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Gibbs Phenomenon - History

Abstract

This is a draft of a history of the Gibbs Phenomenon. There have been several historical reviews,
often buried in articles or books. However, it might be useful to have links between authors as well as
to online resources, to sort out some aspects of the history leading to the more general theory.

Introduction

Here is an early listing for the history of the Gibbs phenomena:

e Bocher coined the Gibbs phenomenon in his monograph, Introduction to the theory of Fourier’s series,
on page 129. (Bocher 1906) He also noted this in a later paper, (Bécher 1914), online.

e Bocher mentions a monograph by H. Burkhardt, Entwicklungen nach oscillirenden Functionen as hav-
ing a history of the vibrating string controversy. (Burkhardt 1908).

e Henry Wilbraham (1848) discovered the phenomenon found here, pg 198, but was not noticed until
mentioned in Heinrich Burkhardt’s review (above).

— Wilbraham also cited (Newman 1848), found here, pg 108 of the same journal edited by W.
Thomson, who said “what is true within the limits is true at the limits” is erroneous. Newman
cited (De Morgan 1836), Differential Calculus, near page 607.

— Francis W. Newman (1805-1897) said that Fourier indicated that the locus of points
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is a connected series of straight lines alternating parallel and perpendicular to the axes. Newman
points to de Morgan’s discussion in Differential Calculus page 608 which is supposedly modeling
Fourier.

— Jean-Baptiste Joseph Fourier (1768-1830) wrote a treatise in 1822 on heat flow. It was translated
into English 56 years later. [Note: Thomson (1939, 1841), a.k.a. Lord Kelvin, first wrote on
Fourier’s work when he was a teenager. |

* Fourier’s 1807 Memoir (Fourier 1808)

* (Fourier 1822) Fourier’s Théorie analytique de la chaleur, online, and in Fourier and Darboux
(1890) is Volume II, seen here. (Fourier 1878) French and the 1878 English Translation
In the English translation, we find on page 143 the result of determining the coefficients
a,b,c,d, &c. in the equation [Section II, subsection 171, and page 167 of Fourier (1822).]

1=acosy+ bcos3y + ccosby + dcos Ty — &ec.

The result Fourier found algebraically was

— = COSYy — - COS + — cos — —cos 7Ty + = cos 9y — &c.
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https://archive.org/details/bub_gb_zA4TAQAAMAAJ/page/607/mode/2up
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https://www3.nd.edu/~powers/ame.20231/fourier1878.pdf

Then, Alexander Freeman (1838-1897), the translator, referred to the Gregory (1838) article
in a footnote. [See it here.] D. F. Gregory (1813-1844), who was first editor of the Cambridge
Mathematical Journal, determined Fourier coefficients by integration. Note that Fourier
algebraically solved for the first few coefficients.

— de Morgan in the 1836 edition of The differential and integral calculus derives on pages 242-3
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He then says,

The meaning of the undetermined quantity m may easily be shown. The second side of
the equation is periodic, giving the same values for 6,6 + 27,0 + 4x, &c. It also vanishes
with 6, and becomes 1 — % + % ..., 0r %ﬂ', when 6 = %ﬂ', and changes sign with ; and it
becomes 0 again when 6§ = 7. This requires that m should = 0, where 6 lies between —7
and +m; but that in all other cases m should have such a value as will make 6 + mm lie

between —m and +.

— Francis W. Newman wrote on Sine integral in (Gregory et al. 1847), page 75.
o A series of letters were inspired by A. Michelson’s Oct 6 letter on Fourier Series (Michelson 1898).

— Oct 13, 1898 A. E. H. Love (1898a) responded first.

— Dec 29, Gibbs 1898 wrote a letter (online) after Michelson’s reply to Love. Included afterwards
was Love’s answer which continued to another page. The full text of both can also be seen (Love
1898b) here.

— Gibbs (1899) noted a correction on April 27, 1899. Here he makes the distinction between “the
limit of the graphs, and ... the graph of the limit of the sum.”

— May 18, 1899 Michelson (1899) even posted a comment from Poincaré.
— June 1, 1899 Love replied again (Love 1899).
— Note that Nature, April 1899, was founded and edited by Norman Lockyer 1869-1920.
e (Hewitt and Hewitt 1979) Paper on The Gibbs-Wilbraham Phenomenon, online. Jerri 1998 quoted this

in his book on Gibbs Phenomenon. Gottlieb and Shu (1997) repeats the history and gives complete
references, online.

e (Byerly 1893) Early text on Fourier Series, online.

e Michelson and Stratton (1898) Harmonic Analyzer, online. This work was mentioned by Bocher (1906)
page 129.

H. S. Carslaw wrote a couple of papers to correct the history, Carslaw (1925a, 1925b), online. Carslaw
(1917) also wrote earlier - Carslaw’s 1917 paper online and Carslaw (1921) provided a discussion in Chapter
IX which he says is based on the 1917 paper. He refers to Gibbs’ 1899 Nature letter, and in Runge (1904),
pages 170-180 (online) there is an example with no reference to Gibbs. Here he highlights Bocher’s (1906;
1914) generalization. He also refers to Weyl’s papers 1910, online, and 1910, online.

C.N. Moore (1925) referred to Carslaw as well as a claim in Traité d’Analyse by E. Picard claiming Du
Bois-Reymond discovered this phenomenon. online.
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Carslaw 1917 begins Chapter IX with uniformly convergent series expansions for the odd function
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Gibbs in 1899 noted that the partial sums behave differently at the endpoints without proof. Extended
in 1906 by Bocher to other functions with discontinuity. Carslaw presented some of the text.

