Emergence of Calculus

Fall 2020 - R. L. Herman




Developments in the 1600’s

Rapid developments first 60 years of 1600's based on Greek geometry,
algebra, astronomy (Kepler, Galileo). Led to unification of geometry and

algebra.

e Descartes (1596-1650) Two main problems
e Cavalieri (1598-1647) e Tangents

e Fermat (1601-1665) o Areas

o Wallis (1616-1703) Need curves

o Barrow (1630-1677) e Conics

e Archimedean spiral
e Gregory (1638-1675)

e Conchoid
e Newton (1642-1727) o S
o Leibniz (1646-1716) o Cycloid
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Seventeenth Century - French, German, English Mathematics

e Galileo Galilei (1564-1642)

e Johannes Kepler (1571-1630)
e 1590 Vieta, The Analytic Art
e John Napier (1550-1617) and

Henry Briggs (1561-1631) -
Introduced the logarithm

e French Mathematicians:
René Descartes (1596-1650)
Blaise Pascal (1623-1662)
Pierre de Fermat (1601-1665)

e Descartes

philosopher, mathematician
Discours de la méthode,
Marriage of algebra/geometry -
analytic geometry

e Pascal

Wrote math before 16
Probability theory
Theology

e Fermat

Created analytic geometry
Contributions to Calculus
Number theory

Scribbled in Diophantus’

Arithmetica
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e Pierre de Fermat, René Descartes
e Studied Apollonius 4-line problem.

e Tangent line approximates the
curve at a point.

e Slope %.
e Infinitesimals - increments. Figure 1: Fermat and Descartes
e Fermat
Method for maxima-minima y
1636 - Method of Tangents
e 1636 Letter from Descartes to
M Ay
ersenne
dy = f(x + dx) — f(x) =?dx. Ax
i > X

History of Math R. L. Herman Fall 2020  3/31



Areas Under Curves

e First studied by Eudoxus, Archimedes
e Bonaventura Cavalieri (1598-1647) -
indivisibles
Fill area with lines.

But, an infinite number of lines
sum to infinity. Ya 2

e Archimedes, John Wallis (1616-1703): 7
1

/ x2 dx. 7
Jo

N segments of width ﬁ and height
(£)2, k=1,2,...,N.

N 2
1 /[ k 0 1
A~ E — (= .
N ( N ) History of Math
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Areas Under Curves (cont’d)

Find the sum
o N l 5 2
- N\ N
k=1
N
1 2
= Wzk
k=1
1 N(N+1)(
B YE
201
6N3 37
Wallis showed
a n+1 4
/ x"dx = X
0 n+1lo
for k=1,2 , 9.

Note:

N

>k

k=1

History of Math

2+(N—1)

14244+ (N-1)+N
| |

Figure 2: John Wallis

R. L. Herman
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Integrating Powers, [ x* dx,

Ya
e al Haytham (965-1039) k =1,2,3,4.
e Cavalieri (1635) knew for k up to 9.
e Proven in general by Fermat, x2
Descartes, Roberval, 1630's. i
e Fractional Powers (Fermat) 0 T

Ex: fol VX dx

Use the symmetry in the figures.

e Areas under x*, need sums
1k 42k 4 ... nk,

e Volumes - use cylinders, V = 7r2h.
Sums needed: 1%k 4 22k ... 2k,

Note: 13+ 23+ .- 4 k3= (1+2+---+ k)3
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meter inventor

e Inverse Powers, x~1

e Area under y = %

*1
/ — dx = oo.
1 X

e Torricelli's trumpet (Gabriel's horn)

V_

>

What? You cannot paint the surface but can fill the trumpet with paint.

Hobbes - "to understand this for sense, it is not required that a man should be a geometrician or logician, but that he should be mad.”

History of Math R. L. Herman Fall 2020  7/31



Tangents, Maxima, Minima

Curves studied like
Archimede's spiral, r = afl

Fermat - studied polynomials
Work simpler than Descartes
Used infinitesimals, E

Example: y = x?

(x+ E)2 = x2

5 =2x+ E.

Generalized to polynomials,
p(x,y) =0.

History of Math

Y 4

D
NS

> X

X x4+ E
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° Wa”is, Arithmatica Infinitorium Wallis' Formulae:

e Some results already known. 2 4 4 6 6

e New approach to fractional powers. = 3355 7

e Ambivalent use of infinitesimals
attacked by Thomas Hobbes 4 12
(1588-1679). - =1+ 32

e Formulae for 7 known by 2+ 52
- Gregory, Newton, Leibniz 2+ 24 ...

Madhava (1350-1425) found 7 to

Already known formula:
13 decimal places using series,

T 1 l+1 l+
3,5 Sl 4.
tan_lx:x—%+%_... 4 3 5 7
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Isaac Newton (1642-1727)

e Major use of infinite series

e A Treatise of the Methods of
Series and Fluxions

e Quadrature of the Hyperbola
Written in 1665,
1st publication in 1668 by
Mercator

e Akin to decimal expansions -
powers of ;-

e Example:

Iog(lJrX)—/:

Note: Geometric series

1
1+t+t2+--. = — |t <1
1—t
1-t+t2—-.. = — |t|<1
1+t
Then,
y = log(l+x)

/(1—t+t2—-~-)dt
0

1 1
= X—§X2+§X3+~“-
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Invert Power Series

We have for y = log(1 + x),

1 1
y:x—fx2—|—fx3—|—-~-.

