Fractals in Nature and Mathematics:
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@ Complexity in Nature
© What are Fractals?
© Geometric Fractals
@ Fractal Dimensions
© Function Iteration
@ Applications

—
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Benoit Mandelbrot (1924-20

@ Grew up in France

@ Paris and Caltech
Education

o IBM Fellow

o Fractals

o Studied “roughness” in
nature

@ Fractal Geometry o
“Think ¥/ tfch, lo ud,
@ Mandelbrot Set ink of color, pitch, lo udness,

beaviness, and botness. Each is
e TED Talk link

the topic of a branch of pbysics.”
“Beno it cMandelbrot

|
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https://www.ted.com/talks/benoit_mandelbrot_fractals_the_art_of_roughness

Clouds and Mountains

Figure: How would you measure roughness and complexity
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Trees

Figure: Self-similarity
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Lightning

Figure: Fractals - what do you see?
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Capillaries

Clouds are not spheres,
mountains arenot cd
coastliries are hot Circles,
and bark isTot. Smootti,
nor does lightning 7

travel in & straight lipé.

Figure: Leaf and rivers Figure: Lungs
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Ferns

Figure: Do you see similarity at different scales?
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Ferns - Example of Self-Similarity
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Coastlines

Figure: What is the length of the coastline?
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What are Fractals?

@ From fractus, - “broken”
@ Self-similarity
@ Fractional Dimension

Figure: Fractal Fern
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Fractal Trees

Figure: Fractals - self-similarity, roughness

|
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Fractals in Nature

Figure: Fractals -what do you see?
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Geometric Fractals - Koch Curve (1904)

Step 1 (L=1)
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Geometric Fractals - Koch Curve (1904)

Step 1 (L=1)

Step 2
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Geometric Fractals - Koch Curve (1904)

Step 1 (L=1)

= Step 2

Step 3 (L = 4(%) =

[SSIE
~—
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Geometric Fractals - Koch Curve (1904)

Step 1 (L=1)

Step 2

VAN
—_— —/ \— — Step 4
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Geometric Fractals - Koch Curve (1904)

Step1 (L=1)

= Step 2

VAN
—_— —/ \— — Step 4

_/\_7/\?_/\_&@5“@)

9

|
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Koch Curve - Self Similarity (L = 5 — o0)
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Simple Fractals - Sierpinski Triangle

|
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Simple Fractals - Sierpinski Triangle

|
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Simple Fractals - Sierpinski Triangle
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Simple Fractals - Sierpinski Triangle
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Simple Fractals - Sierpinski Triangle
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Simple Fractals - Sierpinski Triangle
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Simple Fractals - Sierpinski Triangle
AN

|
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Dimensions - r = magnification, n = Number of shapes

D.= 3

Fractals in Nature and Mathematics

n=2 r=2
o]
n =In2=1In2.
A;% n=4 r=2
=In4=2In2.
n=8, r=2
_y =In8=3In2.
Ve
Inn
D=—.
Inr

R. L. Herman
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Fractal Dimensions - Koch Curve

For each step length of line
segment is reduced by r = 3.

The number of lines increases by
factor n = 4.

Therefore
Inn
p = =
o5 B Inr
gl SR
LV_Q (n‘i In 4
AT Uy Tng bAd = e
uF s Gy G In3

= 1.26.

—
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Sierpinski Triangle - Dimension
AN

\
\
\
\
\
\
\
Self-similar
In3
D= — =1.585
In2

|
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Coastlines - Great Britain, D = 1.25

[ =— —» =
Unit = 200 km, Unit = 100 km, Unit = 50 km,
Length = 2400 km (approx.) Length = 2800 km (approx.) Length = 3400 km (approx.)
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Coastlines -North Carolina

What is the fractal dimension of the NC coast?

George Washington

NationalForest  Richfnond ey et
fganoke® VIRGINIA * |ewporiiNews S Vair: ® |
7 -
Norfolko avir Y
Greensboro - o
NORTH ¥ @ ®
Hia/ CAROLINAL /g el ine e
o Fayetteville =)
irlotte o
i
Wilmington
3
30UTH
(ROLINA
imington )
Charleston Wiiga . ¢
S Google —

|
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Iterations

-Ioix
ITERATOR

x*12) |
cosx | sinx |
05x(1x) | 1501w | 32x(1x) |
Quit |  Clear |

|
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given X

10

100 120 140 160 180 200

Figure: r =0.05

|
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Logistic Map - x,.1 =

1.5

given X

Fractals in Nature and Mathematics

120

140

160

Figure: r=2.0
R. L. Herman
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Logistic Map - x,.1 = given xg

0.8

e o e A
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55
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Figure: r=3.1
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Logistic Map - x,.1 = given xg

ns

n.g

7

ne

n4s

0.4

[olelelelelolelole oo lolotolele o ole ololololele
Hetelslaleislslesloleslolelololelel Lol slele]
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Figure: r=35
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Logistic Map - x,.1 = given xg

na

n.g

7

ne

045

0.4
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Figure: r =3.56
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Bifurcations of Logistic Map - x,+1 = rx,(1 — x,), given xg

chaos
1
period doubling gg 4
0.8 //,(2’- = cantor set
, / 7 %
2
0.6 L \ perlodic window (orden
% g N
B /// \< nenperiodic oscllafions (chaos)
" 7 09 ' 1
/
0 s 0,6 H
no oscilofions %‘ 03 |
0 . \ . . \ ; 950 975 1000
1 L5 2 25 3 3.5 4 time
r
periodic oscilations
1
0,5 0,75 i
w0 "
-0.5 0.6 J
koo 1000 :
i 950 ?75 1000
time
—
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Mandelbrot Set

Iterate complex numbers 1m[c]
"1

z=a+bi,i=+-1.
zn+1:z,2,+c, zo = 0.

