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he Wormhole Metric

Morris and Thorne wormhole metric: [M. S. Morris, K. S. Thorne,
Wormbholes in spacetime and their use for interstellar travel: A tool
for teaching general relativity, Am. J. Phys. 56, 395-412, 1988.]

ds? = —c2dt? + dr? + (b + r?)(d6? + sin 0 d¢?)




Embedding ds- =
Consider 2D slices (t =const, § = 7/2). Then,

dS? = dr* + (b* + r?) d¢?.
Compare to a cylindrical coordinate line element: (p(r),, z(r))

d¥? = dp*+ p*dy? + d7?
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Embedding Diagram from (£ = s

Now we integrate [substitute r = bsinh u, dr = b cosh u du]:
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&~ VEie =
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Therefore, z = bu = bsinh™! t—r), or

z
= bcosh —
p cosh

z
= bcosh —.
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The embedded surface of revolution is a hyperboloid.




Lagrangian Approach to Geodesics
Begin with a metric ds® = 8as dx®dx”. Then,

dx® dxﬁ

TAB = —8aB - da

Euler-Lagrange Equations = Geodesic Equations

“ (ﬁ) 9L o 0123,
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where x7 = £ and we defined the “Lagrangian”
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Compute W  do m) =0.

We carefully compute the derivatives for a general metric.
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The o derivatives have been replaced by g—g = g—i% = Lg—i. We
used symmetry and the fact that o and 8 are dummy indices.
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8(dx7/da )

We differentiate the last result:
B i oL o d (1 dx®
do \d(dx'/do)) ~ do \L5do
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Compute 5= — (cont'd)

We have used symmetry, re-indexing of repeated indices, and have
eliminated appearances of L.
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CE) ) . (finally!)
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Compute 3= —

So far, we have
o . O _d( oL
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Rearranging the terms and changing the dummy index « to ¢ ,
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= —r
he Result: Key Equations

The Geodesic Equations

d?x~ L ra dx? dx?
dr? Py dr dr

In terms of the four-velocity:

du®
— F 7T =0.
dr N Tu

The Christoffel Symbols are given by [Note: % =T,

agoz,é’ 8gory . 8g,3'y
Ox7 oxB  oxa |’
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LIE
ormhole Geodesics via the Lagrangian

Begin with the proper time (with ¢ = 1),

dr? = —ds? = dt? — dr? — (b? 4 r?)(d6? + sin® 0 d¢?),

Write the Lagrangian,

dt\? [dr\? do\? do\?
J (da) (da) (S ((da) ARty (da) ’
Apply the Euler-Lagrange equation for each variable: t, r, 6, ¢.

Example - time variable ¢, = <t:
g

9 (ory ot _g
do \ Ot ot




ime Equation

Lagrangian:
. . ,71/2
L=[8 = 2= (b + ) +sin04?)

Geodesic Equation for t: [Recall that Ld% = d%]

@ (o) _ ot
do \ot) Ot

d 7 dt
B = 0
do ZL do
d dt
Lar (d_)
d?t
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Radial Equation
Lagrangian:

: . 91/2
L= [iQ — 1% — (b? + r?)(6? + sin? 0¢?) /

Geodesic Equation for r:

FRCANR
do \or/) — Or

2 (15) - o[

d?r
dr2




he 6-Equation
Lagrangian:
. 57172
L= [iQ — 1% — (b? + r?)(6? + sin% 0¢?) /
Geodesic Equation for 6:
d (o) _ oL
do \ 99 00

b2+ r2 df e do\?
7 %) _ﬂ(b + r?) 2sm0cos€(d—)

dNEN O o o do\°
d7'<(b +r)d7_)—(b + r°)sin 6 cos 0 p .




he ¢-Equation
Lagrangian:

: . 91/2
L=t =2 — (b? + r?)(6? +sin® 9@52)} /
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do (8(]5 0¢

Geodesic Equation for ¢:

R L 2
Li <—b an sin29@)

dr L do

prm <(b + r°)sin ed




he Geodesic Equations for tll{e MT Wormhole

o
dr2

d?r A
P r [(E) 4+ sin H(E)

d (2, 290 _ o o do\?
I ((b +r)d7-> = (b°+r°)sinfcosd e

0

d 2 | 2,99\ _
7 ((b + r°)sin edr) = 0.

