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Harmonics

- Pythagoras, Ptolemy.

- Galileo and Mersenne, pitch and frequency.
Strings produce several tones.

- Joseph Sauveur, 1653-1716, acoustics.
Introduced nodes, “harmonic.”

- Brook Taylor 1685-1731, fundamental, 1713.

- Johann Bernoulli, 1667-1748, 1727 letter to
Daniel. He began studies in 1733.

- Johann Sebastian Bach, 1685-1750, 1722-44 .
- Hermann Helmholtz, 1821-1894, acoustics.

- The debates begin ...
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The 1700s Debate - Mathematicians vs Physicists

- Jean le Rond d’Alembet, 1717-1783.

- Vibrating string equation and general
solution, y(x,t) = f(x + t) + g(x — t).
BCs give g = f.

- Leonhard Euler’s papers, 1748-9.
More general equation with ¢, and
y(x,t) = f(x + ct) + g(x — ct).

- Claimed - f from ICs. y(x, t)

(Y(X+Ct)+YX7Ct + 1 fXJrCit )

- Y,V are any curves drawn by hand.

- Daniel Bernoulli, 17709-1791,
solutions are sums of harmonics, 1753:

2 2mct
y(x) = A sinﬁTXcos i +Azsm%xco TFT+ - = flx+ct)+g(x—ct).
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The Controversy (from Am. ). of Phys. 55, 33 (1987))

d’Alembert vs Euler
- Euler allowed corners.

- d’Alembert’s first response - f must be periodic, odd,
differentiable. Introduced separation of variables.

- 1761 - the attack! Use of physical arguments is prohibited.
- If slope discontinuous, then acceleration undefined.

- Euler responded 1762, 1765. For small displacement, the
function at corner is infinitesimally close to differentiable.

d’Alembert, Euler vs Bernoulli
- d’Alembert did not believe a sum of harmonics.

- Euler sum not general enough - snapped string.

- Bernoulli - “Listen to the string”
They all missed general periodicity.
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Joseph-Louis Lagrange

- In enters another math. physicist.

- Born Luigi de la Grange Tournier
(1736-1813), in Italy.

- 1759, paper on sound propagation.
- Agreed mostly with Euler, not Bernoulli.

- Avoided wave equation. Used a discrete
set of masses.

y(x,t) = /dXY(X sm—sm—cosLCtJr @sm@cos@Jr...
L L L L
wct 1 . 2aX . 27X 2mct
+ —/ dxX V(X) {sm—smTcosT—i—i lnTSInTCOST+"']

He almost discovered Fourier series in 1759. [Fourier was born, 1768.]
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Jean-Baptiste Joseph Fourier (1768-1830)

- French Revolution, 1789, several arrests.
- Studied under Lagrange, Laplace, Monge.

- Succeeded Lagrange, chair of analysis and
mechanics, 1797.

- Joined Napoleon’s invasion of Egypt, scientific
adviser with Monge, Malus.

- Organizer of French retreat from Egypt.
- Produced a multi-volume work on Egyptology.

- Studied the heat equation and series solutions.

- Almost forgotten in France, not elsewhere due to
P. G. ). Dirichlet who wrote on Fourier series.
Open problems led Cantor to set theory.
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Siméon-Denis Poisson (1781-1840)

- 1798, entered Ecole Polytechnique.

- Studied under Laplace and Lagrange.

- Degree in mathematics two years.

- Chair of mechanics, Faculty of
Sciences, 18009.

- Over 300 papers: definite integrals,
Fourier analysis, applied
mathematics to physics (mechanics

and electrostatics), probability and See D. H. Arnold’s Work.
statistics.

Corpuscular vs wave theory -
1818 Competition:
Augustin-Jean Fresnel
(1788-1827).
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- Poisson brackets, Poisson’s constant,
Poisson’s equation, Poisson’s
integral, and Poisson’s spot.


https://www.jstor.org/stable/41133690

The Heat Equation

- Controversy: Fourier vs Poisson

- Fourier 1805, 1807 - diffusion, series
solutions ala D. Bernoulli.

- Examiners: Laplace, Lagrange skeptical.
- Poisson Review 1808.

