x> — n?)y = 0, , can
be found using the guess y(x) = L%, ajx/*". One obtains the recurrence
relation a; = ﬁﬂj—z- Show that for ag = (n!2")~!, we get the Bessel
function of the first kind of order n from the even values j = 2k:

o (—1)k X\ n+2k
Ju(x) = ,;O ki(n+ k)! (2) '
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14. Use the infinite series in Problem 13 to derive the derivative identities
(3.80) and (3.81):
A (x)] = A (%),

a- Iy
bo o [ ()] = =1 s ()

15. Prove the following identities based on those in Problem 14.

a. ]pfl(x> +]p+l(x) = ZTPIP(X)
b. ]pfl(x) - ]p+1(x) = 2];/0(x>

16. Use the derivative identities of Bessel functions, (3.80) and (3.81), and
integration by parts to show that

[ o) dx = P (x) 22 a(x) + C.

17. Use the generating function to find J,(0) and J},(0).
18. Bessel functions J,(Ax) are solutions of x*y” + xy’ + (A%x? — p?)y = 0.

Assume that x € (0,1) and that [,(A) = 0 and J,(0) is finite.

a. Show that this equation can be written in the form

d dy 2 P

This is the standard Sturm-Liouville form for Bessel’s equation.
b. Prove that )
/0 xJp(Ax)Jp(pux)dx =0, A#p

by considering

/01 {]p(‘ux)ddx <x;i]p()\x)> —Ip()tx)% <xddx]p(‘ux)>} dx.

Thus, the solutions corresponding to different eigenvalues (A, u)
are orthogonal.

c. Prove that

[ Uy dx = 220 (0) = 120,

19. We can rewrite Bessel functions, J,(x), in a form which will allow the
order to be non-integer by using the gamma function. You will need the
results from Problem 12b for I’ (k + %)

a. Extend the series definition of the Bessel function of the first kind
of order v, J,(x), for v > 0 by writing the series solution for y(x)
in Problem 13 using the gamma function.

b. Extend the series to J_,(x), for v > 0. Discuss the resulting series
and what happens when v is a positive integer.
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c. Use these results to obtain the closed form expressions

2
Jij2(x) = \/ aSinX,

2
J172(x) =/ i

d. Use the results in part ¢ with the recursion formula for Bessel

functions to obtain a closed form for J3/,(x).

20. In this problem you will derive the expansion

where the «
steps.

2 o0 ojx

x2:C—+4 ?(7]), O<x<eg,
2 j=2 %; ]0(04]‘0)

/

js are the positive roots of J; (ac) = 0, by following the below

a. List the first five values of a for J;(ac) = 0 using Table 3.3 and

Figure 3.8. [Note: Be careful in determining «4.]

. Show that || Jo(a1%)||*> = % Recall,

o) I = [ xR ) d

. Show that ||Jo(a;x)||2 = S [Jo(&jc)]*,j = 2,3,.... (This is the most

involved step.) First note from Problem 18 that y(x) = Jo(a;x) is a
solution of
xzy// + xy/ + zsz»xzy —0.
i. Verify the Sturm-Liouville form of this differential equation:
(xy') = —zszxy.
ii. Multiply the equation in part i. by y(x) and integrate from
x = 0 to x = c to obtain

¢ N/ _ 2 [ 2
/O(xy)ydx = —oc]-/o xy” dx
c
= —ocjz/o x]%(oc]-x) dx. (3.106)

iii. Noting thaty(x) = Jo(ajx), integrate the left hand side by parts
and use the following to simplify the resulting equation.
1. Ji(x) = —J1(x) from Equation (3.81).
2. Equation (3.84).
3. J2(ajc) + Jo(ajc) = 0 from Equation (3.82).

iv. Now you should have enough information to complete this
part.

. Use the results from parts b and ¢ and Problem 16 to derive the

expansion coefficients for
5 (o 0]
x° = 2ijo(“jx)
j=1

in order to obtain the desired expansion.
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Complex Analysis

“He is not a true man of science who does not bring some sympathy to his studies,
and expect to learn something by behavior as well as by application. 1t is childish
to rest in the discovery of mere coincidences, or of partial and extraneous laws. The
study of geometry is a petty and idle exercise of the mind, if it is applied to no larger
system than the starry one. Mathematics should be mixed not only with physics but
with ethics; that is mixed mathematics. The fact which interests us most is the life
of the naturalist. The purest science is still biographical.” Henry David Thoreau
(1817 - 1862)

WE HAVE SEEN THAT WE CAN SEEK THE FREQUENCY CONTENT of a signal
f(t) defined on an interval [0, T] by looking for the the Fourier coefficients
in the Fourier series expansion

d 2mnt 27tnt
f(t)z%o—l—ng;lancos 7;,11 + by sin il

The coefficients can be written as integrals such as

2 T 27tnt
an_f/o f(t) cos T dt.

However, we have also seen that, using Euler’s Formula, trigonometric func-
tions can be written in a complex exponential form,

2t - eZm‘nt/T_Feonint/T
T 2

Ccos

We can use these ideas to rewrite the trigonometric Fourier series as a
sum over complex exponentials in the form

[ee)
f(t)z Z CnEZmnt/T’

n=-—oo

where the Fourier coefficients now take the form

T i
cu= [ Fle T ar
0

This representation will be useful in the analysis of analog signals, which
are ideal signals defined on an infinite interval and containing a continuum

In this chapter we introduce complex
numbers and complex functions. We
will later see that the rich structure of
complex functions will lead to a deeper
understanding of analysis, interesting
techniques for computing integrals, and
a natural way to express analog and dis-
crete signals.
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* The Bernoulli’s were a family of Swiss
mathematicians spanning three genera-
tions. It all started with Jacob Bernoulli
(1654 - 1705) and his brother Johann
Bernoulli (1667 - 1748). Jacob had a
son, Nicolaus Bernoulli (1687 - 1759)
and Johann (1667 - 1748) had three
sons, Nicolaus Bernoulli II (1695 - 1726),
Daniel Bernoulli (1700 - 1872), and Jo-
hann Bernoulli II (1710 - 1790). The last
generation consisted of Johann II's sons,
Johann Bernoulli III (1747 - 1807) and Ja-
cob Bernoulli II (1759 - 1789). Johann, Ja-
cob and Daniel Bernoulli were the most
famous of the Bernoulli’s. Jacob stud-
ied with Leibniz, Johann studied under
his older brother and later taught Leon-
hard Euler and Daniel Bernoulli, who is
known for his work in hydrodynamics.

Figure 4.1: The Argand diagram for plot-
ting complex numbers in the complex z-
plane.

The complex modulus, |z| = /x2 + 2.

Complex numbers can be represented in
rectangular (Cartesian), z = x + iy, or
polar form, z = re®. Here we define the
argument, 6, and modulus, |z| = r, of
complex numbers.

of frequencies. We will see the above sum become an integral and will nat-
urally find ourselves needing to work with functions of complex variables
and performing integrals of complex functions.

With this ultimate goal in mind, we will now take a tour of complex
analysis. We will begin with a review of some facts about complex numbers
and then introduce complex functions. This will lead us to the calculus of
functions of a complex variable, including differentiation and integration of
complex functions.

4.1 Complex Numbers

COMPLEX NUMBERS WERE FIRST INTRODUCED in order to solve some sim-
ple problems. The history of complex numbers only extends about five
hundred years. In essence, it was found that we need to find the roots of
equations such as x> + 1 = 0. The solution is x = 4+/—1. Due to the use-
fulness of this concept, which was not realized at first, a special symbol was
introduced - the imaginary unit, i = /—1. In particular, Girolamo Cardano
(1501 — 1576) was one of the first to use square roots of negative numbers
when providing solutions of cubic equations. However, complex numbers
did not become an important part of mathematics or science until the late
seventh century after people like Abraham de Moivre (1667 - 1754), the
Bernoulli' family, and Leonhard Euler (1707 - 1783) took them seriously.

A complex number is a number of the form z = x + iy, where x and y
are real numbers. x is called the real part of z and y is the imaginary part
of z. Examples of such numbers are 3 + 3i, —1i = —i, 4i and 5. Note that
5=5+0iand 4i = 0+ 4i.

There is a geometric representation of complex numbers in a two-dimensional

plane, known as the complex plane C. This is given by the Argand dia-
gram as shown in Figure 4.1. Here we can think of the complex number
z = x + iy as a point (x,y) in the z-complex plane or as a vector. The mag-
nitude, or length, of this vector is called the complex modulus of z, denoted
by |z| = \/x% + y%. We can also use the geometric picture to develop a po-
lar representation of complex numbers. From Figure 4.1 we can see that in
terms of r and 6, we have that

x = rcoso,
y = rsin®. (4.1)

Thus, using Euler’s Formula (Example 1.34), we have

z=2x+iy =r(cos® +isinf) = re. (4-2)

So, given r and 6 we have z = re'?. However, given the Cartesian form,
z = x + iy, we can also determine the polar form, since

r = /x2+y2,

_Y
tanf = " (4-3)



Note that r = |z|.

Locating 1 4-i in the complex plane, it is possible to immediately deter-
mine the polar form from the angle and length of the “complex vector.” This
is shown in Figure 4.2. It is obvious that 8 = % and r = /2.

Example 4.1. Write z =14 i in polar form.

If one did not see the polar form from the plot in the z-plane, then one could
systematically determine the results. First, write z = 1+ i in polar form, z = re'®,
for some r and 0.

Using the above relations between polar and Cartesian representations, we have
r=+/x24+y2 = V2and tan® = L = 1. This gives 6 = Z. So, we have found
that

1+i=2e"4,

We can also define binary operations of addition, subtraction, multiplica-

tion, and division of complex numbers to produce a new complex number.

The addition of two complex numbers is simply done by adding the real
and imaginary parts of each number. So,

B+2i)+(1—i)=4+1i.
Subtraction is just as easy,
(B+2i)—(1—i)=2+3i.

We can multiply two complex numbers just like we multiply any binomials,
though we now can use the fact that i> = —1. For example, we have

(342i)(1—i) =3+2i — 3i +2i(—i) =5 —1i.

We can even divide one complex number into another one and get a
complex number as the quotient. Before we do this, we need to introduce
the complex conjugate, Z, of a complex number. The complex conjugate of
z = x + 1y, where x and y are real numbers, is given as

zZ=x—1y.

Complex conjugates satisfy the following relations for complex numbers
z and w and real number x.

ztw = zZ+4+w
Zw ZW
z = z
X = x (4-4)

One consequence is that the complex conjugate of re'® is

rel® = cosf +isin® = cos® —isinf = re ?.
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Figure 4.2: Locating 1 + i in the complex
z-plane.

We can easily add, subtract, multiply,
and divide complex numbers.

The complex conjugate of z = x + iy is
given as z = x — iy.
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Another consequence is that

2z = rere™ = 12,
Thus, the product of a complex number with its complex conjugate is a real

number. We can also prove this result using the Cartesian form
2z = (x +iy)(x —iy) = > +v* = |z~

Now we are in a position to write the quotient of two complex numbers
in the standard form of a real plus an imaginary number.

Example 4.2. Simplify the expression z = 3;:21’ .

This simplification is accomplished by multiplying the numerator and denomi-
nator of this expression by the complex conjugate of the denominator:

T 1—i 1—-il14i 2

342 342i1+i 1450

Therefore, the quotient is a complex number and in standard form is given by z =
14 5;
3 + jl.
We can also consider powers of complex numbers. For example,
(141)% =2i,
(141)° = (1+4)(2i) =2i — 2.

But, what is (1 +i)1/2 = /1 +1?
In general, we want to find the nth root of a complex number. Let t =
z!/". To find t in this case is the same as asking for the solution of

z=t"

given z. But, this is the root of an nth degree equation, for which we expect
n roots. If we write z in polar form, z = e’ then we would naively compute

Al _ (reie)l/”
_ rl/neiG/n
0 0
_ 1/n v ..U
4 [cos . +isin n} . (4-5)
For example,

(1 +i)1/2 _ (\/Eein/4>1/2 _ 21/461'7'(/8_

The function f(z) = z!/" is multivalued: But this is only one solution. We expected two solutions for n = 2.
Un — J1/ngi(6+2km)/n o — _ o .
2/ = O k= 0,1, - 1. The reason we only found one solution is that the polar representation

for z is not unique. We note that

e — 1, k=0,+£1,+2,....

So, we can rewrite z as z = re'?e2k — rei(6+2k7) Now we have that



2V = 042k /e — 0,1, ,n—1.

Note that these are the only distinct values for the roots. We can see this by
considering the case k = n. Then we find that

ei(9+2m'n)/n — pif/np2mi _ 4if/n
So, we have recovered the n = 0 value. Similar results can be shown for the
other k values larger than n.

Now we can finish the example we started.

Example 4.3. Determine the square roots of 1 + 1, or v/1 +i.
As we have seen, we first write 1+ i in polar form: 1+i = \/2e!™*. Then we
introduce e**™ = 1 and find the roots:

. N 1/2
(1+i)1/2 _ (\fzem/462km) , k=01,
_ 21/4ei(ﬂ/8+k7r), k=0,1,
21/4,pi7/8 21/4,97i/8 (4.6)

Finally, what is ¥/1? Our first guess would be /1 = 1. But we now know
that there should be n roots. These roots are called the nth roots of unity.
Using the above result with ¥ = 1 and 6 = 0, we have that

n 2tk . . 2k
\fl:{cos:+zsm:], k=0,...,.n—1.

For example, we have

V1= [coszgk—i—isinzgk} , k=0,1,2.

These three roots can be written out as

Vi=1,-14 ﬁi,—l V3,
2 2 2 2
We can locate these cube roots of unity in the complex plane. In Figure
4.3, we see that these points lie on the unit circle and are at the vertices of an
equilateral triangle. In fact, all nth roots of unity lie on the unit circle and

are the vertices of a regular n-gon with one vertex at z = 1.

4.2 Complex Valued Functions

WE WOULD LIKE TO NEXT EXPLORE complex functions and the calculus
of complex functions. We begin by defining a function that takes complex
numbers into complex numbers, f : C — C. It is difficult to visualize such
functions. For real functions of one variable, f : R — R, we graph these
functions by first drawing two intersecting copies of R and then proceed to
map the domain into the range of f.
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The nth roots of unity, V1.

Figure 4.3: Locating the cube roots of
unity in the complex z-plane.
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Figure 4.4: Defining a complex valued
function, w = f(z), on C for z = x + iy
and w = u + iv.

It would be more difficult to do this for complex functions. Imagine plac-
ing together two orthogonal copies of the complex plane, C. One would
need a four-dimensional space in order to complete the visualization. In-
stead, one typically uses two copies of the complex plane side by side in
order to indicate how such functions behave. Over the years there have
been several ways to visualize complex functions. We will describe a few of
these in this chapter.

We will assume that the domain lies in the z-plane and the image lies in
the w-plane. We will then write the complex function as w = f(z). We show
these planes in Figure 4.4 as well as the mapping between the planes.

Y v
w= ()

//—\Z;]

Ne

Letting z = x + iy and w = u + iv, we can write the real and imaginary
parts of f(z):

w=f(z) = f(x +iy) = u(x,y) +iv(x,y).

We see that one can view this function as a function of z or a function of
x and y. Often, we have an interest in writing out the real and imaginary
parts of the function, u(x,y) and v(x,y), which are functions of two real
variables, x and y. We will look at several functions to determine the real
and imaginary parts.

Example 4.4. Find the real and imaginary parts of f(z) = z2.

For example, we can look at the simple function f(z) = z2. It is a simple matter
to determine the real and imaginary parts of this function. Namely, we have

22 = (x +iy)? = x% — y* + 2ixy.
Therefore, we have that

u(x,y) = X2 — yz, v(x,y) = 2xy.

In Figure 4.5 we show how a grid in the z-plane is mapped by f(z) = z? into
the w-plane. For example, the horizontal line x = 1 is mapped to u(1,y) = 1 — y?
and v(1,y) = 2y. Eliminating the “parameter” y between these two equations, we
have u = 1 — v? /4. This is a parabolic curve. Similarly, the horizontal line y = 1
results in the curve u = v*/4 — 1.

If we look at several curves, x =const and y =const, then we get a family of
intersecting parabolae, as shown in Figure 4.5.
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Figure 4.5: 2D plot showing how the
function f(z) = z* maps the lines x = 1
and y = 1 in the z-plane into parabolae
in the w-plane.

Yo
-0.5
-1
-15
= -1 0 2
2 Figure 4.6: 2D plot showing how the
15 function f(z) = z*> maps a grid in the
z-plane into the w-plane.
1
0.5
Yo

Example 4.5. Find the real and imaginary parts of f(z) = e*.
For this case, we make use of Euler’s Formula (from Example 1.34):
= XY
— Yol
= e"(cosy+isiny). (4.7)

Thus, u(x,y) = e*cosy and v(x,y) = e*siny. In Figure 4.7 we show how a
grid in the z-plane is mapped by f(z) = e* into the w-plane.

2 ¢ Figure 4.7: 2D plot showing how the
15 3 function f(z) = e* maps a grid in the
z-plane into the w-plane.
1 2
0.5 1
Yo Yo
-0.5 -1
-1 -2
-1.5 -3
2 -4
-2 -1 0 1 2 -4 -2 0 2 4
X u

Example 4.6. Find the real and imaginary parts of f(z) = z/2.
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-3

-4

Figure 4.8: 2D plot showing how the
function f(z) = /z maps a grid in the
z-plane into the w-plane.

Figure 4.9: Domain coloring of the com-
plex z-plane assigning colors to arg(z).

We have that

212 =\ [x2 4 y2 (cos (B + krt) +isin (0 4+ k), k=0,1.  (4.8)
Thus,
u = |z|cos (60 +km),u = |z|cos (0 +km),

for |z| = \/x2+y2 and 0 = tan~'(y/x). For each k-value, one has a different
surface and curves of constant 0 give u/v = c1; and, curves of constant nonzero
complex modulus give concentric circles, u?> + v* = c,, for c1 and co constants.

Example 4.7. Find the real and imaginary parts of f(z) = Inz.
In this case, we make use of the polar form of a complex number, z = re'®. Our
first thought would be to simply compute

Inz = Inr+i6.

However, the natural logarithm is multivalued, just like the square root function.
Recalling that ¢¥™* = 1 for k an integer, we have z = re'(®+27%)_Therefore,

Inz =1Inr+i(0 + 27k), k = integer.

The natural logarithm is a multivalued function. In fact, there are an infinite
number of values for a given z. Of course, this contradicts the definition of a
function that you were first taught.

Thus, one typically will only report the principal value, Log z = Inr 410, for 6
restricted to some interval of length 27t, such as [0,271). In order to account for the
multivaluedness, one introduces a way to extend the complex plane so as to include
all of the branches. This is done by assigning a plane to each branch, using (branch)
cuts along lines, and then gluing the planes together at the branch cuts to form
what is called a Riemann surface. We will not elaborate upon this any further here
and refer the interested reader to more advanced texts. Comparing the multivalued
logarithm to the principal value logarithm, we have

Inz = Log z + 2n7i.

We should note that some books use log z instead of Inz. It should not be confused
with the common logarithm.

4.2.1  Complex Domain Coloring

ANOTHER METHOD FOR VISUALIZING COMPLEX FUNCTIONS is domain col-
oring. The idea was described by Frank A. Farris. There are a few ap-
proaches to this method. The main idea is that one colors each point of the
z-plane (the domain) according to arg(z) as shown in Figure 4.9. The mod-
ulus, |f(z)| is then plotted as a surface. Examples are shown for f(z) = z?
in Figure 4.10 and f(z) = 1/z(1 — z) in Figure 4.11.

We would like to put all of this information in one plot. We can do this
by adjusting the brightness of the colored domain using the modulus of the
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function. In the plots that follow we use the fractional part of In |z|. In Figure
4.12 we show the effect for the z-plane using f(z) = z. In the figures that
follow, we look at several other functions. In these plots, we have chosen to
view the functions in a circular window.

One can see the rich behavior hidden in these figures. As you progress
in your reading, especially after the next chapter, you should return to these
figures and locate the zeros, poles, branch points, and branch cuts. A search
online will lead you to other colorings and superposition of the uv grid on
these figures.

As a final picture, we look at iteration in the complex plane. Consider
the function f(z) = z? — 0.75 — 0.2i. Interesting figures result when studying
the iteration in the complex plane. In Figure 4.15 we show f(z) and f?°(z),
which is the iteration of f twenty times. It leads to an interesting coloring.
What happens when one keeps iterating? Such iterations lead to the study
of Julia and Mandelbrot sets .
f(z) =(1—1i/2)sinx.

The following code was used in MATLAB to produce these figures.

In Figure 4.16 we show six iterations of

fn = @(x) (1-i/2)*sin(x);
Xmin=-2; xmax=2; ymin=-2; ymax=2;
Nx=500;

Ny=500;
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Figure 4.10: Domain coloring for f(z) =
z2. The left figure shows the phase color-
ing. The right figure shows the colored
surface with height |f(z)].

Figure 4.11: Domain coloring for f(z) =
1/z(1 — z). The left figure shows the
phase coloring. The right figure shows
the colored surface with height | f(z)].

Figure 4.12: Domain coloring for the
function f(z) = z showing a coloring for
arg(z) and brightness based on |f(z)|.

Figure 4.13: Domain coloring for the
function f(z) = 22.
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Figure 4.14: Domain coloring for sev-
eral functions. On the top row, the do-
main coloring is shown for f(z) = z*
and f(z) = sinz. On the second row,
plots for f(z) = V1+4z and f(z) =
Z(l/z_z)(zlw are shown. In the last
row, domain colorings for f(z) = Inz
and f(z) = sin(1/z) are shown.

Figure 4.15: Domain coloring for f(z) =
z2 — 0.75 — 0.2i. The left figure shows the
phase coloring. On the right is the plot

for f20(z).

Figure 4.16: Domain coloring for six it-
erations of f(z) = (1 —i/2)sinx.
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x=linspace(xmin, xmax,Nx) ;
y=linspace(ymin, ymax,Ny);
[X,Y] = meshgrid(x,y); z = complex(X,Y);
tmp=z; for n=1:6
tmp = fn(tmp);
end Z=tmp;
XX=real(Z);
YY=imag(Z);
R2=max(max(X.”2));
R=max (max (XX.”2+YY."2));

circle(:,:,1) = X."24Y."2 < R2;
circle(:,:,2)=circle(:,:,1);
circle(:,:,3)=circle(:,:,1);

addcirc(:,:,1)=circle(:,:,1)==0;
addcirc(:,:,2)=circle(:,:,1)==0;
addcirc(:,:,3)=circle(:,:,1)==0;

warning off MATLAB:divideByZero;

hsvCircle=ones (Nx,Ny,3);
hsvCircle(:,:,1)=atan2(YY,XX)*180/pi+(atan2(YY,XX)*180/pi<0)*360;
hsvCircle(:,:,1)=hsvCircle(:,:,1)/360; lgz=log(XX."2+YY."2)/2;
hsvCircle(:,:,2)=0.75; hsvCircle(:,:,3)=1-(lgz-floor(lgz))/2;
hsvCircle(:,:,1) flipud((hsvCircle(:,:,1)));

hsvCircle(:,:,2) flipud((hsvCircle(:,:,2)));

hsvCircle(:,:,3) =flipud((hsvCircle(:,:,3)));

rgbCircle=hsv2rgb(hsvCircle);
rgbCircle=rgbCircle.*circle+addcirc;

image(rgbCircle)

axis square

set(gca, 'XTickLabel’, {})
set(gca, 'YTickLabel’, {})

4.3 Complex Differentiation

NEXT WE WANT TO DIFFERENTIATE COMPLEX FUNCTIONS. We generalize
the definition from single variable calculus,

fl(z) — lim f(Z+AZ) —f(Z)

Az—0 Az ! 49)
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Figure 4.17: There are many paths that
approach z as Az — 0.

y

Figure 4.18: A path that approaches z
with y = constant.

provided this limit exists.

The computation of this limit is similar to what one sees in multivariable
calculus for limits of real functions of two variables. Letting z = x + iy and
0z = 6x + idy, then

z+40x = (x + ox) +i(y + dy).

Letting Az — 0 means that we get closer to z. There are many paths that
one can take that will approach z. [See Figure 4.17.]

It is sufficient to look at two paths in particular. We first consider the
path y = constant. This horizontal path is shown in Figure 4.18. For this
path, Az = Ax +iAy = Ax, since y does not change along the path. The
derivative, if it exists, is then computed as

flz+4z) — f(2)

! _ .
flz) = AI;I—I;IO Az
_ i Yt Axy) Fiv(x 4+ Axy) — (u(xy) +iv(xy))
A0 Ax
g Mt ARy —uny) ot Axy) —o(uy)
Ax—0 Ax Ax—0 Ax

(4.10)

The last two limits are easily identified as partial derivatives of real valued
functions of two variables. Thus, we have shown that when f’(z) exists,

oy U, 20
fi(z) = 5% iy (4.11)

A similar computation can be made if, instead, we take the vertical path,
x = constant, in Figure 4.17). In this case, Az = iAy and

flz+42) - f(2)

1 _ .
fe = fm ™%
i Myt Ay) tio(xy + Ay) — (u(xy) +iv(xy))
Ay—0 iAy
= lim u(x’y + Ay) B ”(x/]/) + lim U(x,y—|— Ay) — v(x/y)‘
Ay=0 iy Ay—0 Ay
(4.12)
Therefore,
1y 00 ou
f@) =35~ (4-13)

We have found two different expressions for f’(z) by following two dif-
ferent paths to z. If the derivative exists, then these two expressions must be
the same. Equating the real and imaginary parts of these expressions, we
have



u_ o
dx Oy

g _ (4-14)

ox ay

These are known as the Cauchy-Riemann Equations?.

Theorem 4.1. f(z) is holomorphic (differentiable) if and only if the Cauchy-Riemann
Equations are satisfied.

Example 4.8. f(z) = z2.

In this case we have already seen that z> = x> — y* + 2ixy. Therefore, u(x,y) =
x? —y? and v(x,y) = 2xy. We first check the Cauchy-Riemann Equations.

oy,
ax T oy

v ou

W= Ty (4.15)

Therefore, f(z) = 22 is differentiable.
We can further compute the derivative using either Equation (4.11) or Equation

(4.13). Thus,

f(z) = S—Z +ig—z =2x +i(2y) = 2z.

This result is not surprising.

Example 4.9. f(z) = z.

In this case we have f(z) = x — iy. Therefore, u(x,y) = x and v(x,y) = —y.
But, % =1land g—; = —1. Thus, the Cauchy-Riemann Equations are not satisfied
and we conclude that f(z) = z is not differentiable.

Another consequence of the Cauchy-Riemann Equations is that both u(x, y)
and v(x,y) are harmonic functions. A real-valued function u(x,y) is har-
monic if it satisfies Laplace’s Equation in 2D, V2u = 0, or

azl + azl =0
oxz = 9yz
Theorem 4.2. f(z) = u(x,y) +iv(x,y) is differentiable only if u and v are har-

monic functions.
This is easily proven using the Cauchy-Riemann Equations.

o%u 0 Ju
e T awox
d Jdv
dx 9y
d dv
3y o
d du
ydy
o%u

el (4.16)
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2 The Cauchy-Riemann Equations.
Augustin-Louis Cauchy (1789 - 1857)
was a French mathematician well known
for his work in analysis. Georg Friedrich
Bernhard Riemann (1826 - 1866) was a
German mathematician who made ma-
jor contributions to geometry and analy-
sis.

Harmonic functions satisfy Laplace’s
Equation.
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The harmonic conjugate function.

Example 4.10. Is u(x,y) = x* + y? harmonic?

%u  %u
4= =242#0.
2 + e +2#£0

No, it is not.

Example 4.11. Is u(x,y) = x* — y* harmonic?

%u  *u
@—Fa—yz—Z—Z—O.

Yes, it is.

Given a harmonic function u(x,y), can one find a function, v(x,y), such
f(z) = u(x,y) +iv(x,y) is differentiable? In this case, v are called the har-
monic conjugate of u.

Example 4.12. Find the harmonic conjugate of u(x,y) = x* — y* and determine
f(z) = u+ iv such that u + iv is differentiable.
The Cauchy-Riemann Equations tell us the following about the unknown func-
tion, v(x,y) :
ov ou

a = —@ :zy,
Jdv  du
@ =5 2x.

We can integrate the first of these equations to obtain

v(x,y) = /Zy dx = 2xy + c(y).

Here, c(y) is an arbitrary function of y. One can check to see that this works by
simply differentiating the result with respect to x.

Howeuver, the second equation must also hold. So, we differentiate the result with
respect to y to find that

]

% =2x+c'(y).
Since we were supposed to get 2x, we have that ¢’(y) = 0. Thus, c¢(y) = kis a
constant.

We have just shown that we get an infinite number of functions,

v(x,y) =2xy +k,

such that
f(z) = x* —y* +i(2xy + k)

is differentiable. In fact, for k = 0, this is nothing other than f(z) = z2.



4.4 Complex Integration

WE HAVE INTRODUCED FUNCTIONS OF A COMPLEX VARIABLE. We also
established when functions are differentiable as complex functions, or holo-
morphic. In this chapter we will turn to integration in the complex plane.
We will learn how to compute complex path integrals, or contour integrals.
We will see that contour integral methods are also useful in the computa-
tion of some of the real integrals that we will face when exploring Fourier
transforms in the next chapter.

4.4.1  Complex Path Integrals

IN THIS SECTION WE WILL INVESTIGATE the computation of complex path
integrals. Given two points in the complex plane, connected by a path I' as
shown in Figure 4.19, we would like to define the integral of f(z) along T,

/rf(z) dz.

A natural procedure would be to work in real variables, by writing

[ F@dz= [ nny) + vt y)] (dx+ idy),

since z = x + iy and dz = dx + idy.

In order to carry out the integration, we then have to find a parametriza-
tion of the path and use methods from a multivariate calculus class. Namely,
let # and v be continuous in domain D, and I" a piecewise smooth curve in
D. Let (x(t),y(t)) be a parametrization of ' for tp < t < t; and f(z) =
u(x,y) +iv(x,y) for z = x + iy. Then

Jor = [ a0, (00 + (0, y(0)] (G + 150
(4.17)

Here we have used

, dx .d
dz = dx +idy = (dt —l—zcg) dt.

Furthermore, a set D is called a domain if it is both open and connected.

Before continuing, we first define open and connected. A set D is con-
nected if and only if for all z;, and z; in D, there exists a piecewise smooth
curve connecting z1 to z; and lying in D. Otherwise it is called disconnected.
Examples are shown in Figure 4.20

A set D is open if and only if for all zy in D, there exists an open disk
|z —zp| < pin D. In Figure 4.21 we show a region with two disks.

For all points on the interior of the region, one can find at least one disk
contained entirely in the region. The closer one is to the boundary, the
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Z1

Z2

Figure 4.19: We would like to integrate a
complex function f(z) over the path T’ in
the complex plane.

(@ (b)
Figure 4.20: Examples of (a) a connected
set and (b) a disconnected set.

Figure 4.21: Locations of open disks in-
side and on the boundary of a region.
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Figure 4.22: Contour for Example 4.13.

smaller the radii of such disks. However, for a point on the boundary, every
such disk would contain points inside and outside the disk. Thus, an open
set in the complex plane would not contain any of its boundary points.

We now have a prescription for computing path integrals. Let’s see how
this works with a couple of examples.

Example 4.13. Evaluate |- 2% dz, where C = the arc of the unit circle in the first
quadrant as shown in Figure 4.22.

There are two ways we could carry out the parametrization. First, we note that
the standard parametrization of the unit circle is

(x(0),y(0)) = (cosh,sinh), 0<6<2m.

For a quarter circle in the first quadrant, 0 < 6 < %, we let z = cosBO + isinf.
Therefore, dz = (— sin 0 + i cos 0) d6 and the path integral becomes

/ 22dz = /7(c039+isin9)2(7sin9+icos€) de.
C 0

We can expand the integrand and integrate, having to perform some trigonometric
integrations.

/7 [sin® @ — 3 cos? @sin B + i(cos® § — 3 cos O sin” §)] db.
0

The reader should work out these trigonometric integrations and confirm the result.
For example, you can use

sin® 6 = sin6(1 — cos? #))
to write the real part of the integrand as
sin @ — 4 cos? 0 sin 6.

The resulting antiderivative becomes

4
—cosf + 3 cos® 0.

The imaginary integrand can be integrated in a similar fashion.
While this integral is doable, there is a simpler procedure. We first note that
z=¢"% on C. So, dz = ie'd6. The integration then becomes

/zzdz = /j(eig)zieiede
C 0
— / % i gp
0
ie3i€
3i lo
1+

= — 5 (4.18)

/2




Example 4.14. Evaluate [z dz, for the path T = 71 U 7y, shown in Figure 4.23.
In this problem we have a path that is a piecewise smooth curve. We can compute
the path integral by computing the values along the two segments of the path and
adding the results. Let the two segments be called vy and v, as shown in Figure
4.23 and parametrize each path separately.
Over vy we note that y = 0. Thus, z = x for x € [0,1]. It is natural to take x
as the parameter. So, we let dz = dx to find

d ' d 1
zZ = xXax = —.
/f /0 2

For path 7y, we have that z = 1+ iy for y € [0,1] and dz = idy. Inserting this
parametrization into the integral, the integral becomes

1 1
Azz z O( +iy)idy =i 5

Combining the results for the paths vy, and 7y,, we have [z dz = T+i-4) =
i
Example 4.15. Evaluate f'm z dz, where 73 is the path shown in Figure 4.24.

In this case we take a path from z = 0 to z = 1 + i along a different path than
in the last example. Let v3 = {(x,y)|ly = x?>,x € [0,1]} = {z|z = x +ix?,x €
[0,1]}. Then, dz = (1 + 2ix) dx.

The integral becomes

1
/zdz = /(x+ix2)(1+2ix)dx
73 0

1
/ (x + 3ix? — 2x%) dx =
0

= sz +ix® — ;-X4]0 =1 (4.19)

In the last case we found the same answer as obtained in Example 4.14.
But we should not take this as a general rule for all complex path integrals.
In fact, it is not true that integrating over different paths always yields the
same results. However, when this is true, then we refer to this property as
path independence. In particular, the integral [ f(z) dz is path independent

if
/rlf(z)dz: /rzf(z)dz

for all paths from z; to zp as shown in Figure 4.25.
We can show that if [ f(z)dz is path independent, then the integral of
f(z) over all closed loops is zero:

z)dz = 0.

/closed loopsf( )

A common notation for integrating over closed loops is §- f(z) dz. But first
we have to define what we mean by a closed loop. A simple closed contour
is a path satisfying
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y
2i +
, 1+4i
i
{Vz
| 0 ‘ |
-1 mog 2 X

—7 -
Figure 4.23: Contour for Example 4.14
with [ = T @] Y2

y
2+

, 1+4i

i

T2
3
| 0 | %
-1 mo 2 X

Figure 4.24: Contour for Example 4.15.

Z1

I
I
22

Figure 4.25: ffl f(z)dz = sz f(z) dz for
all paths from z; to zo when the integral
of f(z) is path independent.

A simple closed contour.
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$c f(z)dz = 0 if the integral is path in-
dependent.

y

C G

Figure 4.26: The integral §.f(z)dz
around C is zero if the integral [}. f(z) dz
is path independent.

A curve with parametriza-

tion (x(t),y(t)) has a normal

d
(nmny) = (*%/ Tz)

a. The end point is the same as the beginning point. (This makes the
loop closed.)

b. The are no self-intersections. (This makes the loop simple.)

A loop in the shape of a figure eight is closed, but it is not simple.

Now consider an integral over the closed loop C shown in Figure 4.26.
We pick two points on the loop, breaking it into two contours, C; and Cj.
Then we make use of the path independence by defining C, to be the path
along C; but in the opposite direction. Then,

frde = [ et [ fle)d
= le(z) dz — /Cz_ f(z)dz. (4.20)

Assuming that the integrals from point 1 to point 2 are path independent,
then the integrals over C; and C; are equal. Therefore, we have §- f(z) dz =
0.

Example 4.16. Consider the integral §-zdz for C the closed contour shown in
Figure 4.24 starting at z = 0 following path <1, then <y, and returning to z = 0.
Based on the earlier examples and the fact that going backward on <3 introduces a
negative sign, we have

fzdz:/ zdz + zdz—/ zdz:l—i—(i—l)—izo.
C T T2 73 2 2

4.4.2  Cauchy’s Theorem

NEXT WE WANT TO INVESTIGATE if we can determine that integrals over
simple closed contours vanish without doing all the work of parametrizing
the contour. First, we need to establish the direction about which we traverse
the contour. We can define the orientation of a curve by referring to the
normal of the curve.

Recall that the normal is a perpendicular to the curve. There are two such
perpendiculars. The above normal points outward and the other normal
points toward the interior of a closed curve. We will define a positively
oriented contour as one that is traversed with the outward normal pointing
to the right. As one follows loops, the interior would then be on the left.

We now consider §-(u + iv) dz over a simple closed contour. This can be
written in terms of two real integrals in the xy-plane.

fc(wiv)dz — /C(u+iv)(dx+idy)

= /;udvady+i/;vdx+udy. (4.21)

These integrals in the plane can be evaluated using Green’s Theorem in the
Plane. Recall this theorem from your last semester of calculus:



Green’s Theorem in the Plane.

Theorem 4.3. Let P(x,y) and Q(x,y) be continuously differentiable functions
on and inside the simple closed curve C as shown in Figure 4.27. Denoting the
enclosed region S, we have

/Cde—l—Qdy://s <?)§_?91y)) dxdy. (4.22)

Using Green’s Theorem to rewrite the first integral in Equation (4.21), we

: : —Jdv  du
/Cudx—vdy—./ /s <8x_8y) dxdy.

If u and v satisfy the Cauchy-Riemann Equations (4.14), then the integrand

have

in the double integral vanishes. Therefore,

dx —vdy =0.
/Cux vdy

In a similar fashion, one can show that
/ vdx +udy = 0.
C

We have thus proven the following theorem:

Cauchy’s Theorem

Theorem 4.4. If u and v satisfy the Cauchy-Riemann Equations (4.14) inside
and on the simple closed contour C, then

fc.(u +iv)dz = 0. (4.23)

Corollary §. f(z) dz = 0 when f is differentiable in domain D with C C D.

Either one of these is referred to as Cauchy’s Theorem.

Example 4.17. Evaluate §, ;_, 74 dz.
Since f(z) = z* is differentiable inside the circle |z — 1| = 3, this integral
vanishes.

We can use Cauchy’s Theorem to show that we can deform one contour
into another, perhaps simpler, contour.

Theorem 4.5. If f(z) is holomorphic between two simple closed contours, C and

C', then §. f(z)dz = §. f(z) dz.

Proof. We consider the two curves C and C’ as shown in Figure 4.28. Con-
necting the two contours with contours I'y and I'; (as shown in the figure),
C is seen to split into contours C; and C, and C’ into contours C; and Cj.
Note that f(z) is differentiable inside the newly formed regions between the
curves. Also, the boundaries of these regions are now simple closed curves.
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Figure 4.27: Region used in Green’s The-
orem.

Green’s Theorem in the Plane is one of
the major integral theorems of vector
calculus. It was discovered by George
Green (1793 - 1841) and published in
1828, about four years before he entered
Cambridge as an undergraduate.

One can deform contours into simpler
ones.
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i

‘ C
(@)

Figure 4.28: The contours needed to
prove that fC z)dz = fc, z) dz when
f(z) is holomorphlc between the con-
tours C and C'.

Y
2i T2

Lk

3

—2i e

Figure 4. 29 The contours used to com-
pute ¢, %. Note that to compute the in-
tegral around R we can deform the con-
tour to the circle C since f(z) is differ-
entiable in the region between the con-
tours.

ahu}
> AXEW//l 2

y
2i T2
R
T3 iT T
} }
-2 -1 1 2
—i+
—2i Ya

Figure 4.30: The contours used to com-
pute §; ’%Z. The added diagonals are
for the reader to easily see the argu-
ments used in the evaluation of the lim-
its when integrating over the segments
of the square R.

Therefore, Cauchy’s Theorem tells us that the integrals of f(z) over these
regions are zero.

Noting that integrations over contours opposite the positive orientation
are the negative of integrals that are positively oriented, we have from
Cauchy’s Theorem that

/le(z)dz+/rlf(z)dz—/qf(z)der/rzf(z)dz:
LJ@@—AJ@W—LJ@W_AJ@M:

In the first integral, we have traversed the contours in the following order:

and

C1, T1, C] backward, and T'p. The second integral denotes the integration
over the lower region, but going backward over all contours except for C,.
Combining these results by adding the two equations above, we have

LJ@W+AJ@W_AJ@W_EJ@WI

Noting that C = C; + C; and C' = C| + C}, we have

ijf(z)dz = C/f(z)dz

as was to be proven. O

Example 4.18. Compute §,  for R the rectangle [~2,2] x [—2i,2i].

We can compute this integral by looking at four sepamte integrals over the sides
of the rectangle in the complex plane. One simply parametrizes each line segment,
perform the integration and sum the four separate results. From the deformation
theorem, we can instead integrate over a simpler contour by deforming the rectangle
into a circle as long as f(z) = % is differentiable in the region bounded by the
rectangle and the circle. So, using the unit circle, as shown in Figure 4.29, the
integration might be easier to perform.

More specifically, the the deformation theorem tells us that

fe-1.%

The latter integral can be computed using the parametrization z = € for €

[0,27t]. Thus,
7{ % _ /‘27‘[ ieie de
=1z  Jo €

27
= i ; de = 27ri. (4-24)
Therefore, we have found that j;R > = 27ti by deforming the original simple closed
contour.
For fun, let’s do this the long way to see how much effort was saved. We will label
the contour as shown in Figure 4.30. The lower segment, <4, of the square can be
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simple parametrized by noting that along this segment z = x — 2i for x € [—2,2].
Then, we have

dz 2 dx
Ya ? - /—2 x —2i
2
= In ‘x — 21"_
= <ln(2ﬁ) — T) — <ln(2\@) — 347“)
= % (4.25)

We note that the arquments of the logarithms are determined from the angles made
by the diagonals provided in Figure 4.30.
Similarly, the integral along the top segment, z = x + 2i, x € [—2,2], is com-

puted as
dz /*2 dx
mz  h x+2i

-2

= Inx+2i
2

- (m(zﬁ) + 31“) - <1n(2ﬁ) + T)

= %, (4'26)

The integral over the right side, z = 2 + iy, y € [—2,2], is
dz /2 idy
mn 2 B —22+1y
2
= Inj2+i
npri

= (m(zxfz) + T) — (m(zfz) —~ Z’)

= % (4.27)

Finally, the integral over the left side, z = =2+ iy, y € [—2,2], is

dz /*2 idy
wzo 2 =24y

2
- In‘ —2+iy’_2
= (1n(2\/§) - 54m> - (m(zfz) + 3;”)
7Tl
= o (4.28)

Therefore, we have that

dz dz dz dz dz
N
R Z 1 Z T2 Z 13 Z 14 Z
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Morera’s Theorem.