» Solve for geodesics (t(7), r(7),0(7), o(7)).

» Read off Christoffel Symbols, %’fi = —I'%‘W%%
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Christoffel Symbols from the Geodesic Equations

Start with general Geodesic Equation:

P oo
dr2 — Prdr dr

e
dr?

d?r do\? ., [(do\?
F r [(—) -+ sin 9 (d_) .
Read off the coefficients:

» rg’y:07 /87,)/:r79)¢'
> [y =—r, Fg)d) = —rsin6.




Christoffel Symbols (cont'd)

d’x e dx? dx7
dr2 ~  Prdr dr

d (2, 299\ _ o o do\?
= ((b +r )dT) (b 4 r<)sinf cos b pr
d?0 dr df

. do 2
b2 4 or 2, 2
( )d e dr dt (bEREliRce= 0 (do)

ﬁ s drde—i—sm@cos& a¢ i
dr2 B2+ r2drdr do )

> Y = e = r,, ngs = —sinfcosf.

» Note: ') and 'Y, contribute equally, thus there is no 2.
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Christoffel Symbols (cont'd)

d’x e dx? dx7
dr2 ~  Prdr dr

d (112, 2y 2,99
. ((b + r°)sin QdT)

2
(b? + r?)sin? 9%

rdo
—2rsin? GEE

d?¢
dr b2+ r2dr dr

> == r‘f’ — coté.

ro?



Christoffel Symbols from the Metric
The Christoffel symbols are defined by

1 [Ogap | 98 0gp
o 2 o ay v
Eadl gy 2 | Ox7 u OxB Ox«

For the wormhole metric,

ds? = —dt? + dr? + (b? + r?)(d6? +sin® 0 d¢?).

-1 0
DG 1
Sw=1 0 0 L2+r° 0 ’
0 0 0 (b? 4 r?)sin? 0

or, g = —1, gr =1, gog = b*> + r?, gyy = (b* + r?)sin?6.




Christoffel Symbols I';_

Let « = t and x* = t, then

The nonzero metric elements are
8tt = _17 8rr = 1a 809 = b2 + r27 8oy = (b2 + r2)sin2 0.

8gtﬁ

1
L
gl gy = > [

8t rfﬁ =

|
|

So, F;ﬁ =0 for all « and S.

1
2
1
gttrgt a 2
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Since the g, is nonzero and constant for 1 = t,

98ty _ 63’/37]

agtﬁ agt’y _ agﬂfy
Ox7  OxP ot
0gee . 08w - gt -0
ot ot ot ’




Christoffel Symbols ' ;

The metric elements are
8tt = _17 8rr = 1a 809 = b2 + r27 8oy = (b2 + r2)sin2 0.
Let « = r and x* = r, then

1 [0g 0 0
5§ _ 1|98 Ery 98y
&rsl oy = 2 [OX”Y * OxB or ] '

Thus, 6 = r and either 5 =~ =6 or § =~ = ¢. So, we have

, _1[0ge , Ogro Ogoo
&nlon =3 { 20 08  or |
1 8grd) agrqS agqﬁqﬁ
rrrr N~ . .
8l g0 = 3 [ 56 " 96 or

Therefore, since g, = 1,

Moo = —r, F;d) = —rsin?0.




Christoffel Symbols 7, ;

The metric elements are
gt =—1, gr =1, g9 = b? + 12, gsp = (b* + r*)sin® 6.
Let « = 0 and x® = 6, then

1 |:(9g95 6g97 _ (9g57:|

M, ==
80167 =5 | axr " BxB 08

Thus, 6 = 6. We take =6 or § = ¢ due to symmetry. So, we

have
o _ 1 [%80 98 0oy
E016y =5 |9xr T 00 80 |

o _ 1|08 , 080y 984
B0 ey =5 oxy " 8p 08 |

Nonzero terms occur for v = r in first and 7 = ¢ in second
equation.




