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Introduction to Recurrences

A recurrence is an equation or inequality that de-

scribes a function in terms of its value on smaller in-
puts.

For example:

_J e() ifn=1
T(n) = { 2T(n/2) + ©(n) ifn > 1
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A simple Example

T(n) =2T(n/2) + cn
Let n = 2% then

T(2F) = 27 (2 1) + 2F

T(2F 1) = 27(2F2) 4 k1
Therefore,

T(2F) =2{2T(2F2) 4 21} 4 2F
= 227 (2F2) + c2F 4 c2F
= 227 (2F2) + 2.c2%

Similarly,

T(2"72) = 2T(2F3) 4 c2F2
T herefore,
T(2F) =22T(2F2) + 2.c2F

= 22{2T(2F3) 4 c2F2} 4 2.c2F
= 23T (2F73) 4 3c2*

Thus,
T(2F) = 2m7(2F™) 4 m.c2k

When k = m, since 2¥ = n and therefore k = log(n),
we have,

T(28) =2*T(1) + k.c.2F

=n.T(1) + log(n).c.n
= O(nlog(n))



Another simple Example

T(n) = T(n/2) + 1
Let n = 2% then

TR =T "H +1

T2 = T(2F2)+1

T herefore,
T(2") ={T(2"2)+1}+1}
=T(2"2) 42
Similarly,
T(2F2) = T(2F3) +1
T herefore,

T(2F) =T(2F2)+2
={T(2"3)+1}+2}
=T(2¥3)+3

Thus,

T(2F) = T(2F™) +m

When k = m, since 2¥ = n and therefore k = log(n),
we have,

T(2¥) =T(1)+ log(n)
= O(log(n))



T hree methods

1. substitution method: Guess a bound and check
by induction

2. recursion tree method: convert the equation to
a tree whose nodes represent the cost
3. master method: for recurrences of the form

T(n) = aT(n/b) + f(n)
where ¢ > 1,b > 1 and f(n) is given function.



Substitution method:
For example to solve a recurrence such as:

T(n) = 2T(v/n) + log(n)

Let n = 2™, that is log(n) = m. The recurrence can
be rewritten as:

T(2™) = 2T(2™?) +m

Now let T'(2™) = S(m), then the above recurrence
can be rewritten as:

S(m) =25(m/2) +m
Which solves into (by earlier example):

S(m) = O(mlog(m))
Thus,

T(n) =T2™) = S(m) = O(log(n).loglog(n))



SOLVING  T(n) = 3T(n/4) + O(nf
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SOLVING: T(n) = T(n/3) + T(2n/3) + cn
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Master Method (reference clrs p-73)

T'(n) = aT(n/b) + f(n)
then
T(n) = ©(n'°%)
. if f(n) = O(n'°%2=¢) for some € > 0

T(n) = ©(n'°%*%logn)
. if f(n) = ©(n'°%2)

T(n) =©(f(n))

it f(n) = Qn'°%e*t¢) for some ¢ > 0 and if
af(n/b) <cf(n) for some ¢ < 1.



