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THEORETICAL DISCUSSION

For each of the linear kinematic variables; displacement 7, velocity ¥ and acceleration @; there is a corre-
sponding angular kinematic variable; angular displacement 5, angular velocity &, and angular acceleration
d, respectively. Associated with these kinematic variables are dynamical variables—momentum and force
for linear variables—angular momentum and torque for angular variables. The rotational analogue of the
inertial mass m is the moment of inertia I[1]. The relationships are summarized in table I.

Linear variables analogous angular variable
displacement 7 angular displacement 6
 — ar o = _ df
velocity ¥ = angular velocity & = %
acceleration @ = % angular acceleration & = ‘fi—‘:
momentum p = m% =m7 angular
momentum R
L = 7Fxp
_.db
dt
= = IJ
force F' = m% =ma torque
T =7FxF
do
— 1’7
dt
= Ia

TABLE I: Linear variables and their angular analogues

According to the table, torque is the angular analogue of force: In other words, just as force acts to change
the magnitude and/or direction of an object’s linear velocity, torque acts to change the magnitude and/or
direction of an object’s angular velocity. The equation
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7 o = 1a (1)

describes the effect of a torque on the object’s angular kinematic variables. It tells you what a torque does,
but not where it comes from. A torque arises whenever a force acts upon a rigid body that is free to rotate

about some axis. If the applied force is F and the displacement vector from the axis of rotation to the point
where the force is applied is 7, then the torque is equal to

7= FxF (2)

Using the definition of the vector cross product, the magnitude of the torque is

7 = rFsiné (3)

where 0 is the smallest angle between the vectors F and 7. The direction of the torque vector is given by the
right-hand rule—place the fingers of your right hand along 7 and curl them into F: your thumb will point
in the direction of 7. The directional relationships between F', 7, and 7 are shown in figure 1.
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FIG. 1: Directional relationships between ﬁ, 7, and T

So long as the total net force on an object is zero, the velocity of its center of mass will not change. However,
it is possible for an object to have zero net force acting on it, but to nevertheless have a non-zero torque
acting on it. Figure 2 shows one such possible scenario. The velocity of the center of mass of the object in
figure 2, acted upon by two equal and opposite forces, will remain constant, but since the torque is non-zero,
it will spin about its axis at an ever-increasing rate of rotation.
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FIG. 2: Equal forces applied to opposite sides of a rotation axis

For an object to remain in static equilibrium, so that both the velocity of its center of mass and its angular
velocity about any axis are constant, both the net force and the net torque on it must equal zero. The
conditions for static equilibrium are:

Fot = 0 (4)
_'net =0 (5)

In today’s lab you will use the conditions for static equilibrium to measure the mass of a meter stick that is
balanced on a knife-edge fulcrum.

PROCEDURE

The experimental setup is shown in figure 3. Suppose you can get your meter stick in balance as shown
in the figure. There are three forces acting on the left-hand side of the stick and one force acting on the
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FIG. 3: Experimental setup for using torque to weigh a meter stick

right-hand side. The mass of the section of ruler on the right hand side is m»s = mITQ, where [ = 100 cm is

the length of the ruler. The center of mass of the ruler material on the right-hand side is located a distance

%2 from the fulcrum, as illustrated in figure 4. Since the force acts at right angles to the displacement, the

magnitude of the total torque acting on the right-hand side is

l 12
Tright — ”nrhsgi2 = m9272l (6)
[ i -
-t i i
il d, .
]||l||l||||l||l l|||||l||||l|| ||||||III]lIiI||||l|!||l||l|l||l|| |I|I|||l||||l||i||||l||l|]||l||i|l
0O 10 20 40 =0 60 70 80 ao 1qd
s
| I
TS sl

FIG. 4: Illustration of the balance of torques

On the left hand side, there are the gravitational forces due to mq, mgo, and the mass of the ruler material
myps on the left-hand side of the stick. The magnitude of the forces arising from these three sources are,
respectively,



F1 = mlg
Fy = mag
l
F3 = mypsg = m%g
The center-of mass of the ruler material on the left-hand side is located a distance % from the fulcrum. Since
all three forces act at right angles to the displacement, the total torque on the left-hand side is

2

Tleft = Migri + magrs + mg2—11 (7)

All of the downward forces acting on the ruler are countered by an equal and opposite upward reaction force

(normal force) that acts at the point of the fulcrum. Since it acts at the fulcrum point, it exerts no torque,
so that the equation for static equilibrium is

n_ B
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(8)

Tleft = Tright — M1gT1 + Magra +mg

Cancelling the common factor of g, and re-arranging the equation, you get an equation for the mass of the
ruler:

2[(777,17‘1 =+ 7Tl27’2)
(13 - 17)

By varying the fulcrum point, and hence the values of /1 and I3, and adjusting the locations of m; and msy
to achieve static equilibrium, you can obtain independent measurements of the mass of the ruler.
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m =

SUMMARY

1. Set the fulcrum location at approximately 30 cm.

2. Bring the meter stick into balance (static equilibrium) by varying the positions of the two masses, m;
and my. The inner mass mo (mass closest to the fulcrum) should be about 150 g. The outer mass m;
should be about 10-20 g. You can use the position of m; to “fine-tune” the balance.

. Record the distances rq, ro, l1, I, m; and ms.
. Calculate the ruler’s mass using the method of static equilibrium (equation 9) and label it Mmegp.

. Weigh the ruler using the mass balance. Record this value as my.

S ot s W

. Calculate and report the fractional discrepancy ¢ between M., and my.

(1] The moment of inertia I is defined as I = [ r2dm, where the displacement r is from the axis of rotation to the
location of the mass element dm.