There are various types of complex-
valued functions.

A holomorphic function is (com-
plex) differentiable in a neighborhood of
every point in its domain.

An analytic function has a conver-
gent Taylor series expansion in a neigh-
borhood of each point in its domain. We
see here that analytic functions are holo-
morphic and vice versa.

If a function is holomorphic
throughout the complex plane, then it is
called an entire function.

Finally, a function which is holomor-
phic on all of its domain except at a set of
isolated poles (to be defined later), then
it is called a meromorphic function.

_omim i i
2 2 2 2
= 4 (?) = 271 (4.29)

This gives the same answer as we found using a simple contour deformation.

dz = 0
does not always imply that f(z) is differentiable. What we do have is Mor-

The converse of Cauchy’s Theorem is not true, namely § f(z)

era’s Theorem (Giacinto Morera, 1856 - 1909):

Theorem 4.6. Let f be continuous in a domain D. Suppose that for every simple

closed contour C in D, § f(z) dz = 0. Then f is differentiable in D.

The proof is a bit more detailed than we need to go into here. However,
this theorem is useful in the next section.

4.4.3 Analytic Functions and Cauchy’s Integral Formula

IN THE PREVIOUS SECTION WE saw that Cauchy’s Theorem was useful for
computing particular integrals without having to parametrize the contours
or for deforming contours into simpler contours. The integrand needs to
possess certain differentiability properties. In this section, we will general-
ize the functions that we can integrate slightly so that we can integrate a
larger family of complex functions. This will lead us to the Cauchy’s Inte-
gral Formula, which extends Cauchy’s Theorem to functions analytic in an
annulus. However, first we need to explore the concept of analytic functions.

A function f(z) is analytic in domain D if for every open disk |z — zg| < p
lying in D, f(z) can be represented as a power series in zg. Namely,

[e9)

Z Z—ZO

This series converges uniformly and absolutely inside the circle of conver-
gence, |z — z9| < R, with radius of convergence R. [See the Appendix for a
review of convergence.]

Since f(z) can be written as a uniformly convergent power series, we can
integrate it term by term over any simple closed contour in D containing z.
In particular, we have to compute integrals like §-(z — z)" dz. As we will
see in the homework problems, these integrals evaluate to zero for most n.
Thus, we can show that for f(z) analytic in D and on any closed contour C
lying in D, ¢ f(
tinuous funct1ons, so f(z ) is also continuous. Thus, by Morera’s Theorem,

z)dz = 0. Also, f is a uniformly convergent sum of con-

we have that f(z) is differentiable if it is analytic. Often terms like analytic,
differentiable, and holomorphic are used interchangeably, though there is a
subtle distinction due to their definitions.

As examples of series expansions about a given point, we will consider

1

series expansions and regions of convergence for f(z) = 1.



Example 4.19. Find the series expansion of f(z) = 11? about zy = 0.

This case is simple. From Chapter 1 we recall that f(z) is the sum of a geometric
series for |z| < 1. We have

1 = "
z) = = —z)"
f&) = 17 = L)
Thus, this series expansion converges inside the unit circle (|z| < 1) in the complex
plane.
Example 4.20. Find the series expansion of f(z) = 11? about zg = %

We now look into an expansion about a different point. We could compute the
expansion coefficients using Taylor’s formula for the coefficients. However, we can
also make use of the formula for geometric series after rearranging the function. We
seek an expansion in powers of z — %. So, we rewrite the function in a form that is
a function of z — % Thus,

1 1 1

R T IR TS T Vi Bl Y

This is not quite in the form we need. It would be nice if the denominator were
of the form of one plus something. [Note: This is similar to what we had seen in
Example 1.33.] We can get the denominator into such a form by factoring out the
3. Then we would have

2 1
Z) = c——r.
R ERE
The second factor now has the form %_r, which would be the sum of a geometric se-
ries with first term a = 1 and ratior = — % (z— %) provided that | v | <1. Therefore,

we have found that

for

This convergence interval can be rewritten as
ol
21 "2
which is a circle centered at z = % with radius %

In Figure 4.31 we show the regions of convergence for the power series
expansions of f(z) = 11? about z = 0 and z = % We note that the first
expansion gives that f(z) is at least analytic inside the region |z| < 1. The
second expansion shows that f(z) is analytic in a larger region, |z — 3| < 3.
We will see later that there are expansions which converge outside these
regions and that some yield expansions involving negative powers of z — z.

We now present the main theorem of this section:
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ARNE
z'j

—2i+

Figure 4.31: Regions of convergence for
expansions of f(z) = r; about z = 0
and z = %
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Cauchy Integral Formula

Theorem 4.7. Let f(z) be analytic in |z — zy| < p and let C be the boundary
(circle) of this disk. Then,

f(z0) = @, (4:30)

2711 cz—zo

Proof. In order to prove this, we first make use of the analyticity of f(z). We
insert the power series expansion of f(z) about zj into the integrand. Then
we have

flz)  _ =
 z—1z l; (2= 20)"

1 2
e [co+c1(z—zo)+c2(z—zo) +}

C
- 0 +eo1to(z—20)4+.... (4.31)
Z—2

analytic function

As noted, the integrand can be written as

fE) _

sz 7oz +h(z),

where h(z) is an analytic function, since h(z) is representable as a series
expansion about zg. We have already shown that analytic functions are dif-
ferentiable, so by Cauchy’s Theorem ¢ h(z)dz = 0.

Noting also that ¢g = f(zo) is the first term of a Taylor series expansion
about z = z;, we have

CE %LZO )} dz:f(ZO)j{czjzo

We need only compute the integral fc z; dz to finish the proof of Cauchy’s

dz.

Integral Formula. This is done by parametrlzmg the circle, |z — zo| = p, as
shown in Figure 4.32. This is simply done by letting

— plf
y z—zp = pe"’.

(Note that this has the right complex modulus since |¢| = 1. Then dz =
ipe’?dd. Using this parametrization, we have

27T ;pl0 27T
?{ _ [Tipetdd i/ d6 = 271i.
cz—z9 pet? 0
Therefore,
x flz) ?{ .
R—— dz = f(zp) —— dz = 27if(zp),

Figure 4.32: Circular contour used in

proving the Cauchy Integral Formula. as was to be shown. ]
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Example 4.21. Compute f‘z‘: 4 meers dz.

In order to apply the Cauchy Integral Formula, we need to factor the denomi-
nator, z> — 6z +5 = (z — 1)(z — 5). We next locate the zeros of the denominator.
In Figure 4.33 we show the contour and the points z = 1 and z = 5. The only
point inside the region bounded by the contour is z = 1. Therefore, we can apply

cosz

the Cauchy Integral Formula for f(z) = S22 to the integral

cosz B f(2) .
T 9% = [y % = 20

Therefore, we have

cosz P _ micos(1)
I e

We have shown that f(zp) has an integral representation for f(z) analytic
in |z —zp| < p. In fact, all derivatives of an analytic function have an integral
representation. This is given by

n!

F(z0) = 5~ fc L (4-32)

- 2mi Jo (z—zo)tHL T

This can be proven following a derivation similar to that for the Cauchy
Integral Formula. Inserting the Taylor series expansion for f(z) into the
integral on the right hand side, we have

% f(Z) dz = i Cm?{ (Z — ZO)m dz Figure 4.33: Circular contour used in
C (Z _ Zo)n-H = fo (Z _ Zo)n-i-l computing f‘z‘:4 722C_06SZZ+5 dz.

[
g
oY
S~

(4-33)

Picking k = n — m, the integrals in the sum can be computed using the

dz B 0, k#0,
7{C (Z ,Zo)k-‘rl - { 27, k=0. (434)

The proof is left for the exercises.
The only nonvanishing integrals, §- (z—zoﬁﬁ’ occur whenk =n —m =

following result:

0, or m = n. Therefore, the series of integrals collapses to one term and we

7% (f(z) dz = 27ticy,.

7z — Zo)n+1

We finish the proof by recalling that the coefficients of the Taylor series

have

expansion for f(z) are given by

Then, ‘
7{C( f(Z) dz = @ (n)(zo)

z—zg)"t1 Tl

and the result follows.
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3 Re-indexing a series is often useful in
series manipulations. In this case, we
have the series

[e9)

Y-tz =z
n=0
The index is n. You can see that the in-
dex does not appear when the sum is
expanded showing the terms. The sum-
mation index is sometimes referred to
as a dummy index for this reason. Re-
indexing allows one to rewrite the short-
hand summation notation while captur-
ing the same terms. In this example, the
exponents are —n — 1. We can simplify
the notation by letting —n —1 = —j, or
j =n+1. Noting that j = 1 whenn =0,
we get the sum Z}’il(fl)/;lz*f.

4.4.4 Laurent Series

UNTIL THIS POINT WE HAVE ONLY TALKED about series whose terms have
nonnegative powers of z — zg. It is possible to have series representations in
which there are negative powers. In the last section we investigated expan-
sions of f(z) = 11? about z = 0 and z = % The regions of convergence
for each series was shown in Figure 4.31. Let us reconsider each of these
expansions, but for values of z outside the region of convergence previously

found.
Example 4.22. f(z) = ﬁfor |z| > 1.

As before, we make use of the geometric series . Since |z| > 1, we instead rewrite
the function as

1 1 1
f@) =1 =1
1+z z14+ 2
We now have the function in a form of the sum of a geometric series with first term
a = 1and ratio r = —1. We note that |z| > 1 implies that |r| < 1. Thus, we have
the geometric series
1 & 1\"
ra=ix ()
This can be re-indexed3 as
f&) = Y (-1 = Y (1),
n=0 j=1

Note that this series, which converges outside the unit circle, |z| > 1, has negative
powers of z.

1 1)< 3
Example 4.23. f(z) = 13 for [z — 5| > 3.
As before, we express this in a form in which we can use a geometric series
expansion. We seek powers of z — % So, we add and subtract % to the z to obtain:

1 1 B 1
I+z 1+4(z—3+3) 3+(@=z-3)

Instead of factoring out the % as we had done in Example 4.20, we factor out the

f(z)

(z — 1) term. Then, we obtain

_ 1 _ 1 1
T2 e Dirge-b]

f(z)

Now we identify a = 1 and r = —3(z — 3) L. This leads to the series
1 &/ 3 1.,\"
fle) = (-
1520
) 3\" 1 —n—1
= L (—2 (z - 2) : (4-35)
n=0

This converges for |z — %| > % and can also be re-indexed to verify that this series

involves negative powers of z — 5.



This leads to the following theorem:

Theorem 4.8. Let f(z) be analytic in an annulus, Ry < |z —zg| < Ry, with C a
positively oriented simple closed curve around zy and inside the annulus as shown
in Figure 4.34. Then,

f(z) =Y aj(z—z0) + Y bj(z—20)7,
j=0 j=1
with
_ 1 f(2)
4= 2711 f%j (z — zo)f+1 dz,
and

1 f(2)
}{C ( dz

j = - — .
27ti z —z) Tl
The above series can be written in the more compact form

(e )
fz) =Y cilz—z).
]’:700
Such a series expansion is called a Laurent series expansion, named after its
discoverer Pierre Alphonse Laurent (1813 - 1854).

Example 4.24. Expand f(z) = m in the annulus 1 < |z| < 2.

Using partial fractions, we can write this as

f(z):;[ll—erZiz]

We can expand the first fraction, 11—, as an analytic function in the region |z| > 1
and the second fraction, 21?, as an analytic function in |z| < 2. This is done as
follows. First, we write

241—2 T2 —1(— - % L (‘%)

Then, we write

1 111 & Z\ 1 0 1
e - 3|25 (%) nZOZnH]
= 3 (_1)712” 3 (_1)27”. .36
’g 6(21) +; 3 (4.36)

We note that this is not a Taylor series expansion due to the existence of terms with
negative powers in the second sum.
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Figure 4.34: This figure shows an an-
nulus, Ry < |z —zy| < Ry, with C a
positively oriented simple closed curve
around z( and inside the annulus.
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Figure 4.35: Regions of convergence for
Laurent expansions of f(z) =

1
(1—2)(2+z) "

Example 4.25. Find series representations of f(z) = m throughout the

complex plane.

In the last example we found series representations of f(z) = in the

1
i ) (1-z)(2+2)
annulus 1 < |z| < 2. However, we can also find expansions which converge for

other regions. We first write

17 1 1
f(z)—g [1—z+2+z}
We then expand each term separately.

The first fraction can be written as the sum of the geometric series

/lZ/
(o]

=) 7" |zl <L

This series converges inside the unit circle. We indicate this by region 1 in Figure
435

In the last example, we showed that the second fraction
expansion

) T +Z, has the series

1 1 1& Z\"
z+z:2[1—(—g)]:§,§)<_§> '

which converges in the circle |z| < 2. This is labeled as region 2 in Figure 4.35.
Regions 1 and 2 intersect for |z| < 1, so, we can combine these two series
representations to obtain

1

e e é[Zz—i— 2(—)], 2] < 1.

In the annulus, 1 < |z| < 2, we had already seen in the last example that we
needed a different expansion for the fraction 11: We looked for an expansion in
powers of 1/z which would converge for large values of z. We had found that

1 1 1& 1
1_22_2(1_%) 227' |z| > 1.

This series converges in region 3 in Figure 4.35. Combining this series with the
one for the second fraction, we obtain a series representation that converges in the
overlap of regions 2 and 3. Thus, in the annulus 1 < |z| < 2, we have

1 111 & zZ\" & 1
T-9E+s "3 [z};o(—z) —EOH] '

So far, we have series representations for |z| < 2. The only region not covered
yet is outside this disk, |z| > 2. In Figure 4.35 we see that series 3, which con-
verges in region 3, will converge in the last section of the complex plane. We just
need one more series expansion for 1/(2 + z) for large z. Factoring out a z in the
denominator, we can write this as a geometric series withr =2/z:

re e m (s




This series converges for |z| > 2. Therefore, it converges in region 4 and the final
series representation is

1 111 & 2\" & 1
a3 1 (1) - B

n=0 n=

4.4.5 Singularities and The Residue Theorem

IN THE LAST SECTION WE FOUND, that we could integrate functions sat-
isfying some analyticity properties along contours without using detailed
parametrizations around the contours. We can deform contours if the func-
tion is analytic in the region between the original and new contour. In this
section we will extend our tools for performing contour integrals.

The integrand in the Cauchy Integral Formula was of the form g(z) =
Zf_(zz)o, where f(z) is well behaved at zy. The point z = z is called a singu-
larity of g(z), as g(z) is not defined there. More specifically, a singularity of
f(z) is a point at which f(z) fails to be analytic.

We can also classify these singularities. Typically, these are isolated sin-

gularities. As we saw from the proof of the Cauchy Integral Formula,

g(z) = Zfil has a Laurent series expansion about z = zg, given by
1
g2 =L 4 pg) 1 L) -z +
Z— 2 2

It is the nature of the first term that gives information about the type of
singularity that g(z) has. Namely, in order to classify the singularities of
f(z), we look at the principal part of the Laurent series of f(z) about z = zj,
Y521 bj(z — 20) ~J, which consists of the negative powers of z — zg.

There are three types of singularities: removable, poles, and essential
singularities. They are defined as follows:

1. If f(z) is bounded near zy, then z( is a removable singularity.

2. If there are a finite number of terms in the principal part of the Lau-
rent series of f(z) about z = z, then zj is called a pole.

3. If there are an infinite number of terms in the principal part of the
Laurent series of f(z) about z = zp, then zj is called an essential
singularity.

Example 4.26. f(z) = S22 has a removable singularity at z = 0.

At first it looks like there is a possible singularity at z = 0, since the denomi-
nator is zero at z = 0. However, we know from the first semester of calculus that
lim,_,q % = 1. Furthermore, we can expand sin z about z = 0 and see that

sinz 1 3 2

z zZ
R RO LS

Thus, there are only nonnegative powers in the series expansion. So, z = 0 is a
removable singularity.
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Singularities of complex functions.

Classification of singularities.
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Simple pole.

Double pole.

Poles of order k.

Example 4.27. f(z) = ﬁ has poles at z = 1 for n a positive integer.
For n = 1, we have f(z) = -%5. This function has a singularity at z = 1. The
series expansion is found by expanding e* about z = 1:
f(z) = Zilez_l = zil +e+%(z—1)+....
Note that the principal part of the Laurent series expansion about z = 1 only has
one term, —£5. Therefore, z = 1 is a pole. Since the leading term has an exponent

of —1, z = 1 is called a pole of order one, or a simple pole.
For n = 2 we have f(z) = —%~. The series expansion is again found by

@17

expanding e* about z = 1:
e a1 e e e e
=— = ——+—+=-+z-1)+....
f@) = e ot tataEo s
Note that the principal part of the Laurent series has two terms involving (z — 1) 72

and (z —1)~1. Since the leading term has an exponent of —2, z = 1 is called a pole
of order 2, or a double pole.

Example 4.28. f(z) = et has an essential singularity at z = 0.
In this case, we have the series expansion about z = 0 given by

EZ .

1 n
C) g1,
n=0
We see that there are an infinite number of terms in the principal part of the Laurent
series. So, this function has an essential singularity at z = 0.

In the above examples we have seen poles of order one (a simple pole)
and two (a double pole). In general, we can say that f(z) has a pole of order
k at zg if and only if (z — z9)*f(z) has a removable singularity at zg, but
(z —z9)*"1f(z) for k > 0 does not.

Example 4.29. Determine the order of the pole of f(z) = cotzescz at z = 0.
First we rewrite f(z) in terms of sines and cosines.

COos z

2

f(z) =cotzescz = —5—.
sin”z

We note that the denominator vanishes at z = 0.
How do we know that the pole is not a simple pole? Well, we check to see if
(z —0)f(z) has a removable singularity at z = 0:

ZC0SZ
li -0 = 1l
ZILI(I)(Z )f(Z) ZILI(I) sinzz
. z . Cosz
= (hm - ) <hm - >
z—0 sinz z—0 sinz
Ccosz
= 1 . .
zlg(l) sinz (4-37)

We see that this limit is undefined. So now we check to see if (z — 0)?f(z) has a
removable singularity at z = 0:

Z2 CcOos z

lim(z — 0)? = i
lim(z —0)°f(z) lim = 7




. z . ZCosz
lim — lim —
z—0 sinz z—0 sinz

.z
lli% e cos(0) = 1. (4.38)

In this case, we have obtained a finite, nonzero, result. So, z = 0 is a pole of order
2.

We could have also relied on series expansions. Expanding both the sine and
cosine functions in a Taylor series expansion, we have

1- 422 +...
Fz) = coszz _ 512" +

~ sin’z (z— 522 +..)%

Factoring a z from the expansion in the denominator,

flz) = 1 17%22+... 1 (1—}—0(22)),

B 272(1—%24—...)2 22
we can see that the leading term will be a 1/z2, indicating a pole of order 2.

We will see how knowledge of the poles of a function can aid in the
computation of contour integrals. We now show that if a function, f(z), has
a pole of order k, then

7§C F(2) dz = 27ti Res[f (2); zo],

where we have defined Res[f(z);zo] as the residue of f(z) at z = zp. In
particular, for a pole of order k the residue is given by

Residues for Poles of order k

k—1
Reslf(2)i20] = lim Gy et [0 F@)] . 439

Z—Z(

Proof. Let ¢(z) = (z — 29)¥f(z) be an analytic function. Then ¢(z) has a
Taylor series expansion about zp. As we had seen in the last section, we can
write the integral representation of any derivative of ¢ as

¢(k71)(20) _ (k—1)! 74(; (P(Z) dz.

27ti (z —zp)k
Inserting the definition of ¢(z), we then have
-1y, _ (k=1)! 7{
Solving for the integral, we have the following result:
2mi dkl ¢
ffRd = T [0
= 2mi Res[f(z);zo] (4-40)
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Integral of a function with a simple pole
inside C.

Residues of a function with poles of or-
der k.
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Note: If zj is a simple pole, the residue is easily computed as

Res{f(2); 0] = lim (= — 20) (2).

The residue for a simple pole. . .
In fact, one can show (Problem 18) that for g and & analytic functions at zg,

with g(zg) # 0, h(z9) =0, and /' (zg) # 0,
Res [g(z);zo] = 8(z0)

h(z) h'(z0)
Example 4.30. Find the residues of f(z) = Wézﬂ)'

f(z) has poles at z = —1, z = 2i, and z = —2i. The pole at z = —1 is a double
pole (pole of order 2). The other poles are simple poles. We compute those residues

first:
Res[f(2);2]] — lim (z —2i) z-1 ,
252 (z+1)%(z +2i)(z — 2i)
- lim_—_ -1
z—2i (z+1)2(z + 2i)
2i—1 1 11 .
T @i+12&) 50 100" (4-41)
Res|[f(z); =2i] = lim (z+2i) Z_l, ,
z——2i (z+1)%(z +2i)(z — 2i)
— z—1
T Az +1)2(z—2i)
—2i—1 1 11 .
(—2i+ 1)%(—4) _ 50 " 100" (4-42)
For the double pole, we have to do a little more work.
Reslf;-1) = Jim |4 02
= lim 4 _72 -1 }
z—-1dz |22+ 4
. od [22+4-22(z—-1)
= lim —
z——1dz | (22 +4)? }
~ lim da [ —22 +22+4}
z——1dz | (22 +4)2
= % (4-43)

Example 4.31. Find the residue of f(z) = cotz at z = 0.

We write f(z) = cotz = 3% and note that z = 0 is a simple pole. Thus,

. ZCOSZ
Res[cotz;z = 0] = lim — = cos(0) = 1.
z—0 sinz
The residue of f(z) at zg is the coefficient ] . ) ) ] )
of the (z — z9)~! term, c_; = by, of the Another way to find the residue of a function f(z) at a singularity z is to
Laurent series expansion about zo. look at the Laurent series expansion about the singularity. This is because

the residue of f(z) at zq is the coefficient of the (z — zp) ™! term, or c_1 = b;.



Example 4.32. Find the residue of f(z) =
expansion.
First, we need the Laurent series expansion about z = 0 of the form Y2, c,z".

(3 ) at z = 0 using a Laurent series

A partial fraction expansion gives

1 1/1 1
flz) = z3-2z) 3 <z+3—z>'
The first term is a power of z. The second term needs to be written as a convergent
series for small z. This is given by

3_z 3(1—2/3)
1.& rzy\n
= 30 (g) : (4-44)

Thus, we have found

The coefficient of z~1 can be read off to give Res[f(z);z =0] = 1.

Example 4.33. Find the residue of f(z) = zcos% at z = 0 using a Laurent series
expansion.
In this case, z = 0 is an essential singularity. The only way to find residues at
essential singularities is to use Laurent series. Since
1, 14 1
cosz = 1—52 +@Z az +.

then we have

1 1 1
R T TR T s
B T U RSP +45
e — 0] — _1
From the second term we have that Res[f(z);z = 0] = —5.

We are now ready to use residues in order to evaluate integrals.

Example 4.34. Evaluate fIZI:l L

We begin by looking for the singularities of the integrand. These are located at
values of z for which sinz = 0. Thus, z = 0, £, 27, . .., are the singularities.
However, only z = 0 lies inside the contour, as shown in Figure 4.36. We note
further that z = 0 is a simple pole, since

lim (z — 0)—— — 1
z—0 Sinz

Therefore, the residue is one and we have

7{ dz i
- = 1.
|z|=1 sinz
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Finding the residue at an essential sin-
gularity.

s
_1kj1

—i
Figure 4.36: Contour for computing
: d

_dz_
|z|=1 sinz "
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The Residue Theorem.

Figure 4.37: A depiction of how one
cuts out poles to prove that the inte-
gral around C is the sum of the integrals
around circles with the poles at the cen-
ter of each.

In general, we could have several poles of different orders. For example,

% dz
=2 2> =1

The integrand has singularities at z2 — 1 = 0, or z = +1. Both poles are

we will be computing

inside the contour, as seen in Figure 4.38. One could do a partial fraction
decomposition and have two integrals with one pole each integral. Then,
the result could be found by adding the residues from each pole.

In general, when there are several poles, we can use the Residue Theorem:

The Residue Theorem

Theorem 4.9. Let f(z) be a function which has poles zj, j = 1,..., N inside a
simple closed contour C and no other singularities in this region. Then,

N
féf(z) dz = 27i ) Res[f(z);zj], (4.46)
j=1
where the residues are computed using Equation (4.39),
) 1 dkfl i
Res([f(z);z0] = 211_{1210 (k—1)1dzk1 {(Z —2p) f(z)} :

The proof of this theorem is based upon the contours shown in Figure

4.37. One constructs a new contour C’ by encircling each pole, as show in
the figure. Then one connects a path from C to each circle. In the figure
two separated paths along the cut are shown only to indicate the direction
followed on the cut. The new contour is then obtained by following C and
crossing each cut as it is encountered. Then one goes around a circle in the
negative sense and returns along the cut to proceed around C. The sum of
the contributions to the contour integration involve two integrals for each
cut, which will cancel due to the opposing directions. Thus, we are left with

ff@z=  f@)dz— f f@)dz— f frdz- ) fraz=0

Of course, the sum is zero because f(z) is analytic in the enclosed region,
since all singularities have been cut out. Solving for §. f(z) dz, one has that
this integral is the sum of the integrals around the separate poles, which
can be evaluated with single residue computations. Thus, the result is that
$c f(z) dz is 27ti times the sum of the residues.

Example 4.35. Evaluate f\z|:z sz—fl.

We first note that there are two poles in this integral since

1 1
2-1 (z=1(z+1)

In Figure 4.38 we plot the contour and the two poles, denoted by an “x.” Since both
poles are inside the contour, we need to compute the residues for each one. They are
each simple poles, so we have



. 1
ResL2 1,2—1} = il_l;r}(z—l)zz_l
= lim = (447
T ozl 2 47
and
RES |:22 1,Z _1:| - Zl_l}l’I_ll(Z-i-l)ﬁ
1
T oa1z-10 2 (4-48)
Then, ;
z 1 1
T oni(z—2) =0.
f[iz\:zzz—1 iz = 3)

Example 4.36. Evaluate §|Z|:3 (27{;274_(;% dz.

In this example, there are two poles z = 1, —2 inside the contour. [See Figure
4.39.1 z = 1 is a second-order pole and z = —2 is a simple pole. Therefore, we need

to compute the residues at each pole of f(z) = (Z_i;ﬁ:

. 1d 241
Ralfepz=1] = lm 2 [eo1p 2]
g 2244z -1
- 3%( (z+2)7 )
4
= 5 (4-49)
241
Res[f(z);z=-2] = 22@2(z+2)m
_ . 2241
Y PR}
5
= 5 (4.50)

The evaluation of the integral is found by computing 27ti times the sum of the
residues:
2 +1

7I{z|:3 o1z go) 22 (4 + 5) = 27i.

9 9

Example 4.37. Compute f‘z‘:z 73e%/% dz.
In this case, z = 0 is an essential singularity and is inside the contour. A

Laurent series expansion about z = 0 gives

oo 1 2 n
“La ()
=n!\z

o0 n
2" 5

2362/2

S U NP A (4.51)
- TR TR TR A 45
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|z| =2

=X

Figure 4.38: Contour for computing
d

_dz
lz|=2 221"

Figure 4.39: Contour for computing

241
ﬁzI:S (z—i)2+(z+2) dz.
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Computation of integrals of functions of
sines and cosines, f(cos6,sin0).

Figure 4.40:
27T 40
0 2+cosf°

Contour for computing

The residue is the coefficient of z~1, or Res[z3¢*/%;z = 0] = — . Therefore,
4
3,2/z _ i
z°e*dz = —mi.
\fiz‘:z 15
Example 4.38. Evaluate fozn 2&%.

Here we have a real integral in which there are no signs of complex functions.
In fact, we could apply simpler methods from a calculus course to do this integral,
attempting to write 1 + cos 6 = 2 cos? g. However, we do not get very far.

One trick, useful in computing integrals whose integrand is in the form f(cos 6, sin ),

is to transform the integration to the complex plane through the transformation

z = ¢, Then,
i0 —i6 1 1
Cosezi:* (z—l—Z),

2 2

eiG_efiG i 1
e _ i1y
s 2i 2 (Z z)

Under this transformation, z = e/, the integration now takes place around the
unit circle in the complex plane. Noting that dz = ie'® d = iz d6, we have

dz
— f 1Z
fl=12 41 (z+ ;)

_ _Z,j{ dz
2l=12z + (22 + 1)

27 L]
0 2+ cosH

dz
- 2if T 52
R g (4.52)
We can apply the Residue Theorem to the resulting integral. The singularities
occur at the roots of z> + 4z +1 = 0. Using the quadratic formula, we have the
roots z = —2 4+ /3.
The location of these poles are shown in Figure 4.40. Only z = —2 ++/3 lies

inside the integration contour. We will therefore need the residue of f(z) = 22;42; =)
at this simple pole:
. —2i
Res[f(z);z = —2+V3] = Z_>1_1£IJ1F\/§(Z —(=2+ \@))m
o z—(—243)
= =20 lim
2243 (z— (=2+3))(z — (-2 — V/3))
= —2i lim _
22132 — (=2 —+/3)
B —2i
—2+v3—(-2-V3)
—i
e
_i\/g

= —5 (4-53)



Therefore, we have

2 g _21,7{ dz . (—i\/§> _2nv3

- @@ @ = 7:2
0 24 cosf lzj=12%2 +4z+1 ! 3 3

(4.54)

Before moving on to further applications, we note that there is another
way to compute the integral in the last example. Karl Theodor Wilhelm
Weierstrafs (1815 - 1897) introduced a substitution method for computing
integrals involving rational functions of sine and cosine. One makes the
substitution f = tan % and converts the integrand into a rational function of
t. One can show that this substitution implies that

sinf = cosf = 1-#
1412 1+¢27
and
2dt
dg = ——.
1412

The details are left for Problem 8. In order to see how it works, we will
apply the Weierstraf3 substitution method to the last example.

Example 4.39. Apply the Weierstraf$ substitution method to compute fozn 21%.
24 B /°° 1 2dt
2+cos®  JowoL 2142
0 2+cost 2+H71+t

o 4t
= 2 —_—
/m 2 4+3

= %\/5 ltan_1 (?t)] = 27T\/§- (4-55)

4.4.6 Infinite Integrals

INFINITE INTEGRALS OF THE FORM [ . f(x)dx occur often in physics.
They can represent wave packets, wave diffraction, Fourier transforms, and
arise in other applications. In this section, we will see that such integrals
may be computed by extending the integration to a contour in the complex
plane.

Recall from your calculus experience that these integrals are improper
integrals. The way that one determines if improper integrals exist, or con-
verge, is to carefully compute these integrals using limits such as

/j:of(x)dx: lim ¢ f(x)dx.

R—oo J-R

For example, we evaluate the integral of f(x) = x as

) R 2 _R)2
/ xdx = lim xdx = lim <]z—( R)):0.

—00 R—o00 J—R R—00

COMPLEX ANALYSIS

The Weierstraf$ substitution method.
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The Cauchy principal value integral.

Computation of real integrals by embed-
ding the problem in the complex plane.

Figure 4.41: Contours for computing

P [% f(x)dx.

One might also be tempted to carry out this integration by splitting the
integration interval, (—co,0] U [0,00). However, the integrals foooxdx and

/ Eoo x dx do not exist. A simple computation confirms this.

) R RZ
/ xdx = lim xdx = lim () = oo.
0 2

R—o00 J0 R—o0

Therefore, )
me(x)dx:me(x)dx+A F(x)dx

does not exist while limg_, [ fR f(x) dx does exist. We will be interested in
computing the latter type of integral. Such an integral is called the Cauchy
Principal Value Integral and is denoted with either a P, PV, or a bar through
the integral:

P/jof(x) dx = PV /f;f(x)dx - ][jof(x) dx = Rhg;o/if(x) dx. (4.56)

If there is a discontinuity in the integral, one can further modify this
definition of principal value integral to bypass the singularity. For example,
if f(x) is continuous on a < x < b and not defined at x = xg € [a,b], then

/ahf(X) dx = lim <./:0€f(x)dx+ ’ f(x) dx) )

e—0 Xo+e€
In our discussions we will be computing integrals over the real line in the
Cauchy principal value sense.
Example g4.40. Compute El ‘)’% in the Cauchy Principal Value sense.

In this case, f(x) = % is not defined at x = 0. So, we have

/15" ~ lim /_gd—er/ld—x
1x3 e \Jo1 a8 Je a8
, 1< 11

= Eﬂ% (_2x2 >—0. (4-57)

122
We now proceed to the evaluation of principal value integrals using

€

complex integration methods. We want to evaluate the integral [~ f(x) dx.
We will extend this into an integration in the complex plane. We extend f(x)
to f(z) and assume that f(z) is analytic in the upper half plane (Im(z) > 0)
except at isolated poles. We then consider the integral ffR f(x)dx as an
integral over the interval (—R,R). We view this interval as a piece of a
larger contour Cr obtained by completing the contour with a semicircle
I'r of radius R extending into the upper half plane as shown in Figure
4.41. Note that a similar construction is sometimes needed extending the
integration into the lower half plane (Im(z) < 0) as we will later see.

The integral around the entire contour Cr can be computed using the
Residue Theorem and is related to integrations over the pieces of the contour

by
j{:R f(z)dz = /FR f(z)dz+ /j{f(z) dz. (4.58)



Taking the limit R — oo and noting that the integral over (—R,R) is the
desired integral, we have

P [ f@ydx={ f@)dz— Jim [ f(z)az, (4:59)

R—o0

where we have identified C as the limiting contour as R gets large.

Now the key to carrying out the integration is that the second integral
vanishes in the limit. This is true if R|f(z)| — 0 along I'z as R — co. This
can be seen by the following argument. We parametrize the contour I'g
using z = Re’?. Then, when |f(z)| < M(R),

[ f2)e ’ /O 7 £ (Re®)Rel? de'

IN

1{/027I [F(Re®)| do
2
< RM(R) /0 a9
= 27nRM(R). (4.60)

So, if limgco RM(R) = 0, then limg oo [1-, f(2) dz = 0.
We now demonstrate how to use complex integration methods in evalu-
ating integrals over real valued functions.

dx
1+x2°
We already know how to do this integral using calculus without complex analy-

sis. We have that

®  dx . -1 T
[orim=lim (peR) 2(3) ==
We will apply the methods of this section and confirm this result. The needed
contours are shown in Figure 4.42 and the poles of the integrand are at z = =£i. We

Example 4.41. Evaluate [

first write the integral over the bounded contour Cr as the sum of an integral from
—R to R along the real axis plus the integral over the semicircular arc in the upper

/ dz _/R dx +/ dz
cxl+22  Jr1+422  Jrpl+4z%

Next, we let R get large.

We first note that f(z) = HLZZ goes to zero fast enough on T'g as R gets large.

half complex plane,

R B R
|1+ R2e2% /1 +2R?cosf + R*

Thus, as R — oo, R|f(z)| — 0 and Cgr — C. So,

/°° dx _7{ dz
el a2 Jo14 227

We need only compute the residue at the enclosed pole, z = i.

R|f(2)]

1 1

R ;z =1 =1i —1 =1 .
elfe);z =i =lm(e —) oy = lim 5 = 5
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I'r

—iX

Figure 4.42: Contour for computing
X

fjooo 1Jdrxz .
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Figure 4.43:
P ]‘00 smx dx.

Contour for computing

Then, using the Residue Theorem, we have

/00 7dx =27 l
o 1422 2i

Example 4.42. Evaluate P [ Sig" dx.

For this example, the integral is unbounded at z = 0. Constructing the contours
as before we are faced for the first time with a pole lying on the contour. We cannot
ignore this fact. We can proceed with the computation by carefully going around
the pole with a small semicircle of radius €, as shown in Figure 4.43. Then the
principal value integral computation becomes

o) 1 —€ of R o3
P/ MY gy = lim </ MY gy + / smx dx> . (4.61)
—o0 X E—}O,R—}OO —R X € X

We will also need to rewrite the sine function in terms of exponentials in this
integral. There are two approaches that we could take. First, we could employ the
definition of the sine function in terms of complex exponentials. This gives two
integrals to compute:

"% ginx 1 oo pix 0 pix
P/_oo v = (P/ —dfo/ dx) (4.62)

The other approach would be to realize that the sine function is the imaginary part

of an exponential, Im e"* = sinx. Then, we would have

® ginx 0 pix
p/_oo : dx-Im(P/_ooxdx). (4.63)

We first consider P [ % dx, which is common to both approaches. We use the
contour in Figure 4.43. Then we have

eiz ei —eelZ R 1z
f —dz:/ Szt [ Sdzy —dz—i—/ i,
Cr Z Tz Z R Z

The integral fCR % dz vanishes since there are no poles enclosed in the contour!
The sum of the second and fourth integrals gives the integral we seek as € — 0

and R — oo. The integral over I'g will vanish as R gets large according to Jordan’s

Lemma.

Jordan’s Lemma gives conditions for the vanishing of integrals over I'r as R gets
large. We state a version of Jordan’s Lemma here for reference and give a proof at
the end of this chapter.

Jordan’s Lemma

If f(z) converges uniformly to zero as z — oo, then

lim [ f(z)e*dz =0,

R—00 JCg

where k > 0 and Cg is the upper half of the circle |z| =
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A similar result applies for k < 0, but one closes the contour in the lower half plane.
[See Section 4.4.8 for the proof of Jordan’s Lemma.]

The remaining integral around the small semicircular arc must be done sepa-
rately. We have

iz 0 icelt ) 7T )
/ ¢ 4z = / Mz’ee’e o = — / iexp(iee”) de.
Jee Jo

z Jr eet?

Taking the limit as € goes to zero, the integrand goes to i and we have

eiz )
/ —dz = —mi.
e Z
Note that we have not previously done

So fllr we have that integrals in which a singularity lies on
! the contour. One can show, as in this

example, that points on the contour can

00 ,Hix iz

P / e dx = — lim e dz = . be accounted for using half of a residue
—c0 X e—=0JC. Z (times 27ti). For the semicircle Ce, the
reader can verify this. The negative sign
At this point, we can get the answer using the second approach in Equation (4.63). comes from going clockwise around the

Namely, semicircle.

®© sinx o ol¥ ,
P/ dx =Im (P/ —dx | =Im(mi) = 7. (4.64)
—c0 X —o00 X

It is instructive to carry out the first approach in Equation (4.62). We will need to
compute P [ % dx. This is done in a similar maaner to the above computation,
being careful with the sign changes due to the orientations of the contours as shown
in Figure 4.44.

We note that the contour is closed in the lower half plane. This is because k < 0
in the application of Jordan’s Lemma. One can understand why this is the case
from the following observation. Consider the exponential in Jordan’s Lemma. Let
z = zg +izy. Then,

eikz _ eik(zR+izl) _ eszleisz‘

As |z| gets large, the second factor just oscillates. The first factor would go to zero
if kzy > 0. So, if k > 0, we would close the contour in the upper half plane. If
k < 0, then we would close the contour in the lower half plane. In the current
computation, k = —1, so we use the lower half plane.

Working out the details, we find the same value for

00 e—ix
P/ dx = ri.
J—oo X

Finally, we can compute the original integral as

© sinx 1 oo gl¥ 0o pTix
P / dx = = <P / —dx—P / dx Figure 4.44: Contour in the lower half
—o0 X 2i —00 X —c0 X ) o it
1 plane for computing P [ ¢ dx.
= —(mi+m
5 ( )
= T (4.65)

This is the same result as we obtained using Equation(4.63).
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Example 4.43. Evaluate L?g\z|:1 Zfﬁ.

In this example, there are two simple poles, z = =i lying on the contour, as
seen in Figure 4.45. This problem is similar to Problem 1c, except we will do it
using contour integration instead of a parametrization. We bypass the two poles
by drawing small semicircles around them. Since the poles are not included in the
closed contour, the Residue Theorem tells us that the integral over the path vanishes.
We can write the full integration as a sum over three paths: C+ for the semicircles
and C for the original contour with the poles cut out. Then we take the limit as the

y semicircle radii go to zero. So,

2l =1 0— dz +/ dz +/ dz
Te2+1 o 22+1 7 Joo 2+ 1
The integral over the semicircle around i can be done using the parametrization
z =i+ ee. Then 22 + 1 = 2iee'® + €2e*?. This gives

Figure 4.45: Example with poles on con-

. dz I -7 19 g —
our. — _
/c L z2+1 61_r)r(1)/0 Zzeele + 626219 /

As in the last example, we note that this is just 7ti times the residue, Res [ﬁ sz = i} =

%. Since the path is traced clockwise, we find that the contribution is —miRes =
— %, which is what we obtained above. A Similar computation will give the con-

tribution from z = —i as 5. Adding these values gives the total contribution from
C as zero. So, the final result is that
7{ dz
lzj=1 22 +1

Example 4.44. Evaluate ffooo 1f:%alx,for 0<a<l

In dealing with integrals involving exponentials or hyperbolic functions it is
sometimes useful to use different types of contours. This example is one such case.
We will replace x with z and integrate over the contour in Figure 4.46. Letting
R — oo, the integral along the real axis is the integral that we desire. The integral
along the path for y = 27t leads to a multiple of this integral since z = x + 27ti
along this path. Integration along the vertical paths vanishes as R — oo. This is
captured in the following integrals:

etx 27 o (R+iy)
fch—l—eZ /l—i-e" +/ Tk

. y )
—R +271i R +2mi ~R pa(x+27i) 0 pa(—R+iy)
*he Tyt Ty 469
R R
We can now let R — co. For large R, the second integral decays as e* VR and
. _ R .
Figure 4.46: Example using a rectangular the fourth integral decays as e~"". Thus, we are left with
contour. - R - R =
e e w [N e
d — li / dx — 27nu/ d
7§c1+ezz Rﬂrio<R1+exx © Jr1ire™
27Tia © e d
= (1- 6
(- [~ dx 467)



We need only evaluate the left contour integral using the Residue Theorem. The
poles are found from
14+¢ =0.

Within the contour, this is satisfied by z = imt. So,

az otz .
. — — 11 4 — 1mta
Res {H—ez'z = 171} = zhjgr(z —im) 7= ¢
Applying the Residue Theorem, we have
i [ee] etx .
(1- ezm”)/ ——dx = —27mie'™.
—oo 1+ e*

Therefore, we have found that

x = — = — , O<a<l.
—oo 1+ 1—e2ma  gsina

/°° et J —27ie!™ T

4.4.7 Integration over Multivalued Functions

WE HAVE SEEN THAT SOME COMPLEX FUNCTIONS inherently possess mul-
tivaluedness; that is, such “functions” do not evaluate to a single value, but
have many values. The key examples were f(z) = z!/" and f(z) = Inz.
The nth roots have n distinct values and logarithms have an infinite num-
ber of values as determined by the range of the resulting arguments. We
mentioned that the way to handle multivaluedness is to assign different
branches to these functions, introduce a branch cut, and glue them together
at the branch cuts to form Riemann surfaces. In this way we can draw con-
tinuous paths along the Riemann surfaces as we move from one Riemann
sheet to another.

