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Introduction

What is 7?

How do you compute 77

How many digits do we know?
Memorization record?

Who is Akira Haraguchi?

What is your favorite 7 joke?

In the beginning there was ...

Archimedes.

What is 77

TT vs

Pl = THE RATIO OF A
PIE'S CIRCUMFERENCE
TO ITS DIAMETER

= @
{ ) J
= 314159

PIE = DELICIOUS

THE IDEAL RATIO OF
PIE TO ALL OTHER
THANKSGIVING DISHES

THIS IS A PIE CHART

PICE) ENTHUSIASTS

compentive
PieeaTers

N
Va AT
conrefve TeAchis

PUMEMORIZERS s

AREA OF ASLICE OF
PUMPKIN PIE =8 p?

L)

AREA OF PUMPKIN PIE

REMAINING = £ (g-sin@)r?

WHOEVER CUT IT15 (N TROUBLE.

AREA OF MINCEMEAT PIE
=Rt

&9

N

PROBABILITY IT wiLL BE EATEN
=0

VOLUME OF DEEP-DISH

TURKEY POT PIE = TP h

MAXIMUM NUMBER OF TURKEYS|
PER TURKEY PIE= UNKNOWN

NUMBER OF GUESTS WHO
/MADE US ORDER PI2ZA
THIS THANKSGIVING = 1

R Herman,

March R ¢her

2/21


https://www.pi-world-ranking-list.com/
https://en.wikipedia.org/wiki/Akira_Haraguchi

Eudoxus of Cnidus (c.390 — c. 337 BCE)

e Studied under Plato.

e Taught Aristotle. /ﬁé SFN
e Astronomer, Mathematician.

e Theory of Proportions: =8
Circles: A x r?,
Spheres: V o r3, /‘Aﬂ‘ﬂ‘ Tn;’;'\
Volume of a pyramid . "

Volume of a cone.

e Studied reals, continuous
quantities.

e Method of Exhaustion:
Due to Antiphon (480-411 BCE). =g
Area from a sequence of inscribed

| Figure 2: Method of Exhaustion.
polygons.
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Archimedes of Syracuse (287-212 BCE)

0 “Give me a lever long
e Went to Alexandria, Egypt fgg';g,ﬁg;fo‘;ﬁg;g"—‘
| and I shall move the

then, back to Syracuse, Sicily.
o Greatest Mathematician of Antiquity.
e Mathematician, Engineer, Inventor.
e Archimedean screw, lever, pulley.
e King Heiro II's crown - Eureka.
Archimedes Principle of Bouyancy.
o According to Plutarch (46-120): p—

e Marcellus - Syracuse 212 BCE. crcico.
e Claw of Archimedes.
e Heat Ray.

e Prone to intense concentration.
e Death of Archimedes.

What is 77 R. L. Herman, UNCW  March 2023  4/21



Archimedes’ Mathematics

e Mastered Euclid and
Eudoxus’ (c. 390-337 BCE)
Method of Exhaustion. C

o Measurement of a Circle

% = const., % = const.

A = area
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Archimedes’ Mathematics

e Mastered Euclid and
Eudoxus’ (c. 390-337 BCE)
Method of Exhaustion.

o Measurement of a Circle
% = const., % = const.

e Regular Polygons (n-gon)
Ap = %hQ7 Q = Perimeter.
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Archimedes’ Mathematics

e Mastered Euclid and
Eudoxus’ (c. 390-337 BCE)
Method of Exhaustion. T~

o Measurement of a Circle

% = const., % = const.

e Regular Polygons (n-gon)
Ap = %hQ7 Q = Perimeter.

e Inscribed Polygons
A, = 2anh < area of circle.

What is 7?7 R. L. Herman, UNCW  March 2023  5/21



Archimedes’ Mathematics

e Mastered Euclid and
Eudoxus’ (c. 390-337 BCE)
Method of Exhaustion.

o Measurement of a Circle \

% = const., % = const. a
e Regular Polygons (n-gon) \
Ap = %hQ7 Q = Perimeter.
e Inscribed Polygons ’

A, = 2anh < area of circle.

e Circumscribed Polygon \ (
2
180 'p—,/R2 — £

a:2RsinT
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Archimedes’ Mathematics

e Mastered Euclid and
Eudoxus’ (c. 390-337 BCE)
Method of Exhaustion.

e Measurement of a Circle
% = const., % = const.
e Regular Polygons (n-gon)
Ap = %hQ7 Q = Perimeter.

e Inscribed Polygons

A, = 2anh < area of circle.
e Circumscribed Polygon

a:2Rsin&nO,h:‘/R2—‘%

e Approximation of m,
A A
B <m < 3R
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Estimating 7

Approximation of 7,
A A

B < T < 3E,
Recall

A
a=2Rsin 180 P

h= \/R2— 2 = Rcos == 180
A, = ianh = nhRsin TO.
Therefore,

n . 360 180
—sin— < 7w < ntan —,
2 n n

Hexagon (n = 6),
2.508 < m < 3.464.

