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Let ¢ = {ci}rer bDe the discrete data to be
transmitted. Let {ypr}rezr be a family of ban-
dlimited transmission pulses. The (continuous-
time) signal to be transmitted is

z(t) = ) cppr(t)

kel
H is the operator representing the radio chan-
nel. The received signal is (in the absence of
noise)
y = Hx

We extract the discrete data d = {d;};c7 from
y by computing

d; = (y, ), lel

where {¢Y}rc7 is a family of receiver functions.
For simplicity we assume ¢ = 9.



We introduce the coefficient operator C by

Cy = {{y, 1) }ieT
and note that £ = C*c. Then

d = CHC*c
Defining the matrix A = [Ag ] ez Where
A1 = (Heop, 1)
and using linearity of H we get

d= CHC*c = Ac

C 4A— d
c* }c
X | .|y
H




Equalization...

. IS the process of compensating for channel
distortions at receiver.

We need to solve Ac = d.
Problems:

e A is an infinite-dimensional, or very large,
matrix

e Application of A or inversion of A may be
VEery expensive

e A may not be invertible

e The computation of C*¢ and Cy may be
expensive

e A and H are not known at the receiver (re-
quires channel estimation)

Ideal case: choose ¢.'s such that A is diago-
nal and computation of C*c and Cy is cheap.



Fixed wireless communication
Transmitter and receiver are not moving.

Multipath propagation

_  Subscriber
’g --“‘.__‘ = Tcrm.inal

Radio Hub onon

Multipath propagation causes signal to arrive
at receiver with different delays and different
amplitudes: Transmission pulses are spread out

in time (“delay spread”).



Linear time-invariant channels

Let £ denote the transmitted signal, the re-
ceived signal y is given by (in absence of AWGN)

+o00
y(t) = (Hz)(t) = (h*2z)(t) = / h(t — s)z(s)ds

— 00
where H represents the linear operator model-
ing the wireless channel, h is the impulse re-
sponse.

Clearly, we can express this equivalently as

+o00
() = / B(w) 3 (w)e2Tt gy,

—O0

where h(w) is the transfer function.



Emitted signal x is of the form
z(t) =D cppr
k

where ¢ are transmission pulses (yet to be
determined!).

We want a very simple equalizer at receiver.
di = (y, 1) = Y cp(Hep, 01) = Y A ke
k k

If the ¢;. are eigenvectors of H with eigenvalues
AL and if the ¢, are mutually orthogonal, then

(Hopg, o1) = (AePrks 1) = Al

thus A is diagonal with A, = A,. Eigenvec-
tors of H are e2™ eigenvalues are A\, = h(k).
Thus choose ¢.(t) = 2™kt and we get the
equalized data



What are the key ingredients?

Time-invariance, convolution operators,
Fourier transform: diagonalizes convolution
operators, which makes everything much eas-
ier (capacity theorems, coding, equalization,
numerical implementation,...)

We use Fourier transform in different roles:
(i) on R for modeling, physical realization
(ii) on Z, T for A/D conversion/discretization
(iii) on C¥ for actual implementation

We are dealing with harmonic analysis on lo-
cally compact abelian groups G.



Mobile wireless commmunication

Moving transmitter and receiver cause chan-
nel H to be time-varying. Relative motion be-
tween transmitter and receiver results in Doppler
effect. In addition to delay spread caused by
multipath propagation, signals get spread out
in frequency (“Doppler spread”).

We can no longer diagonalize operator H by
Fourier transform, Operators do not commute
anymore. No transform will simultaneously di-
agonalize all mobile channels.

Goal: We want to design an orthonormal basis
{1 e fOr such that the matrix A with entries

A1 = (Heop, 1)
iS as diagonal as possible for a large class of
mobile channels.

Idea: establish correspondence between mo-
bile (=noncommutative) communications and
“Fourier analysis’” on noncommutative groups.