- 1811 Prize problem. Fourier won, but still
critics.

- Third version to be book, 1822. Timing
affected by politics.

- 1815, Poisson writes his own paper, then
book in 1823.

- Wm. Thomson defense of Fourier in 1845.
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William Thomson ( -1907)

- Father, James Thomson, taught math in
Belfast and Univ. of Glasgow.

- William attended Univ. of Glasgow, 1834.
- Read Jean-Baptiste-Joseph Fourier.

- First two articles, at 16-17, defended
Fourier.

- Cambridge, 1841-5, earned B.A. with high
honours.

- In 1845, obtained George Green's essay
and went to Paris next day.

. Chair Of natu ra[ phllOSOphy at the u. Of WILLLAM THOMSON: THE YOUNG PROFESSOR

Glasgow at 22. According to Maxwell (1873), the Stokes Thm

B . given in Smith’s Prize Examination, 1854, question
Applied Heat Eqn to Age of the Earth 8. From 1850 letter from Thomson to Stokes: link.

- Gabriel Stokes (1819-1903) introduced
him to the telegraphy problem in 1854#istory of Math R. L Herman Fall 2025 9/66


https://www.reddit.com/r/math/comments/gqgv52/the_origin_of_kelvinstokes_theorem_source_the/lightbox

Thomson’s 1855 Paper

IIL. “On the Theory of the Electric Telegraph.” By Pro-
fessor WiLLiam Tromson, F.R.S. Received May 3, 1855.

The following investigation was commenced in consequence of a
letter received by the author from Prof. Stokes, dated Oct. 16, 1854.
It is now communicated to the Royal Society, although only in an
incomplete form, as it may serve to indicate some important practi-
cal applications of the theory, especially in estimating the dimen-
sions of telegraph wires and cables required for long distances ; and
the author reserves a more complete development and illustration of
the mathematical parts of the investigation for a paper on the condue-
tion of Electricity and Heat through solids, which he intends to lay
before the Royal Society on another occasion.

Eztract from a letter to Prof. Stokes, dated Largs, Oct. 28, 1854,

“ Let ¢ be the electro-statical ,cappgity per.unit.of length. of,the
wire; that is, let ¢ be such that clv is the quantity of electricity



William Thomson'’s Telegraph Theory - 1855

Treat the coaxial cable as a long, thin conductor, perfectly electrically

insulated.
}: dx >}
N N AN
_ 1 c _ 1 _ 1
T T T

Think of the cable as a network of resistances and electrical capacity
(capacitance) and use Kirchoff's laws on an infinitesimal section to
derive an equation for the voltage, v(x, t). [Ohm - 1827, Kirchoff -

1845] History of Math R. L. Herman Fall 2025  11/66



Thomson'’s Diffusion Equation

This resulted in a diffusion equation:

ov? ov

It was Fourier's heat equation with solution

_ QvR o~ RO /4t
wCt

1%

The maximum effect is at position x and time t = {RCx%. This is
Thomson's law of squares. Examples in Rayleigh's Theory of Sound.

Thomson solved several special cases in his correspondence with
Stokes as recalled by Thomson.. Thomson'’s theory had many
practical applications.
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Further Develpoments

- Thomson had the first teaching laboratory,
- Engaged his students in testing materials and his ideas.

- Used the theory/experiment to understand underwater
telegraphy.

- Explained the speed of the current in a telegraph cable,

- Dispersion caused signals of low frequency to diffuse less.
Stokes solved the more general case
v(x,0) = 0, 0<x<o0
v(0,t) = f(t), 0<t<oo,

arriving at the solution

v(x,t) =

t
2\X/7r / (t—t)~Fe ¥R dt
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William Thomson - a.k.a Lord Kelvin

This was in the backdrop of the Atlantic Cable Project.

- Developed the theory, designed experiments, and obtained
patents.

- Was instrumental to the success of the trans-Atlantic cable,
completed 1866, after disputes with Whitehouse.

- For his work on the trans-Atlantic telegraph project:
- Knighted by Queen Victoria, becoming Sir William Thomson,
1866.
- Recognized for achievements in thermodynamics becoming
Baron Kelvin, of Largs, 1892.