Archimedes - up to 96-gon
3.1394 < 7w < 3.1427.

What is 77

\&nscribed

~~ Tnscribed

0 2 4 6 8 101214 16 18

R. L. Herman, UNCW  March 2023

6/21



Archimedes’ Inscribed and Circumscribed n-gons

Consider a fixed circle of radius R.

180

e Inscribed n-gon: h = Rcos =7,

A; = nhRsin %.

e Circumscribed n-gon:

= —COSRm7 Ac = nHrsin %O.
e Thus,
180
A,‘ = nR2 tan 77
A = ﬁ/?2 sin @
2 n
e This gives
n

. 360
—sin— <7 <ntan —,
2 n n
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Early Approximations of 7: Peripherion mepipepera

Bible, m ~ 3.

Babylonian 3 + é.

Egyptians, (£)* = 25 ~ 3.1604938.
Sulbasutrakaras (< 800 BCE), 3.08.
Archimedes (250 BCE) 32 < 7 < 31.
Aryabhata (499), 35555

Ptolemy (150), 360-gon, 3.14166.
Chinese (430-501) 25 = 3.14159292.

113
Hindu (1100)

62832

3027
3921 1 3.1416.

Viéte, 393,216-gon, 7 to 9 places.

van Ceulen (1540-1610) Dutch, 35 places.

William Shanks (1873) 527 digits.

What is 77

R. L. Herman, UNCW

Lambert (1728-1777) - irrationality
proof.

William Jones (1706) introduced .
Euler popularized notation.

See Approximations of 7 .
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https://en.wikipedia.org/wiki/Approximations_of_%CF%80
https://en.wikipedia.org/wiki/Chronology_of_computation_of_pi

Buffon’s Needle

1777 essay, Georges-Louis LeClerc, the Comte de Buffon (1707-1788).
[See MAA Convergence]

If a needle of length ¢ is thrown randomly onto a floor marked with
parallel lines, set at distance d apart, what is the probability that the

needle will cross one of the lines? p = 2—€
wd
by S
fa '.E—7 ' S
lc E'e - » dj
¢ B D

Figure 3: Buffon's sketch of the Needle Problem.
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https://www.maa.org/press/periodicals/convergence/how-to-calculate-pi-buffons-needle-a-mini-primary-source-project-on-geometric-probability-for
https://www.biodiversitylibrary.org/page/50068691

Monte Carlo Approximation

m ~ 3.15039

e Simulate random points in the
plane with domain as a square
of side 2r units centered on
(0,0).

e Inscribe a circle with radius r

e Find the number points that lie
inside the circle.

e Then,

Area of circle  #r®2 =

Area of square  4r2 4
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Tikz Code for Monte Carlo

\begin{tikzpicture}[scale=.5]

\def\r{6}

\def\n{2500}

\pgfmathsetmacro\s{\r*\r}

\edef\k{0}

\draw[line width=1] (0,0) circle (\r);
\draw[line width=1] (-\r,-\r) rectangle (\r,\r);

\foreach \n in {1,2,...,\n}{
\pgfmathsetmacro\myx{\r*rand};
\pgfmathsetmacro\myy{\r*rand};
\pgfmathsetmacro\d{\myx*\myx+\myy*\myy};

\pgfmathsetmacro{\col}{\d<\s 7 "red" : "blue" }
\pgfmathsetmacro{\c}{\d<\s ? 1 : 0 }
\pgfmathparse{\k+\c}

\xdef\k{\pgfmathresult}

\draw[fill,color=\coll (\myx,\myy) circle (.05);
}

\pgfmathsetmacro{\p}{\k/\n*4}

\node at (0,6) {$\pi\approx$ \p};
\end{tikzpicture}
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More Ways to Compute 7

e John Wallis (1616-1703)

e Let a, = length of circumscribed, regular

6 -2"-gon. @ _ -8--
o 2 .9..
e Let b, =length of inscribed, regular
6 - 2"-gon about circle of radius 1/2. e Lord Brouckner (1620-1684)
e ay =23, by =3,
-~ 4
2a,b, i
a = s
m an + by 252
b,, 1 = V an lbn
* * e James Gregory (1638-1675)
e a, = 3.1427, b, = 3.1410 Like 96-gon g g
E s Vi tan—1 /X dt X +><
- x = = x— ...
e Francois Viéte (1540-1603) , 112 313
2 T /1 1 e John Machin (1680-1752) - 100 digits
x Va2y2 2 1
™ =il =il
— =4tan - —tan = —
4 5) 239
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Ramanujan-Type Series