Before we do examples of contour integration involving multivalued func-
tions, let’s first try to get a handle on multivaluedness in a simple case. We
will consider the square root function,

w = 21/2 = P1/2i(3+km) =01,

There are two branches, corresponding to each k value. If we follow a
path not containing the origin, then we stay in the same branch, so the final
argument (0) will be equal to the initial argument. However, if we follow a
path that encloses the origin, this will not be true. In particular, for an initial
point on the unit circle, zy = ¢, we have its image as wy = e'%/2 However,
if we go around a full revolution, 6 = 6y + 27, then

71 = 6190+27Tz — 6190,

but
wy = (02712 _ gibo/2g7i 4 4

Here we obtain a final argument (6) that is not equal to the initial argument!
Somewhere, we have crossed from one branch to another. Points, such as
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Figure 4.47: In this figure we show how
points on the unit circle in the z-plane
are mapped to points in the w-plane un-
der the principal square root function.

Figure 4.48: In this figure we show how
points on the unit circle in the z-plane
are mapped to points in the w-plane un-
der the square root function for the sec-
ond branch, k = 1.

Figure 4.49: In this figure we show the
combined mapping using two branches
of the square root function.

the origin in this example, are called branch points. Actually, there are two
branch points, because we can view the closed path around the origin as
a closed path around complex infinity in the compactified complex plane.
However, we will not go into that at this time.

We can demonstrate this in the following figures. In Figure 4.47 we show
how the points A through E are mapped from the z-plane into the w-plane
under the square root function for the principal branch, k = 0. As we trace
out the unit circle in the z-plane, we only trace out a semicircle in the w-
plane. If we consider the branch k = 1, we then trace out a semicircle in the
lower half plane, as shown in Figure 4.48 following the points from F to J.

¥ y
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A E
X X
C E A
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H F
X X
J F J
I G H I
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C E
D
y
G
F
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We can combine these into one mapping depicting how the two complex



planes corresponding to each branch provide a mapping to the w-plane.
This is shown in Figure 4.49.

A common way to draw this domain, which looks like two separate com-
plex planes, would be to glue them together. Imagine cutting each plane
along the positive x-axis, extending between the two branch points, z = 0
and z = oo. As one approaches the cut on the principal branch, one can
move onto the glued second branch. Then one continues around the ori-
gin on this branch until one once again reaches the cut. This cut is glued
to the principal branch in such a way that the path returns to its starting
point. The resulting surface we obtain is the Riemann surface shown in
Figure 4.50. Note that there is nothing that forces us to place the branch
cut at a particular place. For example, the branch cut could be along the
positive real axis, the negative real axis, or any path connecting the origin
and complex infinity.

We now look at examples involving integrals of multivalued functions.

Example 4.45. Evaluate [, 1Jr%dx.

We consider the contour integral §- 1+%dz.

The first thing we can see in this problem is the square root function in the
integrand. Being that there is a multivalued function, we locate the branch point
and determine where to draw the branch cut. In Figure 4.51 we show the contour
that we will use in this problem. Note that we picked the branch cut along the
positive x-axis.

We take the contour C to be positively oriented, being careful to enclose the two
poles and to hug the branch cut. It consists of two circles. The outer circle Cg is a
circle of radius R and the inner circle Ce will have a radius of €. The sought-after
answer will be obtained by letting R — oo and € — 0. On the large circle we
have that the integrand goes to zero fast enough as R — oo. The integral around
the small circle vanishes as € — 0. We can see this by parametrizing the circle as
z = ee for 6 € [0,27] :

2 /el ,
7{ ﬁzdz = / _ Ve eei®dp
. 1+z 0 1+ (eet?)?
L
= i —————df. .68
P e

It should now be easy to see that as € — 0, this integral vanishes.

The integral above the branch cut is the one we are seeking, fO°° 1]52 dx. The

integral under the branch cut, where z = re?™ s

/ \/E i = 0 \/pe2mi .
142277 Joo 1412647
o r
— /O : {ﬂ dr. (4.69)

We note that this is the same as that above the cut.
Up to this point, we have that the contour integral, as R — oo and € — 0, is

75: vz dz—Z/OOO VX dx.

142277 1+ x2
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Figure 4.50: Riemann surface for f(z) =
z1/2.

y

Figure 4.51: An example of a contour
which accounts for a branch cut.
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4 This approach was originally published
in Neville, E. H., 1945, Indefinite integra-
tion by means of residues. The Mathemat-
ical Student, 13, 16-35, and discussed in
Dulffy, D. G., Transform Methods for Solv-
ing Partial Differential Equations, 1994.

Figure 4.52: Contour needed to compute

$c f(2) In(a — z) dz.

In order to finish this problem, we need the residues at the two simple poles.

Res{ﬁ i]:\zf:\/i

R 141
1+22'Z 4( +i),

Res[ vz z:—i]:ﬁ:ﬁ

1+22 o7 =4 1)
So,

2/()m1ﬁ2dx:2ni (f(l+i)+i§(1—i)> = V2.

Finally, we have the value of the integral that we were seeking,

[
0

T+ 2™~

Example 4.46. Compute | a°° f(x) dx using contour integration involving loga-
rithms.4
In this example, we will apply contour integration to the integral

féf(z) In(a —z)dz

for the contour shown in Figure 4.52.

We will assume that f(z) is single valued and vanishes as |z| — oco. We will
choose the branch cut to span from the origin along the positive real axis. Employing
the Residue Theorem and breaking up the integrals over the pieces of the contour in
Figure 4.52, we have schematically that

271i Y "Res[f(z)In(a — z)] = </C1 +/Cz+/c.3+ C4> f(z)In(a — z) dz.

First of all, we assume that f(z) is well behaved at z = a and vanishes fast
enough as |z| = R — oo. Then, the integrals over C and C4 will vanish. For
example, for the path Cy, we let z = a + ee? 0 < 6 < 27 Then,

0 ‘ , ,
- f(z)In(a —z)dz. = lim | f(a+ee®)In(ee®)iee® do.
4

e—0.J271

If f(a) is well behaved, then we only need to show that lim¢_,oe€Ine = 0. This is
left to the reader.
Similarly, we consider the integral over C; as R gets large,

—tim [ (R 00,0
sz(z)ln(a—z) dz = hm/O f(Re") In(Re")iRe" db.

R—c0
Thus, we need only require that
lim RInR|f(Re)| = 0.
R—0c0

Next, we consider the two straight line pieces. For Cq, the integration along the
real axis occurs for z = x, so

c f(z)In(a —z)dz = /a f(x)In(a — x) dz.



Howeuver, integration over C3 requires noting that we need the branch for the loga-
rithm such that Inz = In(a — x) + 27ti. Then,

(':3 f(z)In(a—2)dz = /oo F(x)In(a — x) + 271i) d.
Combining these results, we have
27i Y Res[f(z) In(a — z)] = /ﬂ " £(x) In(a — x) dz
n /oo F(x)[In(a — x) +27ti] dz.
B / " f(x) d. (4.70)

Therefore, .
/u f(x)dx = — Y Res[f(z) In(a — 2)].

Example 4.47. Compute [;° 435—"_1.

We can apply the last example to this case. We see from Figure 4.53 that the two
poles at z = j:% are inside contour C. So, we compute the residues of IZS:‘? at
these poles and find that

©  dx B In(1-2z) 1 In(1-z) 1
L a1 - Re [ 221 ’2] — Res [ 221 2
In; In3 In3
242 F
n + 1 1 (4.71)

4.4.8 Appendix: Jordan’s Lemma

FOR COMPLETENESS, WE PROVE JORDAN'S LEMMA.

Theorem 4.10. If f(z) converges uniformly to zero as z — oo, then

li ikzd —
Lim CRf(z)e z=0,

where k > 0 and Cg is the upper half of the circle |z| = R.

Proof. We consider the integral
Ir= [ f(2)e*dz,
Cr

where k > 0 and Cg is the upper half of the circle |z| = R in the complex
plane. Let z = Re® be a parametrization of Cg. Then,

Ip = /'”f(Reie)eichose—aRsinel-Reie e,
Jo

Since

lim f(z) =0, 0<argz<m,
|z|—o00
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Figure 4.53: Contour needed to compute
X dx

J1 4x2-71°
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then for large |R|, |f(z)| < € for some € > 0. Then,

i o . )
I — / Rez@ esz cos—aRsin iRele d@’
Il = | [ AR
15 < /” ‘f(ReiG)‘ pikR cos 0 ’efaRsinG‘ ’iReiG 10
- Jo
7r .
< GR/ efuRsmG 4o
H - 0
/2 .
= 2€R/ e~ Rsind gg. (4.72)
0.5+ 0
The resulting integral still cannot be computed, but we can get a bound
; on it over the range 6 € [0, 77/2]. Note from Figure 4.54 that
0 z n )
6 sinf > =6, 0¢€][0,7/2].
Figure 4.54: Plots of y = sinf and y = T
%9 to show where sinf > %9. Therefore, we have
7/ 2 2eR
< —2aR0/ 7 — 1— —aR .
|IR|726R/0 e 40 = 5 (1 =)
For large R, we have
lim |Ig| < 25
R—0c0 Rl = a’
So, as € — 0, the integral vanishes.
O
Problems
1. Write the following in standard form.
a. (44 5i)(2 - 3i).
b. (1+1)3.
c. 5;2311
2. Write the following in polar form, z = ret?.
a. i—1.
b. —2i.
c. V/3+3i.

3. Write the following in rectangular form, z = a + ib.
a. 4e'm/0,
b. ﬁefuin/ 4
c. (1—1i)100,
4. Find all z such that z* = 16i. Write the solutions in rectangular form,
z = a + ib, with no decimal approximation or trig functions.

5. Show that sin(x + iy) = sinx coshy + icos x sinh y using trigonometric
identities and the exponential forms of these functions.



6. Find all z such that cosz = 2, or explain why there are none. You will
need to consider cos(x + iy) and equate real and imaginary parts of the
resulting expression similar to Problem 5.

7. Find the principal value of i'. Rewrite the base, i, as an exponential first.
8. Consider the circle [z — 1] = 1.

a. Rewrite the equation in rectangular coordinates by setting z =
X +1iy.
b. Sketch the resulting circle using part a.

c. Consider the image of the circle under the mapping f(z) = z?,

given by |z2 — 1| = 1.
i. By inserting z = re’ = r(cos@ + isin6), find the equation of the
image curve in polar coordinates.

ii. Sketch the image curve. You may need to refer to your Calculus
II text for polar plots. [Maple might help.]

9. Find the real and imaginary parts of the functions:
a. f(2)
b. f(z) = sinh(z).
¢ f(z)

10. Find the derivative of each function in Problem 9 when the derivative

2.

COS Z.

exists. Otherwise, show that the derivative does not exist.

11. Let f(z) = u + iv be differentiable. Consider the vector field given by
F = vi 4 uj. Show that the equations V -F = 0 and V x F = 0 are equivalent
to the Cauchy-Riemann Equations. [You will need to recall from multivari-
able calculus the del operator, V = iaa—x + j% + k%.

12. What parametric curve is described by the function

() = (t=3) +i(2t +1),
0 <t < 2? [Hint: What would you do if you were instead considering the
parametric equations x =t — 3 and y = 2f 4+ 1?]

13. Write the equation that describes the circle of radius 3 which is centered
at z = 2 —i in (a) Cartesian form (in terms of x and y); (b) polar form (in
terms of 6 and r); (c) complex form (in terms of z, 7, and ).

14. Consider the function u(x,y) = x® — 3xy2.

a. Show that u(x,y) is harmonic; that is, V?u = 0.
b. Find its harmonic conjugate, v(x, y).

c. Find a differentiable function, f(z), for which u(x,y) is the real
part.
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d. Determine f'(z) for the function in part c. [Use f'(z) = 9% +i%2

and rewrite your answer as a function of z.]
15. Evaluate the following integrals:

a. [-zdz, where C is the parabola y = x* fromz =0toz =1 +1.

b. [-f(z)dz, where f(z) = 2z —Z and C is the path from z = 0 to
z = 2+ 1 consisting of two line segments from z = 0 to z = 2 and
thenz =2toz =2+1.

c Jc ﬁ dz for C the positively oriented circle, |z| = 2. [Hint: Parametrize

the circle as z = 2¢/, multiply numerator and denominator by e,

and put in trigonometric form.]

16. Let C be the positively oriented ellipse 3x? + > = 9. Define

z2 +2z
F(zp) :/C — dz.

Find F(2i) and F(2). [Hint: Sketch the ellipse in the complex plane. Use the
Cauchy Integral Theorem with an appropriate f(z), or Cauchy’s Theorem if
z is outside the contour.]

/ dz B 0, n=#0,
c(z—1—-i)mt | 2mi, n=0,

for C the boundary of the square 0 < x < 2,0 < y < 2 taken counterclock-

17. Show that

wise. [Hint: Use the fact that contours can be deformed into simpler shapes
(like a circle) as long as the integrand is analytic in the region between them.
After picking a simpler contour, integrate using parametrization.]

18. Show that for ¢ and h analytic functions at zg, with g(zg) # 0, h(z9) =0,

and h'(zg) # 0, ) @)
s\z). | — 8120
fes [h(z)"“] e

19. For the following, determine if the given point is a removable singular-

ity, an essential singularity, or a pole (indicate its order).

1*5%, z=0.
b. Siz%z, z=0.
C. (22—7732’ z=1.
d. zel/7, z=0
e. cos =, z=TL.

20. Find the Laurent series expansion for f(z) = S“Z‘% about z = 0. [Hint:
You need to first do a MacLaurin series expansion for the hyperbolic sine.]

21. Find series representations for all indicated regions.

a. f(z) =5, lz| <1, |z| > 1.
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b. f(z) = m z| < 1,1 < |z| <2, |z| > 2. [Hint: Use partial
fractions to write this as a sum of two functions first.]

22. Find the residues at the given points:

2
a. EHZatz=1.
In(1+2
b. n(jz) atz =0.
COSsz T
C. (PR atz = 5.

23. Consider the integral f027r %.

a. Evaluate this integral by making the substitution 2cosf = z + %,
z = ¢/, and using complex integration methods.

b. In the 1800’s Weierstrass introduced a method for computing in-
tegrals involving rational functions of sine and cosine. One makes
the substitution t = tang and converts the integrand into a ratio-
nal function of t. Note that the integration around the unit circle
corresponds to t € (—0co, ).

i. Show that

sinf = cosf = 1-#
1+ 1
ii. Show that -
g = ——.
1+1#2

iii. Use the Weierstrass substitution to compute the above integral.

24. Do the following integrals:

a. .
e
——dz.
ﬁz—i\:(ﬂ 22 + 72
b.
22 —3z+4
f X 27 dZ.
|z—i|=3 2 — 4z +3
C.

/°° sin x dx
—0o0 X2 +4 ’

. .. ix _R . R .
[Hint: This is Im [ xg—;; dx.] il R
2
25. Evaluate the integral fooo qr:;)z dx. R i
[Hint: Replace x with z = ¢! and use the rectangular contour in Figure
4.55 with R — o0.] Figure 4.55: Rectangular contour for
Problem 25.

26. Do the following integrals for fun!

a. For C the boundary of the square |x| <2, |y| <2,

dz
]é; z(z—1)(z—3)%
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T a2
/ sin“ 6 Je.
0 13—12cos6
/°° dx

—00 X2+5x+6'

/°° COS 7TX dx
0o 1—9x277"

o0 dx
Loo (x249)(1—x)%"

©  Vx
/0 (1+x)2dx



5
Fourier and Laplace Transforms

“There is no branch of mathematics, however abstract, which may not some day be
applied to phenomena of the real world.”, Nikolai Lobatchevsky (1792-1856)

5.1 Introduction

IN THIS CHAPTER WE TURN TO THE STUDY OF FOURIER TRANSFORMS,
which provide integral representations of functions defined on the entire
real line. Such functions can represent analog signals. Recall that analog
signals are continuous signals which are sums over a continuous set of fre-
quencies. Our starting point will be to rewrite Fourier trigonometric series
as Fourier exponential series. The sums over discrete frequencies will lead
to a sum (integral) over continuous frequencies. The resulting integrals will
be complex integrals, which can be evaluated using contour methods. We
will investigate the properties of these Fourier transforms and get prepared
to ask how the analog signal representations are related to the Fourier se-
ries expansions over discrete frequencies which we had seen in Chapter
2. Fourier series represented functions which were defined over finite do-
mains such as x € [0, L]. Our explorations will lead us into a discussion of
the sampling of signals in the next chapter.

We will also discuss a related integral transform, the Laplace transform.
Laplace transforms are useful in solving initial value problems in differen-
tial equations and can be used to relate the input to the output of a linear
system. Both transforms provide an introduction to a more general theory
of transforms, which are used to transform specific problems to simpler
ones.

In Figure 5.1 we summarize the transform scheme for solving an initial
value problem. One can solve the differential equation directly, evolving the
initial condition y(0) into the solution y(t) at a later time.

However, the transform method can be used to solve the problem indi-
rectly. Starting with the differential equation and an initial condition, one
computes its Transform (T) using

Y(s) = /Oooy(t)e*“ dt.

In this chapter we will explore the use
of integral transforms. Given a function
f(x), we define an integral transform to
a new function F(k) as

F(k) = ./abf(x)K(x, k) dx.

Here K(x,k) is called the kernel of the
transform. We will concentrate specifi-
cally on Fourier transforms,

f0 = [ e ar,

and Laplace transforms

F(s) = I/Ooof(t)e’” dt.
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Figure 5.1: Schematic of using trans-
forms to solve a linear ordinary differ-
ential equation.

ODE, y(0)— | T | —— AlgEqn

solve solve

! !

y(t) —— |IT| —— Y(s)

Applying the transform to the differential equation, one obtains a simpler
(algebraic) equation satisfied by Y(s), which is simpler to solve than the
original differential equation. Once Y (s) has been found, then one applies
the Inverse Transform (IT) to Y(s) in order to get the desired solution, y(t).
We will see how all of this plays out by the end of the chapter.

We will begin by introducing the Fourier transform. First, we need to see
how one can rewrite a trigonometric Fourier series as complex exponential
series. Then we can extend the new representation of such series to ana-
log signals, which typically have infinite periods. In later chapters we will
highlight the connection between these analog signals and their associated
digital signals.

5.2 Complex Exponential Fourier Series

BEFORE DERIVING THE FOURIER TRANSFORM, we will need to rewrite
the trigonometric Fourier series representation as a complex exponential
Fourier series. We first recall from Chapter 2 the trigonometric Fourier se-
ries representation of a function defined on [—7t, 7r] with period 2. The
Fourier series is given by

flx) ~ % + Z (a, cos nx + by sinnx), (5.1)

n=1

where the Fourier coefficients were found as
1 T
a, = —/ f(x)cosnxdx, n=0,1,...,
T J—m
1 7T
b, = —/ f(x)sinnxdx, n=12,.... (5.2)
T J—m

In order to derive the exponential Fourier series, we replace the trigono-
metric functions with exponential functions and collect like exponential
terms. This gives

a9 00 einx 4 e—inx einx _ e—inx
— ﬂzfo +Y (an _Zlb”> ey <a" J; lb") e M (5.3)
n=1
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The coefficients of the complex exponentials can be rewritten by defining

(ay +iby), n=1,2,.... (5-4)

N\H

Cn

This implies that

o
—
N

=

—iby), n=12,.... (5.5)

So far, the representation is rewritten as

a .
f(x)Nio'i_Z_mx Zcemx‘
n=1
Re-indexing the first sum, by introducing k = —n, we can write

+ Z e x4 i cpe” X,

k=-1 n=1

Since k is a dummy index, we replace it with a new 7 as

E0 i eminx 4 i Cne—inx.
n=-—1 n=1

We can now combine all the terms into a simple sum. We first define ¢,
for negative n’s by

ch=C n=-1,-2,....

Letting co = 3, we can write the complex exponential Fourier series repre-
sentation as

0 .
Y cpe ™, (5.6)
n=—oo
where
1 .
cp = E(an—i—zbn), n=12,...,
1 .
cn = E(a,n—zb,n), n=-1,-2,...,
_ %
0 = 5. (5.7)

Given such a representation, we would like to write out the integral forms
of the coefficients, c,. So, we replace the a,’s and b,,’s with their integral
representations and replace the trigonometric functions with complex expo-
nential functions. Doing this, we have forn =1,2,...,

(an+ibn)
= = {1/n f(x)cosnxdx—o—i/f f(x)sinnxdx]

il (mxﬂ_mxw Ny ( )d

= E/_ﬂf(x)ei”x dx. (5.8)

Cn -

— N =
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It is a simple matter to determine the c,,’s for other values of n. Forn =0,

we have that
a

7T
CO:?O:%/,ﬂf(x)dx'
Forn = —-1,-2,..., we find that
= 1 T —inx 17 inx
Cn=Cn = 5 /_nf(x)e—”“‘ dx = 7 ./_nf(x)e dx.

Therefore, we have obtained the complex exponential Fourier series coeffi-
cients for all n. Now we can define the complex exponential Fourier series
for the function f(x) defined on [—7, 7] as shown below.

Complex Exponential Series for f(x) Defined on [— 71, 71]
fl)y~ Y ene™, (5.9)
n=—o0
Cy = 1 /n F(x)e"™* dx (5.10)
" 27 —7T ’ '

We can easily extend the above analysis to other intervals. For example,
for x € [—L, L] the Fourier trigonometric series is

a ad nrmx . nmx
fx) ~ EO +1§1 (ancosT +bns1nT)

with Fourier coefficients

1 (L nix
= - —_ =0,1,...
Ay L[Lf(x)cos T dx, n=0,1,...,

1 L . n7x
b, = ZLLf(x)51anx, n=12,....
This can be rewritten as an exponential Fourier series of the form
Complex Exponential Series for f(x) Defined on [—L, L]
sl .
flx)~ ) cpe /L, (5.11)
n=—oo
1t inmx /L

Cn = 57 '/_Lf(x)e dx. (5.12)

We can now use this complex exponential Fourier series for function de-
fined on [—L, L] to derive the Fourier transform by letting L get large. This
will lead to a sum over a continuous set of frequencies, as opposed to the
sum over discrete frequencies, which Fourier series represent.

5.3 Exponential Fourier Transform

BOTH THE TRIGONOMETRIC AND COMPLEX EXPONENTIAL Fourier series
provide us with representations of a class of functions of finite period in
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terms of sums over a discrete set of frequencies. In particular, for functions
defined on x € [—L, L], the period of the Fourier series representation is
2L. We can write the arguments in the exponentials, e~ /L in terms of
the angular frequency, w, = n7/L, as e~'“r*. We note that the frequencies,
Vy, are then defined through w, = 2mv, = % Therefore, the complex
exponential series is seen to be a sum over a discrete, or countable, set of
frequencies.

We would now like to extend the finite interval to an infinite interval,
x € (—o0,00), and to extend the discrete set of (angular) frequencies to a
continuous range of frequencies, w € (—o0,00). One can do this rigorously.
It amounts to letting L and n get large and keeping 7 fixed.

We first define Aw = %, so that w, = nAw. Inserting the Fourier coeffi-
cients (5.12) into Equation (5.11), we have

[ee)
f(x) ~ Z Cne—mnx/L
n=-—oo

_ i (21L /_LLf(g)einnE/L d(f) p—inmx/L

n=-—oo

_ - Aw L iwnl —iwpx
= n:z:w (271 /&ﬂé)e d(f) 4 : (5.13)

Now, we let L get large, so that Aw becomes small and w;, approaches
the angular frequency w. Then,

flx) ~ lim i i </LL f(g)eiwng dC) e~ Ay

Aw—0,L—00 27T |, ==

— o [ ([ et ae) e, (514

Looking at this last result, we formally arrive at the definition of the
Fourier transform. It is embodied in the inner integral and can be written
as

FIfl = fw) = [ fx)eax. (515)

This is a generalization of the Fourier coefficients (5.12).

Once we know the Fourier transform, f(w), we can reconstruct the orig-
inal function, f(x), using the inverse Fourier transform, which is given by
the outer integration,

FUfl = f(x) = % /_0:0 Flw)e ¥ dew. (5.16)

We note that it can be proven that the Fourier transform exists when f(x) is
absolutely integrable, that is,

/j;|f(x)|dx<oo.

Such functions are said to be L;.
We combine these results below, defining the Fourier and inverse Fourier
transforms and indicating that they are inverse operations of each other.

Definitions of the Fourier transform and
the inverse Fourier transform.



174 FOURIER AND COMPLEX ANALYSIS

A

-2

Figure 5.2: A plot of the function Dq(x)
for O = 4.

We will then prove the first of the equations, Equation (5.19). [The second
equation, Equation (5.20), follows in a similar way:.]

The Fourier transform and inverse Fourier transform are inverse
operations. Defining the Fourier transform as

FIfl = flw) = [ fx)erax (517)
and the inverse Fourier transform as
FUA =0 =5 [ f@e o, (519)

then
FUF[f]] = f(x) (5.19)

and

FIF'[f]] = f(w). (5.20)

Proof. The proof is carried out by inserting the definition of the Fourier
transform, Equation (5.17), into the inverse transform definition, Equation
(5.18), and then interchanging the orders of integration. Thus, we have

FUFA = 5o [ Flfle e

27T J -0

R
TR
S TN

In order to complete the proof, we need to evaluate the inside integral,

which does not depend upon f(x). This is an improper integral, so we first

define 0
Dq(x) = / el dw
-0

and compute the inner integral as

/oo ¢~ dw = lim Dq (& — x).
O—o00

—00

We can compute D (x). A simple evaluation yields

Q
/ 2% doo
-Q

Q

Dq(x)

iwx
e

ix |_q
eixQ _ e—ixQ
2ix

2 sin x()

= Pt (5.22)
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A plot of this function is given in Figure 5.2 for () = 4. For large (), the
peak grows and the values of Dn(x) for x # 0 tend to zero as shown in
Figure 5.3. In fact, as x approaches 0, D (x) approaches 2Q). For x # 0, the
Dq(x) function tends to zero.

We further note that

lim Da(x) =0, x#0,
O—o0

and limg_, D (x) is infinite at x = 0. However, the area is constant for
each Q). In fact,

/oo Dq(x)dx =2m.

—00

We can show this by recalling the computation in Example 4.42,

o o

sin x

/ dx = .
—c0 X

Then,

/ Dqa(x)dx = / de

— 00 —00 X
' _siny
= 2—=d
./—oo y Y
= 2m. (5.23)

Another way to look at D (x) is to consider the sequence of functions
fu(x) = %, n = 1,2,.... Thus we have shown that this sequence of
functions satisfies the two properties,

lim f,(x) =0, x#0,

n—oo

/_O:Ofn(x) dx =1.

This is a key representation of such generalized functions. The limiting
value vanishes at all but one point, but the area is finite.

Such behavior can be seen for the limit of other sequences of functions.
For example, consider the sequence of functions

This is a sequence of functions as shown in Figure 5.4. As n — co, we find
the limit is zero for x # 0 and is infinite for x = 0. However, the area under
each member of the sequences is one. Thus, the limiting function is zero at
most points but has area one.

The limit is not really a function. It is a generalized function. It is called
the Dirac delta function, which is defined by

1. 6(x) =0 for x # 0.
2. [T 0(x)dx =1.

80

for Q) = 40.

Figure 5.4: A plot of the functions f,(x)
forn =2,4,8.
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P. A. M. Dirac (1902 - 1984) introduced
the ¢ function in his book, The Principles
of Quantum Mechanics, 4th Ed., Oxford
University Press, 1958, originally pub-
lished in 1930, as part of his orthogonal-
ity statement for a basis of functions in
a Hilbert space, < ¢'|¢" >= c¢6(¢' — ")
in the same way we introduced discrete
orthogonality using the Kronecker delta.

Before returning to the proof that the inverse Fourier transform of the
Fourier transform is the identity, we state one more property of the Dirac
delta function, which we will prove in the next section. Namely, we will
show that

/°° 5(x — a)f(x) dx = f(a).

—00

Returning to the proof, we now have that

[ e o = Jim Da(g - x) = 270(¢ - %)
oo O—o0

Inserting this into Equation (5.21), we have

FURS) = 5 [ [ I efw@-”dw} £(2)de

_ % / ‘:zms@— x)f(€) dE
- f(x)

Thus, we have proven that the inverse transform of the Fourier transform of

fis f. O

(5-24)

5.4 The Dirac Delta Function

IN THE LAST SECTION WE INTRODUCED the Dirac delta function, &(x).
As noted above, this is one example of what is known as a generalized
function, or a distribution. Dirac had introduced this function in the 1930’s
in his study of quantum mechanics as a useful tool. It was later studied
in a general theory of distributions and found to be more than a simple
tool used by physicists. The Dirac delta function, as any distribution, only
makes sense under an integral.

Two properties were used in the last section. First, one has that the area
under the delta function is one:

/.o0 O(x)dx =1.

—o0
Integration over more general intervals gives

b ~]1, 0€lab)],
/a 5(x) dx—{ 0, 0¢abl. (5-25)

The other property that was used was the sifting property:

/°° 5(x — a)f(x) dx = f(a).

—00

This can be seen by noting that the delta function is zero everywhere except
at x = a. Therefore, the integrand is zero everywhere and the only contribu-
tion from f(x) will be from x = a. So, we can replace f(x) with f(a) under
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the integral. Since f(a) is a constant, we have that

/oQ S(x—a)f(x)dx = /Oo S(x —a)f(a)dx

_ f(a)/_°;5(x—a)dx:f(a). (5.26)

Another property results from using a scaled argument, ax. In this case,
we show that

8(ax) = |a|715(x). (527)
As usual, this only has meaning under an integral sign. So, we place (ax)
inside an integral and make a substitution y = ax:

) L
/ d(ax)dx = lim d(ax) dx
—00 L—oo /L,
1 ral
= lim -
L—oo a4 J—gL

5(y) dy. (5.28)

If a > 0 then .

/ d(ax)dx = E/ 3(y) dy.
However, if a < 0 then

/oo O(ax)dx = 1/700 o(y)dy = —1/.00 d(y) dy.

o a

The overall difference in a multiplicative minus sign can be absorbed into
one expression by changing the factor 1/a to 1/|a|. Thus,

(0] 1 [e¢]
/ Olax)dx = Tl 1 o) dy. (5.29)

Example 5.1. Evaluate [~ (5x + 1)5(4(x — 2)) dx. This is a straight-forward
integration:
b 1 [ 11
/ (5% + 1)5(4(x — 2)) dx = Z/ (5 +1)8(x —2)dx = -
The first step is to write 5(4(x — 2)) = 13(x — 2). Then, the final evaluation is
given by
1 11

}1/70:0(5x+1)5(x—2) dx = 1(5(2) +1) = T

Even more general than J(ax) is the delta function J(f(x)). The integral
of §(f(x)) can be evaluated, depending upon the number of zeros of f(x).
If there is only one zero, f(x7) = 0, then one has that

/Oo 5(f(x)) dx = /j; lf,(lxl”(S(x—

—00

x1) dx.

This can be proven using the substitution y = f(x) and is left as an exercise
for the reader. This result is often written as
1
O(f(x)) = ——d(x—x1),
(F3)) = gy x =)
again keeping in mind that this only has meaning when placed under an
integral.

Properties of the Dirac delta function:

(For n simple roots.)
These and other properties are often
written outside the integral:

5(ax) = ﬁa(x).

O(—x) = d(x).
d((x—a)(x—b)) = [5(x*b‘liji|(x7u)}_
(S(X—xj)
S(Fay) =y 2 %)
(f(x)) Z]: )]

for f(x;) =0, f'(xj) # 0.



178

FOURIER AND COMPLEX ANALYSIS

X
S
?

Figure 5.5: The Heaviside step function,
H(x).

0

Example 5.2. Evaluate [*_5(3x —2)x?dx.
This is not a simple 6(x — a). So, we need to find the zeros of f(x) = 3x — 2.

f'(x)| = 3. Therefore, we have

There is only one, x = % Also,

00 © 1 2 1/2\* 4
— 2 = — — = 2 = — — = —
/7005(3x 2)x"dx /700 35(x 3)x dx 3 (3) -

Note that this integral can be evaluated the long way using the substitution
y =3x — 2. Then, dy = 3dx and x = (y + 2) /3. This gives

® sar—2de =t [T o) (YE2) ay= L (4) = &
lmé(Sx 2)x dx—S/oocS(y)< 3 dy—3 5) =5

More generally, one can show that when f(x;) = 0 and f'(x;) # 0 for
j=1,2,...,n, (i.e, when one has n simple zeros), then

5(f(x) = ). ]

Example 5.3. Evaluate fozn cos x 6(x? — 7%) dx.

In this case, the argument of the delta function has two simple roots. Namely,
f(x) = x> — > = 0 when x = =+ Furthermore, f'(x) = 2x. Therefore,
|f'(£7)| = 27 This gives

5(x2 — 72) = %[(m — )+ o(x+ 7).

Inserting this expression into the integral and noting that x = —rt is not in the
integration interval, we have

? o(x* —m?)d L d(x—m)+6(x+m)|d

/0 cos x &(x )dx = 5 /0 cosx [6(x — ) + (x )] dx
1 1 (5.30)
27 <° 2 >3

Example 5.4. Show H'(x) = 6(x), where the Heaviside function (or, step func-
tion) is defined as

0, x<0
H(x):{ 1, x>0

and is shown in Figure 5.5.

Looking at the plot, it is easy to see that H'(x) = 0 for x # 0. In order to check
that this gives the delta function, we need to compute the area integral. Therefore,
we have

/‘0o H (x)dx = H(x)|T =1-0=1.

J —00 —0o

Thus, H'(x) satisfies the two properties of the Dirac delta function.
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5.5  Properties of the Fourier Transform

WE NOW RETURN TO THE FOURIER TRANSFORM. Before actually comput-
ing the Fourier transform of some functions, we prove a few of the proper-
ties of the Fourier transform.

First we note that there are several forms that one may encounter for the
Fourier transform. In applications, functions can either be functions of time,
f(t), or space, f(x). The corresponding Fourier transforms are then written
as

flw) = [ fwerar (53

Fo) = [ feoe (5:32

w is called the angular frequency and is related to the frequency v by w =
27tv. The units of frequency are typically given in Hertz (Hz). Sometimes
the frequency is denoted by f when there is no confusion. k is called the
wavenumber. It has units of inverse length and is related to the wavelength,
A by k= 27”

We explore a few basic properties of the Fourier transform and use them
in examples in the next section.

1. Linearity: For any functions f(x) and g(x) for which the Fourier
transform exists and constant 4, we have

Fif + 8] = FIf] + F[g]

and
Flaf] = aF[f].

These simply follow from the properties of integration and establish
the linearity of the Fourier transform.
d PN
2. Transform of a Derivative: F {dﬁ} = —ikf (k)
Here we compute the Fourier transform (5.17) of the derivative by
inserting the derivative in the Fourier integral and using integration
by parts:

F[df} = /OO ﬂeik"dx

dx —oo dx

= lim [f(x)eik"} iL — ik /j:of(x)eikx dx.

L—oo

(5-33)

The limit will vanish if we assume that lim,_,+c f(x) = 0. This last
integral is recognized as the Fourier transform of f, proving the given

property.

179
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These are the first and second shift-
ing properties, or First and Second Shift
Theorems.

71
3. Higher Order Derivatives: F{ f] (—ik)" f (k)

dx"
The proof of this property follows from the last result, or doing several
integration by parts. We will consider the case when n = 2. Noting
that the second derivative is the derivative of f'(x) and applying the
last result, we have

Pl = 5]
— ke | 5] = (e (534)
This result will be true if

lim f(x) =0and hm fl(x) =

x—too x—+oo

The generalization to the transform of the nth derivative easily fol-
lows.

. Multiplication by x: F [xf(x)] = —i £ (k)

ik — jxelk* and

the ability to differentiate an integral with respect to a parameter.

Flxf(x)] = /oo xf (x)e* dx

/f dk( >dx

This property can be shown by using the fact that %e

= _lﬁ - f(x)eikxdx
.d
= —igfk) (5.35)

This result can be generalized to F [x" f(x)] as an exercise.

. Shifting Properties: For constant a, we have the following shifting

properties:

f(x—a) < e*f(k), (5.36)
f(x)e ™« fk—a). (5.37)

Here we have denoted the Fourier transform pairs using a double
arrow as f(x) ¢ f(k). These are easily proved by inserting the desired
forms into the definition of the Fourier transform (5.17), or inverse
Fourier transform (5.18). The first shift property (5.36) is shown by
the following argument. We evaluate the Fourier transform:

F[f(x —a)] / f(x —a)e* dx.

Now perform the substitution y = x — a. Then,
Fife—a)] = [ fpeitnay

= o [ pyeiay
_ k), (5.38)
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The second shift property (5.37) follows in a similar way.

6. Convolution of Functions: We define the convolution of two func-
tions f(x) and g(x) as

(Fr)0) = [ fgtx—)ax. (539)

Then, the Fourier transform of the convolution is the product of the
Fourier transforms of the individual functions:

F[f g] = f(k)g(k). (5.40)

We will return to the proof of this property in Section 5.6.

5.5.1  Fourier Transform Examples

IN THIS SECTION WE WILL COMPUTE the Fourier transforms of several func-
tions.

Example 5.5. Find the Fourier transform of a Gaussian, f(x) = e 0x°/2,

This function, shown in Figure 5.6, is called the Gaussian function. It has many
applications in areas such as quantum mechanics, molecular theory, probability, and
heat diffusion. We will compute the Fourier transform of this function and show
that the Fourier transform of a Gaussian is a Gaussian. In the derivation, we will
introduce classic techniques for computing such integrals.

We begin by applying the definition of the Fourier transform,

fk) = /:;f(x)eikx dx = /j:o o /2Hikx g (5.41)

The first step in computing this integral is to complete the square in the argument
of the exponential. Our goal is to rewrite this integral so that a simple substitution
. .. [} 2 . .
will lead to a classic integral of the form [ _ePY" dy, which we can integrate. The
completion of the square follows as usual:

a » .
- = k
X° 4+ 1kx

I

\
NS
| — |
N

\
N

=
—_

a ik\? K2

We now put this expression into the integral and make the substitutions y =
x—%andp=4.

Hy = ["eminiig
= (37% /00 57%(967%)2(135

—00

ik
® a

_ k= B2
= e /ﬁmie PV dy. (5-43)

Figure 5.6: Plots of the Gaussian func-
tion f(x) = e/2 for g = 1,2,3.
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Y

Figure 5.7: Simple horizontal contour.

* Here we show

/_ooe By dy = %

Note that we solved the B = 1 case in
Example 3.14, so a simple variable trans-
formation z = /By is all that is needed
to get the answer. However, it cannot
hurt to see this classic derivation again.

The Fourier transform of a Gaussian is a
Gaussian.

R
—
—a

Figure 5.8: A plot of the box function in
Example 5.6.

One would be tempted to absorb the — terms in the limits of integration.
However, we know from our previous study that the integration takes place over a
contour in the complex plane as shown in Figure 5.7.

In this case, we can deform this horizontal contour to a contour along the real
axis since we will not cross any singularities of the integrand. So, we now safely
write

. 2 foo
fk) = e~ 5 / A dy.
The resulting integral is a classic integral and can be performed using a standard

trick. Define I by*
I= /Oo A dy.

?= /oo e PV dy /oo e P dx.

Note that we needed to change the integration variable so that we can write this

re L

This is an integral over the entire xy-plane. We now transform to polar coordinates

27T poo
/ / e P rdrde
0 0

= 27‘[/ e B rdr
0

Then,

product as a double integral:

(49) dxdy.

to obtain

> =

- f% {e—ﬁﬂj = % (5.44)

The final result is obtained by taking the square root, yielding

Izﬂ.

We can now insert this result to give the Fourier transform of the Gaussian

function:
flk) =14/ 27716’7‘2/2”.

Therefore, we have shown that the Fourier transform of a Gaussian is a Gaussian.

(5-45)

Example 5.6. Find the Fourier transform of the box, or gate, function,

fl) = { o

0, |x|>a.

This function is called the box function, or gate function. It is shown in Figure
5.8. The Fourier transform of the box function is relatively easy to compute. It is

/_O:O F(x)e** dx

given by
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a
= be'** dx
—a

b .
— _—elkx

a

—a

= —sinka. (5.46)

We can rewrite this as

fk) = 2ab512aka = 2absinc ka.

Here we introduced the sinc function,

. sin x
sinc x = .
X

A plot of this function is shown in Figure 5.9. This function appears often in signal
analysis and it plays a role in the study of diffraction.

We will now consider special limiting values for the box function and its trans-
form. This will lead us to the Uncertainty Principle for signals, connecting the
relationship between the localization properties of a signal and its transform.

1. a — oo and b fixed.

In this case, as a gets large, the box function approaches the constant function
f(x) = b. At the same time, we see that the Fourier transform approaches
a Dirac delta function. We had seen this function earlier when we first de-
fined the Dirac delta function. Compare Figure 5.9 with Figure 5.2. In fact,
f(k) = bD,(k). [Recall the definition of Do(x) in Equation (5.22).] So,
in the limit, we obtain f(k) = 2mbd(k). This limit implies the fact that the
Fourier transform of f(x) = 1is f(k) = 278(k). As the width of the box
becomes wider, the Fourier transform becomes more localized. In fact, we
have arrived at the important result that

/700 e dx = 276 (k). (5-47)

2. b— o0,a—0,and 2ab = 1.

In this case, the box narrows and becomes steeper while maintaining a
constant area of one. This is the way we had found a representation of the
Dirac delta function previously. The Fourier transform approaches a constant
in this limit. As a approaches zero, the sinc function approaches one, leaving
f(k) — 2ab = 1. Thus, the Fourier transform of the Dirac delta function is
one. Namely, we have

/Oo 5(x)e® dx = 1. (5.48)

In this case, we have that the more localized the function f(x) is, the
more spread out the Fourier transform, f(k), is. We will summarize these
notions in the next item by relating the widths of the function and its Fourier
transform.

X
10 20

-20 -10

-0.5

Figure 5.9: A plot of the Fourier trans-
form of the box function in Example 5.6.
This is the general shape of the sinc func-
tion.

/oO e* dx = 278 (k).
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y
2ab
x
T T
a a

Figure 5.10: The width of the function
Zab% is defined as the distance be-
tween the smallest magnitude zeros.