Thomson's theory of the electric telegraph remained the main theory
for decades. It worked fine for long underwater cables, but to
transmit human conversation, the diffusion was far too much.
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Maxwell’s Theory of Electricity and Magnetism

During this time scientists were beginning to move from the mechanical
world of Newton and Lagrange to the world of Faraday, Oersted, Ampere, and
others.

- James Clerk Maxwell (1831-1879)
- Michael Faraday (1791-1867) encouraged Maxwell.

- “A Dynamical Theory of the Electromagnetic Field,
EM waves.

- “A Treatise on Electricity and Magnetism,” 1873.

- Promoters of Maxwell's work: G. F. Fitzgerald
(1851-1901), O. Heaviside (1850-1925), and O. Lodge
(1851-1940). The Maxwellians.

- The race was on to produce electromagnetic waves,
Hertz (1857-1894).

- Maxwell’s theory reworked by Heaviside.
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Challenge to Thomson's Theory

- The story of the attempts to connect
continents with telegraph cables and
Thomson'’s role is described by Hunt (2012,
2018, 2021).

- The subsequent contributions of Heaviside
can be found in (Nahin 2002).

- In 1876 Heaviside derived the telegrapher’s
equation independently and updated
Thomson's diffusion theory by insisting that
self-inductance was important.

- This was contrary to what people working
on underwater telegraphy believed. Figure 1: Who was Oliver

- It led to a few disputes. Heaviside?
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Oliver Heaviside (1850-19

- Heaviside left school at sixteen.
- He studied at home for two years.

- Worked as telegraph operator,
Danish-Norwegian-English Telegraph Co., advice
from uncle C. Wheatstone, 1868.

- He was transferred to Newcastle-on-Tyne, 1870,
and later appointed Chief Operator.

- He left in 1874. Only job he would ever have.

- He spent the next couple of years working on
electric theory.

- He studied and reformulated Maxwell's theory.

Note: Heaviside and Josiah Gibbs gave us Vector Analysis and opposed quaternions
introduced by Hamilton and promoted by Tait. He gave us Maxwell's Equations.
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Oliver Heaviside (185

.

Heaviside began publishing in 1872.

.

He furthered Thomson's theory, 1876.

Derived the telegraph equation.

- Self-induction is important in
telegraphy.

- Others opposed him on this.

- He was asked to stop publishing for
The Electrician in 1887.

Heaviside did have some supporters
including Thomson and Maxwell.

.

1Manon Camerion Gray (1902-1979) in 1923 wrote The Equation of Telegraphy comparing known solutions of
a%v av.  , 8%
a2’

P By =
a2 at

and used the Riemann-Green method. History of Math R. L. Herman Fall2025  18/66



Heaviside’'s Operational Calculus

- Used to solve partial differential equations.

- Methods were criticized - not being rigorous and hard to
understand.

- First people to publish justifications of Heaviside's methods:
Bromwich (1917), Wagner (1917).

- Both used complex integrals.

- Bromwich cited applications from the Theory of Sound, William
Strutt (1894, Lord Rayleigh) and an equation similar to
telegrapher’s equation using a Green’s function.

- Attempted to justify Heaviside's work and eventually the Laplace
transform emerged.

Operational methods for differential equations and the exploration of fractional differentiation
had been studied for a number of years going back to the work of Euler and Leibniz.

Some of this is summarized in Moore’s 1921 text and from Carslaw and Jaeger's 1941 book on
operational methods. History of Math R. L. Herman Fall 2025 19/66



Example: Edmund T. Whittaker Obituary for Heaviside

Edmund T. Whittaker (1873-1956) describes how Heaviside would use
operational calculus?® to solve the differential equation.

d?y(t)

7t R?y(t) = 0. (2)

Let D = £. We write symbolically,
(D? + R*)y(t) = 0.
Now, manipulate algebraically: Multiply by D=2,
(14 R*D™?)y(t) = D~2(0).

What is D=2(0)? - Eventually needed fractional derivatives.