The story begins earlier with Euler and Fourier. In E189 Euler (1753) presents what we now know as
a Fourier series representation. In E329 Euler (1760) he sums series of complex numbers to get things that
look like Fourier series, online. There were also papers with various sums of trigonometric functions, Euler
(1774), E447 and Euler (1793), E655. Laugwitz (1987) lists some of the trigonometric series used by Euler
while discussing the early history of infinite series. [See online.]

Fourier (1822, 1878) studied the following series’
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These are shown in Figure 1.
Also, look into Gronwall (1912) which is here.

Lagrange (1759), Recherches sur la nature et la propagation du son, may have references to his work on
vibrating strings. Other references to Euler and Daniel Bernoulli and vibrating strings are in Wheeler and
Crummett (1987).

1. The first Fourier series examples are found in Section II on page 137 of the 1878 publication.
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These are plots of the first five terms of the series in Equations (1)-(4) studied by Fourier (1822,



A Historical Account of the Gibbs Phenomenon

The mathematical phenomenon now known as the Gibbs phenomenon has a long and curious history, be-
ginning not with Josiah Willard Gibbs (1839-1903), after whom it is named, but with an almost forgotten
English mathematician named Henry Wilbraham (1825-1883). In 1848, Wilbraham published a paper in the
Cambridge and Dublin Mathematical Journal in which he carefully examined the behavior of Fourier series
near discontinuities. He noted that when a Fourier series approximates a function with a jump discontinuity,
it overshoots near the jump, and this overshoot does not vanish even as more terms are added to the series.
His work included explicit calculations and recognized the limiting value of the overshoot as approximately
9% of the jump. Despite the importance of this result, Wilbraham’s paper attracted little attention and was
largely forgotten for nearly fifty years.

The topic reemerged in the 1890s, propelled in part by the experimental work of Albert A. Michelson
(1852-1931), the American physicist best known for his measurement of the speed of light and the Michelson—
Morley experiment. Michelson, deeply interested in wave phenomena, constructed a mechanical harmonic
analyzer capable of summing multiple sine waves to model periodic functions. Together with his colleague
F. S. Stratton, Michelson applied this apparatus to the approximation of a square wave. On October 6,
1898, he published a brief letter in Nature describing the device and including a striking visual image that
revealed the curious overshoot near the discontinuities of the square wave. This drew immediate criticism.
Just one week later, on October 13, 1898, the British mathematician A. E. H. Love (1863-1940) responded
in Nature, suggesting that the apparent overshoot was due to experimental or mechanical imperfections, and
not an intrinsic mathematical feature.

This exchange prompted further correspondence. In December 1898, Nature published three letters: one
by Michelson defending the validity of his results, a second by Josiah Willard Gibbs (1839-1903), professor
at Yale, and a third by Love. Gibbs’ letter, dated December 15, 1898, was brief but profound. He explained
that the overshoot was not an artifact of Michelson’s machine, but rather an inherent feature of Fourier series
approximating functions with jump discontinuities. Gibbs quantified the limiting height of the overshoot as
approximately 0.08949 times the jump, and noted that this did not diminish even as the number of terms
in the series increased. This was, in effect, a rediscovery of Wilbraham’s observation, though Gibbs was
unaware of the earlier work.

The discussion did not end there. In April 1899, Gibbs followed up with a longer and more technical
letter in Nature, providing further justification and clarification of his earlier claims. Michelson responded
again in May, affirming that his mechanical results matched Gibbs’ theoretical explanation. Love, in turn,
published a final letter in June 1899, conceding that the overshoot was indeed a genuine phenomenon intrinsic
to the convergence behavior of Fourier series.

Thus, through a series of public letters in Nature, a vibrant and sometimes contentious discussion
unfolded between experiment and theory, culminating in a deeper understanding of the behavior of Fourier
series. While Michelson’s experimental ingenuity brought the phenomenon into view, and Love’s skepticism
spurred clarification, it was Gibbs who offered the concise theoretical account that would carry his name.

In the early 20th century, other mathematicians began to adopt and expand upon Gibbs’ insight. Maxime
Bocher (1867-1918), a professor at Harvard and a specialist in differential equations, formalized the termi-
nology by referring explicitly to the ”Gibbs phenomenon” in his 1906 writings. This helped establish the
term within the mathematical community. Horatio Scott Carslaw (1870-1954), an Australian mathemati-
cian working in Scotland, further popularized the concept through his influential texts on Fourier series and
heat conduction. Meanwhile, the young German mathematician Hermann Weyl (1885-1955) contributed to
a more rigorous mathematical framework for the phenomenon through his work on integral equations and
harmonic analysis. Weyl’s early analytical treatments clarified how the phenomenon emerged not from a



failure of convergence, but from the nature of pointwise convergence near discontinuities.

Over the next few decades, the term “Gibbs phenomenon” became standard, despite Wilbraham’s prior
contribution. It wasn’t until the mid-twentieth century that historians of mathematics rediscovered Wilbra-
ham’s original 1848 paper, leading to occasional calls for the phenomenon to be more properly attributed
or at least to recognize Wilbraham’s precedence. Nevertheless, the name “Gibbs phenomenon” persists,
a testament to the enduring impact of Gibbs’ concise and influential communication in Nature and the
mathematical community’s recognition of his broader contributions to theoretical physics.

Today, the Gibbs phenomenon is a staple of mathematical analysis and signal processing, illustrating the
subtleties of pointwise convergence and the limits of Fourier approximations. It stands as a striking example
of how mathematical discoveries can be overlooked, rediscovered, debated in public forums, and gradually
absorbed into the fabric of scientific understanding through the efforts of many individuals across time.
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