More formally, the Uncertainty Principle
for signals is about the relation between
duration and bandwidth, which are de-

i — ltfla = loflly o
fined by At = B and Aw = iR

spectively, where |flla = [~ |f(t)[*dt
and [|fll = 5= [*|f(w)?dw. Under
appropriate conditions, one can prove
that AtAw > 1. Equality holds for Gaus-
sian signals. Werner Heisenberg (1901 -
1976) introduced the Uncertainty Princi-
ple into quantum physics in 1926, relat-
ing uncertainties in the position (Ax) and
momentum (Apy) of particles. In this
case, AxApy > %h‘ Here, the uncertain-
ties are defined as the positive square
roots of the quantum mechanical vari-
ances of the position and momentum.

3. The Uncertainty Principle: AxAk = 4.

The widths of the box function and its Fourier transform are related, as
we have seen in the last two limiting cases. It is natural to define the width,
Ax, of the box function as

Ax = 2a.

The width of the Fourier transform is a little trickier. This function actually
extends along the entire k-axis. However, as f (k) became more localized, the
central peak in Figure 5.9 became narrower. So, we define the width of this
function, Ak as the distance between the first zeros on either side of the main
lobe as shown in Figure 5.10. This gives

o
o

Ak

Combining these two relations, we find that
AxAk = 4m.

Thus, the more localized a signal, the less localized its transform and vice
versa. This notion is referred to as the Uncertainty Principle. For general
signals, one needs to define the effective widths more carefully, but the main
idea holds:

AxAk > ¢ > 0.

We now turn to other examples of Fourier transforms.

Example 5.7. Find the Fourier transform of f(x) = { e—szx, i i 8 ,a>0.
The Fourier transform of this function is ,
f0 = [ e
_ /'°° pikr—ax g,
0
= _1 T (5-49)

Next, we will compute the inverse Fourier transform of this result and recover
the original function.

Example 5.8. Find the inverse Fourier transform of f(k) =

a—ik*
The inverse Fourier transform of this function is
1 o . 1 oo p—ikx
—_ ke~ = — .
f() 27T,/—oof( Je™ dk 2n/fooa—ikdk

This integral can be evaluated using contour integral methods. We evaluate the

integral
00 pixz
I:/ —dz,
—co 1 —iZ
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using Jordan’s Lemma from Section 4.4.8. According to Jordan’s Lemma, we need
to enclose the contour with a semicircle in the upper half plane for x < 0 and in the
lower half plane for x > 0, as shown in Figure 5.11.

The integrations along the semicircles will vanish and we will have

fo = = [

E —eo 4 — ik

1 —ixz
= i—]{ ¢ —dz
2t Jca—iz

B 0, x <0

B —5-27i Res [z = —ia], x>0

B 0, x <0 (5.50)
N e, x>0 >3

Note that without paying careful attention to Jordan’s Lemma, one might not
retrieve the function from the last example.

Example 5.9. Find the inverse Fourier transform of f(w) = md(w + wy) +
é(w — wy).

We would like to find the inverse Fourier transform of this function. Instead of
carrying out any integration, we will make use of the properties of Fourier trans-
forms. Since the transforms of sums are the sums of transforms, we can look at each
term individually. Consider 5(w — wy). This is a shifted function. From the shift
theorems in Equations (5.36) and (5.37) we have the Fourier transform pair

eOf(t) ¢ f(w — wp).
Recalling from Example 5.6 that

/_o; e“tdt = 2mé(w),
we have from the shift property that

1 .
Fé(w —wp)] = Eeﬂ“’ot.

The second term can be transformed similarly. Therefore, we have

1; 1 _;
F Y (w + wp) + mé(w — wy] = Ee“"ot + Ee_“"ﬂt = cos wyt.

Example 5.10. Find the Fourier transform of the finite wave train.

coswpt, |t| <La,
£t :{ 4

0, |t| > a.

For the last example, we consider the finite wave train, which will reappear in
the last chapter on signal analysis. In Figure 5.12 we show a plot of this function.
A straight-forward computation gives

flw) = [ smetar

Yy
Cr
—R R X
—ia X
Yy
—R R
X
—ia X
Cr

Figure s5.11: Contours for inverting

f(k) = a—lik'

Figure 5.12: A plot of the finite wave
train.
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The convolution is commutative.

a .
= / [cos wot + i sin wyt]e'! dt
—a
a a
/ coswotcoswtdt+i/ sin wyt sin wt dt

—a —a

a

- % [ [cos((@ -+ wo)t) + cos( (@ — wo)1)] dt

sin((w 4+ wp)a)  sin((w — wp)a)

- w + wy + w — wy ' (5:51)

5.6 The Convolution Operation

IN THE LIST OF PROPERTIES OF THE FOURIER TRANSFORM, we defined the
convolution of two functions, f(x) and g(x), to be the integral

/ f(t)g(x —t)dt (5.52)

In some sense one is looking at a sum of the overlaps of one of the functions
and all of the shifted versions of the other function. The German word
for convolution is faltung, which means “folding” and in old texts this is
referred to as the Faltung Theorem. In this section we will look into the
convolution operation and its Fourier transform.

Before we get too involved with the convolution operation, it should be
noted that there are really two things you need to take away from this dis-
cussion. The rest is detail. First, the convolution of two functions is a new
functions as defined by Equation (5.52) when dealing with the Fourier trans-
form. The second and most relevant is that the Fourier transform of the con-
volution of two functions is the product of the transforms of each function.
The rest is all about the use and consequences of these two statements. In
this section we will show how the convolution works and how it is useful.

First, we note that the convolution is commutative: f *x ¢ = ¢ * f. This is
easily shown by replacing x — t with a new variable, y = x — t and dy = —dt.

N = [ sWf-na

—00

= - /mg(x —y)f(y)dy

/ ) —v)dy

fxg)(x ) (5-53)

The best way to understand the folding of the functions in the convolu-
tion is to take two functions and convolve them. The next example gives
a graphical rendition followed by a direct computation of the convolution.
The reader is encouraged to carry out these analyses for other functions.

Example 5.11. Graphical convolution of the box function and a triangle function.
In order to understand the convolution operation, we need to apply it to specific
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functions. We will first do this graphically for the box function

) _{ L |x <1,

0, |x]>1,

and the triangular function

x, 0<x<1,
g(X)—{

0, otherwise,

as shown in Figure 5.13.

Next, we determine the contributions to the integrand. We consider the shifted
and reflected function g(t — x) in Equation (5.52) for various values of t. For t =0,
we have g(x — 0) = g(—x). This function is a reflection of the triangle function,
g(x), as shown in Figure 5.14.

We then translate the triangle function performing horizontal shifts by t. In
Figure 5.15 we show such a shifted and reflected g(x) for t =2, or g(2 — x).

In Figure 5.15 we show several plots of other shifts, g(x — t), superimposed on
f(x).

The integrand is the product of f(t) and g(x — t) and the integral of the product
f(t)g(x — t) is given by the sum of the shaded areas for each value of x.

In the first plot of Figure 5.16, the area is zero, as there is no overlap of the
functions. Intermediate shift values are displayed in the other plots in Figure 5.16.
The value of the convolution at x is shown by the area under the product of the two
functions for each value of x.

Plots of the areas of the convolution of the box and triangle functions for several
values of x are given in Figure 5.15. We see that the value of the convolution
integral builds up and then quickly drops to zero as a function of x. In Figure 5.17
the values of these areas is shown as a function of x.

fx)
—
| |
| |
|
Q ;
-1 1 "
g(x)
1Ak
|
|
|
f }
-1 1"

Figure 5.13: A plot of the box function
f(x) and the triangle function g(x).

g(=t)
1
|
|
|
| |
T T

-1 1t

Figure 5.14: A plot of the reflected trian-
gle function, g(—t).

g(2-1)

1
\
|
|
| |
T

T T
-1 1 2t
Figure 5.15: A plot of the reflected trian-
gle function shifted by two units, g(2 —

f).

¥ Yy y

t t t
Yy Yy Yy

t t t
y y y

t t t

The plot of the convolution in Figure 5.17 is not easily determined using
the graphical method. However, we can directly compute the convolution
as shown in the next example.

Figure 5.16: A plot of the box and trian-
gle functions with the overlap indicated
by the shaded area.
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(f+8))
- 1 o2 *

Figure 5.17: A plot of the convolution of
the box and triangle functions.

Figure 5.18: Intersection of the support
of g(x) and f(x).

Figure 5.19: Intersection of the support
of g(x) and f(x) showing the integration
regions.

Example 5.12. Analytically find the convolution of the box function and the tri-
angle function.

The nonvanishing contributions to the convolution integral are when both f(t)
and g(x — t) do not vanish. f(t) is nonzero for |t| < 1,0r —1 < t < 1. g(x — )
is nonzero for 0 < x —t < 1, or x — 1 < t < x. These two regions are shown in
Figure 5.18. On this region, f(t)g(x —t) = x — t.

Isolating the intersection in Figure 5.19, we see in Figure 5.19 that there are
three regions as shown by different shadings. These regions lead to a piecewise
defined function with three different branches of nonzero values for —1 < x < 0,
O<x<land1 <x <2

The values of the convolution can be determined through careful integration. The

resulting integrals are given as

(Fr)x) = [ figle—nar

3 0<x<1, (5.54)
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A plot of this function is shown in Figure 5.17.

5.6.1  Convolution Theorem for Fourier Transforms

IN THIS SECTION WE COMPUTE the Fourier transform of the convolution in-
tegral and show that the Fourier transform of the convolution is the product
of the transforms of each function,

Flf xg] = f(k)g(k). (5.55)

First, we use the definitions of the Fourier transform and the convolution
to write the transform as

Fifegl = [ (Frg)(xeax

/_Dz </_O:of(t)g(x— t) dt) ok dy

/jo (/wg (x = 1)’ dX> fb)dt. (556)

We now substitute y = x — t on the inside integral and separate the integrals:

Ry = [ ([ str-near) o

—00 —00

- /. (/Z g™ty dy) F(t) dt
= ([ st ay) sveta

[e9)

= <_/_O:O lf;t)eikt dt) (/_0; g(y)ey dy) . (5-57)

We see that the two integrals are just the Fourier transforms of f and g.

Therefore, the Fourier transform of a convolution is the product of the
Fourier transforms of the functions involved:

F[f 8] = f(k)§ (k).

Example 5.13. Compute the convolution of the box function of height one and
width two with itself.

Let f(k) be the Fourier transform of f(x). Then, the Convolution Theorem says
that E[f * f](k) = f?(k), or

(f * /)(x) = F (k).

For the box function, we have already found that

fk) = % sink.

So, we need to compute
(Fxf)x) = Fl[zsin*k]

= % /_oo (:2 sin® k) e~ gk, (5.58)

189
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One way to compute this integral is to extend the computation into the complex
k-plane. We first need to rewrite the integrand. Thus,

1 [~ 4
(fxf)(x) = 5] k—zsm ke dk

_ 1 / ﬁ[l—COSZk]e’ik"dk

= —/ {1 — (e +eik)} e~ kx gk

= E/_ooﬁ [e kxfi(e (=0 4 ¢ <1+’<))} dk. (5.59)

We can compute the above integrals if we know how to compute the integral

1 o e*iky
0 [
Then, the result can be found in terms of 1(y) as
1
(f*f)(x) = I(x) = S[I(1 = k) + (1 + K)].
We consider the integral
e~ iyz p
7{: nz2 °

over the contour in Figure 5.20.

We can see that there is a double pole at z = 0. The pole is on the real axis. So,

we will need to cut out the pole as we seek the value of the principal value integral.
Figure 5.20: Contour for computing Recall from Chapter 4 that

Pf_oo zyzz
. e~ yz e~ yz —€ p—iyz e~ yz R p—iyz

f zdz:/ cazt [ o [ Codr [ S
Cr Tz Tx 712 -R TIZ C. Tz e Tz

The integral §£C r €27 dz vanishes since there are no poles enclosed in the contour!

The sum of the second and fourth integrals gives the integral we seek as € — 0
and R — oo. The integral over I'r will vanish as R gets large according to Jordan’s
Lemma provided y < 0. That leaves the integral over the small semicircle.

As before, we can show that

lim f( )dz = —ti Res[f(z);z = 0].

e—0

Therefore, we find

—iyz e~ lyz
P/ zdz:m'Res[z;z:O}
co TIZ Tz

A simple computation of the residue gives I(y) = —y, for y < 0.
When y > 0, we need to close the contour in the lower half plane in order to
apply Jordan’s Lemma. Carrying out the computation, one finds 1(y) = y, for

y > 0. Thus,
Y > 0/
Iy) = { A (560)
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We are now ready to finish the computation of the convolution. We have to
combine the integrals 1(y), I(y + 1), and I(y — 1), since (f = f)(x) = I(x) —
$I(1 — k) + I(1 + k)]. This gives different results in four intervals:

(f*fx) = x—5l(x-2)+(x+2)] =0, x<-2

= x—i[(x—Z)—(x+2)]:2+x —2<x<0,

= —x—%[(x—Z)—(x—l—Z)] =2—x, 0<x<2,
1
= —x—i[—(x—z)—(x—i—Z)]:O, x> 2. (5.61)
A plot of this solution is the triangle function:

0, x< =2
24x, -2<x<0
2—x, O<x<2

0, x> 2,

(f = f)(x) = (5.62)

which was shown in the last example.

Example 5.14. Find the convolution of the box function of height one and width
two with itself using a direct computation of the convolution integral.

The nonvanishing contributions to the convolution integral are when both f(t)
and f(x — t) do not vanish. f(t) is nonzero for |t| < 1,0r —1 <t < 1. f(x —t)
is nonzero for |x —t| < 1,0or x —1 < t < x + 1. These two regions are shown in
Figure 5.22. On this region, f(t)g(x —t) = 1.

Thus, the nonzero contributions to the convolution are

x+1
dt, 0<x<2 2+x, 0<x<2
— -1 4 - - = ’ _ !
(f * f)(x) {fl it {Z—x, —2<x<0.

x—14%4 -2 S X S O;
Once again, we arrive at the triangle function.

In the last section we showed the graphical convolution. For complete-
ness, we do the same for this example. In Figure 5.22 we show the results.
We see that the convolution of two box functions is a triangle function.

Figure 5.21: Plot of the regions of sup-
port for f(t) and f(x —t)..
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flx—1) £
T N I - | t
B — I — n 1
. 1. I

Figure 5.22: A plot of the convolution of
a box function with itself. The areas of
the overlaps of as f(x — t) is translated
across f(t) are shown as well. The result
is the triangular function.

<

g)(x)

*
1 2%

Example 5.15. Show the graphical convolution of the box function of height one
and width two with itself.

2 -1

Let’s consider a slightly more complicated example, the convolution of
two Gaussian functions.

Example 5.16. Convolution of two Gaussian functions f(x) = e,
In this example we will compute the convolution of two Gaussian functions with
different widths. Let f(x) = e gnd g(x) = e~ A direct evaluation of the

integral would be to compute
(Fr)x) = [ fgx—tydi= [ et gy
This integral can be rewritten as
(F+g)(x) = o2 /°° o~ (a+b)2+2bxt gy

One could proceed to complete the square and finish carrying out the integration.
However, we will use the Convolution Theorem to evaluate the convolution and
leave the evaluation of this integral to Problem 12.

Recalling the Fourier transform of a Gaussian from Example 5.5, we have

k) = Flewe) = | [T (565

8(k) = P[] = ﬁekw.

Denoting the convolution function by h(x) = (f x g)(x), the Convolution Theorem
gives

and

~ ~ R T 2 2
(k) = fR)3(k) = e/,
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This is another Gaussian function, as seen by rewriting the Fourier transform of
h(x) as
N 7T 1(1,1\42 7T a+b;2
W) = L pa(ats)R = T e (5.64)
(k) = —— — 5-64
In order to complete the evaluation of the convolution of these two Gaussian
functions, we need to find the inverse transform of the Gaussian in Equation (5.64).

We can do this by looking at Equation (5.63). We have first that

1 |: /ne—k2/4a] _ e—axz'
a

Moving the constants, we then obtain

Ffl [€7k2/4u] — / ﬂefuxz.
7T

We now make the substitution o« = ﬁ,

1 2
F—l —ak? _ —x /4oc_
] ama’
This is in the form needed to invert Equation (5.64). Thus, for o = %, we find f(t) fw)

(f*8)(x) = h(x) = | Zema™. t “

Figure 5.23: Schematic plot of a signal
f(t) and its Fourier transform f(w).

5.6.2  Application to Signal Analysis

THERE ARE MANY APPLICATIONS of the convolution operation. One of

these areas is the study of analog signals. An analog signal is a continu- B f(w)
ous signal and may contain either a finite or continuous set of frequencies.
Fourier transforms can be used to represent such signals as a sum over the
frequency content of these signals. In this section we will describe how v
convolutions can be used in studying signal analysis. Filtering signals.
The first application is filtering. For a given signal, there might be some
noise in the signal, or some undesirable high frequencies. For example, a (b) Pao (@)
device used for recording an analog signal might naturally not be able to )
record high frequencies. Let f(t) denote the amplitude of a given analog 1 1
signal and f(w) be the Fourier transform of this signal such as the exam- —a‘JO u;g “
ple provided in Figure 5.23. Recall that the Fourier transform gives the
frequency content of the signal.
There are many ways to filter out unwanted frequencies. The simplest © 8(w)
would be to just drop all the high (angular) frequencies. For example, for
some cutoff frequency wy, frequencies |w| > wy will be removed. The
Fourier transform of the filtered signal would then be zero for |w| > wy. w
This could be accomplished by multiplying the Fourier transform of the
signal by a function that vanishes for |w| > wy. For example, we could use Figure 5.24: () Plot of the Fourier trans-
the gate function form f(w) of a signal. (b) The gate func-
1, |w| < wo, tion Pa (w) used to filter out high fre-
Pwo( ) = { 0 |a}| > wo (5.65) quencies. (c) The product.of the func-
’ tions, §(w) = f(w)pw,(w), in (a) and (b)

shows how the filters cuts out high fre-
quencies, |w| > wp.
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Windowing signals.

Figure 5.25: A plot of the finite wave
train.

The convolution in spectral space is de-
fined with an extra factor of 1/27 so
as to preserve the idea that the inverse
Fourier transform of a convolution is the
product of the corresponding signals.

as shown in Figure 5.24.
In general, we multiply the Fourier transform of the signal by some fil-
tering function /1(t) to get the Fourier transform of the filtered signal,

§(w) = f(w)h(w).
The new signal, g(t) is then the inverse Fourier transform of this product,
giving the new signal as a convolution:

g(t) = FUf(@h(w)] = [ h(t=7)f(x)dr. (5.66)

—00

Such processes occur often in systems theory as well. One thinks of
f(t) as the input signal into some filtering device, which in turn produces
the output, g(t). The function h(t) is called the impulse response. This is
because it is a response to the impulse function, §(t). In this case, one has

/°° h(t — 7)8(t) dt = h(t).

—00

Another application of the convolution is in windowing. This represents
what happens when one measures a real signal. Real signals cannot be
recorded for all values of time. Instead, data is collected over a finite time
interval. If the length of time the data is collected is T, then the resulting
signal is zero outside this time interval. This can be modeled in the same
way as with filtering, except the new signal will be the product of the old
signal with the windowing function. The resulting Fourier transform of the
new signal will be a convolution of the Fourier transforms of the original
signal and the windowing function.

Example 5.17. Finite Wave Train, Revisited.
We return to the finite wave train in Example 5.10 given by

n(t) = coswot, |t <a,
B 0, [t| > a.

We can view this as a windowed version of f(t) = coswyt obtained by multi-
plying f(t) by the gate function

1, |x| <a,
t) = .6
gﬂ( ) { 0, ‘x‘ > a. (5 7)

This is shown in Figure 5.25. Then, the Fourier transform is given as a convolution,

@) = (Frén))
= o[ Fe-va)a (5.68)

Note that the convolution in frequency space requires the extra factor of 1/ (27).
We need the Fourier transforms of f and g, in order to finish the computation.
The Fourier transform of the box function was found in Example 5.6 as

A

@) =2
Sa w)—asmwa.
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The Fourier transform of the cosine function, f(t) = coswyt, is

e}

flw) = / cos(wot)e'“t dt

—0o0

© 1 /. . .
_ - iwot —iwgt iwt

Lm 5 (e +e ) et dt
1 > i(w—wp)t i(w—wp)t
= L i} (e +e ) at
= n[d(w+wp)+d(w—wp)]. (5.69)
Note that we had earlier computed the inverse Fourier transform of this function in

Example 5.9.
Inserting these results in the convolution integral, we have

@) = 5 [ flo-vgw)a

= 1/ 7([(5(w—v+w0)+(5(w—v—w0)]%sinvadu

27 ) oo
_ sin(w+wp)a | sin(w — wp)a
- w + wy T wy (570)

This is the same result we had obtained in Example 5.10.

5.6.3 Parseval’s Equality

ASs ANOTHER EXAMPLE OF THE CONVOLUTION THEOREM, we derive Par-
seval’s Equality (named after Marc-Antoine Parseval (1755 - 1836)):

[irwpar= o [ 1f(w)Pde. G571

27

This equality has a physical meaning for signals. The integral on the left
side is a measure of the energy content of the signal in the time domain.
The right side provides a measure of the energy content of the transform
of the signal. Parseval’s Equality, is simply a statement that the energy is
invariant under the Fourier transform. Parseval’s Equality is a special case
of Plancherel’s Formula (named after Michel Plancherel, 1885 - 1967).

Let’s rewrite the Convolution Theorem in its inverse form

FUf ()R] = (f = )(b)- (572)
Then, by the definition of the inverse Fourier transform, we have
[ se—wgwyan= o [ o) do.

Setting t = 0,

[ rrwgmdn= o [ flw)g(w) de. 573

The integral/sum of the (modulus)
square of a function is the integral/sum
of the (modulus) square of the trans-
form.
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The Laplace transform is named after
Pierre-Simon de Laplace (1749 - 1827).
Laplace made major contributions, espe-
cially to celestial mechanics, tidal analy-
sis, and probability.

Integral transform on [4, b] with respect
to the integral kernel, K(x, k).

Now, let g(t) = f(—t), or f(—t) = g(t). We note that the Fourier transform
of g(t) is related to the Fourier transform of f(f) :

fw) = [ fEnetar
= / f(r)e “Tdr
‘KmffﬂmﬁT:7@5 (5.74)

So, inserting this result into Equation (5.73), we find that

" f(—u)f(—u) du = i If( )2 dew
—00 271

which yields Parseval’s Equality in the form in Equation (5.71) after substi-
tuting ¢+ = —u on the left.

As noted above, the forms in Equations (5.71) and (5.73) are often referred
to as the Plancherel Formula or Parseval Formula. A more commonly de-
fined Parseval equation is that given for Fourier series. For example, for a
function f(x) defined on [, 7|, which has a Fourier series representation,

we have
7T

d 1
L) = ~ [ Ik
n=1 T -7
In general, there is a Parseval identity for functions that can be expanded
in a complete sets of orthonormal functions, {¢,(x)}, n =1,2,..., which is
given by
c- 2 2
Y < fopn >*=IfI%
n=1
Here, ||f||> =< f,f > . The Fourier series example is just a special case of
this formula.

5.7 The Laplace Transform

UP TO THIS POINT WE HAVE ONLY EXPLORED Fourier exponential trans-
forms as one type of integral transform. The Fourier transform is useful
on infinite domains. However, students are often introduced to another
integral transform, called the Laplace transform, in their introductory dif-
ferential equations class. These transforms are defined over semi-infinite
domains and are useful for solving initial value problems for ordinary dif-
ferential equations.

The Fourier and Laplace transforms are examples of a broader class of
transforms known as integral transforms. For a function f(x) defined on an
interval (a,b), we define the integral transform

F(k) = / 'K K)f(x) d,
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where K(x, k) is a specified kernel of the transform. Looking at the Fourier
transform, we see that the interval is stretched over the entire real axis and
the kernel is of the form, K(x,k) = ¢/**. In Table 5.1 we show several types
of integral transforms.

Laplace Transform [—'(s) = fooo e_sxf(x) dx Table 5.1: A Table of Common Integral
Fourier Transform F(k) = [T, e f(x)dx Transforms.
Fourier Cosine Transform | F(k) = [;° cos(kx)f(x) dx
Fourier Sine Transform | F(k) = [;° sin(kx)f(x) dx
Mellin Transform F(k) = [;° x*"1f(x)dx
Hankel Transform F(k) = [3° xJu(kx)f(x) dx

It should be noted that these integral transforms inherit the linearity of
integration. Namely, let 1(x) = af(x) + Bg(x), where a and 8 are constants.
Then,

b
H(k) = /aK(x,k)h(x)dx,
= [ KGR f 0+ pg)

b b
- /ﬂ K(x, k) f(x) dx + B /a K(x,k)g(x) dx,
= aF(x) +pG(x). (5.75)

Therefore, we have shown linearity of the integral transforms. We have seen

the linearity property used for Fourier transforms and we will use linearity

in the study of Laplace transforms. The Laplace transform of f, F = L[f].
We now turn to Laplace transforms. The Laplace transform of a function

f(t) is defined as

Fs) = £IAls) = [ fineat, s> (5.76)
This is an improper integral and one needs

lim f(t)e * =0

t—ro0

to guarantee convergence.

Laplace transforms also have proven useful in engineering for solving
circuit problems and doing systems analysis. In Figure 5.26 it is shown that
a signal x(t) is provided as input to a linear system, indicated by h(t). One
is interested in the system output, y(¢), which is given by a convolution
of the input and system functions. By considering the transforms of x(t)
and h(t), the transform of the output is given as a product of the Laplace
transforms in the s-domain. In order to obtain the output, one needs to
compute a convolution product for Laplace transforms similar to the convo-
lution operation we had seen for Fourier transforms earlier in the chapter.
Of course, for us to do this in practice, we have to know how to compute
Laplace transforms.
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Figure 5.26: A schematic depicting the
use of Laplace transforms in systems

theory.

Table 5.2:

Table of Selected Laplace

Transform Pairs.

X(8) === |h() | -=-» y(t) = h(t) * x(t)
Laplace Inverse Laplace
Transform Transform

X(s) — —— Y(s) = H(s)X(s)

5.7.1 Properties and Examples of Laplace Transforms

IT 1S TYPICAL THAT ONE MAKES USE of Laplace transforms by referring to
a Table of transform pairs. A sample of such pairs is given in Table 5.2.
Combining some of these simple Laplace transforms with the properties of
the Laplace transform, as shown in Table 5.3, we can deal with many ap-
plications of the Laplace transform. We will first prove a few of the given
Laplace transforms and show how they can be used to obtain new trans-
form pairs. In the next section we will show how these transforms can be
used to sum infinite series and to solve initial value problems for ordinary
differential equations.

f(t) F(s) f(t) F(s)
c at 1
c - e , sS>a
, S s—a ol
n n: n at N
t S”ﬁ, s>0 t'e m
: w at _: w
sin wt Tra? e sin wt T
cos wt _5 e cos wt _s-a
§%2 + w? (s —a)? + w?
t sin wt ZL t cos wt ﬂ
(sz+w2)2 (52+w2)2
) a 5
smh at 711@ COSh at m
H(t—a) es , s>0 S(t—a) | e™®, a>0s5s>0

We begin with some simple transforms. These are found by simply using
the definition of the Laplace transform.

Example 5.18. Show that L[1] = 1.

For this example, we insert f(t) = 1 into the definition of the Laplace transform:

cij = /O Vet at,

This is an improper integral and the computation is understood by introducing an
upper limit of a and then letting a — oo. We will not always write this limit,
but it will be understood that this is how one computes such improper integrals.
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Proceeding with the computation, we have

cu = / et di
0]
a
= lim e st dt
a—oQ 0
a
= lim (1e_St>
a—oQ S O
_ : 1 —sa 1 71
= al;ngo( S +S>—S. (5-77)

Thus, we have found that the Laplace transform of 1 is % This result

can be extended to any constant c, using the linearity of the transform,
L[c] = cL[1]. Therefore,

Example 5.19. Show that L]e™] = L fors > a.
For this example, we can easily compute the transform. Again, we only need to
compute the integral of an exponential function.

ﬁ[eut] — / eate—st dt
JO

/oo e(afs)t dt
0

— ( 1 e(u—s)t)oo
a—s 0

1 1
_ . (a=s)t _ =
tlgga—se a—s s—a (5.78)

Note that the last limit was computed as lim;_ e(*~)* = 0. This is only true
ifa—s <0, ors > a.[Actually, a could be complex. In this case we would only
need s to be greater than the real part of a, s > Re(a).]

Example 5.20. Show that L[cosat] = 5 and Lsinat] = .
For these examples, we could again insert the trigonometric functions directly
into the transform and integrate. For example,

o
L]cos at] :/ e~ cosat dt.
0

Recall how one evaluates integrals involving the product of a trigonometric function
and the exponential function. One integrates by parts two times and then obtains
an integral of the original unknown integral. Rearranging the resulting integral
expressions, one arrives at the desired result. However, there is a much simpler way
to compute these transforms.

Recall that ¢ = cosat + isinat. Making use of the linearity of the Laplace
transform, we have

L[e™] = L[cosat] + iL[sinat].

Thus, transforming this complex exponential will simultaneously provide the Laplace
transforms for the sine and cosine functions!

199



200 FOURIER AND COMPLEX ANALYSIS

> This integral can just as easily be done
using differentiation. We note that

d n .o o
<f—> / e stdt =/ teSt dr.
ds 0 0
Since
i —st 1
/ e Stdt ==,
0 s

o0 d\"1 n!
testdt=(——) ~=——.
/0 ¢ ( ds) s gntl

We compute [;°t"e ! dt by turning it
into an initial value problem for a first-
order difference equation and finding
the solution using an iterative method.

The transform is simply computed as

,C[gi“t] _ /oo elato—st gy — /Oo e—(s—iu)tdt o 1
0 0

T s—ia’

Note that we could easily have used the result for the transform of an exponential,
which was already proven. In this case, s > Re(ia) = 0.

We now extract the real and imaginary parts of the result using the complex
conjugate of the denominator:

1 1 s—+ia s+ ia

s—ia s—ias+ia s2+4a2

Reading off the real and imaginary parts, we find the sought-after transforms,

s
L[cos at] a2
. a
Example 5.21. Show that L]t] = slz
For this example we evaluate
L]t] = / te~t dt.
Jo
This integral can be evaluated using the method of integration by parts:
/ te™s! dt —t=e* +f/e*Wt
0 0o sJo
1

Example 5.22. Show that L[t"] = S,ﬂl for nonnegative integer n.

We have seen the n = 0 and n = 1 cases: L[1] = L and L]t] = slz We now
generalize these results to nonnegative integer powers, n > 1, of t. We consider the

integral
L") = / the~s dt.
0

Following the previous example, we again integrate by parts:*

00 . oy oy
/t"esdt = —|——/t"esdt
0 o s.Jo

= E/ t et dt. (5.81)
s Jo

i lefst
S

We could continue to integrate by parts until the final integral is computed.
Howeuver, look at the integral that resulted after one integration by parts. It is just
the Laplace transform of "~1. So, we can write the result as

cler = Lepert.

This is an example of a recursive definition of a sequence. In this case, we have a
sequence of integrals. Denoting

I, = L[t"] = / et dt
0
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and noting that Iy = L[1] = 1, we have the following:

n 1
In=—-I,_1, Ip=-. 82
n P 1 0 P (5 )
This is also what is called a difference equation. It is a first-order difference equation
with an “initial condition,” Iy. The next step is to solve this difference equation.
Finding the solution of this first-order difference equation is easy to do using
simple iteration. Note that replacing n with n — 1, we have

n—1

L1 = Lo
s
Repeating the process, we find
n
L = —I,
s
n(n-—1
s s
~ n(n—=1) I
= T g
nn—1)(n—-2
S A A (583)

We can repeat this process until we get to Iy, which we know. We have to
carefully count the number of iterations. We do this by iterating k times and then
figure out how many steps will get us to the known initial value. A list of iterates
is easily written out:

n
In = -l
s
B n(n—l)l
= T g 2
nn—1)(n—-2)
-

(n — -2)...(n—k
_ nn—1)(n ZS)k (n +1)In,k. (5.82)

Since we know Iy = 1, we choose to stop at k = n obtaining

nn—1 —-2)...(2)(1 !
LU s O PR

Therefore, we have shown that L["] = S,’ﬁl.
Such iterative techniques are useful in obtaining a variety of integrals, such as
L= [, 2= .

As a final note, one can extend this result to cases when n is not an
integer. To do this, we use the Gamma function, which was discussed in
Section 3.5. Recall that the Gamma function is the generalization of the
factorial function and is defined as

I'(x) = /Ooo et dt. (5.85)

201
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Note the similarity to the Laplace transform of t¥~1 :
[e9)
L1 = / P le=st dt.
0
For x — 1 an integer and s = 1, we have that
I'(x)=(x—1).

Thus, the Gamma function can be viewed as a generalization of the factorial

and we have shown that - .
L) = 7(5 +1)
forp > —1.
Now we are ready to introduce additional properties of the Laplace trans-
form in Table 5.3. We have already discussed the first property, which is a
consequence of the linearity of integral transforms. We will prove the other

properties in this and the following sections.

Table 5.3: Table‘ of selected Laplace Laplace Transform Properties
transform properties. E[af(t) + bg(t)] _ EIF(S) + bG(S)

LIF0] = — S F(s)
c| %] =t - o)
2
£| G| =0 510 - 7o)

Lle"f(t)] = F(s —a)
C[H(f—ﬂ f(t—a)] =e "F(s)

L1 8)(0)] = £1[| f(¢ - w)g(0) du] = FEG()

Example 5.23. Show that L {%] =sF(s) — f(0).

We have to compute
af ©df st
{ dt } 0 dt dt.

We can move the derivative off f by integrating by parts. This is similar to what we
had done when finding the Fourier transform of the derivative of a function. Letting
u=e " and v = f(t), we have

df _ df 7st
£ {dt}  Jo dt at
= f(t)e :+s/000f(t)e*5f dt
= —f(0)+sF(s). (5.86)

Here we have assumed that f(t)e

The final result is that

vanishes for large t.

c|%] =5k - 10
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Example 6: Show that L [dz—f] = s?F(s) —sf(0) — £'(0).

dr?
We can compute this Laplace transform using two integrations by parts, or we
could make use of the last result. Letting g(t) = %(tt), we have

2
c {‘;tﬂ y [‘;ﬂ — 5G(s) — g(0) = 5G(s) — £(0).
But,
G(s)=L [‘Z} = sF(s) — f(0).
So,
2
c|%] = sco-ro
s[sF(s) — f(0)] — f'(0)
= $°F(s) —sf(0) — £'(0). (5.87)

We will return to the other properties in Table 5.3 after looking at a few

applications.

5.8 Applications of Laplace Transforms

ALTHOUGH THE LAPLACE TRANSFORM IS A VERY USEFUL TRANSFORM, it
is often encountered only as a method for solving initial value problems
in introductory differential equations. In this section we will show how to
solve simple differential equations. Along the way we will introduce step
and impulse functions and show how the Convolution Theorem for Laplace
transforms plays a role in finding solutions. However, we will first explore
an unrelated application of Laplace transforms. We will see that the Laplace
transform is useful in finding sums of infinite series.

5.8.1  Series Summation Using Laplace Transforms

WE saw IN CHAPTER 2 THAT FOURIER SERIES can be used to sum series.
For example, in Problem 2.13, one proves that

| 7.[2
La= g
In this section we will show how Laplace transforms can be used to sum
series.3 There is an interesting history of using integral transforms to sum
series. For example, Richard Feynman* (1918 - 1988) described how one
can use the Convolution Theorem for Laplace transforms to sum series with
denominators that involved products. We will describe this and simpler
sums in this section.

We begin by considering the Laplace transform of a known function,

F(s) = /wa(t)efsf dt.

3 Albert D. Wheelon, Tables of Summable
Series and Integrals Involving Bessel Func-
tions, Holden-Day, 1968.

4R. P. Feynman, 1949, Phys. Rev. 76, p.
769
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5 A translation of Riemann, Bernhard
(1859), “Uber die Anzahl der Primzahlen
unter einer gegebenen Grosse” is in H.
M. Edwards (1974). Riemann’s Zeta Func-
tion. Academic Press. Riemann had
shown that the Riemann zeta function
can be obtained through contour in-
tegral representatlon 2sin(7ts)T'C(s) =

i 9§C Fk 1 dx for a specific contour C.

Inserting this expression into the sum Y, F(n) and interchanging the sum
and integral, we find

S Fm) = Y / Y F(e dt

n=0 n=0

I
-
=

=
N—
[1e
—~
m‘
N
=
[
—~

dt. (5.88)

|
-~
—
-
=
—_

0 —et

The last step was obtained using the sum of a geometric series. The key is
being able to carry out the final integral as we show in the next example.

Example 5.24. Evaluate the sum Y50, = 1)”“
Since, L[1] = 1/s, we have
)1’1+1 00

I

2/ (_1>n+lefntdt
n=1"0

00 e—t

= ——dt

/O 14 et

2du

= Y n2. (5.89)

1 u
Example 5.25. Evaluate the sum ) ;. 111—2
This is a special case of the Riemann zeta function

Z ni (5.90)

The Riemann zeta function’ is important in the study of prime numbers and more
recently has seen applications in the study of dynamical systems. The series in this
example is {(2). We have already seen in Problem 2.13 that

Using Laplace transforms, we can provide an integral representation of {(2).

The first step is to find the correct Laplace transform pair. The sum involves the
function F(n) = 1/n%. So, we look for a function f(t) whose Laplace transform is
F(s) = 1/s% We know by now that the inverse Laplace transform of F(s) = 1/s>
is f(t) = t. As before, we replace each term in the series by a Laplace transform,
exchange the summation and integration, and sum the resulting geometric series:

ii = i/wte*’”dt
n=1 n2 n=1 0

R
= /0 ] dt. (5.91)

So, we have that

© ©
/Oe_ldtzzﬁ:g(z).
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Integrals of this type occur often in statistical mechanics in the form of Bose-
Einstein integrals. These are of the form

~00 n—1
Gu(z) = /0 zjlceix—l dx.
Note that G, (1) =T'(n){(n).

In general, the Riemann zeta function must be tabulated through other
means. In some special cases, one can use closed form expressions. For

example,
22n—1,2n

() =~

where the B,,’s are the Bernoulli numbers. Bernoulli numbers are defined

Bn/

through the Maclaurin series expansion

é(Z)IZ/ C(4)=%, é(@z%.

We can extend this method of using Laplace transforms to summing se-
ries whose terms take special general forms. For example, from Feynman'’s
1949 paper, we note that

1 9 [ s
GBS e

This identity can be shown easily by first noting
/Oo p—sla+bn) g5 _ _es(a+hn)‘| 1
0

a+ bn T atbn
Now, differentiate the result with respect to a and the result follows.

The latter identity can be generalized further as

1 _ (_1)k o e 7s(a+bn)d
(@t on)1 Kk adkJo © >

In Feynman’s 1949 paper, he develops methods for handling several other
general sums using the Convolution Theorem. Wheelon gives more exam-
ples of these. We will just provide one such result and an example. First,
we note that

1 /1 du
ab — Jo [a(1—u)+buj
However,

s e

1 /1 i /°° po—tla(l—u)+bul gy
ab 0 0

We see in the next example how this representation can be useful.

So, we have

205



206 FOURIER AND COMPLEX ANALYSIS

Figure 5.27: The scheme for solving
an ordinary differential equation using
Laplace transforms. One transforms the
initial value problem for y(t) and obtains
an algebraic equation for Y(s). Solve for
Y(s) and the inverse transform gives the
solution to the initial value problem.

Example 5.26. Evaluate ), m
We sum this series by first letting a = 2n + 1 and b = 2n + 2 in the formula
for 1/ab. Collecting the n-dependent terms, we can sum the series leaving a double

integral computation in ut-space. The details are as follows:

> du
n;) 2n+1)( 2n—|—2) B 2/ (2n+1)(1—u) + (2n +2)ul?

_ Z/ du/ —t(2n+1+u) dt
n=0
_ / du/ fo—t(1+1) Z o2t gy

te—t L
= —_ du dt
/o 1—e 2t /o
©  pemt 1 et
_ / e 178 g
0o 1—e 2t ¢

0 eft
= —dt
/o 1+et

= —In(1+e7h ‘;o =In2. (5.92)
5.8.2  Solution of ODEs Using Laplace Transforms

ONE OF THE TYPICAL APPLICATIONS OF LAPLACE TRANSFORMS is the so-
lution of nonhomogeneous linear constant coefficient differential equations.
In the following examples we will show how this works.

The general idea is that one transforms the equation for an unknown
function y(t) into an algebraic equation for its transform, Y (t). Typically,
the algebraic equation is easy to solve for Y(s) as a function of s. Then,
one transforms back into t-space using Laplace transform tables and the
properties of Laplace transforms. The scheme is shown in Figure 5.27.

Laplace Transform

Llyl =3 FY)=6G
: Algebraic
ODE : Equation
fory(t) Y
y(t) Y(s)

Inverse Laplace Transform

Example 5.27. Solve the initial value problem y' + 3y = ¢*, y(0) = 1.
The first step is to perform a Laplace transform of the initial value problem. The
transform of the left side of the equation is

Ly +3y] =sY —y(0)+3Y = (s +3)Y —
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Transforming the righthand side, we have

L[e*] = s—%
Combining these two results, we obtain
(s+3)Y—-1= L
s—2
The next step is to solve for Y (s) :
1 1

Y(s)

- s+3+ (s—=2)(s+3)°

Now we need to find the inverse Laplace transform. Namely, we need to figure
out what function has a Laplace transform of the above form. We will use the tables
of Laplace transform pairs. Later we will show that there are other methods for
carrying out the Laplace transform inversion.

The inverse transform of the first term is e~3. However, we have not seen any-
thing that looks like the second form in the table of transforms that we have com-
piled, but we can rewrite the second term using a partial fraction decomposition.
Let’s recall how to do this.

The goal is to find constants A and B such that

1 A L B (593)
5-2)(5+3) s5-2  s5+3° >93
We picked this form because we know that recombining the two terms into one term This is an example of carrying out a par-

will have the same denominator. We just need to make sure the numerators agree tial fraction decomposition.

afterward. So, adding the two terms, we have

1 A(s+3)+B(s—2)

(5—2)(s +3) (5—2)(s +3)

Equating numerators,
1=A(s+3)+B(s—2).

There are several ways to proceed at this point.

a. Method 1.

We can rewrite the equation by gathering terms with common powers of s,
we have
(A+B)s+3A—-2B=1.

The only way that this can be true for all s is that the coefficients of the
different powers of s agree on both sides. This leads to two equations for A

and B:
A+B=0,
3A—-2B=1. (5.94)
The first equation gives A = —B, so the second equation becomes —5B = 1.