e Ramanujan (1887-1920) used elliptic integral approximations to find

1 2V2 = (4k)! 1103 + 26390k

T 9801 K14 3964k
k=0

Gives eight correct digits per term. Gosper (1985) used this to find
17 million digits of 7

e David and Gregory Chudnovsky (1989) found

(13591409 + 545140134k)
3k I(kl)36403203k+3/2

Mz

k=0

Gives 14 correct digits per term. See The New Yorker, March 1992.
The Mountains of Pi
Led to record (1994) 4 billion digits.
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https://www.newyorker.com/magazine/1992/03/02/the-mountains-of-pi

Breaking Records - Digits of 7

e 2016 World record of 22,459,157,718,361 digits using
1,583,677,621,196 terms, Peter Trueb.

e In 2019, 31.4 trillion digits, Emma Haruka Iwao .

e In 2021, scientists at the University of Applied Sciences of the
Grisons calculated another 31.4 trillion digits of the constant,
bringing the total up to 62.8 trillion decimal places.

e 2022 another record: 100 trillion digits of 7. See here.
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https://cloud.google.com/blog/products/compute/calculating-100-trillion-digits-of-pi-on-google-cloud

BBP Formula

Compute the dth digit of 7 and other transcendental numbers in various
bases without computing all of the preceding digits.

Based on identities introduced by D. Bailey, P. Borwein and S. Plouffe [2].

The identity used to obtain the binary and hexidecimal digits of 7 is
given by

= 1 4 2 1 1
=¥ — - - - . 1
" ;w <8k+1 8k+4 B8k+5 8k+6> (1)

F. Bellard introduced an identity which produced the 40 trillionth bit of 7
[3]. 43% faster than that using the BBP formula.

1 < (—1) g2 1 2 P2
o= =y - - + _
26 £ 210k 4k +1 4k+3  10k+1 10k+3
o P2 1
— + : (2)
10k +5 10k+7 ' 10k+9
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Bellard Note

Bellard shows these are easy to find using the series expansion

xk

—, for |x| < 1.

—In(1—x) = P

I

Further noting that tan—? (ﬁ) =S (In(1 — 1)) and setting x = 2,
the BBP Equation (1) results.

Combining this series expansion for tan—? (ﬁ) with the relation

1 1
% =2tan"(3) ~ tan"'(2),
one can obtain Bellard’s Equation (2).

This is just a variation of Machin's 1709 formula

1
— =4tan ' —tan! —.
an 5 an 239

What is 7?7 R. L. Herman, UNCW  March 2023  16/21

&3



Integration Formula

These formulae appear to be found through inspired guess work. M.
Hirschhorn has shown how formula (1) can be obtained using simple
integration formulae [6] using

oo 8k+r X r—1
u
5 du.
1—u

i

i x8k+r i 8kt /OO (8k+r)
= X e TS ds
=0 8k +r o 0
_ / (xe=) 3 ((xe~)®)* ds
0

— =8 —
Where u=xe ’ C/U = —u dS. What is 7?7 R. L. Herman, UNCW  March 2023  17/21



Other Curiosities - Borwein Integrals - 3BluelBrown

X x/3 dX:Q

/OO sin(x) sin(x/3) Z

0 X x/3 x/5 2

/°° sin(x) sin(x/3) sin(x/5) dx= T

This pattern continues ...

/°° sin(x) sin(x/3)  sin(x/13) .
0

X x/3 x/13 2

At the next step the pattern fails,

/°° sin(x) sin(x/3) sin(x/15) dx =7
0 X x/3 x/15 .
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https://www.youtube.com/watch?v=851U557j6HE I 

Thanks for listening!!!

e BBP Formula at Wikipedia
e Plouffe’'s new paper at Simon Plouffe's pages

e John Baez blog
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https://en.wikipedia.org/wiki/Bailey–Borwein–Plouffe_formula
http://plouffe.fr/Simon Plouffe.htm
https://johncarlosbaez.wordpress.com/2018/09/20/patterns-that-eventually-fail/
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Some References ii
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https://www.newyorker.com/magazine/1992/03/02/

the-mountains-of-pi.

What is 77 R. L. Herman, UNCW  March 2023  21/21


https://www.newyorker.com/magazine/1992/03/02/the-mountains-of-pi
https://www.newyorker.com/magazine/1992/03/02/the-mountains-of-pi

	Introduction
	Archimedes
	Early Approximations of 
	Ramanujan-Type Series
	 BBP Formula
	Borwein Integrals

