Homework #5. Problems: 1, 2, 3, 5, 7 in chapter 4

4.1) NUMBER OF THERMAL PHOTONS

We need

Tesy = B 1/lexp(uy/1) - 1] =T 1/(e-1)

whers W = nnc/L, u = (nlc/tL)n. The sum is converted to
an integral, as in (17), but with an additicnal factor 2

for the two independent polarizations:
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The factor preceding the final integral may be written
n_zv{tjhr}a, as in (48). The integral has the wvalue,

evaluated below,
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Comment. Integrals of the form

m
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I =f“udu with n 2 0
0 e =1

occur often in thermal physics. They may be evaluated by
expanding the denominater inte a (converging) geometric

Series:




For odd integer wvalues of n the sums have simple closed-
form wvalues tIl = nzfﬁ, I3 = H2f15}, listed in many
tables. For other values no such simple relations exist.
Purely numerical values for integer n are given in many of
the more elaborate tables, but the series are readily
(although slowly) summed on a programmable calculator.
The calculation can be greatly speeded up by summing only
a relatively small number of terms and approximating the

remainder as an integral:
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The integral has the walue lf[utH+h}n]. For n =2, M = 10
one obtains in this way _'[E = 2.404134, a result within
less than 1 part in 105 of the exact value, 2.404114. The
accuracy increases with increasing M.

4.2) SURFACE TEMFERATURE OF THE SUN

{a) Let JE denote the radiated energy flux density at the
Sun=-to=Earth distance D from the Sun. Then the total

E
radiated flux is
& = 4nngJE = 3.845¢10%%; 571 |

(b} 1If R@ 15 the radius of the Sun and J_. the flux den-

sity at that radius,

&

J. = ¢/4nR* 4 - 6245 J s tem™?

® o = 78T
T = (Jo/0.)° = 5761 K



4.3) AVERAGE TEMPERATURE OF THE INTERIOR OF THE SUN

(a) Dimensionally,

U=z - GMé/R = - 3.77x1048erg = - 4X1048erg . (s1)

If the Sun had a uniform density p = MO/(4nRg/3), the
exact result would be

[» -]
U= - sz./.(4HR3/3)(4nR2)dR = - 36M /SR .
0

We continue with the value (S1).

(b) The Sun consists mostly of hydrogen atoms; their

number is

~ - 57 . 57
N = MQ/MH = 1.195x10 ~ 1x10

From 3tN/2 = =U/2:

T = - U/3KN = 9.66x10°%k = 10’k .

4.5) SURFACE TEMPERATURE OF THE EARTH

The solar energy f£flux density at the Earth's orbit is
JE = GETgfoEfDEjE. The flux intercepted by the earth is

_ 2 _ 4 2
p = nEEJE = m:iBTEI ™ ERERGIDE?

The flux re-radiated by the Earth is
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Equating the two fluxes leads to
- L T
Tp = (Rg/2Dg) Ty 280 K

Hote that the radius of the Earth drops out.

Comment. The problem lends itself to wvarious elabora-
tions, such as estimating the temperature of the solar
energy panels of a satellite, as a function of the atti-
tude of the panels, and of the emissivity of the back of
the panel.

oo
U= - sz./-(4nR3/3)(4nR2)dR = - 3GMJ/SR, -
0

We continue with the wvalue (S1).

(b) The Sun consists mostly of hydrogen atoms; their

number is

N _ 57 . 57
N = M /M, = 1.195x10°" = 1x10 .

From 3I1N/2 = -U/2:

T = - U/3kBN = 9.66X106K = 107K .



4.7) FREE ENERGY OF A PHOTON GAS

(a) The partition function for a single mode with fre-
quency w, is, from (3),

1

z, = [1 - exp(-}Jw /T)] ~ . (s1)

The different modes are independent of each other; there-
fore the partition function for the overall photon gas is
simply the product of all single-mode partition functions:

z =Tz,
n

Because of (S1) this is the same as (53).

(b) F=-1log2=-r1 log Zn. With (S1) this is the
same as (54). Transformation to an integral:
oo o
... = n~/.... n?an = n(tL/nMC)3./”... u?du
n 0 0
with u = (n}fic/tL)n ; see Problem 4.1. Integration by
parts:
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The integrated term wvanishes at both u = 0 and u = », and

the integral is the same as in (19), n4/15. Inserted into
F:
2

V = 1t x n(tL/nic)> x (-n/a5) = - n?vid/asc3y