Integrated representation

What substitute for the Fourier transform does
noncommutative harmonic analysis offer?

Let H be locally compact group, F a function
in L(H) and (7, H) a unitary representation of
H (a homomorphism form H into the group of
unitary operators on a Hilbert space H). The
integrated representation of F'is

(F) = / F(h)r(h)dh,
H

in the (weak) sense that for all f,g € H:

(m(F)f,g) = / F(h)(x(h)f, g)dh.
H

Let H be the (polarized) Heisenberg group and
(7, L2(R?)) be its Schrodinger representation.
Then

m(F) = /F(w,x,T)eQMTMng;dwda:dT
H



Mobile wireless channel can be written as
400
y(®) =Ha(®) = | hi()a(t - s)ds,
— 0
where h; is the impulse response at time t. By
interpreting h; as function of two variables, i.e.,
hi(s) = h(t,s) we can write
+o0
y(t) = Hz(t) = / h(t,t — s)a(s)ds.

— 00

We denote
—+oc0
o(t,w) = / h(t,s)e 2Tws gg.

and get

o0
Hx(t) = / o(t,w)z(w)e™wtdy.
— OO
H = H, is a pseudodifferential operator with
Kohn-Nirenberg symbol o.



A simple computation gives

Hyx(t) = //5(77,u)MnT_u:1:(t)dud77
where

Tux(t) = x(t — u)

Mpz(t) = x(t)e2™n

are the unitary operators of translation and
modulation.

o IS called the spreading function in communi-
cation engineering.

Setting

Fw,z,7) 1= 6(w, —x)e 2™

gives [Howe '80]

7w(F) = Hg,



Mobile channels: quantitative analysis

Narrowband communication: signal band-
width is small compared to carrier frequency
(all current mobile comm. systems)

Delay spread: energy of impulse response de-
cays exponentially in time: for fixed s there
exist constants a,c > 0 such that

h(t, 5)|? < cealt],

Doppler spread: Doppler shift ng is given by
P v 9
Ny = XCOS ;
where v is velocity v, 6 is the angle between
direction of moving object and direction of ar-
rival of radio wave, and X\ is wave length.

Maximal Doppler shift nmaez = v/A. Hence
Doppler shift of carrier frequency w. IS con-
fined to [we — Mmaz, we + Mmaz] and o(n,uw) has
compact support w.r.t. n for fixed u.



Properties of delay spread and Doppler spread
imply that spreading function ¢ is localized.
(Extreme case: if 6(n,u) = dy then Hy =1).

%10

Delay in p sec 05

Doppler in Khz

Spreading function o(n,u)



Modulation spaces as symbol classes

Idea: characterize mobile channel H, by time-
frequency behavior of symbol o

The short-time Fourier transform (STFT) of
f € L>(R%) with respect to the window g €
S(R%) is defined by

Vaf(t,w) = / f(s)g(t—s)e_Qmdes, (t,w) € R249,

R2d

Let w be some weight function on R24, A
tempered distribution f € S'(R%) belongs to
the modulation space MEY(RY) if

||f||M5;q = ||ng(t7w)||L%Q(R2d) < 00

Modulation spaces as symbol classes for WDO:
Tachizawa, Heil, Grochenig, ...



We will use modulation spaces for two pur-
poses:

(i) as function space for the design of the
transmission functions y: M&,’l(R)

(i) as symbol class for o(t,w): M (R2)

ML (R2) consists of all functions F on R2
whose norm is defined by

|Fllygen = [ sup [V FCX, Q)] w(2)dS2,
w R2 X€eR?

with W € S(R?). For w = 1 this is known as
Sjostrand class.

Note that Vi F' is a 4-dimensional function. In
ourcase FF=o0,X =(t,w),Q2 = (n,u)

If ¢ € MO LH(R2) we write Hy € Op(MSS-1



Theorem:[T.S., 2004] Let H, represent a nar-
rowband mobile radio channel. Then o &€ MZ?’I
where the weight function is given by

w(X, Q) = w(Q) = e 1827, with 0 < a < 1.