2 3
In order to invert the series, let x = ap + aiy + apy? + - -- . Then,
1 2
y = (ao+a1y+32y2+"')—§<30+31y+22y2+"') qFcoe

1 1
= ao—Eag—f—gag—i—al(ag—ao—i—l)y

- {az (3 —a+1)+ <ao—;)}y2

a3
+| 3+ -0+ @41y

Equate coefficients of powers of y, then ...
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Series Inversion (cont’d)

We solve the resulting system of equations:

1 1
0 = ao—iag—l—gag
1 = a(af—a+1)
1
0 = ag(ag—ao+1)+<ao—2>
a3 2
0 = §+ala2(23071)+a3 (aofa()%»l).

1

The first equation gives ag = 0. The next two give a; = 1 and a, = 3.

Continuing Newton found that

1 1
ao=0,a1=1,az=§,aazg,a4=— ceeydn =
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Newton’s Series for Exponential

So far, inversion of

1 1
Iog(1+x):><f§x2+§x3+~~

led to
L L 3
X y+7y +Ty fooo

Recalling series expansion for e,

y=log(l+x)=x=¢" —1.

So, Figure 3: Newton

1 1
Y = SV I V- BT
e —1+y+2!y +3!y +
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Newton’s Series for Sine

dt
vi—it2
Recall binomial series: (a+ b)" = >_"_, C, «a"¥b¥, where the
coefficients are C, x = Wlk)‘ Then,

X
Newton knew sin~ ! x = /
0

MZTU3+MP—QW—2gz

(14+aP = 14+pa+ Jroos

1
si a= —t2 = —=
I P 27

nlx = /Xidt
0 \/171527

1x3 1.-3x°

X= 537245

Inverting, Newton found

1
: oy 3 5_ ...
sinXx = X 3!x +5!x

History of Math R. L. Herman Fall 2020  14/31



Gottfried Wilhelm Leibniz (1646-1716)

e Librarian, philosopher,
diplomat, doctorate in law.

e First papers in calculus (1684).
e lLed to long dispute.
o Better notation, %,f dx.

e Sum, product, quotient rules.

e Proved Fundamental Theorem

of Calculus, Figure 4: Leibniz
2 [ f(x)dx = f(x).
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Infinite Series

e Geometric series,
Known to Euclid (Zeno's paradox)
Leonhard Euler (1707-1783)

atartar’ - tar"+- - = li’ |r] < 1.
—r

e Harmonic Series - Oresme (1350)

1 1 1 1 Figure 5: Euler
l—l— P+ = —I— P =P c
3 4
= (1)+ L + 14—1—&-14—1 +
- 2 5 6 7 8
L11, 1+
Z 515 - = 00.

e Power series - 17th Century,
Gregory, Wallis, Taylor, Mclaurin, .. ..
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Basel Problem (1644)

e Posed by Pietro Mengoli (1626-1686).

1
1+ ? + ? + ? + - + Z ot
n=1
e Jacob and Johann Bernoulli (1704)

tackled. >°7, - n+1) =1
Yoo N1

- = - Figure 6: Jacob and Johann
Z n(n+1) Z ( 1) &

n=1 =1

RN Ers
D G-D D (o)

—
N+1N~><>o
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Euler’s Solution of Basel Problem - 1734

e p(r) =0 implies
p(x) = (x — N)a(x),
q(x) - polynomial

e Descartes’ Factor Theorem

e p(x) - polynomial

Proof:
p(x) = ag+ax+---+ ax"
ply) = atay+- +any”
p(x) —p(x) = ailx—y)+-+an(x"—y")
X" — yn _ (X o y) (Xn—l + Xn—2y 4. +yn—1)
Lety =r,
p(x) = (x—r)ai+a(x+r)+- -+ a,,(x”*1 I a2 N & r"*l)]

= (x=r)q(x).
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Leonhard Euler’'s Solution of Basel Problem

sin x has roots nm, n =0,+1,42, .... - Generalize Factor Theorem:

inx = Ax(1-%) (1+%)

™

X2 X2 X2
- AX@#) <1227r2> (13%2)'“

- A{x jr3<1+1+312+ )+x5(~--)—---].