2According to Whittaker, Heaviside was accustomed to using symbolic differential
operators. Boole (1859) devoted two chapters in A Treatise on Differential Equations to
symbolic methods. History of Math R.L Herman Fall 2025 20/66


https://archive.org/details/atreatiseondiff01unkngoog/page/n1/mode/2up

Fractional differentation

- In 1695 Leibniz communicated about fractional derivatives to
Johann Bernoulli and ['Hopital.

- In 1729 Euler communicated to Goldbach the general form

e T+,
dxn T(p—n+1)

, (3)

using the Gamma function, '(n) = n! for integers n.

- One definition (Riemann-Liouville)

1 dr

90 = o [ -0 de

- From Euler’s formula (3) we have for n = 1

rqy, 1
plV/2. 9= X ¢V2
r(3) vt
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Age of the Earth

Thomson was interested in problems about the age of the Earth and
Sun.

When he was sixteen he wrote that measuring the rate of heat loss
from the surface of the Earth could put a bound on the age of the

Earth (England, Molnar, and Richter 2007). This interest might have
been sparked by reading Fourier's works.

Some of the first quantitative studies of the heat equation were by
Fourier (Fourier 1808, 1820, 1822). Fourier had written on the
temperature of the Earth and the diffusion of heat in a spherical
solid (Godard 2017).

He later wrote a general paper about terrestrial temperatures
(Fourier 1824b), which was reprinted (Fourier 1827) and translated in
1837 (Fourier 1824a). This has led to some misconceptions about his
role in the origins of the greenhouse effect (Fleming 1999).
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Age of the Eart

Naturally Thomson (1862) would use Fourier's work and in 1862 he
predicted the age of the Earth based on the heat equation.

In the mid-1800’s estimates of the age of the Earth went from a few
thousand years to hundreds of millions based on geological
estimates. Also, Darwin’s theory of evolution came out in 1859.

Assuming an initial high temperature and constant diffusivity,
Thomson asked how long it would take to reach the current
temperature gradient at the Earth’s surface of1F/50 ft. He came up
with 98 million years (England, Molnar, and Richter 2007, Nahin 1985;
Harrison 1987).

This was not long enough according to the geologists. A debate
between physicists and geologists ensued based on Thomson's
estimates (Jackson 2008).
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Age of the Eart

Thomson's theory was accepted by the physics community for
decades until in 1895 John Perry (1850-1920), a former assistant of
Thomson, challenged Lord Kelvin (Perry 1895; England, Molnar, and
Richter 2007; Shipley 2001).

Perry challenged Kelvin's assumptions: the thermal conductivity may
not be constant. He found an increase in the age estimate.

This led to a debate amongst supporters of Thomson vs those of
Perry.

Peter Guthrie Tait (1831 - 1901) sided with Kelvin and Heaviside took
up the problem using his operational mathematics, deriving both
Kelvin's and Perry's estimates.
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Age of the Eart

Heaviside even opened the second volume of his Electromagnetic
Theory (Heaviside 1922) with a chapter on the Age of the Earth.

It is interesting that Heaviside used a similar analysis of the diffusion
equation to arrive at the age of the Earth using Thomson's data. He
used took Perry’s idea of a nonconstant diffusivity leading to a new
equation as described in more detail in (Nahin 1985).

This allowed Perry (1895) to obtain a value for the age of the Earth of
more than three times Thomson's estimate of 100 million years
(Nahin 1985; Shipley 2001).

The debate continued for many years later (Jeffreys 1916, 1927).
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On to applications -

- Can you hear the shape of a drum?

- How long does it take to cook a turkey?
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“Can One Hear the Shape of a Drum?”

- Kac, Mark (1966). Amer. Math. Monthly. 73, Part Il: 1-23.

- Title due to Lipman Bers: “If you had perfect pitch, could you
hear the shape of a drum?”

- Can the frequencies (eigenvalues) of a resonator (drum)
determine its shape (geometry)?

- Entails features of applied mathematics.
- Historical connections - from radiation theory.

>

—

e
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Radiation Theory

- Hendrik Lorentz’s (1910) 5 lectures on
old/new physics. problems

- 4th - Electromagnetic Radiation Theory.
- Compared vibrations to an organ pipe.

- The number of overtones in frequency
range is independent of shape,
proportional to volume.