——
Christoffel Symbols T, ; (cont'd)

Since ggg = b? + r? and gsy = (b? + r?)sin® 6, we have

g = 1980 , 98- 8o |
°l 2 or 00 00

1 Ogpe
B+ = 3 =7
0 _ r e
r9r i b2—{—r2 _rre'

1 [Ogog , O8o¢ 08¢

2| 0¢ oo 00 |
(b2+r2)rg¢ — _%%:—(bz-i—rz)sinﬁcose

—sin@cos 6.



Christoffel Symbols '

The metric elements are
Stt = _17 8rr = 1a 8o = b2 + r27 8oy = (b2 + r2)5in2 0.
Let @« = ¢ and x* = ¢, then

g5 :1 Ogyp | 084y _ 983y
W T2 oxr T axB 04 |

Thus, 6 = ¢ and we take 8 = ¢ due to symmetry. So, we have

1 [3g¢¢ 084y 3g¢w]

o _
Bool 4y 2 | Ox7 0¢ 0o
10849
2 OxV

Since gyp = (b + r?)sin® 0, then v = r or v = 6.




Christoffel Symbols '} ; (cont'd)

Since gy = (b + r?)sin® 6, we have

1 8g¢¢
e = ==
o9 gr 2 Or

(b* + r?)sin? ergr rsin®6

1 8g¢¢
re )
8o9 ol 2 90

(b* + r?)sin? argg (b® + r?)sin 6 cos 0
Therefore, we have

¢ _ . _r? ¢ _ _r?¢
r¢r—bz—+r2—|_r¢, r¢9—COt9—r9¢.




ormhole Metric and Geodesic Equations

ds? = —dt? + dr® + (b? + r?)(d6? + sin® 0 d¢?).

o
dr?

d2r doN?  , [dp\?
= r[<z> + sin 6(%) .

0.

2

d ((b2+r2)d9) i (b2+,z)sinecosg(#)

dr dr T

di ((b2 + r2) sin? 9#) = (0
o

Christoffel Symbols Iy = —r, [}, = —rsin®0, [}, = '
=r?

¢ _ _ro
r¢,r¢0—cot9— F9¢.
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S r
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Computing ', without Lagranglans

Let's compare I'ﬁ, , in basis x*' to I3, in basis x*. For x* = x*(xH") we
define L}, = ‘9"
Then, we have. (MTW p. 262),

T = L A L 4

where the bases are e, = L7e, at a given point. So,

o OxY Oxt 9x” n ax 9Pxk
B 9xr 9xP" OxY Oxt OxV OxP"”

Since the Christoffel symbols vanish for flat coordinates,

af . 8xa/ 82X”‘
B 9xmn 9xv OxP

For example, to find re,_, for spherical coordinates, one computse a few
derivatives of the spherical coordinate transformations.




Example: Spherical Coordinat‘e.s

Transformation:

rsinf cos ¢,

= rsinfsin ¢,

rcos@.

Christoffel Symbols

. 82X&+82y&+82zg
T 9rd0ox | 0rd0dy  9rdh Oz
= cochosqﬁé—l—costingﬁ%—sinH%=0.
Pxor Py Fzor
920 Ox 020 0y 020 0z

i X P z
= —rsinfcos¢— + rsinfsinp= — rcostd— = —r.
r r r

r S
Mg =

etc.



Computing Christoffel Symbols in Maple

> restart: with( tensor ):
{ Declare coordinates in desired order.
> coord := [t, r, theta, phi]:
Enter metric components to produce g.
> gg:=array{symmetric,sparse,1..4,1..4):
ggll,1]1 := -1: gg[2,2] := 1: gg[3,3] := r~2+b*2: ggl4,4] := (r*2+b~2)*sin(theta)*2:
> g := create( [-1,-11, eval{gg)}:
-1 0
0 0

g = table([compts = 2 | index_char =[-1,-11])
00 0

o+ o7 siace)”

Run main routine and display Chritoffel symbols (of second kind).
> tensorsGR(coord,g,contra metric,det met, €1, C2, Rm, Re, R, G, C):
> displayGR(Christoffel2,C2) ;
The Christaffel Symbols of the Second Kind
RON-ZEFO COMPONENES

(2,33 =—r
441 =—rsin(8)”
r
3,23} =
rl+ b2

(3,44} = —sin(B) cos(8)