Proof: Result follows from physical character-
ization of delay spread, Doppler spread, prop-
erties of STFT, submultiplicativity of w and
link to Beurling algebras.

Having identified proper symbol space we can
now study approximate diagonalization of H,.

We want to find {¢g}re7 such that matrix A(o)
with entries

A(o)1r = (Hopg, 1), k1€

is as diagonal as possible for o € Mﬁjo’l(RQ).



Gabor systems as transmission functions??

A Gabor system consists of functions ¢, », Of
the form

Spma,nb(t) = MppTmap(t), m,n € Z

where ¢ € L>(R) is a given window, and a,b
are the time- and frequency shift parameters.
We denote this system by (¢, a,b).

The analysis operator or coefficient operator
C : L>(R) — ¢2(Z2) is defined as

Cf= {<f7 @ma,nb>}n,me£2(22)'
C'is just a sampled STFT.

Usually we want ¢ to be well-localized in time
and frequency.
Good choice: » € M&! or () = e t°.



Necessary conditions for invertibility of A(o):
{®manb) IS linearly independent and Hy is in-
vertible on range(C™).

To maximize data rate: range(C™*) should be
as large as possible, ideally: whole L>(R).

Balian-Low Theorem: If (p,a,b) is a Riesz
basis for L>(R), then either zp(x) € Lo(R) or

¢’ ¢ Lo(R).

Linear independence of (¢, a,b) implies ab > 1.
For completeness of (¢, a,b) in L>(R) we need
ab < 1 [Perelomov, Daubechies, Rieffel, Seip,
Landau, Janssen,...]. Thus for (¢,a,b) to be a
Riesz basis for L>(R) one needs ab = 1.

Hence to have a Gabor system (¢,a,b) with
good time-frequency localization requires ei-
ther ab < 1 (redundancy) or ab > 1 (incom-
pleteness).



A matrix Banach algebra [Baskakov '90]

Let A = [A4;,l; jezxz be a matrix, where 7
IS some index set. Let w be a weight func-
tion, which satisfies the Gelfand-Raikov-Shilov
(GRS) condition
1
lim w(nt)n = 1 for all t € RY.

n—oo
T he Baskakov-Sjostrand matrix algebra By, con-
sists of all matrices A for which

HAHBw L= Z .Sljlp |Az’]|w(k) < 0.
ke t—I=k
It is easy to verify that

> sup |4 jlw(k) = inf {]A; ;| <a(i—j),4,j € I}.
keT ==k acty,(T)



Theorem:[T.5.'04] Assume that (p,a,b) is an
ONS with » € ML(R) and let the weight w
satisfy the Gelfand-Raikov-Shilov (GRS) con-
dition
1
lim w(nr)n =1 for all r € R?<.

n—aoeo

If Hy € Op(M31) and we use Pma,nb @S trans-
mission functions then A(o) € By. Further-
more, if H, is invertible on range(C*) then
A(o)~1 € By.

Proof: Key observations:

|<H0'M§TCC907 MVTQSOH — |V\UO-((€7 y)a (33, 5)_(y7 V))|

where W = F~ 11,0
Furthermore » € MY (R) implies W € Myt (R2).

Important technical detail: use of Wiener amal-
gam spaces for justification of norm-controlled
sampling of STFT when switching to Gabor
systems.



Theorem also holds when ab < 1, (¢,a,b) is
a tight frame and inverse is replaced by pseu-
doinverse [Grochenig '04].

General theorem [Grochenig-T.S. '05]: Let G

be a locally compact abelian group and let the

weight satisfy the GRS condition. Op(MS>1(G))
IS a Wiener-type Banach algebra: that means,

if H, € Op(M1(G)) and if Hy is invertible

on L2(R) then H>! € Op(M1(G)). Further-

more:

H, € Op(M1(G)) < A(0) € By

(Several special cases due to Sjostrand 1995,
Grochenig, 2004).