- David Hilbert’s prediction (t the
conjecture would not be proved in his
lifetime), spectrum. His student ...

- Hermann Weyl - < 2 yrs, number < A

NOY =D~ ‘%A.
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What Do We Hear? Frequency, f = w/2m,

Seek Harmonic Solutions,
[Recall et = coswt + isinwt.]

u(r,t) = U(r)et,
of a Wave Equation, u(r,t)

o%u -
— =c*V-u.
ot?

Helmholtz Equation
ViU =—RU, R = =

Eigenvalues ~ frequencies
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Vibrations of a String

- Ex: Violin String.
- Harmonics, up(x).

2L
- Wavelength, A = .

- Wave Speed, ¢ = \/g

- Frequency, f = ny;.

- A-f=440Hz L =32cm.
c=2Lf=280m/s. Figure 2: Plot of the eigenfunctions
Un(x) = sin T forn =1,2,3, 4.

- Nodes, uy(x) =0
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Solution of 1D Wave Equation

The one dimensional wave equation, given by
o’u 0%
— =C"—=—, t>0, 0<x<L 4
92t Cazxv > Y, sSxXs L (4)
subject to the boundary conditions
u(0,t) =0,u(L,t)y=0, t>0,
and the initial conditions

u(x,0) = f(x), ui(x,0) = g(x), 0<x<L.

S . . nmx
u(x,t) = Z [An coswnt + By sinwyt] sin - (5)

n=1

where w, = &€,

History of Math R. L. Herman Fall 2025  31/66



General 2D Membranes

- Membrane Problems.
Rectangular
Circular
Elliptical
Irregular
- Solve Helmholtz Equations
Normal Modes and Frequencies of Oscillation
Eigenvalues of Laplace Operator, V2u = —\u.
u=20o0na9oN

(V2+R)u=0
on Q
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Vibrations of a Rectangular Membrane

- Harmonics H

- Frequencies

= (D (7)ol :

Boundary-value problem

U = (U + Uy), t>0,0<x<L,0<y<H, (6)

u(o,y,t) =0, u(L,y,t)=0, t>0, 0<y<H,
u(x,0,t) =0, u(x,H,t)=0, t>0, 0<x<lL,

nmx . mmy
sin

L H
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n,m



des of a Rect lar Membrane

. nwx . mmwy C L
Unm(X,Y) = sin —— sin —= = —Vn2+a2m?, a=—.
nm( 7y) L H 9 f 2L ) H
n=1 n=>2 n=3
y y y
H H T H
| | |
m=1 I o a=1 1 2 3 ‘
X X X Lo X 1 1.414 | 2.236 | 3.162
i i L 2 2.236 | 2.828 | 3.606
y y y 3 3.162 | 3.606 | 4.243
H H ‘ H —
m=2 |btecososd| |boo -—-- - - —1— —
| | |
e XX [e=2] 1 2 3|
1 2.236 | 4.123 | 6.083
f_; ,z ,)_7 2 2.828 | 4.472 | 6.325
,,,,,,,,, L | 3 3.606 | 5.000 | 6.708
m=23 I [
e Y --= - = =17 7
X L x = X
L L L
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Vibrations of a Rectangular Membrane

A
N
/:, G ““‘\\\ N
i \\\\\\\\%
1,, " oo‘\\ ““\ N

l
Il ,l,m‘\“\
~t

s
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Vibrations of a Circular Membrane

y
- Circular Symmetry.
- Harmonics / P
as_ | r
- Frequencies 6 X
jmn \
Wmn = —C.
cos wmnt cos mé jmn
U(I’,e,t) - q /m (7)
sinwmnt sin mé
jm(bmn):O m:0717"'a 1727
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Nodes of a Circular Membrane

(

Umn(ra 9) =Jm

jmn jmnc
—1r | cosm@ = .
a » M T ora

E
o
-
N

2.405 | 3.832 | 5.136
5.520 | 7.016 | 8.417
8.654 | 10.173 | 11.62

w N 3

1.531 | 2.440 | 3.270
3.514 | 4.467 | 5.358
5.509 | 6.476 | 7.398

=
Il
N
3
I
o
3
I
=
3
Il
N
w N = ?
3
o
=
N
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Rectangular and Circular Membrane Frequencies