The solution is then A = —B = %
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1 2
Figure 5.28: A plot of the solution to Ex-
ample 5.27.

b. Method 2.
Since the equation (S*Z;W = % + S_% is true for all s, we can pick
specific values. For s = 2, we find 1 = 5A, or A = % For s = —3, we find
1= -5B,or B = —%. Thus, we obtain the same result as Method 1, but
much quicker.

¢. Method 3.

We could just inspect the original partial fraction problem. Since the numer-
ator has no s terms, we might guess the form

1 1 1

(s—2)(s+3) s—2 s+3

But, recombining the terms on the right hand side, we see that

11 5
s—2 s+3 (s—2)(s+3)

Since we were off by 5, we divide the partial fractions by 5 to obtain

1 1711
(s—2)(s+3) 5[s—2 s+3]’
which once again gives the desired form.
Returning to the problem, we have found that
1 1 1 1
Y(s) = 51375 (5—2 B s+3>'

We can now see that the function with this Laplace transform is given by

_ a1 /1 1 T N TR v
y(t) = £ [s+3+5 s—2 s+3)| ¢ +5(“/’ e )

works. Simplifying, we have the solution of the initial value problem

B O TR
y(t)f5e +5e .

We can verify that we have solved the initial value problem.

25 12

Y +3y = = =2 e 3t +3(162t + ée‘3t) = e

5 5
andy(0) =1 + 3 =1

Example 5.28. Solve the initial value problem y"” +4y =0, y(0) =1, ' (0) = 3.
We can probably solve this without Laplace transforms, but it is a simple exercise.
Transforming the equation, we have

0 = s*Y —sy(0) —y'(0) +4Y
= (s*4+4)Y—s—3. (5.95)

Solving for Y, we have
s+3

Y(s) = s2+4
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We now ask if we recognize the transform pair needed. The denominator looks
like the type needed for the transform of a sine or cosine. We just need to play with
the numerator. Splitting the expression into two terms, we have

s 3
O =gt e
The first term is now recognizable as the transform of cos2t. The second term
is not the transform of sin2t. It would be if the numerator were a 2. This can be
corrected by multiplying and dividing by 2:

3 3( 2
s2+4 2\s2+4)°

The solution is then found as

s 3 2\ 3
y(t) =L Lz+4 + 5 <52+4)] = cos 2t + 251n2t.

The reader can verify that this is the solution of the initial value problem.

5.8.3 Step and Impulse Functions

OFTEN, THE INITIAL VALUE PROBLEMS THAT ONE FACES in differential
equations courses can be solved using either the Method of Undetermined
Coefficients or the Method of Variation of Parameters. However, using the
latter can be messy and involves some skill with integration. Many circuit
designs can be modeled with systems of differential equations using Kir-
choff’s Rules. Such systems can get fairly complicated. However, Laplace
transforms can be used to solve such systems, and electrical engineers have
long used such methods in circuit analysis.

In this section we add a couple more transform pairs and transform prop-
erties that are useful in accounting for things like turning on a driving force,
using periodic functions like a square wave, or introducing impulse forces.

We first recall the Heaviside step function, given by

0, t<0,
H(t) = .
(t) { Lot (5.96)

A more general version of the step function is the horizontally shifted
step function, H(t — a). This function is shown in Figure 5.30. The Laplace
transform of this function is found for a > 0 as

CIH(t—a)] = / H(t — a)e= dt
0
= / e st dr
a
e*Stoo efus
= <. =5 (5.97)

Just like the Fourier transform, the Laplace transform has two Shift The-
orems involving the multiplication of the function, f(t), or its transform,
F(s), by exponentials. The First and Second Shift Properties/ Theorems are
given by

(WAA
VYA

Figure 5.29: A plot of the solution to Ex-
ample 5.28.

2

H(t—a)
11—

1
1
, t
a

Figure 5.30: A shifted Heaviside func-
tion, H(t — a).

The Shift Theorems.
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e

! !

| |

l l

0 a
Figure 5.31: The box function, H(t) —
H(t—a).

| |
| |
| |
0 a
Figure 5.32: Formation of a piecewise
function, f(t)[H(t) — H(t — a)].

LI"f()] = F(s—a),
L[f(t—a)H(t—a)] e ®F(s).

We prove the First Shift Theorem and leave the other proof as an exercise

(5.98)
(5-99)

for the reader. Namely,
Lltfm] = [ etfe
0

= /Ooo F(e =Dt dt = F(s —a). (5.100)

Example 5.29. Compute the Laplace transform of e~ sin wt.

This function arises as the solution of the underdamped harmonic oscillator. We
first note that the exponential multiplies a sine function. The First Shift Theorem
tells us that we first need the transform of the sine function. So, for f(t) = sinwt,

we have
w

F(s) = —.
(5) 52 + w?
Using this transform, we can obtain the solution to this problem as

w

ﬁ[efat sinwt] = F(s+a) = m

More interesting examples can be found using piecewise defined func-
tions. First we consider the function H(t) — H(t — a). For t < 0, both terms
are zero. In the interval [0, 4], the function H(t) = 1and H(t —a) = 0. There-
fore, H(t) — H(t —a) = 1 for t € [0,a]. Finally, for t > a, both functions are
one and therefore the difference is zero. The graph of H(t) — H(t —a) is
shown in Figure 5.31.

We now consider the piecewise defined function:

g(t):{f(t)r 0<t<aqg,

0, t<0,t>a.

This function can be rewritten in terms of step functions. We only need to
multiply f(t) by the above box function,

We depict this in Figure 5.32.

Even more complicated functions can be written in terms of step func-
tions. We only need to look at sums of functions of the form f(t)[H(t —
a) — H(t — b)] for b > a. This is similar to a box function. It is nonzero
between a and b and has height f(f).

We show as an example the square wave function in Figure 5.33. It can
be represented as a sum of an infinite number of boxes,

[e0]

f(t)y="Y [H(t—2na)—H(t— (2n+1)a)],

n=-—oo

fora > 0.
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Example 5.30. Find the Laplace Transform of a square wave “turned on” at t = 0.
We let
f(t) =Y [H(t—2na) —H(t— (2n+1)a)], a>0.
n=0

Using the properties of the Heaviside function, we have

CUO) = 3 £ - 200) - £[H(: - 2+ 1a)]
o | ,—2nas  ,—(2n+1)as
S
_ 1—:_“5 noio (e—Zas)n
1—e™% 1
- $ (1—(3—2”5)
1— e
= m_ (5.101)

Note that the third line in the derivation is a geometric series. We summed this
series to get the answer in a compact form since 2% < 1.

Other interesting examples are provided by the delta function. The Dirac
delta function can be used to represent a unit impulse. Summing over a
number of impulses, or point sources, we can describe a general function as
shown in Figure 5.34. The sum of impulses located at points a;,i =1,...,n,
with strengths f(a;) would be given by

A continuous sum could be written as
fo) = [ f@s—-gde.

This is simply an application of the sifting property of the delta function.
We will investigate a case when one would use a single impulse. While a
mass on a spring is undergoing simple harmonic motion, we hit it for an
instant at time ¢ = 4. In such a case, we could represent the force as a
multiple of 6(f — a).

One would then need the Laplace transform of the delta function to solve
the associated initial value problem. Inserting the delta function into the

Figure 5.33: A square wave, f(f) =
Y [H(t—2na) — H(t— (21 +1)a)).

f(x) . o
ATt Terl

ai a as a4 as ae Az ag ag Ao

Figure 5.33: Plot representing im-
pulse forces of height f(a;). The sum
Y f(a;)é(x — a;) describes a general
impulse function.

LI6(t—a)] =e ™.
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02 1Y)

—0.2
Figure 5.35: A plot of the solution to Ex-
ample 5.31 in which a spring at rest ex-
periences an impulse force at t = 2.

Laplace transform, we find that for a > 0,

Lot —a) = Awﬂhmkﬂwt
= /OO 5(t—a)e st dt
= %, (5.102)

Example 5.31. Solve the initial value problem y" + 4y = 6(t —2), y(0) =
y'(0) = 0.

This initial value problem models a spring oscillation with an impulse force.
Without the forcing term, given by the delta function, this spring is initially at rest
and not stretched. The delta function models a unit impulse at t = 2. Of course,
we anticipate that at this time the spring will begin to oscillate. We will solve this
problem using Laplace transforms.

First, we transform the differential equation:

$?Y —sy(0) — i/ (0) +4m?Y = e~ %.
Inserting the initial conditions, we have
(s +4m2)Y = e .
Solving for Y (s), we obtain

6—25

Y(s) = 5——.
(s) s2 +4m?
We now seek the function for which this is the Laplace transform. The form of

this function is an exponential times some Laplace transform, F(s). Thus, we need
the Second Shift Theorem since the solution is of the form Y (s) = e 2F(s) for

E(s) L

T 2t
We need to find the corresponding f(t) of the Laplace transform pair. The de-
nominator in F(s) suggests a sine or cosine. Since the numerator is constant, we
pick sine. From the tables of transforms, we have

. 2
£[51n27'[t} = m
So, we write .
27
F(s) = ————=.
(5) 277 52 + 472

This gives f(t) = (27r) ! sin27t.
We now apply the Second Shift Theorem, L[f(t —a)H(t —a)] = e *™F(s), or

y(t) = c*%ﬁw@ﬂ
= H(t-2)f(t—2)
1

= 5 -H(t—2)sin2(t -2). (5.103)

This solution tells us that the mass is at rest until t = 2 and then begins to
oscillate at its natural frequency. A plot of this solution is shown in Figure 5.35
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Example 5.32. Solve the initial value problem

y'+y=f(t), y(0)=0y(0)=0,

where

cosmtt, 0<t<2,
t) = o~
) { 0, otherwise.

We need the Laplace transform of f(t). This function can be written in terms
of a Heaviside function, f(t) = cosmtH(t — 2). In order to apply the Second
Shift Theorem, we need a shifted version of the cosine function. We find the shifted
version by noting that cos 7t(t — 2) = cos rtt. Thus, we have

f(t) = cosmt[H(t) — H(t—2)]
= cosmt—cosmt(t—2)H(t—2), t>0. (5.104)

The Laplace transform of this driving term is

s
2 + 2’

F(s) = (1—e %)L[cosmtt] = (1 — e %)

Now we can proceed to solve the initial value problem. The Laplace transform of
the initial value problem yields

(24+ DY) = (1—e )5 j —.
Therefore,
_2s s
Y(s) = (=) @@y

We can retrieve the solution to the initial value problem using the Second Shift
Theorem. The solution is of the form Y(s) = (1 —e~2°)G(s) for
s
G(s) = .
O = ErED
Then, the final solution takes the form
y(t) = g(t) —g(t =2)H(t —2).

We only need to find g(t) in order to finish the problem. This is easily done
using the partial fraction decomposition

G(s) = s 1 s s
(24 (s2+1) m2—1(s2+1 2412
1y(t)

Then, 04

02+
g(t) =71 S - (cost — cos rtt) t
(s2+7m2)(s2+1) 2 —1 ' u : -
The final solution is then given by —-02 ¢
1 —04 |
y(t) = P [cost — cos it — H(t — 2)(cos(t — 2) — cos 7tt)] .

Figure 5.36: A plot of the solution to Ex-
ample 5.32 in which a spring at rest ex-
periences an piecewise defined force.

A plot of this solution is shown in Figure 5.36



214 FOURIER AND COMPLEX ANALYSIS

The convolution is commutative.

The Convolution Theorem for Laplace
transforms.

5.9 The Convolution Theorem

FINALLY, WE CONSIDER THE CONVOLUTION of two functions. Often, we are
faced with having the product of two Laplace transforms that we know and
we seek the inverse transform of the product. For example, let’s say we have
obtained Y(s) = m while trying to solve an initial value problem. In
this case, we could find a partial fraction decomposition. But, there are
other ways to find the inverse transform, especially if we cannot perform a
partial fraction decomposition. We could use the Convolution Theorem for
Laplace transforms or we could compute the inverse transform directly. We
will look into these methods in the next two sections.We begin with defining
the convolution.

We define the convolution of two functions defined on [O,oo) much the
same way as we had done for the Fourier transform. The convolution f * g
is defined as

(F*8)(0) = [ fog(t ) du (5.105)

Note that the convolution integral has finite limits as opposed to the Fourier
transform case.
The convolution operation has two important properties:

1. The convolution is commutative: f xg = g * f

Proof. The key is to make a substitution ¥ = t — u in the integral. This
makes f a simple function of the integration variable.

PO = [ gf—wau
= —/tog(t—y)f(y)dy
= /Otf(y)g(t—y)dy
(f =g)(t). (5.106)
O

2. The Convolution Theorem: The Laplace transform of a convolution is
the product of the Laplace transforms of the individual functions:

L[f * 8] = F(s)G(s).

Proof. Proving this theorem takes a bit more work. We will make
some assumptions that will work in many cases. First, we assume
that the functions are causal, f(t) = 0 and g(t) = 0 for t < 0. Second,
we will assume that we can interchange integrals, which needs more
rigorous attention than will be provided here. The first assumption
will allow us to write the finite integral as an infinite integral. Then
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a change of variables will allow us to split the integral into the prod-
uct of two integrals that are recognized as a product of two Laplace
transforms.

Carrying out the computation, we have

/ (/f (t—u) du)e_Stdt
- / (/ flu t—ucM)e”dt
= /0 f(u) (/0 g(t—u)e dt> du (5.107)

Now, make the substitution T = t — u. We note that

intgy f(u) (/Ooog(t —u)e st dt> du = /Ooof(u) </o:g(r)es(7+”) dT) du

However, since g(7) is a causal function, we have that it vanishes for

L[f =gl

T < 0 and we can change the integration interval to [0, c0). So, after a
little rearranging, we can proceed to the result.

/Ooof(u) (/(;oog(r)e_s(”“) dT) du
= /Ooof(u)e_su (/Ooog(r)e_ST dT) du
= </Ooo flu)e ™" du) (/Ooog(r)e” dT)

= F(s)G(s). (5.108)

O

L[f =gl

We make use of the Convolution Theorem to do the following examples.

Example 5.33. Find y(t) = £} [m} .
We note that this is a product of two functions:

1 1 1
Y(s) = (s—=1)(s—2) T s—1s-2 F(e)Gs).

We know the inverse transforms of the factors: f(t) = ¢! and g(t) =
Using the Convolution Theorem, we find y(t) = (f * g)(t). We compute the

convolution:
/ flu)g(t—u)

/ ete2(t=1) gy
0

t
= ezt/ e “du
0

= et +1] =¥ - ¢, (5.109)

et

y(t)

One can also confirm this by carrying out a partial fraction decomposition.

215
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r ],

VAR K/ b

-2+

Figure 5.37: Plot of the solution to Exam-
ple 5.34 showing a resonance.

Example 5.34. Consider the initial value problem, y" + 9y = 2sin3t, y(0) = 1,

y'(0) =0.
The Laplace transform of this problem is given by

6
2 _
(s +9)Y —s = 239
Solving for Y (s), we obtain
6 s
YO = o oo

The inverse Laplace transform of the second term is easily found as cos(3t); however,
the first term is more complicated.
We can use the Convolution Theorem to find the Laplace transform of the first

term. We note that
6 2 3 3

(2492 3(s2+9) (2+9)

is a product of two Laplace transforms (up to the constant factor). Thus,

c! {(52+69)2] = %(f*g)(t),

where f(t) = g(t) = sin3t. Evaluating this convolution product, we have

2
£t [(s2+69)2} = ()t
= %/Otsin3usin3(t—u)du
= %/Ot[COSS(Zu —t) — cos 3t] du

1[1 ‘
= 3 [6 sin(6u — 3t) — u cos 3t .

1 1
= §sin3t — gtcos?)t. (5.110)

Combining this with the inverse transform of the second term of Y (s), the solu-
tion to the initial value problem is

1 1
y(t) = fgtcos3t + 5 sin 3t + cos 3t.

Note that the amplitude of the solution will grow in time from the first term. You
can see this in Fiqure 5.37. This is known as a resonance.

(52%)2] using partial fraction decomposition.

If we look at Table 5.2, we see that the Laplace transform pairs with the denomi-
nator (s*> + w?)? are

Example 5.35. Find L]

. 2ws
ﬁ[t SIIIaJt] - m,
and ) )
L[tcoswt] = S

(s2 + w?)?’
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So, we might consider rewriting a partial fraction decomposition as

6 Abs B(s>-9) Cs+D

(2492 (s219)2 i (s249)2 TR

Combining the terms on the right over a common denominator, we find
6 = 6As + B(s*> —9) + (Cs + D)(s* +9).
Collecting like powers of s, we have
Cs® + (D + B)s* + 6As + (D — B) = 6.

Therefore, C = 0, A =0,D+B = 0,and D —B = % Solving the last two
equations, we find D = —B = %
Using these results, we find

6  1(s*-9) 1

1
(2492 3(s2+9)2 ' 3s52+9

This is the result we had obtained in the last example using the Convolution Theo-
rem.

5.10 The Inverse Laplace Transform

UP TO THIS POINT WE HAVE SEEN that the inverse Laplace transform can be
found by making use of Laplace transform tables and properties of Laplace
transforms. This is typically the way Laplace transforms are taught and
used in a differential equations course. One can do the same for Fourier
transforms. However, in the case of Fourier transforms, we introduced an
inverse transform in the form of an integral. Does such an inverse integral
transform exist for the Laplace transform? Yes, it does! In this section we
will derive the inverse Laplace transform integral and show how it is used.

We begin by considering a causal function f(t), which vanishes for t < 0,
and define the function ¢(t) = f(t)e " with ¢ > 0. For g(t) absolutely
integrable,

| Iswlar= [T i ar < e

we can write the Fourier transform,

§(w) = /oo g()etdt = /Ooof(t)eiwtfctdt

—00

and the inverse Fourier transform,

g(t) = f(t)e @ = % /oo §(w)e ™ dew.

—00

Multiplying by e and inserting ¢(w) into the integral for g(t), we find

£(t) = % / ~ / " F(r)eliw-OTgre w0t ¢,
—o0 JO

A function f(t) is said to be of exponen-
tial order if f;~ [f(t)|e™ dt < oo
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¢ Closing the contour to the left of the
contour can be reasoned in a manner
similar to what we saw in Jordan’s
Lemma. Write the exponential as e =
eGrHISIE — gSRteisit The second factor is
an oscillating factor and the growth in
the exponential can only come from the
first factor. In order for the exponential
to decay as the radius of the semicircle
grows, sgt < 0. Since t > 0, we need
s < 0 which is done by closing the con-
tour to the left. If t < 0, then the contour
to the right would enclose no singulari-
ties and preserve the causality of f(¢).

y
/—c+iR
Cr
X%
) c ¥
I~ _ir

Figure 5.38: The contour used for apply-
ing the Bromwich integral to the Laplace

transform F(s) = s(;Tl)

Letting s = ¢ — iw (so dw = ids), we have

c—ioo

=5 [ [ s et as

Note that the inside integral is simply F(s). So, we have

c+ico
f(t) = ZLm/ F(s)e® ds. (5.111)

c—ioo

The integral in the last equation is the inverse Laplace transform, called
the Bromwich Integral and is named after Thomas John I’Anson Bromwich
(1875 - 1929) . This inverse transform is not usually covered in differen-
tial equations courses because the integration takes place in the complex
plane. This integral is evaluated along a path in the complex plane called
the Bromwich contour. The typical way to compute this integral is to first
choose ¢ so that all poles are to the left of the contour. This guarantees that
f(t) is of exponential type. The contour is a closed semicircle enclosing all
the poles. One then relies on a generalization of Jordan’s Lemma to the
second and third quadrants.®

Example 5.36. Find the inverse Laplace transform of F(s) = s(s}&-l)'

The integral we have to compute is

1 c+ico et
0= 3 | N
This integral has poles at s = 0 and s = —1. The contour we will use is shown
in Figure 5.38. We enclose the contour with a semicircle to the left of the path in
the complex s-plane. One has to verify that the integral over the semicircle vanishes
as the radius goes to infinity. Assuming that we have done this, then the result is
simply obtained as 27ti times the sum of the residues. The residues in this case are

zt ezt
Res | ——;z=0| =lim —— =1
z(z+1) =0 (z+1)
and , ,
Z Z
Res | —— 72— —1| = 1im & = —¢ .
z(z+1) z=-1 2

Therefore, we have

1
2711

f(t) =2mi {1(1) +

27T

(—et)} =1—¢"

We can verify this result using the Convolution Theorem or using a partial
fraction decomposition. The latter method is simplest. We note that

1 1 1

sG+1) s s+l

The first term leads to an inverse transform of 1 and the second term gives e . So,

C_l[l ! ]zle_t.
s s+1

Thus, we have verified the result from doing contour integration.
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Example 5.37. Find the inverse Laplace transform of F(s) = ——

s(+es)
In this case, we need to compute
1 c+ico est
t) = — —ds.
f(t) 27ti ./c—ioo s(1+¢9) ;
This integral has poles at complex values of s such that 1 +¢° = 0, or ¢ = —1.

Letting s = x + iy, we see that
e =" = ¢¥(cosy +isiny) = —1.

We see x = 0 and y satisfies cosy = —1 and siny = 0. Therefore, y = nmt for n
an odd integer. Therefore, the integrand has an infinite number of simple poles at
s =nmi,n = =+x1,%3,.... It also has a simple pole at s = 0.

In Figure 5.39, we indicate the poles. We need to compute the residues at each

pole. At s = nrti, we have
est st
Res | —;s=mnmi| = lim (s— ni)
S(l + 65) S—n7Ti
est
= lim —
s—nmi Se°
eTleIt
= - -, nodd.
nrti

e
s(1+e°)

(5.112)

At s = 0, the residue is
o5t

Res Lmesyszo] S Tre 2

Summing the residues and noting the exponentials for +n can be combined to
form sine functions, we arrive at the inverse transform.

1 enm’t
f = 5- .
2 odd nrti
1 = sin (2k — 1) et
= -2y oo (5.113)
2 k; 2k—1)m
. I vn'l N!WWWW
0.8 |
0.6
0.4
0.2
0 nV Vn JVA VA

The series in this example might look familiar. 1t is a Fourier sine series with
odd harmonics whose amplitudes decay like 1/n. It is a vertically shifted square

c+iR
c X
c—1iR

Figure 5.39: The contour used for apply-
ing the Bromwich integral to the Laplace

transform F(s) = 5.

Figure 5.40: Plot of the square wave re-
sult as the inverse Laplace transform of

F(s) = sﬂﬁ with 50 terms.
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wave. In fact, we had computed the Laplace transform of a general square wave in
Example 5.30.
In that example, we found

0 1—e 8
c HX::O[H(t—Zna)—H(t—(Zn+1)a)] - ﬁ
1
= s(tem) (5.114)

In this example, one can show that

f(t) = i[H(t —2n+1) — H(t —2n)].

The reader should verify that this result is indeed the square wave shown in Figure
5.40.

5.11 Transforms and Partial Differential Equations

As ANOTHER APPLICATION OF THE TRANSFORMS, we will see that we
can use transforms to solve some linear partial differential equations. We
will first solve the one-dimensional heat equation and the two-dimensional
Laplace equations using Fourier transforms. The transforms of the partial
differential equations lead to ordinary differential equations which are eas-
ier to solve. The final solutions are then obtained using inverse transforms.

We could go further by applying a Fourier transform in space and a
Laplace transform in time to convert the heat equation into an algebraic
equation. We will also show that we can use a finite sine transform to
solve nonhomogeneous problems on finite intervals. Along the way we will
identify several Green’s functions.

5.11.1 Fourier Transform and the Heat Equation

WE WILL FIRST CONSIDER THE SOLUTION OF THE HEAT EQUATION On an
infinite interval using Fourier transforms. The basic scheme was discussed
earlier and is outlined in Figure 5.41.

Consider the heat equation on the infinite line:

Ut = QlUyy, —00 < x <00, t>0,

u(x,0) = f(x), —oo<x < oo. (5.115)

We can Fourier transform the heat equation using the Fourier transform of
u(x,t),

Flu(x,0)] = ak,t) = / ¥ u(x, el dx.

—00
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Fourier Transform Figure 5.41: Using Fourier transforms to
” solve a linear partial differential equa-
u(x,0) i1(k,0) ton,
!
|
|
Up =iy iy = —ak?i
|
!
u(x,t) ik, t)

Inverse Fourier Transform

We need to transform the derivatives in the equation. First we note that

f[ut] _ / au(i t) kX gy
= at/ (x,t)e™* dx
on(k,t
= at ) (5.116)
Assuming that lim | u(x,t) = 0 and lim,|_ ux(x,t) = 0, we also
have that
© 2u(x,t) ;
Fluxx] = /700 785@ )elkx dx
= —k*a(k,t). (5.117)
Therefore, the heat equation becomes The transformed heat equation.
P0L) _ ik,

This is a first-order differential equation which is readily solved as
ik, t) = A(k)e ¥,

where A(k) is an arbitrary function of k. The inverse Fourier transform is

u(xt) = % | atkne > a.
= L% sy kRt ik
= 5 /ﬂOA(k)e e " dk. (5.118)

We can determine A(k) using the initial condition. Note that

Flu(x,0)] =10(k,0) = /_O:of(x)eikx dx.

But we also have from the solution that

u(x,0) = % /700A(k)e*ikx dk.

Comparing these two expressions for iI(k, 0), we see that
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We note that iI(k, t) is given by the product of two Fourier transforms,
ik, t) = A(k)e”"kzt . So, by the Convolution Theorem, we expect that u(x, t)
is the convolution of the inverse transforms:

ue,t) = (Frg)et) = oo [ fEnge—gnde,

where

glx,t)=F! [e_"‘kzt].

In order to determine g(x,t), we need only recall Example 5.5. In that
example, we saw that the Fourier transform of a Gaussian is a Gaussian.

f-[e—axz/Z] — /Zje—kz/Zu’
a
-1 27 —k2/2a —ax?/2
F [\ —e |=e .
a

Applying this to the current problem, we have

Namely, we found that

or,

g(x) = F e = | [ Zemr/,

Finally, we can write the solution to the problem:

ef(x7§)2/4t

u(et) = (Fr)et) = [ fEn*——d,

The function in the integrand,

—x2 /4t
K(x, t) - 4rtat’

(8N

K(x,t) is called the heat kernel. is called the heat kernel and acts as an initial value Green’s function. The
solution takes the form

uet) = [ eof (6 HK(x, 1) de.
5.11.2  Laplace’s Equation on the Half Plane

WE CONSIDER A STEADY-STATE SOLUTION in two dimensions. In particular,

y we look for the steady-state solution, u(x, y), satisfying the two-dimensional
Laplace equation on a semi-infinite slab with given boundary conditions as
V2u =0 shown in Figure 5.42. The boundary value problem is given as
u(x,0) = f(x) X Uyy + Uyy = 0, —oco<x<oo, y > 0,
Figure 5.42: This is the domain for a M(X,O) = f(X), —00 < x < 00,

semi-infinite slab with boundary value 1i —0 li -0
u(x,00 = f(x) and governed by yg{}ou(x’ y) =0, \x\linoou(x,y) =Y (5.119)

Laplace’s equation.
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This problem can be solved using a Fourier transform of u(x,y) with
respect to x. The transform scheme for doing this is shown in Figure 5.43.
We begin by defining the Fourier transform

[e0]

i(k,y) = Flu] = / u(x,y)e™ dx.
—0
We can transform Laplace’s equation. We first note from the properties
of Fourier transforms that

o%u 2.
F |:ax2:| = —k u(k,y),
if Himy| o0 u(x,y) = 0 and limyy |, ux(x,y) = 0. Also,

o%u o%ii(k,y)
gk

a2

Thus, the transform of Laplace’s equation gives i, = K24

Fourier Transform Figure 5.43: The transform scheme used

~ to convert Laplace’s equation to an ordi-

u(x’ 0) u(k’ O) nary differential equation, which is eas-
ier to solve.

u(x,y) ia(k,y)

Inverse Fourier Transform

This is a simple ordinary differential equation. We can solve this equation
using the boundary conditions. The general solution is The transformed Laplace equation.

a(k,y) = a(k)ek + b(k)e ™.

Since limyﬁOo u(x,y) = 0 and k can be positive or negative, we have that
a(k,y) = a(k)eI¥l¥. The coefficient a(k) can be determined using the re-
maining boundary condition, u(x,0) = f(x). We find that a(k) = f(k) since

a(k) = a(k,0) :/

—00

[e)

u(x,0)e* dx = /jo f(x)e* dx = f(k).

We have found that it(k,y) = f(k)e~kl¥. We can obtain the solution using
the inverse Fourier transform,

u(x,t) = F 1 F(k)e k),

We note that this is a product of Fourier transforms and use the Convolution
Theorem for Fourier transforms. Namely, we have that a(k) = F|[f] and
eV = Flg] for g(x,y) =
Problem 6.

2y . . . .
Py This last result is essentially proven in
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The Green’s function for the Laplace
equation.

Then, the Convolution Theorem gives the solution

uxy) = o /°° f(@)g(x—é)dé
= 27r/ f(e yzdg. (5.120)

We note that this solution is in the form
(%) / fO)G(x, Gy)dg

where

L) — 2y
S = o)

is the Green’s function for this problem.

5.11.3 Heat Equation on Infinite Interval, Revisited

WE NEXT CONSIDER THE INITIAL VALUE PROBLEM for the heat equation
on an infinite interval,
Ut = Uy, —00<x<o0o, t>0,
u(x,0) = f(x), —oo<x < oco. (5.121)
We can apply both a Fourier and a Laplace transform to convert this to an

algebraic problem. The general solution will then be written in terms of an
initial value Green’s function as

ut) = [~ Gl bO)f@) e

For the time dependence, we can use the Laplace transform; and, for
the spatial dependence, we use the Fourier transform. These combined
transforms lead us to define

a(k,s) = F[L[u]] = L ” /0 T u(x, e te™ dtdx.

Applying this to the terms in the heat equation, we have

F[L[u]] = si(k,s)— Flu(x,0)]
— sa(ks) - f(K)
FlLluw]] = —K*a(k,s). (5.122)

Here we have assumed that

lim u(x, t)e s =0, lim wu(x,t) =0, Lm wuy(x,t) =0.

t—o0 |x|—o00 [x]—o00

Therefore, the heat equation can be turned into an algebraic equation for
the transformed solution:

(s +k)a(k,s) = f(k),
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tion.

or

a(k,s) = Sf+(kk)2.

The solution to the heat equation is obtained using the inverse transforms
for both the Fourier and Laplace transforms. Thus, we have

u(x,t) = F Lo a)

1 = 1 c+oo f(k) o i
= Elm (27‘[1 /Ciioo s—i—kze ds|e dk. (5.123)

Since the inside integral has a simple pole at s = —k?, we can compute

the Bromwich Integral by choosing ¢ > —k?. Thus,

1 ctoo f(k) st
— ds = R
2711 ,/cfioo s+ 2t ©s

s+ k2

fk) els = _kZ] = e ¥ E (k).

Inserting this result into the solution, we have
u(x,t) = F Lo a)
- % 1 0; Flk)e R te=ikx g (5.124)
This solution is of the form

u(x, t) = Ffg]

for §(k) = ekt So, by the Convolution Theorem for Fourier transforms,the
solution is a convolution:

uGot) = [ f@0x—e)de.

All we need is the inverse transform of §(k).
We note that ¢(k) = e~¥! is a Gaussian. Since the Fourier transform of a
Gaussian is a Gaussian, we need only recall Example 5.5:

Fle /2 = |/ 2771:6”‘2/2”.

Setting a = 1/2t, this becomes
Fle™ /4] = Vamre ™",

So,

efx2/4t

— i,k )
gx) =F e ] o

Inserting g(x) into the solution, we have
1 o 2
= — —(x=g)7/4t
uwt) = = [ fl@e dc
- [ caf@ad (5125)

Here we have identified the initial value Green’s function

G(x, t¢) = 7i7r o (x=8)/at,

—~

The initial value Green’s function for the
heat equation.
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Figure 5.44: Using finite Fourier trans-
forms to solve the heat equation by solv-
ing an ODE instead of a PDE.

5.11.4 Nonhomogeneous Heat Equation

WE NOW CONSIDER THE NONHOMOGENEOUS HEAT EQUATION with homo-
geneous boundary conditions defined on a finite interval.

—kuyy =h(x,t), 0<x<L, t>0,
u(0,¢) =0, u(Lt)=0, t>0,
u(x,0) = f(x), 0<x<L. (5.126)

When h(x,t) = 0, the general solution of the heat equation satisfying the
above boundary conditions, u(0,t) =0, u(L,t) = 0, for t > 0, can be written
as a Fourier Sine Series:

Z by, sin —— e
So, when h(x,t) # 0, we might assume that the solution takes the form

u(x, t) =Y b(t) sm?

where the b,,’s are the Finite Fourier Sine Transform of the desired solution,

L
bu(t) = Fs[u] = %/ u(x,t) sinn—;rxdx
0

Note that the Finite Fourier Sine Transform is essentially the Fourier Sine
Series which we encountered in Section 2.4.

Finite Fourier Sine Transform

u(x,0) A(k,0)
ut—uxxizh(x,t) db” + w2by |= By (t)
u(x,t) A(k,t)

Inverse Finite Fourier Sine Transform

The idea behind using the Finite Fourier Sine Transform is to solve the
given heat equation by transforming the heat equation to a simpler equation
for the transform, by,(t), solve for bn(t), and then do an inverse transform,
that is, insert the b, (t)’s back into the series representation. This is depicted
in Figure 5.44. Note that we had explored a similar diagram earlier when
discussing the use of transforms to solve differential equations.

First, we need to transform the partial differential equation. The finite
transform of the derivative terms are given by

L
Fslu = L/ auxifsm%dx
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d (2 (L . NTX
= dt(./o u(x,t)sdex)

_ -
L 92y . nmx
.Fs[lxlxx] = Z 0 ﬁ(x/t)SIHde
nmx L nmy 2 (L ou nmwx
= [fuesin "] = () L) g otcos T dn
nrm nmx L 22 (L nmwx
= = [Tueos Y] = (7)1, wlonsin == dx
2
= %[u(o,t) u(L,0) cos nrtj (%)
— R, (5.128)

where w, = 7.

Furthermore, we define
Hy(t) = Fs[h L/ xtsm—dx.

Then, the heat equation is transformed to

dby,
ﬁ—i—wb Hy(t), n=1,23,....
This is a simple linear first-order differential equation. We can supple-

ment this equation with the initial condition

2 L . nmXx
ba(0) = T /0 u(x,0) sin 7 dx.

The differential equation for b, is easily solved using the integrating factor,
u(t) = et Thus,
d w%t _ w%t
= (e bn(t)) = Hy(t)e

and the solution is
2 t 2
bu(f) = b (0)e R + / Hy(1)e <k gr.
0

The final step is to insert these coefficients (Finite Fourier Sine Transform)
into the series expansion (inverse finite Fourier sine transform) for u(x,t).
The result is

= _ niwx
an wit sm ; [/ Hy(t Wilt=7) gr smT

This solution can be written in a more compact form in order to identify
the Green’s function. We insert the expressions for b, (0) and Hy(f) in terms
of the initial profile and source term and interchange sums and integrals.

227
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This leads to

u(x,t) = i(

/OL (&,0) smé{d§> ~@it sin nzx
nmx

/OL (&, T)sm€d§> —wn(t= T)d'r] smT

nmux . nmng _wn] iz

1
£ L 2 & nnx . nné (=)
+ 0/0 h(¢, ) lLZsmLsm T

n=1
L t oL
= [ u@0Gat0de+ [ [ nEnG gt T dedr.
0 0 Jo
(5.129)
Here we have defined the Green’s function
G(x, ¢t 1) = % 7; sin ? sin n—mge_w%(t_f).

We note that G(x, ;t,0) gives the initial value Green’s function

Evaluating the Green'’s function at ¢t = 7, we have
2 & | nmx , nnd
G(x, &t t) = 7 Z sin —— sin ——.

n=1

This is actually a series representation of the Dirac delta function. The

Fourier Sine Transform of the delta function is
2 (L nmx 2 . nnd

Fs[o(x—8)] = f/o S(x—¢ sdex = ZsmT

Then, the representation becomes

@sm nn§ G(x, &t 7).

S(x—¢) = 2 Zsm T

n=1

Also, we note that
G

ar i

Therefore, Gt = Gyy, at least for T # f and ¢ # x.
We can modify this problem by adding nonhomogeneous boundary con-

ditions.
up —kuyy =h(x,t), 0<x<L, t>0,
u(0,t) = A, u(L,t)=B, t>0,
u(x,0) = f(x), 0<x<L. (5.130)

One way to treat these conditions is to assume u(x, t) = w(x) 4+ v(x, t) where
kvyx = h(x,t) and wyy = 0. Then, u(x,t) = w(x) + v(x,t) satisfies the

original nonhomogeneous heat equation.
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If v(x,t) satisfies v(0,t) = v(L,t) = 0 and w(x) satisfies w(0) = A and
w(L) = B, then u(0,t) = w(0) +v(0,t) = Au(L,t) =w(L) +v(L,t) = B
Finally, we note that

v(x,0) = u(x,0) —w(x) = f(x) —w(x).
Therefore, u(x,t) = w(x) + v(x, t) satisfies the original problem if
v — kv = h(x,t), 0<x<

L
v(0,t) =0, o(L,t)=0, t>0,
v(x,0) = f(x) —w(x), 0<x<IL, (5.131)

and

wXX = 0/ O S X S L/
w(0) = A, w(L)=B. (5.132)

We can solve the last problem to obtain w(x) = A + %x. The solution

to the problem for v(x,t) is simply the problem we solved already in terms

of Green’s functions with the new initial condition, f(x) = A — 84«

Problems

1. In this problem you will show that the sequence of functions

£ = 2 (1 )

approaches 6(x) as n — co. Use the following to support your argument:

a. Show that limy, .« fu(x) = 0 for x # 0.
b. Show that the area under each function is one.

2. Verify that the sequence of functions {f,(x)}5_;, defined by f,(x) =
1e=nx, approaches a delta function.

3. Evaluate the following integrals:

Jo sinxd (x — F) dx.

[, (552e%) (3x2 — 7x +2) dx.

Jor x26 (x+ %) dx.

d. [ e *5(x* — 5x + 6) dx. [See Problem 4.]

e. [7 (x?—2x+3)5(x? —9)dx. [See Problem 4.]

ST

o

4. For the case that a function has multiple roots, f(x;) =0,i=1,2,..., it
i X — x;)
i1 |f'(x) -

Use this result to evaluate [~_3(x? —5x — 6)(3x% — 7x + 2) dx.

can be shown that

229
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5. Find a Fourier series representation of the Dirac delta function, é(x), on
[—L,L].

6. For a > 0, find the Fourier transform, f(k), of f(x) = e~

7. Use the result from Problem 6 plus properties of the Fourier transform
to find the Fourier transform, of f(x) = x2e~?1*l for a > 0.

8. Find the Fourier transform, f(k), of f(x) = e 20X,

9. Prove the Second Shift Property in the form

Fle®f(x)| = f(k+B).

10. A damped harmonic oscillator is given by

Ae—zxteiwgt’ >0,
f(t) = {

0, t <O0.

a. Find f(w) and
b. the frequency distribution | f(w)|?.

c. Sketch the frequency distribution.

11. Show that the convolution operation is associative: (f % (g h))(t) =
((f *8) *h)(t).

12. In this problem, you will directly compute the convolution of two Gaus-
sian functions in two steps.

a. Use completing the square to evaluate

/°° o~ 2HB g
—00

b. Use the result from part a. to directly compute the convolution in
Example 5.16:

(f*g)(x) = o b /°° o~ (a+b)P+2bxt 34

13. You will compute the (Fourier) convolution of two box functions of the
same width. Recall, the box function is given by

fa(x) :{ 1, |x| <a

0, |x|>a.

Consider (f, * fz)(x) for different intervals of x. A few preliminary sketches
will help. In Figure 5.45, the factors in the convolution integrand are show
for one value of x. The integrand is the product of the first two functions.
The convolution at x is the area of the overlap in the third figure. Think
about how these pictures change as you vary x. Plot the resulting areas as a
function of x. This is the graph of the desired convolution.
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fu (t) Figure 5.45: Sketch used to compute the
convolution of the box function with it-
self. In the top figure is the box func-

1 tion. The middle figure shows the box
shifted by x. The bottom figure indicates
N the overlap of the functions.
—a a
! !
! !
| |
! fa(x—t) !
| 4 X
I D
| — 1
| |
! !
| R
—a—+x a—+x

W

14. Define the integrals I, = [ X2 dy. Noting that I = /7,

a. Find a recursive relation between [, and I,, 1.
b. Use this relation to determine Iy, I, and I5.

c. Find an expression in terms of n for I,.

15. Find the Laplace transform of the following functions:

a. f(t) = 9t2

b f(t) =

c. f(t): cos 7t.
d. f(t) = e*sin2t.

o

f(t) = e*(t + cosht).
£t) = PH(E- 1)

sint, t < A4m,
g f(t) —{ .

sint +cost, t > 4.

lma)

h. f(t) = fot(t —u)?sinudu.
i. f(t) = (t+5)?+ te? cos3t and write the answer in the simplest
form.

16. Find the inverse Laplace transform of the following functions using the
properties of Laplace transforms and the table of Laplace transform pairs.
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¢ F(s) ssz—:ll

d. Fls) 52+§s+2

e. F(s) = (5_11)2

f. F(s) = %.

g F5) = 5=
h. F(s) = %

17. Compute the convolution (f * ¢)(#) (in the Laplace transform sense) and
its corresponding Laplace transform L[f  g| for the following functions:

a f(t) =P, g(t) =

b. f(t): ()—COSZt

c f(t)=3t2—2t+1,¢(t) =e 3.
d. f(t)= ( 7), g(t) =sin5t.

18. For the following problems, draw the given function and find the
Laplace transform in closed form.
() =1+ 150 (Z1)"H(t —n).
b. f(t) Yo olH(t—2n+1) — H(t —2n)].

(t) = Yoo(t—2n)[H(t—2n) —H(t—2n—1)]+ (2n+2—t)[H(t —
2n—1) — H(t —2n —2)].

19. Use the Convolution Theorem to compute the inverse transform of the
following:

2
a. F(S):m
€_3S
b. F(s) = 2
1
C F(s)_75(52+25+5).

20. Find the inverse Laplace transform in two different ways: (i) Use tables.
(ii) Use the Bromwich Integral.

1
a F6) = S
1
b. F(s) = 5=
s+3
CF(s) = o0
¢ F(s) s2 4+ 8s+17
1
d F(s)= — >+

G-27G+4)
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s24+8 —3

e. F(s) = (2425 +1)(s2+1)

21. Use Laplace transforms to solve the following initial value problems.
Where possible, describe the solution behavior in terms of oscillation and
decay.

a. y" =5y +6y=0,y(0)=2y'(0)=0.
b. ¥y’ —y=te*, y(0) =0,y/(0) = 1.
c. yV'+4y=06(t—1),y(0)=3,4(0)=0.
d. y"+6y +18y =2H(w —t), y(0) =0, y'(0) = 0.
22. Use Laplace transforms to convert the following system of differential

equations into an algebraic system and find the solution of the differential
equations.