This is one of the rare cases where a symbol
space is uniquely characterized by decay prop-
erties of matrices, and this even for any Ica
group!



Orthogonal Frequency Division Multiplexing

Approximate-diagonalization theorem points to
Gabor system as transmission functions for mo-
bile communications/

Engineers already used system similar to a sub-
optimal Gabor system in context of Orthogo-
nal Frequency Division Multiplexing (OFDM).
But using our theoretical framework we can
considerably improve existing OFDM systems.

OFDM is used in European digital audio and
digital terrestrial TV broadcasting, 3G wire-
less, IEEE802.11, HSDPA, WIMAX, and prob-
ably for UWB.



OFDM

OFDM is a multicarrier system: bandwidth is
split into subbands (subcarriers) and a block
of data is transmitted simultaneously across
subbands.

Transmitter Channel Receiver (k+1OT

o0 | —.¢

] W0

() (00

e

N

Con1T ¥, ()




Assume we split bandwidth €2 into N subbands

and let b = Q/N (carrier separation). Let

{Ck,l}iNz_Ol be the data to be transmitted at

time slot k. Let a be the time interval (symbol

period) between the transmission of two data

blocks. The transmitted OFDM signal is then
N—1

z(t) = > 3 cpip(t — ka)e™,

keZ 1=0
where ¢ is a prototype transmission pulse. Clearly
transmission pulses have Gabor-structure

Prap = p(t — ka)e2™"0,

Usually ¢,a,b are chosen such that ¢y, 1, are
mutually orthogonal. Simple choice that yields
orthogonal system (¢, a,b):

Y = X[0,a/] a <a,a=1/b.

This is used in most current OFDM systems.
By letting o’ < a we effectively insert a guard
interval between two pulses g, 1, and ¢ (41410



Rectangular pulses plus guard interval is useful
in case of multipath but it is a bad choice in
presence of Doppler spread.

Reason: if ¢ = X[0,a/] then ¢ = sincl/a/. While
shifted sinc-functions T;,,/sincy ;. are orthog-
onal, a small perturbation caused by Doppler
spread completely destroys orthogonality and
we get large interference.

Recall: want A(O’) = {<H090ka,lb790k’a,l’b>}k,l,k’,l’
to be almost diagonal. But A(o) is only diago-
nal if there is no Doppler spread, with Doppler

|A(o) e 11 ] = 1/ (K, 1) — (K, 1))



Since Hy € Op(l\/Lﬁ?’l) with exponential weight,
we should choose ¢ € M,Llu’l, this would result
in matrix R whose off-diagonal entries decay
like e~ 1BD=E DI for some a < 1.

Let ¥(t) = e~ We know that the func-
tions T, M, v minimize Heisenberg Uncertainty
Principle.

But (v, a,b) is not an ONS. Want ONS (¢, a,bd)
such that ¢ is as close as possible to .

Answer via Gabor duality conditions (= Morita-
equivalence of certain C*-algebras) [Rieffel’88,
Daubechies, Landau, Janssen,...] and theorem
on tight Gabor frames by Janssen-T.S.,2002.



We say that (¢, a,b) is a Gabor frame for L>(R)
if there exist constants A, B > 0 such that

A||fH2 < Z (f, @ma,nb>|2 < B”fHQa
m,nez

for any f € L>(R). If A = B the frame is tight.

The Gabor frame operator S is defined by

Sf=C"Cf = Z (f Spma,nb>90ma,nba f € La(R),
m,nel

(g,a,b) is a tight frame if A = B, in this case
f= Z (f Spma,nb>90ma,nb'

m,nel

1
Given frame (g,a,b) compute ¢ = S~ 2g, then
(¢,a,b) is a tight frame.



Theorem:[Janssen-T.S.,JFAA 2002]: Assume

(g,a,b) is a Gabor frame, then the function ¢y
that minimizes

lg — ¢ll2

among all functions ¢ such that (p,a,b) is a
tight Gabor frame, is given by

_1
Copt = S 2g

Since frame operators S for Gabor frames (g, a, b)
with window g € M%U’l form a Banach alge-
bra for GRS-weights, Banach square root the-
orem implies that if g € M%U’l then S_%g S M{b’l

[T.S.,2002 for L, Gréchenig 2003 for Mil].