22
Compare to
1 1 ¢
smx-x—ax—i—gx—
Then A=1, and
1 1 1 1 =1 72
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Other Results

LR S
22 32 90’
1 1 e
where B,, are Bernoulli numbers, B, = é, By = —=5,

oo
X Bx"
1= 2B
n=0

Euler (1748) - Zeta function

1 1
C(S) = 1+*+¥+

R

where p is prime. History of Math R. L. Herman

1 -1
17
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Bernhard Riemann’s Contribution

Bernhard Riemann (1826-1866)
e Riemann zeta function
1 1
C(s):1+§+¥+---.
e Values

¢(1) = oo, harmonic series
2

(=%

¢(3) irrational, proved by

Apery (1981)

e Zeros Figure 7: Georg Friedrich
¢(s) =0, s integer < 0. Bernhard Riemann
Riemann Hypothesis:
¢(o +it) =0 when o = 3.

e Connection to primes?
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Connection to Primes

. X
o Primes less than x ~ fz %

e Euler-Mascheroni Constant
Ji % =Inx, y~0577218.... 1

t

. 1 1 1
lim (1+Z4+Z+---+=—Inn)=7.
n—o00 2 3 n

o Generalizing n! ] ¢

[SE
=

(n+1)=nl(n),l(0)=1.
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Euler’'s Formula

e Complex numbers, polar form.
z=a-+bi,a=rcost,b=rsinf
Im(2)

z = rcos@+irsinf b

z=a+ bi

r(cos @ + isinf).

e Exponential of imaginary number

W =—————-

. . t > Re(z)
o _ . (’9)2 (’9)3
e = 1+I€+T+T+
_ L (0 (0)°
_ (0)? : (0)°
e = cosf+isiné.
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Euler’s Formula Applications e’ = cosf + i sin .

e )=m, e™=—1o0re™+1=0.
o (eie)" = (cosf + isin )" e = cos nf + i sin nd implies
de Moivre’s Theorem

cosnf + isinnf = (cosf + isinf)".

e Example: n=2

cos 20 + isin 20 (cos @ + isin 6)°

= cos?f —sin?6 + 2isin 6 cos#.

cos20 = cos?f —sin?0
sin20 = 2sinfcosf.
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Rectification of an Ellipse

e Rectification = Finding
arclengths

e y=y(x)

b
L= | \/1+y?dx.
/a o y

e Example: Circle

r X22
L = 4A 1+P dX X
r N2 2
4 {1+ —5—— d
A +r2_X2 B

—=4rsin"'1 = 4r (g) = 27r.

p /r dx
,
0o Vr?2—x?
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Other Arclengths

e Example: Ellipse
2
;;Jr#:l, x>0,y >0.

b
y = —ya?—x2
a
p bx
4 ava?—x?
2 42,2 2 p2
ac—k ac—b
1+y* = . =
22 _ Kk2x2
L = 2 )2<
% —x

2

e Example: Lemniscate, r= = cos 20

1
L:4/ _dr
0 1-—r4

History of Math

y
b

Elastica
Sep 1694, Jacob Bernoulli
Oct 1694, Johann Bernoulli
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Elliptic Functions

dt
Vi-t*’

e Lemniscate integral leads to new functions, u = [

dt
Vi1-t2®

e Elliptic Integrals: [ R(t,+/p(t)) dt, R is rational function,
p(t) is polynomial of degree 3 or 4.

e Compare to sin~ ' x = [

e Bernoulli (1694) - geometry, mechanics.
e Fagnano (1682-1766) - Doubling arc of lemniscate.

e Carl Friedrich Gauss (1777-1855) ~1800 studied inverse x = s/(u)
Doubly periodic

sl(u+2a) = sl(u)
sl(u+2ig) = sl(u)

e Rediscovered by Niel Henrik Abel (1802-1829)
and Carl Gustav Jacobi (1804-1851) in 1820's.
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Elliptic Integral Addition Theorems

e Example Circle

sin2u = 2sinucosu

= 2sinuV1—sin’u

o Let u=sin"'x. Then,

Py = 2/X dt
o V1-— t2
= sin! (2 sinuy/'1 — sin? u)
! (2X\/ 1- X2)
1—x2

= sin

2/* d /ZXV dt
0o V1-—t2 B 0 \/171'2.
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Elliptic Integrals

e Study of Inversions
Gauss 1790s
Abel 1823 (pub 1827)
Jacobi 1829 book
e 1786 (40 yrs later)
Legendre classified elliptic integrals into 3 cases, book 1825.
Examples:

[ o]
F(¢)=/ L.’ E(¢):/ 1— k2sin% 0 d6.
0 1— k2sin%0 0

e Riemann placed in geometric setting - torus.
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Gauss’ AGM - Arithmetic-geometric mean

; 1 o
e Gauss's constant G = W =2 Jo 2= =0.8346268....
1
e Between 1 and V2 is 2 = —.
w G

b
Arithmetic mean i .

Geometric mean = = % = g = Vab.
g

AGM(a, b) algorithm: Start with ag = a, by = b,

a,+b
ant1 = n2 n7 b,,H:\/a,,b,,, n=20,1,....

Gauss - AGM(1,/2) = T to 11 decimal places.
w

Led to study of general theory, modular functions, theta functions -
Ramanujan (early 1900s).
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Application of AGM(a, b)

Example: AGM(1,2). Start with ag =1, by =2,

n bn
anﬂz%, bri1 = \/anbn, n=0,1,....
an by
1.0000 | 2.0000
1.5000 | 1.4142
1.4571 | 1.4565
1.4568 | 1.4568
b )2 do
AGM(a,b) = =22 k(k) = / —
K (=) o V1-Ksin’6
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