" = 3x—6y, x(0)

/!

y' = x+y,  y0)=

1, x'(0)=0,

, ¥(0) =0

23. Use Laplace transforms to convert the following nonhomogeneous sys-
tems of differential equations into an algebraic system and find the solutions
of the differential equations.

a.
x' = 2x+3y+2sin2t, x(0)=1,
y = -3x+2y, y(0)=0.
b.
X' = —dx—y+e!, x(0)=2
Yy = x—2y+2, y(0)=-1.
c.
xX' = x—y+2cost, x(0)=3,
Yy = x+y-3sint, y(0)=2.

24. Use Laplace transforms to sum the following series:

o (D"

a :
nga 1+2n
d 1

b. .
n;l n(n+3)

gk
=

|
S|
+|=
w =
S~—

2
Il
—_

o
e
T
—_
=

By
Il
o
=
¥
I
_
®)
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1
0 (2n+1)

234
e. 5 tl2 .

I agh

n

1 _
e an'
n

e

Il
—_

n
b

25. Use Laplace transforms to prove
1 140

/ )

0o 1—u

—a

ad 1
ngl(n—i—a)(n—i—b) b

Use this result to evaluate the following sums:

= 1
o G
[e9)
1
b ——
n; (n+2)(n+3)
26. Do the following:
a. Find the first four nonvanishing terms of the Maclaurin series ex-
x

-1

pansion of f(x) = =
b. Use the result in part a. to determine the first four nonvanishing

Bernoulli numbers, B;,.
c. Use these results to compute {(2n) forn =1,2,3,4.

27. Given the following Laplace transforms, F(s), find the function f(t).
Note that in each case there are an infinite number of poles, resulting in an

infinite series representation.
1
. F(s) = 57—
a F(s) s2(14e7%)
1
b. F(s) = .
(s) ssinhs
_ sinhs
~ s2coshs’
sinh(B/5)

d. F(s) = ssinh(BvsL)"

28. Consider the initial boundary value problem for the heat equation:

c. F(s)

U = 2Uyy, 0<t, 0<x<1,
u(x,0) =x(1—x), 0<x<l,
u(0,t) =0, t>0,
u(l,t) =0, £>0.
Use the finite transform method to solve this problem. Namely, assume
that the solution takes the form u(x,t) = Y"1 b, (t) sinnmrx and obtain an

ordinary differential equation for b, and solve for the b,’s for each n.



6
From Analog to Discrete Signals

You don’t have to be a mathematician to have a feel for numbers. - John Forbes Nash
(1928 - 2015)

As YOU MAY RECALL, A GOAL OF THIS COURSE has been to introduce some
of the tools of applied mathematics with an underlying theme of finding
the connection between analog and discrete signals. We began our studies
with Fourier series, which provided representations of periodic functions.
We then moved on to the study of Fourier transforms, which represent func-
tions defined over all space. Such functions can be used to describe analog
signals. However, we cannot record and store analog signals. There is an
uncountable amount of information in analog signals. We record a signal
for a finite amount of time and even then we can only store samples of the
signal over that time interval. The resulting signal is discrete. These dis-
crete signals are represented using the Discrete Fourier Transform (DFT). In
this chapter we will discuss the general steps of relating analog, periodic
and discrete signals. Then we will go further into the properties of the Dis-
crete Fourier Transform (DFT) and in the next chapter we will apply what
we have learned to the study of real signals.

6.1 Analog to Periodic Signals

WE BEGIN BY CONSIDERING a typical analog signal and its Fourier trans-
form as shown in Figure 6.1. Analog signals can be described as piece-
wise continuous functions defined over infinite time intervals. The resulting
Fourier transforms are also piecewise continuous and defined over infinite
intervals of frequencies. We represent an analog signal, f(f), and its trans-
form, f (w), using the inverse Fourier transform and the Fourier transform,
respectively:

% /j; Flw)e ™ dew, (6.1)

/OO F(t)et dt. (6.2)

™o
£ =
Il I
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Figure 6.1: Plot of an analog signal f(t)
and its Fourier transform f(w).

Recall from Chapter 6 that we defined
Fourier exponential series for intervals
of length 2L. It is easy to map that series
expansion to one of length T, resulting
in the representation used here.

Here we begin with a signal f(t) defined
on [0,T] and obtain the Fourier series
representation (6.3) which gives the pe-
riodic extension of this function, f,(t).
The frequencies are discrete as shown
in Figure 6.2. We will determine the
Fourier transform as

fo(w) = Z%f(w)comb;{l (w)

and conclude that f, is the convolution
of the signal f with a comb function.

Note that the figures in this section are drawn as if the transform is real-
valued. (See Figure 6.1.) However, in general they are not and we will
investigate how this can be handled in the next chapter.

(1) flo)

A L
i o

/\ t

Real signals cannot be studied on an infinite interval. Such signals are
captured as data over a finite time interval. Let’s assume that the recording
starts at t = 0. Then, the record interval will be written as [0, T], where T is
called the record length.

The natural representation of a function, f(t), for t € [0, T|], is obtained by
extending the signal to a periodic signal knowing that the physical signal
is only defined on [0, T|. Recall that periodic functions can be modeled by a
Fourier exponential series. We will denote the periodic extension of f(t) by
fp(t). The Fourier series representation of f, and its Fourier coefficients are

given by
) = L et
n=—oo
_ LT et ar 6
Cn = T Ofp()e . (6.3)
Here we have defined the discrete angular frequency w, = 2% The associ-

ated frequency is then v, = 7.

Given that f,(t) is a periodic function, we would like to relate its Fourier
series representation to the Fourier transform, fp(w), of the corresponding
signal fy(t). This is done by simply computing its Fourier transform:

P

flw) = [ pneetar

0 o0
/ Z ceint | gt gy
—00

n=—oo
= Y o / ell@w=wn)t gy, (6.4)
n=—oc0 V7™

Recalling from Equation (5.47) that

.
/ e dx =2mé(w),
we obtain the Fourier transform of f,(t) :

N

fr(w) = i 27tcnb(w — wy). (6.5)

n=-—oo
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Thus, the Fourier transform of a periodic function is a series of spikes at

27m

discrete frequencies w;, = of strength 27tc,,. This is represented in Figure

6.2. Note that the spikes are of finite height representing the factor 27c,.

f(t) flo)

p
//V/V{ ®

A simple example displaying this behavior is a signal with a single fre-
quency, f(t) = coswyt. Restricting this function to a finite interval [0, T],
one obtains a version of the finite wave train, which was first introduced in
Example 5.10 of the last chapter.

Example 6.1. Find the real part of the Fourier transform of the finite wave train
f(t) = coswyt, t € [0, T).
Computing the real part of the Fourier transform, we find

~

Ref(w) = Re/_oof(t)eiwdt
T .
= Re/ cos wotet dt
0
T
= /coswotcoswtdt
0

- / [cos((w + wy)t) + cos((w — wp)t)] dt

sin((w + wp) )+s1n((w—w0)T)
w ~+ wo w — wy

= [sinc ((w 4+ wp)T) + sinc ((w — wp)T)] - (6.6)

qu\»—\ww

Thus, the real part of the Fourier transform of this finite wave train consists of the
sum of two sinc functions.

Two examples are provided in Figures 6.3 and 6.4. In both cases we consider
f(t) = cos2mt, but with t € [0,5] or t € [0,2]. The corresponding Fourier
transforms are also provided. We first see the sum of the two sinc functions in
each case. Furthermore, the main peaks, centered at w = +wy = %27, are better
defined for T = 5 than for T = 2. This indicates that a larger record length will
provide a better frequency resolution.

Next, we determine the relationship between the Fourier transform of
fp(t) and the Fourier coefficients. Namely, evaluating fp(w) at w = wy, we
have

Folwp) = Z 2716 (wy — wy) = 271¢K

n=—oo

237

Figure 6.2: A periodic signal contains

discrete frequencies w;, =

2nn
T -
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Figure 6.3: Plot of f(t) = cos2mt, t €
[0,5] and the real and imaginary part of
the Fourier transform.

Figure 6.4: Plot of f(t) = cos2mt, t €
[0,2] and the real and imaginary part of
the Fourier transform.

®

Figure 6.5: The discrete spectrum ob-
tained from the Fourier transform of the
periodic extension of f(t), t € [0,T] is
superimposed on the continuous spec-
trum of the analog signal.
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Therefore, we can write the Fourier transform as

~

fp(@)é(w — wn)

n—=-—oo

- flw) Y ow- 2T, 6.7)

n=—oo

This shows that the Fourier transform of a periodic signal is the product of
the continuous function and a sum of ¢ function spikes of strength f,, (wn) at
frequencies w; = 2% as was shown in Figure 6.2. In Figure 6.5 the discrete
spectrum is superimposed on the continuous spectrum emphasizing this
connection.

The sum in the last line of Equation (6.7) is a special function, the Dirac

comb function,

combaq (w) = ) 5(w—2ﬂ),

T

which we discuss further in the next section.
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6.2 The Dirac Comb Function

A FUNCTION THAT OFTEN OCCURS in signal analysis is the Dirac comb func-
tion defined by
comb,(t) = Y  &(t—na). (6.8)
n=—oo
This function is simply a set of translated delta function spikes as shown
in Figure 6.6. It is also called an impulse train or a sampling function. It is a
periodic distribution and care needs to be taken in studying the properties
of this function. We will show how the comb function can be used to relate
analog and finite length signals.
In some fields, the comb function is written using the Cyrillic uppercase

Sha function,
[ee)

Ol(x) = ) &(x—n).

n=—o0

This is just a comb function with unit spacing, a = 1.
Employing the properties of the Dirac delta function, we can derive sev-
eral properties of the Shah function. First, we have dilation and translation

properties:
Il(ax) = Y &(ax—n)

n=—oo
1 & n

BT n;oo5(x - ;)
1

= mcombl(x). (6.9)

OI(x+k) = Il(x), kan integer. (6.10)

Also, we have the Sampling Property,

M) f() = Y Fn)s(x—n) (6.11)

n=—oo

and the Replicating Property

(IO * f) (x) = i f(x—n). (6.12)

n=—oo

These properties are easily confirmed. The Sampling Property is shown
by

WEfE) = Y - n)f)

(e )

= Z f(n)é(x —n), (6.13)

n=—oo

while the Replicating Property is verified by a simple computation:

(f) ) = [ mEfx-a)d

f(1)

HEEREEN

-3a-2a-a| a2a3at

Figure 6.6: The Dirac comb function,
comby () = Y oo oo O(t — na).
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Useful results from this discussion are
the exponential Fourier series represen-
tation,

1 (o]
—2mint/T
T ¢ ’

combr(t) =
n=—co

and the sum of exponentials

0
; 2
Y et = ancombl (#).

n=—0o0o

n=-—oo

= ([Lee-mse-o)

n=—oo

- I ( 3 5(€—n)>f(x—€)d€

— Y fx-n). (614)

n=-—coo
Thus, the convolution of a function with the Shah function results in a sum
of translations of the function.
The comb function inherits these properties, since it can be written using
the Shah function,

[e0]

Y. 6(t—nT)

n=-—oo

:25

n—=-—oo

- v |1T|5<§—n>

n=—oo

- m"(r)

In the following we will only use the comb function.
We further note that combr(t) has period T :

combr(t) =

(6.15)

i 0(t+T —nT)

n=—oo

combr(t+T)

i 6(t —nT) = combr(f). (6.16)

n=-—oo

Thus, the comb function has a Fourier series representation on [0, T].

Example 6.2. Find the Fourier exponential series representation of combr(t).
Since comby(t) has period T, the Fourier series representation takes the form

Z cpeiwnt

n=—oo

combr(t

where w,; = 27Tm

We can easily compute the Fourier coefficients:

1T iwpt
T/ combr(t)e' " dt

cn =
1
= 5(t — kT)e'“nt dt
T Jo k;w
15 1
= ?e =T (6.17)

Note, the sum collapses because the only 6 function contribution comes from the
k = 0 term (since kT € [0, T] only for k = 0). As a result, we have obtained the
Fourier series representation of the comb function

Z 672mnt/T

71_700

combr(t



FROM ANALOG TO DISCRETE SIGNALS

From this result we note that

Z emut — Z e2mnt/(27'(/u)

n=—oo n=—oo

= 27ncomb n( ) (6.18)

a

Example 6.3. Find the Fourier transform of comb,(t).
We compute the Fourier transform of the comb function directly:

Flcomb,(t)] = /oo comby, (t)e'“ dt

[e0]

_ /oo S 5t — na)e dt

® p=—c0

= Z/ O(t —na) et gy

n=—oo o0

— Z ezwna

n=-—oo

= 277Tcombl( ). (6.19)

Example 6.4. Show that the convolution of a function with combr(x) is a periodic
function with period T. Since combr(t) is a periodic function with period T, we
have

(f *x combr)(t+T) /;O;f(T)combT(t +T—1)dt

/j:o f(t)combr(t — 7)dt
= (f xcombr)(f). (6.20)

Next, we will show that the periodic function f,(t) is nothing but a
(Fourier) convolution of the analog function and the comb function. We
first show that (f x comby,)(t) = Yoo _o f(t — na).

Example 6.5. Evaluate the convolution (f * comb,)(t) directly.

We carry out a direct computation of the convolution integral. We do this by first
considering the convolution of a function f(t) with a shifted Dirac delta function,
3a(t) = 6(t — a). This convolution is easily computed as

(f % 0a)( / ft=1)0(T—a)dt = f(t —a).

Therefore, the convolution of a function with a shifted delta function is a copy of
f(t) that is shifted by a.
Now convolve f(t) with the comb function:

(f % comby) () = / " £(t — 7)comby(t) dt
= / f(t—1) Z&T—na

n=—oo

241

The Fourier transform of a comb func-
tion is a comb function.

Flcomby, (t)] =

277Icomb 2 (w).

a
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LU

-3a-2a-a| a2a3at

A

3a-2a-a| a2adat

Figure 6.7: The convolution of f(t) with
the comb function, comb,(t). The first
plot shows the function and the comb
function. In the second of these plots
we add the sum of several translations
of f(t). Incorrect sampling will lead to
overlap in the translates and cause prob-
lems like aliasing. In the last of these
plots, one has no overlap and the peri-
odicity is evident.

= ¥ (o)
= i f(t —na). (6.21)

From this result we see that the convolution of a function f(t) with a
comb function is then the sum of shifted copies of f(t), as shown in Figure
6.7. If the function has compact support on [—7, 7], i.e., the function is zero
for |t| > 1/a, then the convolution with the comb function will be periodic.

Example 6.6. Find the Fourier transform of the convolution (f * comby)(t).
This is done using the result of the last example and the first shift theorem.

F[f * comb,] = F[ i f(t—na)]

= % Flf(t—na)

_ n_ioof(w)emaw

= flw) 3 e

= 2T fw)combz (@). (6:22)

Another way to compute the Fourier transform of the convolution (f % combg)(t)
is to note that the Fourier of this convolution is the product of the transforms of f
and comb, by the Convolution Theorem. Therefore,

F[f * comb,] =

N~

(w)Flcomb,|(w)
T

= 7f(w)c0mbL7T (w). (6.23)
We have obtained the same result, though in fewer steps.

For a function of period T, f,(t) = (f * combr)(t), we then have

N 27T A

fr(w) = Tf(w)combz%(w).
Thus, the resulting spectrum is a series of scaled delta functions separated
by Aw = ZT”

The main message of this section has been that the Fourier transform of
a periodic function produces a series of delta function spikes. This series
of spikes is the transform of the convolution of f(t) and a comb function.
This is essentially a sampling of f(w) in frequency space. A similar result is
obtained if we instead had a periodic Fourier transform due to a sampling
in t-space. Combining both discrete functions in ¢ and w spaces, we have
discrete signals, as will be described next.
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6.3 Discrete Signals

WE WOULD LIKE TO SAMPLE A GIVEN SIGNAL at a discrete set of equally
spaced times, t, € [0, T]. This is how one normally records signals. One
samples the signal with a sampling frequency vs, such as ten samples per
second, or 10 Hz. Therefore, the values are recorded in time steps of T; =
1/vs For sampling at 10 Hz, this gives a sampling period of 0.1 s.

We can model this sampling at discrete time points by multiplying f(¢) by
the comb function combr, (t). The Fourier transform will yield a convolution
of the Fourier transform of f(t) with the Fourier transform of the comb
function. But this is a convolution of f(w) with another comb function,
since the transform of a comb function is a comb function. Therefore, we
will obtain a periodic representation in Fourier space.

1

Example 6.7. Sample f(t) = cos wot with a sampling frequency of vs = 1-.

As noted, the sampling of this function can be represented as
fs(t) = cos wot combr, (t).

We now evaluate the Fourier transform of fs(t) :

o .
Flcos wot combr, (t)] = / cos wot combr, (t)e! dt
- [ cos wot 5(t—nTy) | et dt
| cosws (n_zw ( s>>
o .
= Y cos(wonTy)e"™
n=—oo
— 1 i {ei(w—i-wo)nTs+ei(w—w0)nTs}
2n=—oo

- [combz%(w+wo) +comszl(w—wo)} :

Ts
(6.24)

Thus, we have shown that sampling f(t) = coswot with a sampling period of
T; results in a sum of translated comb functions. Each comb function consists of
spikes separated by ws = ZT—T Each set of spikes are translated by wy to the left or
the right and then added. Since each comb function is periodic with “period” ws in
Fourier space, then the result turns out to be periodic as noted above.

In collecting data, we not only sample at a discrete set of points, but
we also sample for a finite length of time. By sampling like this, we will
not gather enough information to obtain the high frequencies in a signal.
Thus, there will be a natural cutoff in the spectrum of the signal. This is
represented in Figure 6.8. This process will lead to the Discrete Fourier
Transform, the topic in the next section.

Once again, we can use the comb function in the analysis of this process.
We define a discrete signal as one which is represented by the product of a

Here we will show that the sampling of
a function defined on [0, T] with sam-
pling period T; can represented by the
convolution of f, with a comb function.
The resulting transform will be a sum of
translations of fp(w)
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Figure 6.8: Sampling the original signal
at a discrete set of times defined on a
finite interval leads to a discrete set of
frequencies in the transform that are re-
stricted to a finite interval of frequencies.

Note that the Convolution Theorem for
the convolution of Fourier transforms
needs a factor of 27t.

f(t) ?((o)

Af?» hr b
T o

"

periodic function sampled at discrete times. This suggests the representa-
tion
fa(t) = fp(t)combr, (£). (6-25)
Here T denotes the period of the sampling and f,(t) has the form
i Cn efiwnt.
n=—oo

Example 6.8. Evaluate the Fourier transform of f4(t).
The Fourier transform of f(t) can be computed:

falw) = /oo fp(t)combrq(t)ei“’tdt

= { e imt dy] combr, (t)e'“* dt

= i - combr. () @Mt gy g
2T F’ s H

Tmnsform of comb,_at w—p

= 27_[/ folu combzn(w i) du

— TSHZ Folw — ). (6.26)

— s

We note that in the middle of this computation we find a convolution
integral:

1 [, 27 .
27 mep(ﬂ)fcomb%(w —u)du = (fp *Comb%> (w)
Also, it is easily seen that fd(w) is a periodic function with period 2T—’:

f(w+*) fa(w).

We have shown that sampling a function f,(f) with sampling frequency
vs = 1/T;, one obtains a periodic spectrum, fd(w).

6.3.1  Summary

IN THIS CHAPTER WE HAVE TAKEN an analog signal defined for t € (—o0, )
and shown that restricting it to interval t € [0, T|] leads to a periodic function
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of period T,
fp(t) = (f * combr)(t),
whose spectrum is discrete:

folw) = fylw) ¥ o220 (627

n=—oo

We then sampled this function at discrete times,

fa(t) = fp(t)combr,(t).

The Fourier transform of this discrete signal was found as
falw) == Y fplw—"n). (6.28)
Ts .~ Ts

This function is periodic with period ZT—?
In Figure 6.9 we summarize the steps for going from analog signals to

discrete signals. In the next chapter we will investigate the Discrete Fourier

Transform.

A

f

f(t) (®)

N

"o

A
f(t) (o)

ut TA MT by

f(t) ,f\(co)

Iﬂ" ”?T=t lhT 4 =0)

6.4 The Discrete (Trigonometric) Fourier Transform

OFTEN ONE IS INTERESTED IN DETERMINING the frequency content of sig-
nals. Signals are typically represented as time dependent functions. Real
signals are continuous, or analog signals. However, through sampling the
signal by gathering data, the signal does not contain high frequencies and

Figure 6.9: Summary of transforming
analog to discrete signals. One starts
with a continuous signal f(t) defined on
(—o0,00) and a continuous spectrum. By
only recording the signal over a finite
interval [0,T], the recorded signal can
be represented by its periodic extension.
This in turn forces a discretization of the
transform as shown in the second row of
figures. Finally, by restricting the range
of the sampled, as shown in the last row,
the original signal appears as a discrete
signal. This is also interpreted as the
sampling of an analog signal leads to a
restricted set of frequencies in the trans-
form.
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We will change the notation to using y(t)
for the signal and f for the frequency.

is finite in duration. The data is then discrete and the corresponding fre-
quencies are discrete and bounded. Thus, in the process of gathering data,
one may seriously affect the frequency content of the signal. This is true
for a simple superposition of signals with fixed frequencies. The situation
becomes more complicated if the data has an overall non-constant (in time)
trend or even exists in the presence of noise.

As described earlier in this chapter, we have seen that by restricting the
data to a time interval [0, T] for record length T, and periodically extending
the data for t € (—co,00), one generates a periodic function of infinite du-
ration at the cost of losing data outside the fundamental period. This is not
unphysical, as data is typically taken over a finite time period. In addition,
if one samples a finite number of values of the data on this finite interval,
then the signal will contain frequencies limited to a finite range of values.

This process, as reviewed in the last section, leads us to a study of what is
called the Discrete Fourier Transform, or DFT. We will investigate the discrete
Fourier transform in both trigonometric and exponential form. While ap-
plications such as MATLAB rely on the exponential version, it is sometimes
useful to deal with real functions using the familiar trigonometric functions.

Recall that in using Fourier series one seeks a representation of the signal,
y(t), valid for t € [0, T], as

1 o
y(t) = sag+ Y [an cos wyt + by sinwyt], (6.29)

n=1

where the angular frequency is given by w, = 27f, = 2% Note: In dis-
cussing signals, we will now use y(t) instead of f(t), allowing us to use f
to denote the frequency (in Hertz) without confusion.

The frequency content of a signal for a particular frequency, f, is con-
tained in both the cosine and sine terms when the corresponding Fourier
coefficients, a,, b, are not zero. So, one may desire to combine these terms.
This is easily done by using trigonometric identities (as we had seen in
Equation(2.1)). Namely, we show that

ap COS Wyt + by sinwyt = Cy cos(wnt + ), (6.30)

where ¢ is the phase shift. Recalling that

cos(wut 4+ ) = cos wyt cos P — sin wyt sinip, (6.31)
one has

ay Cos wyt + by sinwyt = Cy; cos wyt cos P — Cy sinwyt sin .
Equating the coefficients of sin w,t and cos w,t in this expression, we obtain
ay, = Cycosy, by, =—Cysiny.

Therefore,

b
Cy,=+a,+b, and tanv,b:—a—".

n
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Recall that we had used orthogonality arguments in order to determine
the Fourier coefficients (a,,n = 0,1,2,... and b,,n = 1,2,3,...). In par-
ticular, using the orthogonality of the trigonometric basis, we found that

an = %foTy(t) coswytdt, n=0,1,2,...

6.32
by = %foTJ/(t)Sinwnfdt, n=12,... (6.32)

In the next section we will introduce the trigonometric version of the
Discrete Fourier Transform. Its appearance is similar to that of the Fourier
series representation in Equation (6.29). However, we will need to do a bit of
work to obtain the discrete Fourier coefficients using discrete orthogonality.

6.4.1 Discrete Trigonometric Series

For THE FOURIER SERIES ANALYSIS OF A SIGNAL, we had restricted time
to the interval [0, T], leading to a Fourier series with discrete frequencies
and a periodic function of time. In reality, taking data can only be done at
certain frequencies, thus eliminating high frequencies. Such a restriction on
the frequency leads to a discretization of the data in time. Another way to
view this is that when recording data we sample at a finite number of time
steps, limiting our ability to collect data with large oscillations. Thus, we
not only have discrete frequencies but we also have discrete times.

We first note that the data is sampled at N equally spaced times

t,=nAt, n=0,1,..., N—1,

where At is the time increment. For a record length of T, we have At = T/N.
We will denote the data at these times as v, = y(t,).
The DFT representation that we are seeking takes the form:

1 M
Yn = =00+ Z [ap coswpty + by sinwpty], n=0,1,...,N - 1.

(6.33)
2 =

The trigonometric arguments are given by

_ 2mpn
=N

Note that p = 1, ..., M, thus allowing only for frequencies fp = % = % Or,
we could write
fr = pAf
for 1
Af = —.
f T
We need to determine M and the unknown coefficients. As for the Fourier
series, we will need some orthogonality relations, but this time the orthog-
onality statement will consist of a sum and not an integral.

Since there are N sample values, (6.33) gives us a set of N equations for
the unknown coefficients. Therefore, we should have N unknowns. For N

247

In Chapter 2 we had shown that
one can write a, cosw,t + b, sinw,t =
Cy sin(wyt + ¢). It is easy to shown that

psi and ¢ are related.

Here we note the discretizations used for
future reference. Defining At = I and

Af = %, we have

nT
t, = nAt = N’

21

wp = pAw = Tp
|4
=pAf =L
fr =prAf T’
27tn

wpty = 7Np'

.., M.
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samples, we want to determine N unknown coefficients ag, ay, ..., ay /> and
bi,...,bn/2—1. Thus, we need to fix M = N Often the coefficients by and
by /o are included for symmetry. Note that the corresponding sine function
factors evaluate to zero at p =0, g, leaving these two coefficients arbitrary.
Thus, we can take them to be zero when they are included.

We claim that for the Discrete (Trigonometric) Fourier Transform
1 M
E 2 apcoswptn—l—bpsinwptn], n=0,1,..., N—1.
(6-34)
the DFT coefficients are given by
2 NI 27tpn
ap = — Yn cos( yp=1...N/2—-1
N }\1]:% N
2 & . 2mtpn
by =— ) yusin( y,p=12,...N/2—-1
p n 7 74y
N = N
g = 1 = y (6.35)
- T nrs
N n=0
0 N-1
aN/2 = N Yncosnrt
n=1
bp =bn/; =0

6.4.2 Discrete Orthogonality

THE DERIVATION OF THE DISCRETE FOURIER COEFFICIENTS can be done
using the discrete orthogonality of the discrete trigonometric basis similar
to the derivation of the above Fourier coefficients for the Fourier series in
Chapter 2. We first prove the following

Theorem 6.1.

1 0, k
0 N, k
0, 0,.

1
k=

z
|
| |

Z
|

3
i

(6.36)

rmz
H

~

n O

Proof. This can be done more easily using the exponential form,

N-1 N-1 N=1
27tnk . . (2mnk\ 2rtink/N
Zcos( N >+zZsm< N )—Ee , (6.37)

n=0

by using Euler’s formula, e/ = cos 6 + isin § for each term in the sum.
The exponential sum is the sum of a geometric progression. Namely, we
note that

n=0

N-—1 ) N-1 ) n
2 eZmnk/N — Z (627'(1k/N>
n=0
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Recall from Chapter 2 that a geometric progression is a sum of the form
Sy = Z ark. This is a sum of N terms in which consecutive terms have a

constant ratlo r. The sum is easily computed. One multiplies the sum Sy
by r and subtracts the resulting sum from the original sum to obtain
Sn—rSn=(a+ar+---+arN"V) —(ar4+ - +arN +arN) =a—arV.

(6-38)
Factoring on both sides of this chain of equations yields the desired sum,

_ 4N
sy = 2020 639

Thus, we have

N-1 N-1 , "
y 2mink/N - _ y (eka/N)
n=0

n=0
_ 14 kN (ezm'k/N)2 R (ezm'k/N) N-1
. N
1— (e2mk/N)
- 1 _ g2mik/N
1— eZn’ik
= 1 _2mik/N’ (6.40)
As long as k # 0, N the numerator is 0 and 1 — ¢2™*/N is not zero.
In the special cases that k = 0, N, we have e2mink/N — 1. Go,
i 2mtink/N _ Z 1=
Therefore,
N-1 N-—1
27 k) , <27mk) {o, k=1,...,.N—1
Z cos +1 2 sin = (6.41)
= ( N o N N, k=0,N
and the Theorem is proved. O

We can use this result to establish orthogonality relations.
Example 6.9. Evaluate the following:

N1
2mpn
cos( P

n=

and

sin <2nqn )

(6.42)

os (271(77]\; q)n) +cos (ZN(PAJ; q)nﬂ _

249
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Splitting the above sum into two sums and then evaluating the separate sums

from earlier in this section,

N (2nlp—gn\ _ [0, p#qg
ZCOS( N >_{N, p=4q’

n=0
Nilcos <2n(p+q)n> _J 0 p+qg#N
=0 N N, p+qg=N
we obtain
_ N/2, p=qgq#N/2
N-1
Z cos <27rpn> cos <2nqn> =4 N, p=q=N/2 . (6.43)
~ N N ,
n 0, otherwise

Similarly, we find

N=V  /2mpn 2mtqn
Y. sm( N >cos <N>

n=0
_ O INE L 2r(p—gn . (2n(p+q)n
= 5 Pl {sm N ) —I—sm( N )}
= 0. (6.44)

and

— N
_ 1Y [ <2n<p—q>n) o (2n<p+q>n)}

2 = N N
N/2, p=g#N/2
0, otherwise
(6-45)
We have proven the following orthogonality relations
Theorem 6.2.
N=1 27tpn 27tqn N/2, p=q#N/2
cos cos =4 N, p=g=N/2 .
— N N ,
n 0, otherwise
- (6.46)
—~ . (2mpn 2\
Z sin ( N ) cos <N> =0. (6.47)
n=0
N-1
. (2mpn\ . (2mqn N/2, p=g#N/2
. (648
nzosm( N )sm( N > { 0, otherwise (6.48)

6.4.3 The Discrete Fourier Coefficients

THE DERIVATION OF THE COEFFICIENTS FOR THE DFT is now easily done
using the discrete orthogonality from the last section. We start with the
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expansion

I\J\'—‘

N/2 T 2
pn i Tpn
Z[pcos( N )—i—bpsm( N )],n:O,...,N—l.

We first sum over n:

N-1 N-1 N/2
B = E (e Eloee (5 ()]

n=0

i3 ~ 27tpn N=b 2mpn
= fao 214—2 ap Zcos( N )+bp,,;')81n< N )
1 N/2
= EﬂoN—f— Z [gp-0+bp.0}
p=1
1
= *LloN. (6.50)
2
N-1
Therefore, we have ag = % Y yn
n=0

Now, we can multiply both sides of the expansion (6.77) by cos (27;\}7")
and sum over n. This gives

N=! 27tqn
Y cos( )
LT
N-1 N/2
= Y <1a0+ ) [ pcos< 7;\710 > + by sin (27;\7”)]> cos (27;\?”)
n=0
Nt 27tqn
ag rg} cos (N )

N/2  N-1 2mtgn
+Zap2c:os< )COS<N>
Nz NA 27pn 2mqn

+ b i
rgpig)an( N )COS( N)

N/2
- N/2
r/2

N| —

apNopn/2+bp 0], 7=N/2,

_ 329N,  q#N/2 ) (6.51)
ﬂN/2N, q = N/2
So, we have found that
2 = 27tgn N
g = 3 Zyncos( I\? ), 6]?55, (6.52)

1 N=l 27tn(N/2
oz = T o (2N/2))

1 N-1
= — Z Yn cos (7tn). (6.53)
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*The Fast Fourier Transform, or FFT,
refers to an efficient algorithm for com-
puting the discrete Fourier transform. It
was originally developed by James Coo-
ley and John Tukey in 1965 for comput-
ers based upon an algorithm invented by
Gausf3.

N-1
Similarly, ) yusin (27;?") =
n=0

- (e e (2 e (352 ()

71 N=1 27tqn
Tna (%)
N/2 - 2rtpn\ . ([ 27mgn
o e (5 ) (N>
p= n=0
N/ N-1

; (5

p
N/2 N
= X [ ap-0+by—dpg
p=1
1
= 3bN. (6.54)
Finally, we have
_ 2 Nt 27tqn N
Zynsm( q ) qzl,...,i—l. (6.55)

6.5 The Discrete Exponential Transform

THE DERIVATION OF THE COEFFICIENTS for the trigonometric DFT was ob-
tained in the last section using the discrete orthogonality. However, appli-
cations like MATLAB do not typically use the trigonometric version of DFT
for spectral analysis. MATLAB instead uses a discrete Fourier exponential
transform in the form of the Fast Fourier Transform (FFT)" . Its description
in the help section does not involve sines and cosines. Namely, MATLAB
defines the transform and inverse transform (by typing help fft) as

For length N input vector x, the DFT is a length N vector X,
with elements

N
X(k) = sum Xx(n)xexp(-j*2xpix(k-1)*(n-1)/N), 1 <= k <= N.
n=1
The inverse DFT (computed by IFFT) is given by
N
x(n) = (1/N) sum X(k)xexp( j*2*pi*(k-1)*(n-1)/N), 1 <= n <= N.
k=1

It also provides in the new help system,
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% G0,

~27/N are the Nth roots of unity. You will note a few differ-

where wy = ¢
ences between these representations and the discrete Fourier transform in
the last section. First of all, there are no trigonometric functions. Next, the
sums do not have a zero index, a feature of indexing in MATLAB. Also, in
the older definition, MATLAB uses a “j” and not an “i” for the imaginary
unit.

In this section we will derive the discrete Fourier exponential transform
in the form

N-1
Fo= Y Wkf. (6.56)
j=0

where Wy = ¢ 27/N and k = 0,...,N — 1. We will find the relationship
between what MATLAB is computing and the discrete Fourier trigonometic
series. This will also be useful as a preparation for a discussion of the FFT
in the next chapter.

We will start with the DFT (Discrete Fourier Transform):

1 N/2 27-[;771 . 27Tp7’l
Y =500+ Y. {ap cos <N> + by sin ( N )} (6.57)

p=1

forn=0,1,...,N —1.
We use Euler’s formula to rewrite the trigonometric functions in terms of
exponentials. The DFT formula can be written as

1 N/2 e2mipn/N + e—2mipn/N e2mipn/N _ ,—2mipn/N
1 N/2 . 1 :
_ 7110 + Z [ ( )eZmPn/N + 3 (llp —l—ibp) e—Zmpn/N] ]

(6.58)

We define C, = % (ap — ibp) and note that the above result can be written
as
N/2 ‘ ) 4
Yu=Co+ Y [Cue¥ /N 4 e 2 /N = 0,1, N=1. (659)
p=1

The terms in the sums look similar. We can actually combine them into
one form. Note that 2N = cos(27N) + isin(2tN) = 1. Thus, we can

write
e~ 2mipn/N _ ,—2mipn/N ,—2miN _ eZm’(pr)n/N

in the second sum. Since p =1,...,N/2, weseethat N—p=N—-1,N —
.,N/2. So, we can rewrite the second sum as
N/2

Z C‘pe—zmpn/N Z C 2i(N=p)n/N _ Z CN p2miqn/N
p=1 p=1 q=N/2
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Since g is a dummy index (it can be replaced by any letter without chang-
ing the value of the sum), we can replace it with a p and combine the terms
in both sums to obtain

N-1 ‘
yn = Y Y, PN =01, ,N-1, (6.60)
p=0
where
3, p=0,
1 .
5(a, —iby), 0<p<N/2,
Yp = 2( g 2 7;;\] ” (6.61)
N/2s p=N/2,
3(an_p+ibn_p), N/2<p<N.

Notice that the real and imaginary parts of the Fourier coefficients obey
certain symmetry properties over the full range of the indices since the real
and imaginary parts are related between p € (0,N/2) and p € (N/2,N).
Namely, since

1 . - .
YN,JZE(LZ]—i-lb]):Y], ]:1,...,N—1,

Re(Yn-_j) = ReYjand Im(Yyn_;) = —ImY;forj=1,...,N —1.
We can now determine the coefficients in terms of the sampled data.

1 .
C, = E(ap—sz)
1Y 27tpn . . (2mpn
= Nr;yn [cos <N )—zsm( N )]
1 Y ,
=~ Y yne2min/N, (6.62)
n=1
Thus,
1 Y oipn/N N
Y, = N Z Yne~ mipn/N - < p< 5 (6.63)
n=1
and
Yy = C_pr
_ l i eZm’(pr)n/N N <p<N
B Nn:lyn ' 2 P
1 Y -
= N ) ype 2PN, (6.64)

3
Il
—

We have shown that for all Y’s but two, the form is

1Y
Yp - N Zlyne 27‘(1pn/N_ (665)
n—=

However, we can easily show that this is also true when p = 0 and p = §.

Ynip = anp
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Yn COSNTT

|
z| =
M=

3
Il
—

1 N
= 5 Y Yn [cosnm —isinn]
n=1
1 ,
_ N Z ynefznm(N/Z)/N (666)
n=1
and
1
YO == an
1 N
n=1
1Y »
_ N Z ynEZmn(O)/N‘ (6.67)

3
I
—

Thus, all of the Y}’s are of the same form. This gives us the discrete
transform pair

Yy = Z Y, e?TPn/N g =1,...,N, (6.68)
pP=
N .
Y, = Z e~ 2mpn/N - —0,1,...,N—1. (6.69)

Note that this is similar to the definition of the FFT given in MATLAB.

6.6 FFT: The Fast Fourier Transform

THE USUAL COMPUTATION of the discrete Fourier transform (DFT) is done
using the Fast Fourier Transform (FFT). There are various implementations
of it, but a standard form is the Radix-2 FFT. We describe this FFT in the
current section. We begin by writing the DFT compactly using W = ¢~27/N,

Note that WN/2 = —1, WN =1, and ¢27™/k/N — Wik We can then write
N1
Fo= ) W¥f, (6.70)
j=0
The key to the FFT is that this sum can be written as two similar sums:

N-1 "
F = Zwug-

N/z 1
= 2 W]kf_|_ 2 ijf
j=N/2
N/2 1

N
Y, WEfi+ 2 Wk TN f N2 form=j——
j=0 m=0

255
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N/2-1

-X(:) Wik + WHIND ]
]:

N/2-1
= Z wi {f] + (_1)kfj+N/2} (6.71)
=0

since WKU+N/2) — wki(WN/2)k and WN/2 = 1.

Thus, the sum appears to be of the same form as the initial sum, but there
are half as many terms with a different coefficient for the W/*’s. In fact, we
can separate the terms involving the + or — sign by looking at the even and
odd values of k.

For even k = 2m, we have

N/2-1 ; N
Fau= Y (WZm)] [f]- +f]-+N/2], m=0,...5 1 (6.72)
j=0
For odd k = 2m + 1, we have
N/2-1 - N
P (WZm)]W] {fj_fHN/z}, m=0,...5 -1 (673
j=0

Each of these equations gives the Fourier coefficients in terms of a similar

N2
sum using fewer terms and with a different weight, W2 = (e’zm/ N ) =
e~27/(N/2) 'If N is a power of 2, then this process can be repeated over and
over until one ends up with a simple sum.

The process is easily seen when written out for a small number of sam-

ples. Let N = 8. Then a first pass at the above gives

F = fot+tfitfhotfatfatfs+fo+fr

F = fo+tWhi+WHh+ W3+ Wy + Wofs + WO fs + W7 .
F = fo+W2fi + W + WO B + fu + W2 s + Wifs + WO,
F3 = fo+WA+WfH+WeH+ W+ W fs+ W fe + WoF;.
Fy = fo+WHi+ o+ WHs+ fu+ WHs + fo + Wiy

F = fo+ WA +W2fh+ W f34+ WAy + Wis + WO fg + W3 £
Fo = fo+WoAi+ W+ W2fs+ fu+ WOfs + Wi + WS,
F = fo+rW A+WOfh+Wof+ Wi+ W3fs + W2 + W

(6.74)

The point is that the terms in these expressions can be regrouped with
W = e~ 7/8 and noting W* = —1:

Fp = (fot+fa)+(A+fs)+(fatfe)+(fs+f7)
= go0t+81+8& +8s3
B o= (fo—fa+A-f)W+(2—fo) W+ (fs— fr) W
84+ 86+ 85+ 87
Bo= (fot+fa)+(h+f)W—(f2+fo) — (fs+ fr) W
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= g0— g+ (81— g)W
Fs = (fo—fa) — (2= f)W+ (i — f5) WW? + (fz3 — fr) WW®
84 — 86 + gsW* + g7/ W°.
E = (fot+fa)+(i+fs)—(fatfe) = (f3+17)
80+ 82 — &1 — &3
Fs = (fo—fa)+ (= fW+ (i — f5)WW* + (fs — fr) WW*
84+ g6+ 5WH + g7/ W™
Fo = (fot+fa)+(i+fs)Wo—(fat+fo) = (fa+ fr) WO
80— 82+ (81 — g3)W°.
Fo= (fo—fa) — (2= fo) W+ (fi — 5)WWO + (3 — fr) WIW?
= 81— 8+ 8W0 + g W2 (6.75)

However, each of the g—series can be rewritten as well, leading to

Fo = (g0+82)+(81+83) =ho+h.

k (84+86) + (85 +87) = hy + hs.

Fr o= (80— )+ (81— 8)W? =hy+hs.

F (4 — 86) + (85 — §7)W?* = hg + hy.

Fy = (g0+8&2)—(g1+83)=ho—hi.

Fs (84 +86) — (85 +87) = ha — hs.

Fo = g0—8 — (91— 8)W* =hy—hs.

F = g—8+8W°o+g/W*=he—hy. (6.76)

Thus, the computation of the Fourier coefficients amounts to inputting
the f’s and computing the g’s. This takes 8 additions and 4 multiplications.
Then one get the h’s, which is another 8 additions and 4 multiplications.
There are three stages, amounting to a total of 12 multiplications and 24
additions. Carrying out the process in general, one has log, N steps with
N/2 multiplications and N additions per step. In the direct computation
1) additions. Thus, for N = 8,
that would be 49 multiplications and 56 additions.

one has (N — 1)? multiplications and N(N —

The above process is typically shown schematically in a “butterfly dia-
gram.” The basic butterfly transformation is displayed in Figure 6.10. An 8
point FFT is shown in Figure 6.11.

fj X f] + f N/2+j
IN/2+ (fi = fnja) W/
In the actual implementation, one computes with the k’s in the following
order:

The binary representation of the index was also listed. Notice that the
output is in bit-reversed order as compared to the right side of the table

Figure 6.10: This is the basic FFT butter-
fly.
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Figure 6.11: This is an 8 point FFT but-
terfly diagram.