Rectangular Circulara = & Circular ma? = 12

1 2 3 \ 0 1 2 \ 0 1 2
T [ 1414 | 2.236 | 3.162 T 1.531 | 2.440 | 3.270 1] 1.357 | 2.162 | 2.898
2| 2.236 | 2.828 | 3.606 2| 3.514 | 4.467 | 5.358 2| 3114 | 3.958 | 4.749
3| 3162 | 3.606 | 4.243 3| 5.509 | 6.476 | 7.398 3| 4.882 | 5.740 | 6.556
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Vibrations of an Elliptical Membrane

62 82 2 2 2
[ + o + (Rh)*(cosh” & — cos n)} u(¢,n) = 0.

og
even {EI 1] even tﬂ?} odd (1.1} odd (1,2)
Q-\ C 2 WE—A
U - ‘e =
even (1,1) even (1,2) odd (2,1) ouugz,z}
/’\ AW I W
-

KJ K *) - -

@

Beven f‘ﬁ 3) even (2,1) odd (2.3) crdcl_[,‘l)
£ () (“-“\ e
' a®
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Vibrations of a Balloon

The wave equation takes the form

2

c
—Lu, where LYoy =—L{l+1)Yim

Ut =
,’2

for the spherical harmonics Y,m (6, ¢) = PJ(cos8)e™?, The general
solution is found as

oo 4

0(0,6,) =3 3" [um coswit + Bam sinwt] Vi (6, 6),

=0 m=—¢
C

where w, = /(¢ + 1)R
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Modes for a Vibrating Spherical Membrane (Balloon?)

Time =10 Time =10

Figure 3: http://people.uncw.edu/hermanr/pdel/sphmem/
Row 1: (1,0),(1,1); Row 2: (2,0),(2,1),(2,2);
Row 3 (3,0),(3,1),(3,2),(3,3)-
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Vibrations of a Irregular Membranes

- Gordon, C,, Webb, D., and
Wolpert, S.(1992) - You Cannot
Hear the Shape of a Drum

- Shapes on right have same
set of frequencies -
isospectral drums.

H X 4
.‘ . .
.,. ‘ " " .
:‘\\ .
(L)
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Isospectral Drums
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Spectra of Isospectral Drums

A = 2.5379440, 3.6555097, 5.1755594.

= 2.5379440 = 25379440

1, = 3.6555097

1, = 3.6555097

., = 51755594
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Other Isospectral Drums

2250

Lxht

FIG. 25. Pair 7,. Sunada triple G= {3
=1.2, with a;=(01)(25), b;=(15)(3 4),
=(0 4)2 3), &;=(0 6)(1 4), and c2=(0 2)(1 5).

O 7 D

FIG. 26. Pair 7;. Sunada triple G=PSL(3.2). G;={a;.b;.c;}. i
=1.2, with ;=254 6). bj=(15)34). ¢;=(04)16). a;
=(03)2 4). b,=(0 6)(1 4), and ¢,=(0 2)(1 5).

ke

FIG. 27. Pair 13,. Sunada triple G=PSL(3.3), G;={(a;.b;.c;},
i=1.2. with @ =(0 12)(1 10)(3 5)(6 7). by=(0 10)(2 9)(3 4)(5 8),
1 4)(1 6)(2 11)(9 12), a,=(0 4)(2 3)(6 B)(9 10), b,=(0112)
{1 4)(5 11)(6 9), and c;=(0 10)(1 5)(2 7)(3 12).

\2), Gi={a;.bi.c;h @
c;=(04)(16), a;

History of Math

Olivier Giraud and Koen Thas: Hearing shapes of drums: Mathematical and ...

5. 31. Pair 13;. Sunada mple G=PSL(3.,3), G;={a;.b;.c;).
i’—l.l. with a,=(17)(3 5)(4 9)(6 10), b;=(0 iuj ?)lb 12)
(9 11), e;=(0 4)(1 6)(2 1132 12), az=(0 9)(4 10)(6 )7 12}, b,
=(0 11)(1 8)(2 7)(3 4), and c,=(0 10)(1 5)(2 7)(3 12).