Example: c=1:

0,1,2,5,26....
Example: ¢ = —1:
0,-1,0,-1,0,....
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Mandelbrot Set - z,,; = z2 + c,

Example: ¢ =i :

X0
X1
X2
X3
X4

Xa

=0

= 0 +i=i

= P4i=—1+i
= (“14)2+i=—i
= (=P +i=—-1+i
= (=) +i=—i

Gives period 2 orbit =

{-1+i,—i,—1+i,—i...}.
@ Show more points at Fractals site.

20:0.

@ Mandelbrot Set Zoom online.

Fractals in Nature and Mathematics

R. L. Herman

OLLI STEM Society, Oct 13, 2017
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https://mathigon.org/world/Fractals
http://tilde.club/~david/m

Mandelbrot Set - Bulbs

%{V\" = M‘.%
Seahofse (73(

6
=7
VET] ,re' Elephant

vt 2 ¢ 14
Cardioid [ Valle
West / £ 3 4

Midget Scepter
Valley

Numbers in yellow indicate the number
of dendrites or spiral arms found in each
region, and in the corresponding Julia
fractals for each region.
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Mandelbrot Set - Bulbs
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Mandelbrot Set - Plot and Zoom

update
z00m
selection

http://www.flashandmath.com/advanced/mandelbrot/
MandelbrotPlot.html
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http://www.flashandmath.com/advanced/mandelbrot/MandelbrotPlot.html
http://www.flashandmath.com/advanced/mandelbrot/MandelbrotPlot.html

lterated Function Systems

@ lterated Function Systems

scale by 112

@ Scalings, Rotations, and ke 3 copies
Translations

rotate

translate

Evk

i
0
0

L] (e L]
L) ()

0
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IFS - Turning CHAOS into a Fractal

CHROS
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IFS - CHAOS

i i L7 1R L
EHAOS 0 N WHAODSN WHAOSN UCHAOS
T T EE T =L
b ﬁEHHD% %HHDSEH i i CCHAOG
] O O O O O O O
& o E o i i
HAOS & 5 & L THRAOSS CHAOSS

CHAOS
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IFS Chaos

—
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Maple Leaf - Barnsley Fractals Everywhere

The Collage Theorem and Fractal Image Compression.

=
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The Genesis Effect - Star Trek Il: The Wrath of Khan

(1982)

o Fractal Landscapes

@ First completely
computer-generated sequence in
a film http:
//design.osu.edu/carlson/
history/tree/images/
pages/genesisl_jpeg.htm

https://www.youtube.com/
watch?v=QXbWCrzWJo4

|
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http://design.osu.edu/carlson/history/tree/images/pages/genesis1_jpeg.htm
http://design.osu.edu/carlson/history/tree/images/pages/genesis1_jpeg.htm
http://design.osu.edu/carlson/history/tree/images/pages/genesis1_jpeg.htm
http://design.osu.edu/carlson/history/tree/images/pages/genesis1_jpeg.htm
https://www.youtube.com/watch?v=QXbWCrzWJo4
https://www.youtube.com/watch?v=QXbWCrzWJo4

Fractal Landscapes - Roughness in Nature

@ Mountains

@ Clouds

4
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1D Midpoint Displacement Algorithm
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1D Midpoint Displacement Algorithm
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1D Midpoint Displacement Algorithm

|
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Diamond - Square Algorithm

@ Square of size 2" + 1.

e Find Midpoint,
adding random small
hieghts.

@ Create Diamond.

o Edge midpoints, ...

@ e o ® 0 0 0 06 ¢ 0 060000

@@ ¢ e 000

® 0 9@ o0& & 0000

o0 oo 000

@ ® o o o' & o 0 & ¢ o000
—
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Diamond - Square Algorithm

Square of size 27 + 1.
Find Midpoint,
adding random small
hieghts.

Create Diamond.

Edge midpoints, ...
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Height Maps: Clouds and Coloring

&
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Other Applications

Video Games
Fracture - link

Ceramic Material - link

Biology - wrinkles, lungs,
brain, ...

Astrophysics

Figure: The Sloan Digital Sky Survey
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https://www.lehigh.edu/imi/teched/FFGConf/Mecholsky1_2.pdf
https://www.youtube.com/watch?v=BuS17Q7yxkU

Conclusion

o Fractals - Measure of Roughness

J. Gleick, Chaos, Making a New

@ Fractal Dimension Science, 1987/2008

@ Function lteration - Mandelbrot o E. Lorenz, The Essence of
Set Chaos, Making a New Science,

@ Applications 1995

e B. Mandelbrot, The Fractal
Geometry of Nature, 1982

@ Barnsley, Fractals Everywhere,
1988/2012

fman OLLI STEM Society, Oct 13, 2017 41/41 UNCW



	Complexity in Nature
	What are Fractals?
	Geometric Fractals
	Fractal Dimensions
	Function Iteration
	Applications