Table 6.1: Output, desired order and bi-
nary representation for the Fourier Coef-
ficients.

fotfa=g0——

g0 +8 =ho ho + hy
fitfs=8& g1+g3—h1Xho—h1
fotfo=8 (80— g2)W0 =1y hy + hs
ftfr=8——"(51—g3)W? —hXhzhs
(fo— W0 =g — 84+86 =y hy + hs
g5+g7_h5Xh4h5

(f2 = fo)W? = g6

(84— 86)W' =1y Xhe +hy
(fs—fr)W? = &7 ——" (g5 —g7)W?* = Iy he — hy

(fi—fs)W!=gs

Output Desired Order
ho +hy = F, 000 Fy, 000
ho —hy = F;, 100 F, 001
hy +h3=F, 010 F, 010
hy —h3 =F;, 110 F, 011

hy+hs =F;, 001 F,, 100
hy—hs =F5, 101 I, 101
he +hy; = F3, 011 F,, 110

he —hy; =F, 111 F, 111
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which shows the coefficients in the correct order. [Just compare the columns
in each set of binary representations.] So, typically there is a bit reversal
routine needed to unscramble the order of the output coefficients in order
to use them.

6.7 Applications

IN THE LAST SECTION WE SAW that given a set of data, y,, n =0,1,...,N —
1, that one can construct the corresponding discrete, finite Fourier series.
The series is given by

1 N/2 2mtpn . (2mtpn
yn:2a0+p¥1[apcos< N )+bpsm( N )],WIO/-.-/NL

(6.77)
and the Fourier coefficients were found as
N-1
ap=% % yucos(3{), p=1,...N/2-1
n=0
2 N=t . _(2mpn
by=% L yasin(=5+~), p=1,2,...N/2-1
n=0
5 6.78
=12 L Yn (6.78)
n=0
N-1
aN/2 = % Yu COSNTT,
n=0
bp = by, =0

In this section we show how this is implemented using MATLAB.

Example 6.10. Analysis of monthly mean surface temperatures.

Consider the data® of monthly mean surface temperatures at Amphitrite Point,
Canada shown in Table 6.2. The temperature was recorded in °C and averaged for
each month over a two year period. We would like to look for the frequency content
of this time series.

Month 1 2 3 4 5 6 7 8 9 10 11 12
1982 76 | 7.4 8.2 9.2 102 | 11.5 | 124 | 13.4 | 13.7 | 11.8 | 101 | 9.0
1983 89 | 95 | 106 | 114 | 12.9 | 127 | 13.9 | 142 | 13.5 | 11.4 | 109 | 8.1

In Figure 6.12 we plot the above data as circles. We then use the data to compute
the Fourier coefficients. These coefficients are used in the discrete Fourier series an
plotted on top of the data in red. We see that the reconstruction fits the data.

The implementations of DFT are done using MATLAB. We provide the code at
the end of this section.

Example 6.11. Determine the frequency content of y(t) = sin(107t).
Generally, we are interested in determining the frequency content of a signal.
For example, we consider a pure note,

y(t) = sin(107tt).

*This example is from Data Analysis
Methods in Physical Oceanography, W. J.
Emery and R.E. Thomson, Elsevier, 1997.

Table 6.2: Monthly mean surface temper-
atures (°C) at Amphitrite Point, Canada
for 1982-1983.
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Figure 6_12: PlOt and reconstruction Of Reconstruction of Monthly Mean Surface Temperature
the monthly mean surface temperature
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Sampling this signal with N = 128 points on the interval [0, 5], we find the discrete
Fourier coefficients as shown in Figure 6.13. Note the spike at the right place in the

B plot. The others spikes are actually very small if you look at the scale on the plot
of the A coefficients.

Figure 6.13: Computed discrete Fourier
coefficients for y(t) = sin(107t), with
N = 128 points on the interval [0,5].
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One can use these coefficients to reconstruct the signal. This is shown in Figure

6.14

Figure 6.14: Reconstruction of y(t) = ) Reconstructed Signal
sin(107tt) from its Fourier coefficients. 7 TT1 i TTTT
(107tt) £ ts F ff t oei“(ﬁﬁﬂa}” I?Fﬁﬁ)?rwﬂ;%%’;‘]
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Example 6.12. Determine the frequency content of y(t) = sin(107tt) — 1 cos(67t).

We can look at more interesting functions. For example, what if we add two pure
notes together, such as

y(#) = sin(107t) — %cos(67‘ft).
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We see from Figure 6.15 that the implementation works. The Fourier coefficients
for a slightly more complicated signal,

y(t) = " sin(107t)
for w = 0.1, is shown in Figure 6.16 and the corresponding reconstruction is shown

in Figure 6.17. We will look into more interesting features in discrete signals later
in the chapter.
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Figure 6.15: Computed discrete Fourier
coefficients for sin(107tt) — 1 cos(67mt)
with N = 128 points on the interval
[0,5].

Figure 6.16: Computed discrete Fourier
coefficients for y(t) = e sin(107tt) with
« = 0.1 and N = 128 points on the inter-
val [0, 5].

Figure 6.17: Reconstruction of y(t) =
e sin(107tt) with « = 0.1 from its
Fourier coefficients.
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6.8 MATLAB Implementation

Di1scRETE FOURIER TRANSFORMS AND FFT ARE EASILY IMPLEMENTED in
computer applications. In this section we describe the MALAB routines
used in this course.

6.8.1 MATLAB for the Discrete Fourier Transform

IN THIS SECTION WE PROVIDE implementations of the discrete trigonomet-
ric transform in MATLAB. The first implementation is a straightforward
one which can be done in most programming languages. The second im-
plementation makes use of matrix computations that can be performed in
MATLAB or similar programs like GNU Octave. Sums can be done with
matrix multiplication, as described in the next section. This eliminates the
loops in the first program below and speeds up the computation for large
data sets.

Direct Implementation

The following code was used to produce Figure 6.12. It shows a direct
implementation using loops to compute the trigonometric DFT as developed
in this chapter.

o°

DFT in a direct implementation

o°

-

Enter Data in y
y=[7.6 7.4 8.2 9.2 10.2 11.5 12.4 13.4 13.7 11.8 10.1 ...
9.0 8.9 9.5 10.6 11.4 12.9 12.7 13.9 14.2 13.5 11.4 10.9 8.1];
% Get length of data vector or number of samples
N=length(y);
% Compute Fourier Coefficients
for p=1:N/2+1
A(p)=0;
B(p)=0;
for n=1:N
A(p)=A(p)+2/Nxy(n)xcos(2*xpix(p-1)*n/N)";
B(p)=B(p)+2/Nxy(n)x*sin(2xpix(p-1)*n/N)";
end
end
A(N/2+1)=A(N/2+1)/2;
% Reconstruct Signal - pmax is number of frequencies used
% in increasing order
pmax=13; for n=1:N
ynew(n)=A(1)/2;
for p=2:pmax
ynew(n)=ynew(n)+A(p)*cos(2xpix(p-1)*n/N)+B(p)
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*sin(2xpix(p-1)*n/N);

end
end
% Plot Data
plot(y,’'o’)
% Plot reconstruction over data
hold on
plot(ynew,’'r’")
hold off
title('Reconstruction of Monthly
Mean Surface Temperature’)
xlabel('Month’)
ylabel('Temperature’)

The next routine shows how we can determine the spectral content of a
signal, given in this case by a function and not a measured time series. The
output is the original data and reconstructed Fourier series in Figure 1, the
trigonometric DFT coefficients in Figure 2, and the the power spectrum in
Figure 3. This code will be referred to as ftex.m.

% ftex.m
% IMPLEMENTATION OF DFT USING TRIGONOMETRIC FORM
% N = Number of samples

% T
%y

)
%

Record length in time

Sampled signal

clear

N=128;

T=5;

dt=T/N;
t=(1:N)*dt;
f0=30;
y=sin(2xpixf0Oxt);

% Compute arguments of trigonometric functions
for n=1:N
for p=0:N/2
Phi(p+1,n)=2*pixp*n/N;
end
end

% Compute Fourier Coefficients

for p=1:N/2+1
A(p)=2/Nxyxcos(Phi(p,:))"’;
B(p)=2/Nxy*xsin(Phi(p,:))"’;

end

A(1)=2/N*sum(y);
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A(N/2+1)=A(N/2+1)/2;
B(N/2+1)=0;

% Reconstruct Signal - pmax is number of frequencies

% used in increasing order

pmax=N/2;

for n=1:N
ynew(n)=A(1)/2;
for p=2:pmax

ynew(n)=ynew(n)+A(p)*cos(Phi(p,n))+B(p)*sin(Phi(p,n));

end

end

% Plot Data
figure(1)
plot(t,y,’'o’")

% Plot reconstruction over data
hold on

plot(t,ynew,’'r")

xlabel(’'Time’)

ylabel(’Signal Height')
title('Reconstructed Signal’)
hold off

% Compute Frequencies
n2=N/2;
f=(0:n2)/(n2*x2xdt);

% Plot Fourier Coefficients
figure(2)
subplot(2,1,1)
stem(f,A)
xlabel(’'Frequency’)
ylabel(’Amplitude’)
title(’'A’)
subplot(2,1,2)
stem(f,B)
xlabel(’Frequency’)
ylabel(’'Amplitude’)
title('B’)

% Plot Fourier Spectrum
figure(3)
Power=sqrt(A.”2+B."2);
stem(f,Power(l:n2+1))
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xlabel('Frequency’)
ylabel('Power"”)
title('Periodogram’)

% Show Figure 1
figure(1l)

Compact Implementation
The next implementation uses matrix products to eliminate the for loops
in the previous code. The way this works is described in the next section.

% DFT in a compact implementation

% Enter Data in y

y=[7.6 7.4 8.2 9.2 10.2 11.5 12.4 13.4 13.7 11.8 ...
10.1 9.0 8.9 9.5 10.6 11.4 12.9 12.7 13.9 14.2 ...
13.5 11.4 10.9 8.1];

N=length(y);

% Compute the matrices of trigonometric functions
p=1:N/2+1;

n=1:N;

C=cos (2*pi*n'*(p-1)/N);

S=sin(2*pi*n’*(p-1)/N);

% Compute Fourier Coefficients
A=2/NxyxC;

B=2/Nxyx*S;
A(N/2+1)=A(N/2+1)/2;

% Reconstruct Signal - pmax is number of frequencies used
% in increasing order

pmax=13;

ynew=A(1)/2+C(:,2:pmax)*A(2:pmax) '+S(:,2:pmax)*B(2:pmax)’;

% Plot Data
plot(y,’'o")

% Plot reconstruction over data
hold on

plot(ynew,’'r’")

hold off

title('Reconstruction of Monthly
Mean Surface Temperature’)
xlabel('Month’)
ylabel('Temperature’)

265
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6.8.2  Matrix Operations for MATLAB

THE BEAUTY OF USING PROGRAMS like MATLAB or GNU Octave is that
many operations can be performed using matrix operations and that one
can perform complex arithmetic. This eliminates many loops and make the
coding of computations quicker. However, one needs to be able to under-
stand the formalism. In this section we elaborate on these operations so that
one can see how the MATLAB implementation of the direct computation
of the DFT can be carried out in compact form as shown previously in the
MATLAB Implementation section. This is all based upon the structure of
MATLAB, which is essentially a MATrix LABoratory.

A key operation between matrices is matrix multiplication. An n X m
matrix is simply a collection of numbers arranged in n rows and m columns.
1 3
4 5 6
of a general matrix A can be represented as a;; which represents the ith row

For example, the matrix is a 2 X 3 matrix. The entries (elements)

and jth column.

Given two matrices, A and B, we can define the multiplication of these
matrices when the number of columns of A equals the number of rows of
B. The product, which we represent as matrix C, is given by the ijth element
of C. In particular, we let A be a p X m matrix and B an m x g matrix. The
product, C, will be a p x q matrix with entries

Cij = L aicb, i=1,....p, j=1,....9, (6.79)
= aﬂbl]- + ﬂizij +... aimbm]’-

N
If we wanted to compute the sum ) a,by, then in a typical programming
n=1
language we could use a loop, such as

Sum = 0 Loop n from 1 to N
Sum = Sum + a(n)xb(n)
End Loop

In MATLAB we could do this with a loop as above, or we could resort
to matrix multiplication. We can let 2 and b be 1 x n and n X 1 matrices,
respectively. Then, the product would be a 1 X 1 matrix; namely, the sum
we are seeking. However, these matrices are not always of the suggested
size.

A1 x n matrix is called a row vector and a 1 x n matrix is called a column
vector. Often we have that both are of the same type. One can convert a row
vector into a column vector, or vice versa, using the matrix operation called
a transpose. More generally, the transpose of a matrix is defined as follows:
AT has the elements satisfying (AT)Z.]. = aj;. In MATLAB, the transpose if a
matrix A is A'.

Thus, if we want to perform the above sum, we have Z anb, = Z a1,bn1.

n=1
In particular, if both a and b are row vectors, the sum 1n MATLAB is given
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by ab’, and if they are both row vectors, the sum is a’b. This notation is
much easier to type.

In the computation of the DFT, we have many sums. For example, we
want to compute the coefficients of the sine functions,

by, =

Z|m

N
Y yusin(3), p=0,...,N/2 (6.80)
n=1

The sum can be computed as a matrix product. The function y only
has values at times f,. This is the sampled data. We can represent it as
a vector. The sine functions take values at arguments (angles) depending
upon p and n. So, we can represent the sines as an N x (N/2+ 1) or
(N/2+1) x N matrix. Finding the Fourier coefficients becomes a simple
matrix multiplication, ignoring the prefactor % Thus, if we put the sampled
data in a 1 x N vector Y and put the sines in an N x (§ + 1) vector S, the
Fourier coefficient will be the product, which has size 1 x % +1). Thus,
in the code we see that these coefficients are computed as B=2/N*y*S for
the given y and B matrices. The A coefficients are computed in the same
manner. Comparing the two codes in that section, we see how much easier
it is to implement. However, the number of multiplications and additions
has not decreased. This is why the FFT is generally better. But, seeing
the direct implementation helps one to understand what is being computed
before seeking a more efficient implementation, such as the FFT.

6.8.3 MATLAB Implementation of FFT

IN THIS SECTION WE PROVIDE implementations of the Fast Fourier Trans-
form in MATLAB. The MATLAB code provided in Section 6.8.1 can be sim-
plified by using the built-in fft function.

o°

fanal.m

o°

o°

Analysis Using FFT

clear

n=128;

T=5;

dt=T/n;

f0=6.2;

f1=10;
y=sin(2xpi*xfO*x(1l:n)*dt)+2*xsin(2xpixfl*x(1:n)*dt);
% y=exp(-0x(1l:n)xdt).*sin(2xpixfO*(1:n)x*dt);
Y=fft(y,n);

n2=n/2;

Power=Y.xconj(Y)/n"2;

f=(0:n2)/(n2x2xdt);

Much of the MATLAB code described
here can be run directly in GNU Octave
or easily mapped to other programming
environments.
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stem(f,2*Power(1l:n2+1))
xlabel(’'Frequency’)
ylabel('Power"’)
title('Periodogram’)
figure(2)
subplot(2,1,1)
stem(f,real(Y(1l:n2+1)))
xlabel(’'Frequency’)
ylabel(’Amplitude’)
title(’'A’)
subplot(2,1,2)
stem(f,imag(Y(1l:n2+1)))
xlabel(’Frequency’)
ylabel('Amplitude’)
title(’'B’)

figure(1)

One can put this into a function which performs the FFT analysis. Below
is the function fanalf, which can make the main program more compact.

function z=fanalf(y,T)

[)
%

o°

FFT Analysis Function

o°

o°

Enter Data in y and record length T

o°

Example:
n=128;
T=5;
dt=T/n;
f0=6.2;
f1=10;
fanal(sin(2xpi*xfO*(1l:n)*xdt)+2*sin(2xpi*xflx(1l:n)=*dt));

d® o o o° ° o°

o°

or
fanal(sin(2*pix6.2%(1:128)/128%5),5);

n=length(y);

dt=T/n;

Y=fft(y,n);

n2=floor(n/2);

Power=Y.xconj(Y)/n"2;

f=(0:n2)/(n2x2xdt);

z=Power;

stem(f,2*Power(1l:n2+1))

xlabel(’Frequency’)

o°

ylabel('Power’)
title(’'Periodogram’)

Examples of the use for doing a spectral analysis of functions, data sets,
and sound files are provided below.
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This code snippet can be used with fanalf to analyze a given function.

% fanal2.m

clear

n=128;

T=5;

dt=T/n;

f0=6.2;

f1=10;

t=(1:n)*dt;
y=sin(2xpixfO*xt)+2+sin(2xpixflxt);
fanalf(y,T);

This code snippet can be used with fanalf to analyze a data set inserted
in vector y.

y=[7.6 7.4 8.2 9.2 10.2 11.5 12.4 13.4 13.7 11.8 ...
10.1 9.0 8.9 9.5 10.6 11.4 12.9 12.7 13.9 14.2 ...
13.5 11.4 10.9 8.1];

n=length(y);

y=y-mean(y);

T=24;

dt=T/n;

fanalf(y,T);

One can also enter data stored in an ASCII file. This code show how this
is done.

[year,y]l=textread(’sunspot.txt’, '%d %f');
n=length(y);

t=year-year(1l);

y=y-mean(y);

T=t(n);

dt=T/n;

fanalf(y’',T);

This code snippet can be used with fanalf to analyze a given sound stored
in a wav file.

[y,NS,NBITS]=wavread(’soundl.wav’);
n=length(y);

T=n/NS

dt=T/n;

figure(1l)

plot(dtx(1:n),y)

figure(2)

fanalf(y,T);

269
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Problems

1. Find the imaginary part of the Fourier transform of the finite wave train
f(t) = coswpt, t € [0,T] in Example . For wy = 7,5, frm—ert, 10, plot the
real, imaginary, and modulus of the Fourier transform.

2. Recall that ITI(ax) = ﬁcomb 1(x). Find a similar relation for combr(at)
in terms of the Shah function.

3. Write the following sums in the form acomby () for some constants a
and b.

a. combr(at).

b. combr(t +k), k and integer.
4. Evaluate F~![combq(w)].

5. Evaluate the following sums:
a. 22:1 e7ti(n/4)-2

b. Y8_ ,sin (75") sin (5F")

6. Prove
N-1 —
Zsin <27rpn)sin <2nqn> _J N/2, pfq#N/Z
n=0 N N 0, otherwise

7. Compute a table for the trigonometric discrete Fourier transform for the
following and sketch Ay, By and A% + B%.

a. yu =n?,n€0,15).

b. y, = cosn, n € [0,15].
8. Here you will prove a shift theorem for the discrete exponential Fourier
transform: The transform of yy is given as Y; = % Z{g’zl yre 2TKIN i —

0,1,...N — 1. Show that for fixed n € [0, N — 1] the discrete transform of
Yk is Yie 2T/N j e [0,N —1].

9. Consider the finite wave train

2sindt, 0<t<m
t) = ==
) { 0, otherwise.

a. Plot this function.

b. Find the Fourier transform of f(t).

c. Find the Fourier coefficients in the series expansion

f(t) = % + Y a, cos2nt + by sin2nt.
n=1

10. A plot of f(w) from the last problem is shown in Figure 7.72.
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a. What do the main peaks tell you about f(#)?

b. Use this plot to explain how the Fourier coefficients are related to

the Fourier transform.

c. How would this plot appear if f(t) were nonzero on a larger time

interval?

11. Consider the sampled function in Figure 6.20. For each case compute

the discrete Fourier transform.

Yn

I

(@)

—6-5-4-3-2-1

Yn

34,

2
1

345 6

(b)

1L

—6—-5-4-3-2-1

1 2 3 4 5 6

12. Consider the sampled function in Figure 6.20. For each case compute

the discrete Fourier transform.
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Figure 6.18: Fourier transform of the
wave train in Problems 9-10.

Figure 6.19: Figure for Problem 12.

Figure 6.20: Figure for Problem 12.
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13. The goal of this problem is to use MATLAB to investigate the use of
the Discrete Fourier Transform (DFT) for the spectral analysis of time series.
Running the m-files is done by typing the filename without the extension
(.m) after the prompt (») in the Command Window, which is the middle
panel of the MATLAB program. Note, most of the code provided can be
run in GNU Octave.

1. Analysis of simple functions.

a. File ftex.m - See the MATLAB section for the code.

This file is a MATLAB program implementing the discrete Fourier
transform using trigonometric functions like that derived in the
text. The input is a function, sometimes with different frequen-
cies. The output is a plot of the data points and the function fit,
the Fourier coefficients and the periodogram giving the power
spectrum.

i. Save the file ftex.m in your working directory under MAT-
LAB.

ii. View the file by entering edit ftex. Note how the first func-
tion is defined by the variable y.

iii. Run the file by typing ftex in MATLAB’s Command win-
dow.

iv. Change the parameters in ftex.m, remembering the original
ones. In particular, change the number of points, N, (keeping
them even), the frequency, fo, and the record length, L. Note
the effects. If you get an error, enter clear and try again. Al-
ways save the m-file after making any changes before running
ftex.

v. Reset the parameters to the original values. What happens
for frequencies of fo = 5, 5.5 and 5.6? Is this what you ex-
pected?

vi. Repeat the last set of frequencies for double the record length,
T. Is there a change?

vii. Reset the parameters. Put in frequencies of fo = 20, 30, 40.
What frequencies are present in the periodogram? Is this
what you expected?

b. Look at sums of several trigonometric functions.

i. Reset the parameters.

ii. Change the functioniny to y=sin(2+pixf0Oxt)+sin(2xpixflxt);
and add a line defining f1. Start with f1 = 3; and look at sev-
eral other values for the two frequencies. Try different ampli-
tudes; for example, 3xsin(2+pixf@+t) has an amplitude of 3.
Record your observations.

iii. Change one of the sines to a cosine. What is the effect?
What happens when the sine and cosine terms have the same
frequency?
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c. Investigate non-sinusoidal functions.
i. Investigate the following functions:

1. y=t;

2. y=t.”2;

3. y=sin(2*xpixfO*(t-T/5))./(t-T/5); What is this function?

4. y(1,1:M)=ones(1,M); y(1,M+1:N)=zeros(1,N-M); Start with
M = N/2; What is this function? How are the last two
problems related? Do they relate to anything from earlier
class lectures? What effect results from changing M?

5. Try multiplying the function in 4 by a simple sinusoid;
for example, add the line y=sin(2xpixf0xt).xy, for M =
N/2. How does this affect what you had gotten for the
sinusoid without multiplication?

2. Use the FFT function.

In MATLAB there is a built in set of functions, fft and ifft for the
computation of the Discrete Exponential Transform and its inverse
using the Fast Fourier Transform (FFT). The files needed to do this
are fanal.m or fanalz.m and fanalf.m. [See Section 6.8.3 for the
code.] Put these codes into the MATLAB editor and see what they
look like. Note that fanal.m was split into the two files fanalz.m
and fanalf.m. This will allow us to be confident when we later
create new data files and then using fanalf.m. Test this set of func-
tions for simple sine functions to see that you get results similar
to Part 1. First run fanal and then fanalz. Is there any difference
between these last two approaches?

3. Analysis of data sets.

One often does not have a function to analyze. Some measure-
ments are made over time of a certain quantity. This is called a
time series. It could be a set of data describing things like the
stock market fluctuations, sunspots activity, ocean wave heights,
etc. Large sets of data can be read into y and small sets can be in-
put as vectors. We will look at how this can be done. After the data
is entered, one can analyze the time series to look for any periodic
behavior, or its frequency content. In the two cases below, make
sure you look at the original time series using plot(y,AAZ+aAZ).

a. Ocean Waves

In this example the data consists of monthly mean sea surface
temperatures (°C) at one point over a 2 year period. The tem-
peratures are placed in y as a row vector. Note how the data
is continued to a second line through the use of ellipsis. Also,
one typically subtracts the average from the data. What affect
should this have on the spectrum? Copy the following code into
a new m-file called fdata.m and run fdata. Determine the dom-
inant periods in the monthly mean sea surface temperature.



274

FOURIER AND COMPLEX ANALYSIS

y=[7.6 7.4 8.2 9.2 10.2 11.5 12.4 13.4 13.7 11.8 ...
10.1 9.0 8.9 9.5 10.6 11.4 12.9 12.7 13.9 14.2 ...
13.5 11.4 10.9 8.1];

n=length(y);

y=y-mean(y);

T=24;

dt=T/n;

fanalf(y,T);

b. Sunspots
Sunspot data was exported to a text file. Download the file
sunspot.txt. You can open the data in Notepad and see the two
column format. The times are given as years (like 1850). This
example shows how a time series can be read and analyzed.
From your spectrum, determine the major period of sunspot
activity. Note that we first subtracted the average so as not to
have a spike at zero frequency. Copy and paste into the editor
and save as fanaltxt.m. Note: Copy and Paste of single quotes
often does not work correctly. Retype the single quotes after
copying.
[year,y]l=textread(’sunspot.txt’, '%d %f');
n=length(y);
t=year-year(1);
y=y-mean(y);
T=t(n);
dt=T/n;
fanalf(y’,T);

4. Analysis of sounds. Sounds can be input into MATLAB. You can
create your own sounds in MATLAB or sound editing programs
like Audacity or Goldwave to create audio files. These files can be
input into MATLAB for analysis.

Save the following sample code as fanalwav.m and save the first
sound file. This code shows how one can read in a WAV file. There
will be two plots, the first showing the wave profile and the second
giving the spectrum. Try some of the other wav files and report
your findings. Note: Copy and Paste of single quotes often does
not work correctly. Retype the single quotes after copying.

[y,NS,NBITS]=wavread(’soundl.wav’);
n=length(y);

T=n/NS

dt=T/n;

figure(1)

plot(dtx(1:n),y)

figure(2)

fanalf(y,T);
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Several wav files are be provided for you to analyze. If you are able
to hear the sounds, you can run them from MATLAB by typing
sound(y,NS). In fact, you can even create your own sounds based
upon simple functions and save them as wav files. For example,
try the following code: Note: Copy and Paste of single quotes often
does not work correctly. Retype the single quotes after copying.

smp=11025;

t=(1:2000)/smp;
y=0.75*xsin(2*xpi*x440%t);

sound(y, smp,8);
wavwrite(y,smp,8, 'myfile.wav’);

Try some other functions, using several frequencies. If you get a
clipping error, then reduce the amplitudes you are using.
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7
Signal Analysis

There’s no sense in being precise when you don’t even know what you're talking
about. - John von Neumann (1903 - 1957)

7.1 Introduction

IT 1S NOW TIME TO LOOK BACK AT THE INTRODUCTON and see what it
was that we promised to do in this course. The goal was to develop enough
tools to begin to understand what happens to the spectral content of signals
when analog signals are discretized. We started with a study of Fourier
series and just ended with discrete Fourier transforms. We have seen how
Fourier transform pairs, f(t) and f(w), are affected by recording a signal
over a finite time T at a sampling rate of f;. This in turn lead to the need
for discrete Fourier transforms (DFTs). However, we have yet to see some of
the effects of this discretization on the information that we obtain from the
spectral analysis of signals in practice. In this chapter we will look at results
of applying DFTs to a variety of signals.

The simplest application of this analysis is the analysis of sound. Music,
which is inherently an analog signal, is recorded over a finite time interval
and is sampled at a rate that yields pleasing sounds that can be listened to
on the computer, a CD, or in an MP3 player.

You can record and edit sounds yourself. There are many audio editing
packages that are available. We have successfully used these packages plus
some minimal applets and mathematics packages to introduce high school
students and others with a minimal mathematics background to the Fourier
analysis of sounds. As we have seen, we need only understand that signals
can be represented as sums of sinusoidal functions of different frequencies
and amplitudes.

For example, we have had students working with musical instruments,
bird sounds, dolphin sounds, ECGs, EEGs, digital images, and other forms
of recorded signals or information. One just needs to find a way to deter-
mine the frequency content of the signal and then pick out the dominant
frequencies to reconstruct the signal.

There are many packages that can be used to display sound and time
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Figure 7.1: Cool Edit displaying a WAV
file and its properties.
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Figure 7.2: Cool Edit displaying the
spectrum of a WAV file.
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series. We will see how to use MATLAB, although one could use Maple or
Mathematica to import and analyze sounds. There are also stand alone ed-
itors like Cool Edit Pro (bought out by Adobe in 2003 and renamed Adobe
Audition), Audacity ( http://audacity.sourceforge.net/) an open source ed-
S— | ltor or Goldwave (http://www.goldwave.com/), which allows one to input

il ol nl 2olol o] o] sen| con | o] en a formula and “play” it.
JJA ﬂﬂ : Z g In | exp | rand| acos| asin | atan
I

o O 1 e et A sample Cool Edit session is shown in Figure 7.1. In this figure is dis-

played the sound print of a parrot. It is obviously a complex signal, made

e — | — R AN .
— _oma || up of many harmonics. Highlighting a part of the signal, one can look at
e < _#% || the frequency content of this signal. Such a spectrum is shown in Figure 7.2.

Bl Notice the spikes every couple of thousand Hertz.

s Not many fancy, but inexpensive, sound editors have a frequency anal-
{1 I oz Ne— ysis component like Cool Edit had. One has to go out on to the web and
[t ol (Igﬁ”'m"’““a’"e—ﬂ‘ ﬁ search for features that do not just entail editing sounds for MP3 players.
Goldwave allows one to enter a formula and then listen to the correspond-
Eéglror: 7-4: Goldwave display of function ing sounds. This is also a feature not found in most editors. However, it is

a useful tool that takes little “programming” to connect the mathematics to
the signal. Cool Edit and others have a feature to generate tones, but this
is more exact. The interface for Goldwave is shown in Figure 7.3 and the
function editor is in 7.4. However, there are plenty of other editors. In the
early 2000’s the HASA (Handheld Audio Spectrum Analyzer) application
shown in Figure 7.5 was a good tool for pocket PCs. Also, spectrum ana-
lyzers are available for mobile devices, such as the iPhone (e.g. Pocket RTA
- Spectrum Analyser).

7.2 Periodogram Examples

THE NEXT STEP IN THE ANALYSIS IS TO UNDERSTAND the output of the
discrete transform, or the Fast Fourier Transform (FFT), that is generated by
such programs. Often we see spectrograms or periodograms. We should
understand what it is that they produce. As an example, lets say we have

the sum of a sine and a cosine function with different frequencies and am-
Figure 7.5: HASA for pocket PCs. plitudes. We could represent the discrete Fourier coefficients as a,’s and
by’s, like we have computed many times in the course, in simple plots of the
coefficients vs n (or the frequency) such as shown in Figure 7.6. In this case
there is a cosine contribution of amplitude two at frequency f; and a sine
contribution of amplitude one at frequency f,. It takes two plots to show
both the a,’s and b,’s. However, we are often only interested in the energy
content at each frequency. For this example, the last plot in Figure 7.7 shows
the spectral content in terms of the modulus of the signal.

For example, cos 5t and 3 sin 5t would have spikes in their respective plots
at the same frequency, f = % As noted earlier in Equation (6.30), we can
write the sum cos 5t 4 3sin5t as a single sine function with an amplitude
cn = \/a% + b2. Thus, a plot of the “modulus” of the signal is used more
often. However, in the examples we will display both forms to bring home


http://audacity.sourceforge.net/
http://www.goldwave.com/

11 12345678910" 1] 1
-2 -2

the relationship between the trigonometric and exponential forms of the
Fourier spectrum of the signal.

Once one has determined the Fourier coefficients, then one can recon-
struct the signal. In the case that one has the exact components, then the
reconstruction should be perfect as shown for the previous example in Fig-
ure 7.6. The reconstruction in this case gave the plot in Figure 7.8. However,
for real signals one does not know ahead of time what the actual frequencies
are that made up the signal.

Ful[ /ey | 22050 /16 hit / Mono Beg: 3185

1
o | 31680 Samples End: 5246
I Play I i I Faiize I Recard Im " ample ST
—_

For example, one could analyze a bird sound like the one shown in Figure
7.9. We capture a part of the sound and look at its spectrum. An example is
shown in Figure 7.10. Notice that the spectrum is not very clean, although
a few peaks stand out. We had a group of high school students carry out
this procedure. The students picked out a few of the dominant frequen-
cies and the corresponding amplitudes. Using just a few frequencies, they
reconstructed the bird signals. In Figure 7.11 we show the original and re-
constructed signals, respectively. While these might not look exactly the
same, they do sound very similar.

There are different methods for displaying the Fourier spectrum of sig-
nals. Here we define some of these.

Definition 7.1. A spectrogram is a three-dimensional plot of the energy of
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Figure 7.6: This Figure shows the spec-
tral coefficients for a signal of the form
f(t) =2cos4t + sin2t.

\az + b2

TN

1l 1234567891"
-2

Figure 7.7: This Figure shows the spec-
trum for a signal of the form f(t) =
2 cos 4t + sin 2t.

Figure 7.8: This Figure shows the origi-
nal signal of the form f(t) = 2cos4t +
sin2t and a reconstruction based upon
the series expansion.

Figure 7.9: A piece of a typical bird
sound.
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Figure 7.10: A Fourier analysis of the
bird sound in Figure 7.9.

Cursor: 4766 Hz 27.6 %
Frequency: 3709.83 Hz Ll

Figure 7.11: Analysis and reconstruction
of a bird sound.

the frequency content of a signal as it changes over time.

Figure 7.12: Example of spectrogram for Spectrogram for Bird Signal
the bird sound. 14 : e - =

il
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An example of a spectrogram for the bird sound in Figure 7.9 is provided
in Figure 7.12. This figure was created using MATLAB’s built-in function
(in the Signal Processing Toolbox):

[y,NS,NBITS]=wavread(’'firstbird.wav’);
spectrogram(y,128,120,128,NS);
title(’'Spectrogram for Bird Signal’)
ylabel('Time (s)’)

The spectrogram is created using what is called the short-time Fourier trans-
form, or STFT. This function divides a long signal into smaller blocks, or
windows, and then computes the Fourier transform on each block. This al-
lows one to track the changes in the spectrum content over time. In Figure
7.12 one can see three different blobs in the 3kHz-4kHz range at different



times, indicating how the three chirps of the bird can be picked up. This
gives more information than a Fourier analysis over the entire record length.

Definition 7.2. The power spectrum is a plot of the portion of a signal’s power
(energy per unit time) falling within given frequency bins. We can either
plot the Fourier coefficients, or the modulus of the Fourier transform.

Definition 7.3. Plots of ¢, = /a2 + b2 or c2 vs frequency are sometimes
called periodograms.

An example of a periodogram for the bird sound in Figure 7.9 is provided
in Figure 7.13. A periodogram can be created using MATLAB’s built-in
function (in the Signal Processing Toolbox):

[y,NS,NBITS]=wavread(’'firstbird.wav’);
periodogram(y,[], 'onesided’,1024,NS)

20 Periodogram Power Spectral Density Estimate

40t
60 |
-80 }

-100

Power/frequency (dB/Hz)

-120

-140

Frequency (kHz)

There are many other types of applications. We have had students study-
ing the oscillations of mass-spring systems and vibrating beams in differ-
ential equations. The setups are shown in Figure 7.14. On the left is a
mass-spring system situated above a motion probe. The data is collected
using an interface to a handheld computer. (More recently pocket PCs and
other mobile devices have been used.) On the left is a similar setup for a
clamped two-meter stick, which is clamped at different positions and the
motion of end of the stick is monitored.

Of course, a simple mass on a spring exhibits the typical almost pure
sinusoidal function as shown in Figure 7.15. The data is then exported to
another program for analysis.

Students would learn how to fit their data to sinusoidal functions and
then determine the period of oscillation as compared to the theoretical
value. They could either do the fits in Maple (Figure 7.16) or Excel (Fig-
ure 7.17).

Fitting data to damped oscillations, such as shown in Figure 7.18, is more
difficult. This is the type of data one gets when measuring the vertical
position of a vibrating beam using the setup shown in Figure 7.14.
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Figure 7.13: Example of periodogram for
the bird sound.
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Figure 7.14: Setup for experiments for
oscillations of mass-spring systems and
vibrating beams. Data is recorded at a
50 Hz sampling rate using handheld de-
vices connected to distance probes.

Figure 7.15: Distance vs time plot for a
mass undergoing simple harmonic mo-
tion.

Figure 7.16: Example of fitting data in
Maple.

Figure 7.17: Example of fitting data in
Excel.

Figure 7.18: Distance vs time plot for a
vibrating beam clamped at one end. The
motion appears to be damped harmonic
motion.
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Typically, one has to try to guess several parameters in order to determine
the correct period, amplitude and damping. Of course, we know that it is
probably better to put such a function into a program like MATLAB and
then to perform a Fourier analysis on it to pick out the frequency. We did
this for the signal shown in Figure 7.19. The result of the spectral analysis
is shown in Figure 7.21. Do you see any predominant frequencies? Is this a
better method than trying to fit the data by hand?

7.3 Effects of Sampling

WE ARE INTERESTED IN HOW WELL THE DISCRETE FOURIER TRANSFORM
works with real signals. In the last section we saw a few examples of how
signal analysis might be used. We will look into other applications later.
For now, we want to examine the effects of discretization on signals so that
we can make sense out of the analysis we might do on real signals. We
need to begin with the simplest signals and then employ the DFT MATLAB
program in Appendix 6.8.1 to show the results of small changes to the data.
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We begin by inputting the signal. We consider the function y(t) =
sin(27t fot). We sample this function with fo = 5.0 Hz for N = 128 points on
the interval [0, 5]. The Fourier Trigonometric coefficients are given in Figure
7.20. Note that the A,’s are negligible (on the order of 1071°). There is a
spike at the right frequency. We can also plot the periodogram as shown in
Figure 7.22. We obtain the expected result of a spike at f = 5.0 Hz. We can
reconstruct the signal as well. There appears to be agreement between the
function y(t) indicated by the line plot and the reconstruction indicated by
the circles in 7.23.

In the set of Figures 7.24 and 7.25 we show the Fourier coefficients and
periodogram for the function y(t) = 2sin(27fot) — cos(27mfit) for fo = f1 =
6 Hz. We note that the heights in Figure 7.24 are the amplitudes of the sine
and cosine functions. The “peaks” are located at the correct frequencies of
6 Hz. However, in the periodogram there is no information regarding the
phase shift; i.e., there is no information as to whether the frequency content
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Figure 7.19: Distance vs time plot in
MATLAB for a vibrating beam clamped

at one end.

Figure 7.20: Fourier coefficients for the
signal y(t) = sin(2ntfot) with fy = 5.0
Hz, N =128, on [0,5].
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Figure 7.21: Fourier spectrum for the sig-
nal shown in Figure 7.19.
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Figure 7.22: Fourier spectrum for the sig-
nal y(t) = sin(27fot) with fy = 5.0 Hz,
N =128, 0n [0,5].

Figure 7.23: The function y(t) is indi-
cated by the line plot and the reconstruc-
tion by circles.

Figure 7.24: Fourier coefficients for the
signal y(t) = 2sin(27tfot) — cos(27f1t)
with fo = f1 = 6.0 Hz, N = 128, on
[0,5].
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arises from a sine or a cosine function. We just know that all of the signal
energy is concentrated at one frequency.
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In the set of Figures 7.26 and 7.27 we show the Fourier coefficients and
periodogram for the function y(t) = 2sin(27fot) — cos(27f1t) for fo = 6 Hz
and f; = 10 Hz. Once again we see that the amplitudes of the Fourier coef-
ficients are of the right height and in the right location. In the periodogram
we see that the energy of the signal is distributed between two frequencies.

In the last several examples we have computed the spectra in using a
sampled signal “recorded” over times in the interval [0, 5] and sampled with
N = 128 points. Sampling at N = 256 points leads to the periodogram in
Figure 7.28. We note that increasing the number of points leads to a longer
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Figure 7.25: Fourier spectrum for the
signal y(t) = 2sin(27mfyt) — cos(27fit)
with fp = f1 = 6.0 Hz, N = 128, on
[0,5].

Figure 7.26: Fourier coefficients for the
signal y(t) = 2sin(27fot) — cos(27fit)
with fp = 6 Hzand f; = 10 Hz, N =
128, on [0, 5].

Figure 7.27: Fourier spectrum for the
signal y(t) = 2sin(27fot) — cos(27f1t)
with fo = 6 Hz and f; = 10 Hz. The sig-
nal was sampled with N = 128 points
on an interval of [0, 5].
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Figure 7.28: Fourier spectrum for the
signal y(t) = 2sin(27fpt) — cos(27mf1t)
with fy = 6 Hz and f; = 10 Hz. The sig-
nal was sampled with N = 256 points
on an interval of [0, 5].

Figure 7.29: Fourier spectrum for the
signal y(t) = 2sin(27fot) — cos(27f1t)
with fy = 6 Hz and f; = 10 Hz. The sig-
nal was sampled with N = 128 points
on an interval of [0, 10].

interval in frequency space. In Figure 7.29 we doubled the record length to
T = 10 and kept the number of points sampled at N = 128. In this case the
frequency interval has become shorter. We not only lost the 10 Hz frequency,
but now we have picked up a 2.8 Hz frequency. We know that the simple
signal did not have a frequency term corresponding to 2.8 Hz. So, where
did this come from?

Periodogram

2.5

0 5 10 15 20 25 30

Frequency

Pelrtodagrtlzm i A

1.5

Power

Frequency

Also, we note that the interval between displayed frequencies has changed.
For the cases where T = 5 the frequency spacing is 0.2 Hz as seen in Figure
7.29. However, when we increased T to 10 s, we got a frequency spacing
of 0.1 Hz. Thus, it appears that Af = L. This makes sense, because at the
beginning of the last chapter we defined

2
wp =27fp =~ p

This gives f, = % or f = 0,%,%,%,.... Thus, Af = % So, for T = 5,
Af =1/5=02and for T =10, Af =1/10 = 0.1.

So, changing the record length will change the frequency spacing. But
why does changing T introduce frequencies that are not there? What if we
reduced N? We saw that increasing N leads to longer frequency intervals.
Will reducing it lead to a problem similar to increasing T? In Figure 7.32 we
see the result of using only 64 points. Yes, again we see the occurrence of
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a 2.8 Hz spike. Also, the range of displayed frequencies is shorter. So, the
range of displayed frequencies depends upon both the numbers of points at
which the signal is sampled and the record length.