@) (o)
FIG. 32. Pair 13,. Sunada triple G=PSL(3,3), G;={a..b;.c;).
i=1,2, with a;=(02)(1 7)(3 6)(5 10), by =(D 6)(2 4)(3 8]('! ;
cp=(05)(1 2)(6 12)(9 11). a>=(0 T)(3 11)(6 8)(9 12). bs= 08
(1 10){5 1117 9), and c,=(0 11){1 8)2 7)(3 4).

FIG. 33. Pair 13;. Sun+ada triple G=PSL(3.3), G;={a;.b;.c;}.
i with a,=(0 2)(1 7)(3 6)(5 10}, b;=(0 4)(2 3)(6 8)(9 10),
c ) 5)(1 2)(6 12)(9 11), 0 7)(3 11)(6 8)(9 12), by
=(012)(1 1 OX3 5)(6 7). and c;=(0 11)(1 8)(2 T)(3 4).
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Can one hear the shape of a drum? -

No!
Membranes - Rectangular, circular, elliptical, irregular
Never look at MATLAB logo the same way again - Why?
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Chladni Plates

- Recall Sophie Germain, 1776-1831.

- Ernst Chladni, 1756-1827,
physicist and musician.

- In 1808, Chladni demonstrated
vibrating plates at the Academy of
Science in Paris.

- Napoleon, who attended, proposed a
prize.

- Lagrange, Laplace and others - felt
that it was beyond reach.

- Germain only one to try.

- 1816, two more tries, first woman
awarded Grand Prize in Mathematics
of the Paris Academy of Sciences.
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Heat Equation vs Wave Equation

1D Wave Equation

2
Utt = C Uxx

1D Heat Equation

Ut = RUyy
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History of Heat Equation

Developed by Joseph Fourier (1768-1830)

- Discovered in early 1807 and published later in 1822

Afterwards, diffusion processes studied outside of France.
Lead to research in partial differential equations.

- Describes conduction and storage of heat (energy) in a body.

- Involves heat exchange with surroundings, conservation of
energy.

- Leads to temperature changes inside body (diffusion).

- Uses the relation of heat energy to temperature (gradient),
Fourier Law of Heat Conduction.
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Heat Equation - Mathematics

Flux in b Flux out
P(x,t) ——  —— d(x + Ax, t)
e’ e
Hot AX Cold

Rate of change of heat energy = Flux in - Flux out
CCIT? = ¢(x, t) — &(X + Ax, t).

Flux density = conductivity x temperature gradient
b=k

Cdx

Heat energy is proportional to temperature
Q = mcT.

q = Heat energy per vol, u = temperature per vol
ou ou k
—=D—, D=—.
ot ox?’ mc
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Thanksgiving Turkey!

- Native to North America.
- Introduced in Spain in 1500's.
- Benjamin Franklin - national bird.
- Holiday bird in Europe in 1800’s
- replacing goose.
- Turkeys mostly walk.
- Harold McGee: Breast 155-160 F, Legs 180 F.
- Cooking times
Constant oven temp, diffusivity
constant, Turkey plump
Small - 20 min/lb + 20.
Large - 15 min/lb + 15.
t~ M2/3,
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How long does it take to cook a turkey?

Example 1 .
If it takes 4 hours to cook a 10 pound turkey in a 350° F oven, then

how long would it take to cook a 20 pound turkey at the same
conditions?

Figure 4: A Thanksgiving turkey - From 2015.
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Panofsky Equation

- Pief Panofsky [SLAC Director Emeritus] SLAC Today, Nov 26, 2008
http://today.slac.stanford.edu/a/2008/11-26.htm
For a stuffed turkey at 325° F

W2/3
~ 15

t

vs. 30 minutes/lb.
- Also, check out WolframAlpha http://www.wolframalpha.
com/input/?i=how+1long+should+you+cook+a+turkey

- Musings of an Energy Nerd
http://www.greenbuildingadvisor.com/blogs/dept/
musings/heat-transfer-when-roasting-turkey
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Consider a Spherical Turkey

Figure 5: The depiction of a spherical turkey.
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Scaling a Spherically Symmetric Turkey

The baking follows the heat equation.