But communications does not need complete,
linear dependent tight frames, but (incomplete)
linear independent orthonormal systems.

[Rieffel '88]: Morita-equivalence of certain C*-
algebras implies that if (¢,a’,b") is a Gabor
frame then (p,a,b) with a = 1/b',b=1/d’ is an
ONS for its closed span. (also [Daubechies,
Landau, Janssen, Ron, Shen,...])

Thus we can construct OFDM transmission
pulses by following method: [T.5.'02/'03]:

1) start with Gabor frame (g,a’,b’) with g &€
Mt eq. g(t) = et

2) compute ¢ = S_%g

3) use the set (p,a,b), a = 1/b/,b = 1/a’ as
OFDM transmission pulses.

Several practical constraints can belincluded
via iterative algorithm. Moreover S 2g can be
computed very fast. Thus pulse design algo-
rithm can compute optimal pulses in real-time.

Patent pending [T.S, A.Paulraj]



Practical application

Method has been used in collaboration with
Special Communication Systems to design new
modem for short-radio-wave communications.

i B .
Seeecactacaes

L N0t scs PTG | |

Pactor III

LLandfall Navigation says about Pactor III:

“It is the most amazing thing we have seen in
over 35 years of transmitting data over radio’
(www.landfallnavigation.com/pactor.html).



Further consequences of theory

There are no good results for capacity of time-
varying channels.

Our approach gives estimate of capacity in
terms of maximal delay spread and maximal
Doppler spread.

Crucial difference to time-invariant case: chan-
nel estimation should be included in capacity
definition! Thus Shannon’s capacity definition
should be modified for mobile channels.

There are mobile channels that have zero ca-
pacity! No information can be transmitted er-
rorfree [T.S.'05, work in progress]



Other results: finite section method

Consider infinite-dimensional system Ac = d,
where A has a left-inverse.

We want to solve Ac = d numerically and con-
sider the finite system

where P,, Qm are ortho-projections onto n-dim.
and m-dim. spaces with P, Qm — I for n,m —
co. Does ||c{™) — ¢||, — 0 for n,m — co? How
fast is convergence?

Gohberg developed rigorous theory for finite
section method for Toeplitz-type matrices

Banach algebra theory provides positive answer
for general matrices if A € B,. Rate of conver-
gence depends on condition number of A and
weight w. [T.S.'02,'04, Grochenig-T.S.’05]



Outlook

For wideband communications Doppler effect
appears as dilation of signals. This suggest to
consider noncommutative harmonic analysis on
affine group. Thus we should model wireless
channel as

Hox(t) = // a(u, s)TyDsx(t)duds

where Dg is the dilation operator.

Do wavelets approximately diagonalize such op-
erators? For which symbol spaces? What
about symbol calculus? Connection to Fuchs-
type operators?

Capacity results for mobile wideband channels?



What we have now: fairly robust, high-data
rate wired and fixed wireless communication
systems. Based on Wiener and in particular
Shannon’s theoretical framework “A mathe-
matical theory of communication” [1948]

Underlying mathematics: commutative har-
monic analysis, basic probability theory, classi-
cal coding theory,...

What we want in the 21st century: reliable
high-data rate mobile communication systems.

Need a “mathematical theory for mobile com-
munication”

Underlying mathematics: noncommutative
harmonic analysis, advanced probability theory
(random matrix theory,...), new coding theory
(space-time codes,...),...



“TThere is nothing so practical as a
good theory.”
Ludwig Boltzmann