Periodogram

1.5}

Power
~

051

Frequency

We will explain this masquerading of frequencies in terms of something
called aliasing. However, that is not the whole story. Notice that the fre-
quencies represented in the periodograms is discrete. Even in the case that
T =5 and N = 128, we only displayed frequencies at intervals of % =02
What would happen if the signal had a frequency in between these values?
For example, what if the 6 Hz frequency was 6.1 Hz? We see the result
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Figure 7.30: Zoomed in view of Figure
7.29.

Figure 7.31: Zoomed in view of Figure
7.27. A similar view results for Figure
7.28.

Figure 7.32: Fourier spectrum for the
signal y(t) = 2sin(27mfot) — cos(27fit)
with fp = 6 Hz and f; = 10 Hz. The
signal was sampled with N = 64 points
on an interval of [0, 5].
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in Figure 7.33. Since we could not pinpoint the signal’s frequencies at one
of the allowed discrete frequencies, the periodogram displays a spread in
frequencies. This phenomenon is called ringing or spectral leakage.

Periodogram

Figure 7.33: Fourier spectrum for the sig- 14 .
nal y(t) = 2sin(27tfpt) with fy = 6.1 Hz. @
The signal was sampled with N = 256 12r
points on an interval of [0,5]. A
5 0.8
< 06|

0 5 10 15 20 25 30

Frequency

It is also interesting to see the effects on the individual Fourier coeffi-
cients. This is shown in Figure 7.34. While there is some apparent distri-
bution of energy amongst the A,’s, it is still essentially zero. Most of the
effects indicate that the energy is distributed amongst sine contributions.

Figure 7.34: Fourier spectrum for the sig-
nal y(t) = 2sin(27fot) with fy = 6.1 Hz. kS
The signal was sampled with N = 256 S
points on an interval of [0,5]. g

<

“o 5 10 15 20 25 30
Frequency
<

Frequency

What we have learned from these examples is that we need to be care-
ful in picking the record length and number of samples used in analyzing
analog signals. Sometimes we have control over these parameters, but other
times we are stuck with them depending upon the limitations of the record-
ing devices. Next we will investigate how the effects of ringing and aliasing

occur.

7.4  Effect of Finite Record Length

IN THE PREVIOUS SECTION WE SAW EXAMPLES of the effects of finite record
length on the spectrum of sampled data. In order to understand these effects
for general signals, we will focus on a signal containing only one frequency,
such as y(t) = sin(27fpt). We will record this signal over a finite time



interval, t € [0, T]. This leads us to studying a finite wave train. (Recall
that we has seen examples of finite wave trains earlier in the chapter on
Fourier Transforms and in the last chapter. However, in these cases we used
a cosine function. Also, in one of these cases we integrated over a symmetric
interval.)

We will consider sampling the finite sine wave train given by

s(t) = { sin2rfot, 0<t<T )

0, otherwise

In order to understand the spectrum of this signal, we will first compute the
Fourier transform of this function. Afterwards, we will show how sampling
this finite wave train affects the Fourier transform.

Example 7.1. Compute the Fourier transform of the finite sine wave train.

We begin by computing the Fourier transform of the finite wave train and write
the transform in terms of its real and imaginary parts. The computation is straight-
forward and we obtain

/°° y(t)EZm'ft dt

-~ .
= /0 sin(27 fot) cos(27ft) dt +i/0 sin(27fot) sin(27tft) dt
= 1 [ lsin(f + fo)r) — sin(ae(s — fo)o)

Jé /OT [cos(27t(f — fo)t) — cos(27t(f + fo)t)] dt

9(f)

1 1 1
C dn {f+fo _f—fo}
+i [cosZn(f—fo)T B cosZn(f—i—fo)T}

47 f=ro f+h
i [sin2n(f — fo)T  sin27(f+ fo)T .
4 [ F~fh  F+h } 72)

This, of course, is a complicated result. One might even desire to carry
out a further analysis to put this in a more revealing form. However, we
could just plot the real and imaginary parts of this result, or we could plot
the modulus, |7(f)| to get the spectrum. We will consider both types of
plots for some special cases.

Let’s pick T = 5 and f = 2. The resulting finite wave train is shown in
Figure 7.35.

We now look at the spectral functions. In Figures 7.36 - 7.37 we plot
the real and the imaginary parts of the Fourier transform of this finite wave
train. In Figure 7.38 we show a plot of the modulus of the Fourier transform.
We note in these figures that there are peaks at both f = 2 and f = —2. Also,
there are other smaller peaks, decaying for the frequencies far from the main
peaks. It is the appearance of these minor peaks that will contribute to the
ringing we had mentioned in the last section. Ringing occurs when we do
not sample the data exactly at the frequencies contained in the signal.
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Figure 7.35: The finite sine wave train for
T=5and fy =2.

y 05+

Figure 7.36: The real part of the Fourier
transform of the finite wave train for T =
5and fp =2.

-0.54

A\

Figure 7.37: The imaginary part of the
Fourier transform of the finite wave train
for T=5and fyp = 2.

Figure 7.38: The modulus of the Fourier
transform, or the spectrum, of the finite
wave train for T =5 and fp = 2.

IIRT
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We now consider what happens when we sample this signal. Let’s take
N = 40 sample points. In Figure 7.39 we show both the original signal and
the location of the samples on the signal. (Besides the obvious points at the
peaks and valleys, there are actually sampled points located along the time
axis.)

Using a finite record length and a discrete set of points leads to a sam-
pling of the Fourier transform with Af = 4 = 0.2 and an extent of (N —
1)Af = 7.8. The sampled Fourier transform superimposed on the original
modulus of the Fourier transform is shown in Figure 7.40. (Here we have
only shown part of the interval f € [0,7.8].) The main peak is captured with
the data values at the top of the peak. The other data pints lie at the zeros
of the Fourier transform. This is what we would expect for the sampled
transform.

Now we ask what happens when we sample a signal with a different
frequency. Keeping everything else the same, we consider a finite wave train
with frequency fy = 2.1. We sample this signal with forty points as before.
The sampled signal is shown in Figure 7.41 and its transform is displayed
in Figure 7.42. Notice that now the main peak of the Fourier transform is at
fo = 2.1, but the sample frequencies do not match this frequency. Instead,
there are two nearby frequencies not quite hitting the main peak. In fact,
there are other nonzero frequencies in the Fourier transform leading to what
is called ringing. It is only a coincidence that the data values have found
their way to the peaks of the minor lobes in the transform. If the signal
frequency is fy = 2.05, then we find that even the minor peaks differ from
the discrete frequency values as displayed in Figure 7.43.
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Figure 7.39: The finite wave train for
T =5 and fp = 2 sampled with N = 40
points, or At = 0.125.

Figure 7.40: The modulus of the Fourier
transform and its samples for the finite
wave train for T = 5 and fy = 2 sampled
with N = 40 points and Af = 0.2.
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Figure 7.41: The finite wave train for T =
5 and fy = 2.1 sampled with N = 40
points, or At = 0.125. Note that the finite
wave train does not contain an integer
multiple of cycles.

Figure 7.42: The modulus of the Fourier
transform and its samples for the finite
wave train for T = 5 and fp = 2.1 sam-
pled with N = 40 points and Af = 0.2.

Figure 7.43: The modulus of the Fourier
transform and its samples for the finite
wave train for T = 5 and fy = 2.05 sam-
pled with N = 40 points and Af = 0.2.

vy 0.5

-0.5

~

7.5 Aliasing

IN THE LAST SECTION WE OBSERVED that ringing can be described by
studying the finite wave train which is due to an improper selection of the
record length, T. In this section we will investigate the concept of aliasing,
which is due to poor discretization. Aliasing is the masquerading of some
frequencies as other ones. Aliasing is a result of a mismatch in sampling
rate to the desired frequency analysis. It is due to an inherent ambiguity in
the trigonometric functions owing to their periodicity.

Let y(t) = sin2mfot. We will sample the signal at the rate f; = Ait' Often
we have no choice in the sample rate. This is the rate at which we can collect
data and may be due to the limitations in the response time of the devices
we use. This could be the result of the responses of the recording devices,
the data storage devices, or any post processing that is done on the data.

Sampling leads to samples at times t = nt; for t; = %s = At. The sampled
signal is then

Yn = sin(27t fonts).

Through a little manipulation, we can rewrite this form. Making use of the
fact that we can insert any integer multiple of 277 into the argument of the

/6\/6\/6\/?

™



sine function, we have for integer m that

Yn = sin(2mfonts)
= sin(27fonts + 27tm)

::sm@ﬂh+é%mm

= sin(27(fo + tk)nts), m = kn,
= sin(27(fo + kfs)nts). (7.3)

So, sin(2mfonts) = sin(27m(fy + kfs)nts). This means that one cannot
distinguish signals of frequency fy from signals of frequency fo + kfs for
k an integer. Thus, if fy does not fall into the interval of frequencies,
[0, (N —1)Af], then f = fp+ kfs; might be in this frequency interval for
the right value of k. This is why the 2.8 Hz signal showed up in the Figures
7.29 and 7.32 earlier in the chapter.

How do we determine the frequency interval for the allowed discrete
frequencies that will show up in the transform? We know that the smallest
frequency value that we can resolve is fii, = Af = % The largest value
of the frequency would be fmax = YAf = 2 = 5&;. Thus, to capture a
desired frequency, fy, we would need the condition that

fmin < fo < fmax-

However, we need to be a bit more careful. Recall that negative frequencies
might also contribute. So, we also have that

—fmin = fo = —fmax-

This leads to the general conclusion that

if [fo] > fmax, then the frequency will not be resolved in the
analysis; i.e., it will not be captured and there might be an integer
k such that

fmin < [fo+kfs| < fmax, (7.4)

in which case we will observe aliasing.

Thus, to capture all frequencies up to fy, we need to sample at a rate f;
such that fp < fmax = % fs. This is what is called the Nyquist criterion.

Nyquist criterion: One needs to sample at a rate at least twice the
largest expected frequency.

Example 7.2. Determine the occurrence of the 2.8 Hz spike in Figure 7.29

In the earlier sample plots (like Figure 7.29) displaying the results of a DFT
analysis of simple sine functions we saw that for certain choices of N and T a 10
Hz signal produced a 2.8 Hz spike. Let’s see if we can predict this.

We began by sampling N = 128 points on an interval of [0,5]. Thus, the
frequency increments were

1
Af = =02

SIGNAL ANALYSIS 293

For a signal recorded on [0,T] at N
points, we have

T 1
At—,Af = =
SN
1 N
f=nm=T
o 1
max—2f5~
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Figure 7.44: A 1.0 Hz signal of the form
y(t) = sin27t sampled with 15 points
on [0,5].

Hz. The sampling rate was

Therefore,

1
fmin = 02Hz and fmax = Efs = 12.8 Hz.

So, we can sample signals with frequencies up to 12.8 Hz without seeing any
aliasing. The frequencies we can resolve without ringing would be of the form
n=02n <128
Howeuver, if we change either T or N we may get a smaller interval and the 10
Hz frequency will not be picked up correctly. By picking N = 64 and T = 5, we
have

1
fmin = 0.2 Hz, fS = 12.8 Hz, and fmax = Efs = 6.4 Hz.

The 10 Hz frequency is larger than fyax. Where will the aliased frequency appear?
We just need to determine an integer k in Equation (7.4) such that

0.2 < |10+ 12.8k| < 6.4. (7.5)

The set of values of 10 + 12.8k are {...,—15.6,—2.8,10,22.8,...}. We see that
fork =—1,0.2 < 2.8 < 6.4. Thus, the 10 Hz signal will masquerade as a 2.8 Hz
signal. This is what we had seen. Similarly, if N = 128 and T = 10, we get the
same sampling rate fs = 12.8 Hz, but f,,;,, = 0.1. The inequality for 10 Hz takes
the form

0.1 < |10+ 12.8k| < 6.4. (7.6)

Thus, we once again get a 2.8 Hz frequency.

Example 7.3. Plotting aliased signals.

We consider a simple 1.0 Hz signal of the form y(t) = sin2rt sampled with
15 points on [0,5]. This signal and its samples are shown in figure 7.44. However,
we have seen that signals of frequency fo + kfs will also pass through the sampled
points. In this example the data points were sampled with fs = % = g5 =3.0 Hz.
For fo = 1.0 and k = 1, we have fy + kfs = 4.0 Hz. In Figure 7.45 we plot this
signal and the sampled data points of y(t) = sin27ft. Notice that the new signal
passes through all of the sampled points.

We can see this better in Figure 7.46. Here we plot both signals with the sampled
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7.6 The Shannon Sampling Theorem

THE PROBLEM OF RECONSTRUCTING A FUNCTION by interpolating at equidis-

tant samples of the function, using a Cardinal series was presented by
Shannon in his well known papers of 1948. He had used the sampling
theorem to show that a continuous signal can be completely reconstructed
from the proper samples. This well-known sampling theorem, known as the
Whittaker-Shannon-Kotel'nikov (WSK) Theorem, can be stated as:

Theorem 7.1. Let
1 Q A iwt
vt = 5 [ plw)e do, 77
where §)(w) € Ly[—Q, Q). Then

00 in(Qf —
o= % v (F) o 79)

This famous theorem is easily understood in terms of what we have stud-
ied in this text. It essentially says that if a signal y(t) is a piecewise smooth,
bandlimited (|7(w)| < Q) function, then it can be reconstructed exactly from
its samples at t, = . The maximum frequency of the bandlimited signal
is fmax = % The sampling rate necessary to make this theorem hold is
fs = ﬁ = % Thus,

fs = 2fmax-

This is just the Nyquist sampling condition, which we saw previously, so
that there is no aliasing of the signal. This sampling rate is called the
Nyquist rate. Namely, we need to sample at twice the largest frequency
contained in the signal.
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Figure 7.45: A signal of the form y(t) =
sin8rt is plotted with the samples of
y(t) = sin2mt sampled with 15 points
on [0,5].

Figure 7.46: Signal y(t) = sin8mt and
y(t) = sin27nt are plotted with the sam-
ples of y(t) = sin27mt sampled with 15
points on [0, 5].
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*The gate function is also known as a
box function or a rectangular function.

T 1 w
-0 Q

Figure 7.47: Plot of Fourier transform of
a bandlimited function, jq (w).

Flya * combg)]

u t - w
Q 20 30

-300-200 -Q)

Figure 7.48: The Fourier transform of the
product of a bandlimited function and a
comb function gives a periodic version

of Ja(w).
Flya * combq)]

S —t——> w
-300-20) -Q) Q 20 30

Figure 7.49: The Fourier transform of the
the product of a bandlimited function
and a comb function gives overlapped
translations of 7 (w) leading to aliasing.

Proof. We consider a band-limited function, yq(t), where o (w) = 0 for
|w| > Q). This function could have been prepared by multiplying the Fourier
transform of an analog signal §(w) by the gate function®,

1, |wl<Q,
0, |w|>Q.

Therefore, we consider the band-limited function, show in Figure 7.47

Ja(w) = Ga(w)j(w).

We further note that in the language of systems theory, G (w) is called a
low pass filter with a passband of |w| < Q) since only frequencies in this
range are allowed through the filter. G (w) is also referred to as the transfer
function of the filter.

We recall that the inverse Fourier transform of the gate function can be
easily computed as

sol) = o [ Gaw)e “dw

sin Ot
7t

@)
= —sinc Of. .
nsmc (7.9)

The band-limited function, yn(t), can then be written as

— 1 o —iwt _ 1 ~ 5 —iwt
yal(t) = E/Qyn(w)e dw = E/—oo Ga(w)j(w)e " dw.

We now use the Convolution Theorem, since the Fourier transform of
ya(t) is a product of transforms, 7 (w) = Go(w)f(w). Therefore,

yo(t) = F 'Ga(w)j(w)]

(v * ga)(t)

/_O; y(7) SH;_E?E(:;) dr. (7.10)

This result is true if we know y/(t) for a continuous range of times. What if
we were to sample y(t)? We will consider sampling a signal in time intervals
of At. The sampled signal can be written as

ys(t) = y(t)Atcombp(t) = i y(nAt)At6(t — nAt),

where each pulse is weighted by the sampling time, At. This weight is
needed in order to get the correct Fourier transform. Namely,

/.  2r = 2mn

n=-—oo



This gives a sum of translations of jn(w) as depicted in Figures 7.48 and
7-49-

Inserting the expression for the sampled signal, ys (t),into Equation (7.10),
we have the approximation

/_0" yo(7) sinQ(t —t) it

(T —1t)

ga(t)

e

—® p=—o00

= i y(nAt)AtSir;Z(i;ZSt)

n=-—oo

= ) y(nAt)At%sinc Q(t — nAt). (7.11)

n=—o0
If At > &, then the copies of o (w) will be translated by multiples of

27
— <20,
At S

which is the bandwidth of the bandlimited function. Therefore, the transla-
tions will overlap as in Figure 7.49.

However, if one samples at the Nyquist rate, f; = 2/, then the Fourier
transform will have no overlap as shown in Figure 7.48. Setting At = % =

&, we find

ja(t) = i y(nAt)At%sinc (Qt — nn)
L nrry sinQ) (t — 45
- n;my (ﬁ) = %?

_ i y(g) sin(Qt—nn).

Q) Qt—nn (7.12)

n=—oo

Example 7.4. Multichannel Telephone Conversations

Consider the amount of information transmitted in telephone channels. Older
telephone signals propagated at 56 kbps (kilobytes per second). If each sample is
stored as 7 bytes, then we can attain 56 kbps/ 7 bytes = 8ooo samples per second
= 8 samples per millisecond. Assuming that conversations are transmitted at fre-
quencies of less than 1.0 kHz, then, the Nyquist theorem suggests that we sample
conversations at 2 kHz, or every half a millisecond. This means that we can sample
up to four conversations simultaneously.

One of the uses of the Shannon Sampling Theorem is in interpolation
theory. Given a set of data points as in Figure 7.50, can one find a function,
or set of piecewise functions, to approximate the function at points in be-
tween the given data points and which pass through the data points? The
simplest interpolation is to connect the points with lines, yielding a linear
interpolation as shown in Figure 7.51. However, this might not be a close
enough match to the actual function as seen in Figure 7.52.
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0.5

-0.5

Figure 7.50: Set of data points to be in-
terpolated.

Linear Interpolation

1

0.5

0 1 2 3 4 5
t

Figure 7.51: Set of data points with lin-
ear interpolation.
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Linear Interpolation and y(t)

-0.5

-1

0 1 2 3 4 5

t
Figure 7.52: Set of data points with lin-

€ /s Spline }nterpolation )
) .
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t
Figure 7.53: Set of data points with
spline interpolation.

Figure 7.54: The Fourier transform
J(w) is multiplied by the gate func-
tion, G (w) to produce the bandlimited
function o (w). One then computes the
inverse Fourier transform of this func-
tion to obtain yn(t). Sampling of this
function using the comb function gives
(yq * combq)(t). The Fourier transform,
Flyaq * combq](w), is then the periodic
function shown in the last plot.

There are other types of interpolation involving higher order polynomial
interpolating functions or special functions, such as splines. Such a spline
fit is shown in Figure 7.53. This higher order fits have more oscillations. If
the data consists of samples of some polynomial, then eventually one can
obtain a good fit.

The idea of the sampling series as an interpolating function is a way
to introduce high enough oscillations into the picture, but not exceeding
a cutoff frequency. If the function is bandlimited, then the series should
return exactly the function using the given data points as we have seen.

Example 7.5. Use the Dirac comb function to derive the Shannon Sampling The-
orem.

Another approach to the proof of the Sampling Theorem is to use the Dirac comb
function. As shown in Figure 7.54, the Fourier transform j(w) is multiplied by
the gate function, G (w) to produce the bandlimited function o (w). One then
computes the inverse Fourier transform of this function to obtain yq (t). Sampling
of this function, using the Dirac comb function, gives (Y * combq)(t). The Fourier
transform of this function, F [y * combq|(w), is then computed. This results in a
periodic function as shown in the last plot of Figure 7.54. One then gets back the
transform of the bandlimited function by multiplying by the gate function.

§(w)
ol _Ga(w)
-4 -3 27 -7t T 27 3 47 “
Ja(w)

This can be captured by the expression

Flyal = Ga(w)(fa * comba) (w),

or
ya(t) = F 1 [Ga(w)(fa * comba) (w)] .
The right hand side is a Fourier transform of a product. The Convolution Theo-
rem gives
yo(t) = ga*(yaF|[comba))
. 1
= Qsinc Ot * <yQQ combg))



_ Qsiant*(ékimy<g>(5<t—£)>
_ k_z_ooy< )mm(pé).

This is the Shannon Sampling Theorem.

(7.13)

Example 7.6. Evaluate the Fourier transform of the sampling series, F [yq (t)].

We seek to find

Flyalt) = L_me (& )SWQOM
Er(@) ol o)

We need the Fourier transform of the sinc function.

m, Jw| <1,

=G .
0, |w|>1. G (w)

F [sinct] = {

Letting T = Q(t — kAt), then we have

: k < k iwt
F{szncﬂ(t—ﬂﬂ /oosznc()(t—ﬂ)e dt

L it/ QKA
= —/ sinc Te!WT/ QKA g1
—00

eikat

. iwt/Q
= sinc te dt
(@) / 00

eikat ) w
= 5 F [sinc] (5)
plwkAt

Therefore, we have obtained

Noting that
Flyal = Ga(w)(fa * combq)(w),
we see that
k 1kat
(9 * combqy)( Z f( ) :
k=—o0
Since

Z Jo (w—kQ),

k=—o0

(7q * combqy) (w

(7.14)

(7.15)

(7.16)

SIGNAL ANALYSIS

299



300 FOURIER AND COMPLEX ANALYSIS

The Poisson Summation Formula.

Figure 7.55: Sampling a bandlimited

function, yq (t), where Q = 1 and At =

4% (a) Jo(w) is a triangular function

with bandwidth 2Q) = 2. (b) A picture of

Flya * Atcomb zAl] with the gate func-
t

tion. (c) The spectrum of the sampled
signal, G (w)Fyq * At comb py .
At

we have derived the expression
Z ]/Q w—k Q 2 ( > uukAt_
k=—o0 k=—

This is one form of the Poisson Summation Formula. Taking the Fourier transform,
we can show that

Q)

1 ¢ kAL it/
k;oo y *r na E Z ( ) ‘ '
Example 7.7. Consider the function

1-|w|, |w| <1,
0, lw| > 1.

Jo(w) = {

Sketch the function Go(w)F [yq * At combay | for sampling time At = =
At
Correct sampling would be done with At = 7t. So, we expect overlapping copies
in the Fourier transform of the sampled signal. In Figure 7.55 we show the process.

(@)

(©

In Figure 7.55(a) we show the sketch of the triangular function, §q(w). The
bandwith is 2Q) = 2.

Next, in Figure 7.55(b) we draw the translations of §q(w) in multiples of
2rt/At = 1.5. Superimposed on the translations are the sum, represented by
Flya * Atcomb%].



The Fourier transform of the sampled signal is then obtained by multiplying
the sum of the translations in Figure 7.55(b) by G (w) to obtain the final result,
Ga(w)Flya * AtcombzAl]. This is shown in Figure 7.55(c).

t

7.7 Nonstationary Signals

7.7.1  Simple examples

A MAJOR ASSUMPTION MADE IN USING Fourier transforms is that the fre-
quency content of a signal does not change in time. Such signals are called
stationary. Consider the following example.

Example 7.8. Let

1sin(27tfot), 0<t<0.25<
f(t) =< 2sin(2nfit), 0.25<t<0.75,
1.5sin(27tfrt), 075<t<1,

where fo =20 Hz, f{ = 14 Hz and f3 =7 Hz.

A plot of f(t) is shown in Figure 7.56. There are three frequencies present,
but occur at during different time intervals. The spectrum of this signal using the
discrete Fourier transform over the entire time interval using N = 256 gives the
plot in Figure 7.56. It indicates many more frequencies are present than just the
three we know about. In Figure 7.59 we show a blow-up of the region containing the
largest values. While it looked like there might have been ringing, there are peaks at
the main frequencies, but somehow we could not capture the fact that the signal is
nonstationary.
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We can capture the time dependence of the frequency content by splitting the
time series into four blocks of width 0.25. This is shown in Figure 7.58. Now we
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Figure 7.56: A plot of the function f(t)
vs t.
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Figure 7.57: The application of the DFT
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Figure 7.59: A magnified view of the
DFT of f(t).
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Figure 7.60: The application of the DFT
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apply the DFT to each block as shown in Figure 7.60. Zooming in further in Figure
7.61, we see that each periodogram displays different frequency content. However,
since each block of f(t) is not a perfect sine function, there still is a little inaccuracy
in picking out the exact frequency in each block.
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Figure 7.61: A magnified view of the Periodogram Periodogram
DFT of the four blocks of f(t).
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Example 7.9. Consider changing the time interval to [0,47] in the previous ex-
ample. Let
sin(27 fot), 0<t<m,
2sin(2mtfit), w<t <3,
15sin(27tfpt), 3m <t <4m,

g(t) =

where fo = 20 Hz, fi{ = 14 Hz and f3 = 7 Hz. The four blocks are shown in



Figure 7.62. The DFT for these blocks with N = 512 is shown in Figure 7.63. We
see that the frequencies are more defined and correct for the most part.
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Another example is the “chirp” function. A chirp is a sinusoidal function
with a time varying frequency. When turned into a sound of the right length
and frequency range, a chirp sounds like the chirp of a bird. a linear chirp
is one in which the frequency changes linearly. The next example gives an
example of a chirp.

Example 7.10. Consider the linear chirp signal y(t) = sin(27t (fo + (f1 — fo) %)),

t € (0,1}, for fo = 1.0 Hz and f; = 10.0 Hz.
The function takes the form y(t) = sin2rft, where the frequency is time-
dependent, f(t) = fo+ (fi — fo) 7. In Figure 7.64 we show this linear chirp.
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Figure 7.62: The four blocks of g(t).
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Figure 7.63: A magnified view of the
DFT of the four blocks of g(t).
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Figure 7.64: A chirp signal.
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Figure 7.65: DFT of the chirp signal.

Figure 7.66: The spectrogram plot of
8(t).

The frequency varies from fo = 1.0 Hz to fi = 10.0 Hz. When one computes the
DTF of this signal, the periodogram in Figure 7.65 results. As one can see, a variety
of frequencies appear and there is no indication that the frequency is time varying.

7.7.2  The Spectrogram

THE EXAMPLES IN THE LAST SECTION POINT TO THE NEED for a modifi-
cation of the Fourier transform for analog signals and the DFT for discrete
signals. In Example 7.9, we saw that computing the DFT over subintervals
of the signal, we can attempt to find the time dependence of the frequency
spectrum. This idea can be generalized for both continuous and discrete
Fourier transforms. In MATLAB the function spectrogram produces a plot
of the time-dependent frequency of a signal by using similar blocks, but by
sliding blocks of a given width in time across the signal and doing a Fourier
analysis for each block. The output is a spectrogram.

Example 7.11. Let

sin(27fot), 0<t<m,
g(t) = 2sin(27tfit), 7w <t<3m,
1.5sin(27tfpt), 3m <t <4m,

where fo =20 Hz, f{ = 14 Hz and f3 =7 Hz.

Frequency (Hz)

2 4 6 8 10 12

We sample this signal at 512 points and using the MATLAB command spectrogram,
in the form

spectrogram(g, rectwin(20),15,n,1/dt, 'yaxis"')

to generate the spectrogram in Figure 7.66, where y is the signal sampled at n = 512
points and dt = 47t /n. The blocks are 20 pts wide with an overlap of 15 points.
Note that the dominant three frequencies appear roughly at the correct locations.

Example 7.12. Let y(t) = sin(27 (fo + (f1 — fo)7)t) , t € [0,1], for fo = 1.0
Hz and f1 = 10.0 Hz.

The the spectrogram in Figure 7.67 was produced by sampling this signal at 512
points and using the MATLAB command



spectrogram(y, rectwin(20),15,n,1/dt, "yaxis"')

In the lower part of the figure we see a fuzzy linear region indicating the linear
dependence of the frequency on time roughly going from f = 1 Hz to f = 10.
Hz. The resolution of this frequency content depends partly on the width of the
rectangular block used and the overlap of the blocks. In this case the command takes
the form spectrogram(y,rectwin(w),0), where w is the width and o is the size of
the overlap.
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Let’s see how to formalize the process described in the last examples. We
begin with a sampled signal, y,, n = 0,..., N — 1, and a rectangular window
(or, block), w;, = w(tn) of width M < N. Then, we compute the transform
of the product,

Yo = DFT {[y,wo, ..., YosnWn, -, Yo+ N-10N-1]}

This gives the spectrum which we can associate with a time associated
with a time over which the block is nonzero. Next, the window is translated
by a time t,. The shifted window is given by w,,_, = w(t, — t;).

Example 7.13. A simple example of using overlapping blocks.
We consider the signal

(| 2smam, 0s<is<s,
YW= 15sin37t, 5<t<10.

This is shown in Figure 7.68(a).

The signal is then sampled with At = 0.05 as shown in Figure 7.68(b).

Figure 7.68(c) shows the blocks that can be used. Each block is of width 1.0 and
translated y 0.75, leaving an overlap of 0.25 between consecutive blocks.

We can change the values of the width of the rectangular block used
and the overlap of the blocks to see the effects on the output. Examples
are provided in Figures 7.69-7.70 for Examples 7.9 and 7.10. Each row is a
spectrogram of fixed with with a 20%, 40% 60% or 80% blockwidth overlap
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Figure 7.67: The spectrogram plot of the
chirp y(t) = sin(27 (fo+ (f1 = fo) 1)t) ,
t € [0,1], for fo = 1.0 Hz and f; = 10.0
Hz.



Figure 7.68: (a) Plot of y(t). (b) Sampled
signal y,. (c) Translated windows show-

ing overlapping.
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as the blocks are translated across the signal. The block widths down the
figure are 10 pts, 20 pts, 30 pts, and 40 pts, respectively.

In Figures 7.69-7.70 we see that there is better frequency resolution for
wider blocks, but the time resolution is blurrier. However, increasing the
overlap with aid in resolving the time as well. The better frequency resolu-
tion is due to using more points in the DFT for that block.

7.7.3  Short-Time Fourier Transform

THE KEY TO STUDYING NONSTATIONARY SIGNALS is the Short-Time Fourier
Transform (STFT). The continuous version of the discrete Short-Time Fourier
Transform is obtained by multiplying the signal by a sliding window func-
tion, w(t), which is translated translated along the time axis, and taking the
Fourier transform. The idea of Short-Time Fourier Transform is often cred-
ited to Dennis Gabor’s work in 1946. He used a Gaussian window function.

Formally, we define the window function, w(t), and multiply a shifted

window, w(t — T), by the signal, y(t), and compute
STFT[y|(t,w) ==Y (1,w) = /oo y(Hw(t — T)e @t dt, (7.17)
—o0
Note that the sign in the exponential is negative, which differs from our
earlier convention.

For the purpose of computation we can discretize the time and frequency
variables giving the discrete-time Short-Time Fourier Transform and the
discrete Short-Time Fourier Transform. The discrete-time Short-Time Fourier
Transform is given by

o0
Y(n,w) =Y x[mlw[m—nle " (7.18)
m=—oo
The discrete-time Short-Time Fourier Transform is found by restricting w to
a discrete set of frequencies, w = % It is given by

Y[n, k] = NZ_:l x[mlw[m — n)e= 27 kn/N, (7.19)
m=0

There are a variety of windowing functions used. Different functions
aid in time or frequency resolution as compared to the rectangular window
used in the earlier sections. Note that the STFT is the Fourier transform of
a product of two functions. So, if we fix 7, say T = 0, then we have

00 ‘
Y(0,w) = / y(Hw(t)e " dt. (7.20)
—00
By the Convolution Theorem, the Fourier transform is the convolution of
two Fourier transforms:

Y(0,w) = (Y+W)(w),

Thus, an understanding of the Fourier transform of the window helps in
understanding the effects of the window on the STFT.

SIGNAL ANALYSIS

307



308 FOURIER AND COMPLEX ANALYSIS

Figure 7.69: The spectrogram plot of g(t)
in Example 7.9.
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Figure 7.70: The spectrogram plot of the
chirp signal, f(t), in Example 7.10.
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7.8 Harmonic Analysis

EVEN THOUGH SPECTRAL ANALYSIS, WHICH IS BASED UPON THE DIS-
CRETE FOURIER TRANSFORM, is a readily used technique for analyzing the
spectral content of a signal, one might only be interested in the spectral
content for particular frequencies that are not included in the discrete set
of frequencies provided by the Fourier transform. This can happen when
the number of samples is large and the number of frequencies of interest
is much smaller. In this section we address the approximation of a given
signal, or time series, to a sum over a small set of frequency components.
The frequencies of interest are known but the associated amplitude is not
known. This will be accomplished using the method of least squares. This
is approach is studied in more detail in Emery and Thompson 2.

We begin by reviewing the method of least squares for determining the
best fit of a line. The equation of a line only has two unknown parameters,
the slope and the intercept. An understanding of the derivation for this
simpler approximation should make that for the harmonic analysis more
transparent.

We begin with a set of data, presented in the usual pairs (x;,y;) for i =
1,..., N. We are interested in finding the best approximation, in some sense,
of this data by some function. In the case of linear regression, we seek a
linear relationship of the form y = ax + b. Though this line is not expected
to agree with the data, it is expected to be as “close as possible”.

What does one mean by “as close as possible”? We could mean that the
total distance between the known data points and the line is as small as
possible. Though there are many ways we could quantify this, the most
natural would be to sum over the standard distance between the points for
all data points. Thus, we would look at an expression like

N
= Z;1 \/(xi —x1)* + (y; — (ax; + b))

However, since the first term under the square root vanishes and the square
root only returns a positive number, we could instead just consider the ex-
pression

N 2
E= . Iy~ (i + )"

Making the later as small as possible only gives the same result as for the
first expression, but is easier to compute. It gives the sum of the vertical
distances between the data points and the line y = ax + b. This is called a
“least squares” regression.

We are interested in minimizing E, which could be thought of as a vari-
ance about the straight line mean. We minimize this “error” by varying
a and b. Thus, we have a two variable minimization problem. In order
to minimize a function of one variable, we differentiate the function with
respect to the variable and set it equal to zero to determine that value of



the independent variable that yields a minimum. In this case, we need to
simultaneously set the derivatives with respect to a and b to zero and find
the values of a and b that solve the resulting equations.

Differentiating E with respect to a and b separately, gives

o

I

N
1=

lyi — (ax; + b)](—x;)

3
Il
—

o

I

N
=z

lyi — (ax; + b)](—1). (7.21)

3
Il
—_

Regrouping, we find that these are simultaneous equations for the un-

knowns:
N ) N N
a) xi+b) x = ) xy
n=1 n=1 n=1
N N
a) xi+bN = )Y v (7.22)
n=1 n=1

Solving this system of equations gives expressions for a and b in terms
of various sums over expressions the involving the data. This is the basis of
the so called “best fit line” that is used in many programs, such as those in
calculators and in MS Excel. A more detailed discussion is given in 3.

However, we are interested in fitting data to a more complicated expres-
sion than that of a straight line. In particular, we want to fit the data to a
sum over sines and cosines of arguments involving particular frequencies.

We will consider a set of data consisting of N values at equally spaced
times, t, = nAt, n =1,..., N. We are interested in finding the best approxi-
mation to a function consisting of M particular frequencies, fi, k=1,..., M.
Namely, we wish to match the data to the function

M
f(t) = Ao+ Y [Ax cos(27fit) 4 By sin(27fit)]. (7.23)
k=1

The unknown parameters in this case are the A;’s and By’s. We will not
determine a function that exactly fits the data, as in the DFT case, but only
seek the best fit curve to the data. [Note: for simplicity, we have redefined
the constant term A and have not used the typical form, ay/2.]

We will consider the squared error,

N

E= ) [y(tn) = f(ta))?,

n=1

summed over times t, = nAt = % More specifically, we will determine

the unknowns, by minimizing the expression

N

M
E=Y" [y(ts) — (Ao + Y_[Axcos(27fity) + Besin(27fitn)]))%.  (7.24)
n=1 k=1
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We differentiate E with respect to all of the parameters and require these
derivative to vanish. Namely, for a particular g4, we have forg =1,2,..., M,

o
9A,

N
= 2 Z Yy, (— cos(27fyty))

n=1
9E
3B,

N
= 2) Y, (—sin(2rfyts)), (7-25)
n=1
where

Y, =
k=1

M
y(tn) — <A0 + Z [Ag cos(27T fitn) + By sin(27rfktn)]>] .

As with the example of determining a best fit line, we have obtained a
system of linear equations for the unknowns, Ay, By, k =1,2,..., M. We can
rewrite this system in a more apparent form and then make use of matrix
theory to solve for the unknown coefficients.

N
Z (tn) cos(27 fqty)
= Ap Z cos(27tfaty)
%
N

Z (tn) sin(27faty)

A Z cos (27t fity ) cos(27t faty ) + B Z sin (27t fxtn) cos(27rfqtn)]
n=1 =1

= A Z sin (27t fytn)

5

N N
Ar Y cos(27fity) sin(27fotn) 4 B Y sin(27fity) sin(anqtn)]

n=1 n=1
(7.26)

forg=1,..., M.
We need to consider the equation for 4 = 0 separately. In this case we

have one equation,

oE
'T A
N M
= 2 Z [y(tn) — (Ao + Z [Ag cos(27 frty) + By sin(anktn)]>1 (—1)),
n=1 k=1

(7.27)



which reduces to

N

M N
<A0 + Z [Ag cos(27T frtn) + By sin(anktn)]>] = Z y(tn). (7.28)
n=1

n=1 k=1

We now note that we can write this system of 2M + 1 equations (Equa-
tions 7.26 and (7.28)) in matrix form. We first define the M x N matrices C
and S with elements

Cyn = cos(27 fxtn), Sgn = sin(27 fitn),

whereg=1,...,M,andn=1,...,N.

The sums over n in Equations 7.26 and (7.28) can be written as M x M
matrix products, CCT, CST, and SST.4 The gk-th entries (qth row and kth
column) of these matrices are given by

N
(ccT), = X costamft) syt
N
(CST)qk - nzlsin(znfktn)cos(27qutn)
N
(SST)qk = nglsin(Zkatn)Sin(Zqut”)' (7:29)

Inserting these expressions into the system of equations, Equations 7.26
and (7.28), we obtain forg =1,..., M,

N M . . N
Aonglcqn‘Fk:Zl |:(CC )qkAk+ (SC )qk Bk:| = n;lcqny(t”)’
N M . . N
Ag n; Sqn + k; {(sc )qk A+ (88 )qk Bk] = n; Sony(t), (7:30)
and
M N
AoN + ), Ager + Bse = ) y(tn)- (7:31)
k=1 n=1

Finally, these equations can be put into the matrix form DZ =Y, where

y
Y=| Cy |, Zz(?),
Sy

fory = [y(t1), dots,y(tN)]T and

N I T
D = ¢ CC Cs |,
s CS SS

where

N N
Cqg = Z Con,  8q= Z Sqn-
n=1 n=1
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Note that Y and Z are 2M + 1 dimensional column vectors, ¢ and s are
M dimensional column vectors and D is a (2M + 1) x (2M + 1) matrix.
The system of equations in matrix form, DZ = Y, can be solved for the
unknowns in the column vector Z = D~'Y.

An implementation of this procedure in MATLAB is given below.

o°

Harmonic Analysis

o°

o°

Enter Data in y
y=[7.6 7.4 8.2 9.2 10.2 11.5 12.4 13.4 13.7 11.8 10.1 ...

9.0 8.9 9.5 10.6 11.4 12.9 12.7 13.9 14.2 13.5 11.4 10.9 8.1];
N=length(y);

% Number of Harmonics Desired and frequency dt
M=2;

f=1/12%(1:M);

T=24;

alpha=fx*T;

% Compute the matrices of trigonometric functions
n=1:N;
C=cos(2xpixalpha’*n/N);
S=sin(2xpixalpha’=*n/N);
c_row=ones(1,N)*C’;
s_row=ones(1,N)*S"’;
D(1,1)=N;

D(1,2:M+1)=c_row;
D(1,M+2:2%M+1)=s_row;
D(2:M+1,1)=c_row’;
D(M+2:2xM+1,1)=s_row’;
D(2:M+1,2:M+1)=CxC";
D(M+2:2xM+1,2:M+1)=SxC";
D(2:M+1,M+2:2+«M+1)=CxS";
D(M+2:2%M+1,M+2:2xM+1)=S*S"’;
yy(1,1)=sum(y);
yy(2:M+1)=y*xC’;

yYy (M+2:2xM+1)=y*S"’;
z=D"(-1)*yy’;

Problems

1. Consider the spectra below. In each case the data was sampled at 100
points for 12 seconds.

a. What is the sampling rate?
b. What is Af?
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c. What is the maximum frequency in the plots?
d. Determine the frequencies of the three spikes.

e. In each case write down a possible function, f(t), which would
give rise to these spikes.
f. In Figure 7.72 there are two frequencies. The tall spike is an aliased

frequency. The data should have been sampled with 150 points.
What is the correct frequency that would be displayed using 150

points?
- Periodogram Figure 7.71: Spectrum 1 for Problem 1.
3l |
25¢ a
5l |
5
z
Z
o
150 g
il |
05 T
S VP,
Frequency
oo Perizdogram Figure 7.72: Spectrum 2 for Problem 1.
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2. Consider the signal f(t) = 1.5¢ ! sin 4t.

a. Find analytical form for the modulus of the Fourier transform of
fb).
b. Plot f(w) from part a and f(t).

c. For each of the following, use MATLAB to plot the DFT amplitudes
for the given values of T and N.
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a. T=0.2and N = 32.
b. T=0.1and N = 32.
c. T=0.1and N = 64.

d. Compare these results with f(w) and note which are good ap-
proximations, which might exhibit aliasing, etc.

3. Consider the signal whose Fourier transform is given by

Flw) = 1-¢], |wl<m
0 lw| < .

Let the signal be sampled at intervals of At s.

a. Sketch the discrete Fourier transform that you would expect if
At =0.5s.

b. Sketch the discrete Fourier transform that you would expect if
At=1.0s.

c. Sketch the discrete Fourier transform that you would expect if
At =20s.

4. Find the Fourier transform of the sinc function.

. n, |w| <1,
F[sinct] = { 0 :w: o1 = Gy (w).

5. Consider the function

4 — w?, |w| < 4nm,

7

folw) = { 0, |w|>o2m

a. Sketch 7 (w).
b. Determine the Nyquist sampling frequency.

c. Sketch the function G (w)F[yq * At comb %Tn] for sampling times
t
At=1,2,3.

6. Derive the Poisson Summation Formula,
> 1 & kAt

ka) = = P e lkt/At’
Z y(x + ka) ak_zooy(zn>e

by
a. Starting with 7,(w) = F[g.(t)y(t)]; and
b. By using the form
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