Rescale the coordinates (r,t) to (p, 7) :
r=ppandt=ar.
Then, the heat equation rescales as
e RO <p23U> .
B2 p*op \" Op

- Invariance of heat equation implies o = 3.

- So, if the radius increases by a factor of 3, then
the time to cook the turkey increases by 2.
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Problem Solution

Example 1 ‘
If it takes 4 hours to cook a 10 pound turkey in a 350° F oven, then

how long would it take to cook a 20 pound turkey at the same
conditions?

- The weight doubles = the volume doubles.
(if density = constant).

- V. P = rincreases by factor: 2'/3.
- Therefore, the time increases by a factor of 22/3 ~ 1.587.
- If 4 |b turkey takes 4 hrs, then a 20 b turkey takes

t = 4(2%/%) = 28/3 ~ 6.35 hours.

- In general, if the weight increases by a factor of x, then the time
increases by x%/3.
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Omelettes
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Egg Protein

Proteins in eggs can be used

- to help food set (e.g. egg custards),
- as a foam to add air and volume (e.g. sponge cakes),
- as an emulsifier (e.g. mayonnaise).

Two different major proteins, egg white (albumin) and egg yolk,

- Albumin starts coagulating at 63°C
- Yolks start at 70°C

Coagulation - protein unfolds,

denaturation. g&& g EaagaEten
As heat increases the proteins gg? ‘
rearrange and coagulate. [ 5\4% AN
Egg albumin turns from clear to |ttt SE
cloudy white.

Coagulated egg proteins |
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Egg Cooking Time

Peter Barnham, The Science of Cooking & Dr. Charles Williams of

Exeter:

T T
t = 0.01520° |og w
Twater Tyolk

i —T
£ 0.451M23 log | 0.76 x water —To) |
Twater — Tyolk
for t min, diameter d cm, M g, and temperatures in °C.
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Egg Cooking Time - Data

From Khymos Towards the perfect soft boiled egg by Martin Lersch,
April 9th, 2009. See also University of Oslo Applet

Cooking time / minutes

oo, o
MR o @
L

o
Y
L

| = Cooking time derived from mass

®  Cooking time derived from circumference .

. ses L]

. o afinmues
ulin
e = e os w u""
* o ammnan®
. o pam""
.
e » guemtty .
anuny
oun®"""2" oo
e .

T T T T T
10 20 30 40 50

Egg number

50 eggs With T,op = 63°C, Tuater = 100°C and Tegy = 4°C.
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http://blog.khymos.org/2009/04/09/towards-the-perfect-soft-boiled-egg/
http://www.mn.uio.no/kjemi/tjenester/kunnskap/egg/

Egg Cooking Time - Formula

7
65 °C

@
L

@
L

Cooking time / minutes

4 T T T T T T T T T - 4
13,0 135 14,0 145 15,0 50 55 60 65 70 7%

Circumference / cm Mass /g

Given circumference or mass to reach to reach 63, 65 and 67° C,
respectively, at the yolk-white boundary with T,y = 100° C and
Tegg = 40 C
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Egg Consistency

Temp | White Yolk

62 Begins to set, runny Liquid

64 Partly set, runny Begins to set
66 Largely set, still runny | Soft solid

70 Tender solid Soft solid, waxy
80 Firm Firm

90 Rubbery solid Crumbly texture

At sea level, boiling water is 100° C. At higher altitudes, the boiling
temperature of water is lowered 0.3° C for each additional 100 m
above sea level.
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Fast Fourier Transform - FFT

- One of top algorithms of 20th Century.

- Developed by Cooley and Tukey, 1965, to compute DFT (Discrete
fourier transform)

- Some traced the ideas back to Gauss.
- Limit of Fourier series = Fourier Transform.

- Related to Laplace transform.

R = [ e

fx) = % OOF(/?)e"kdee.

F(s) = /ocf(t)e*“dt. (8)
J0
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References for Drums
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B

B
[
B
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Carolyn Gordon, David Webb, Scott Wolpert, One cannot hear the
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Marc Kac, Can one hear the shape of a drum? Amer. Math.
Monthly 73 (1966), 1-23.
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