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Introduction
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Terms to Know
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-Review of Graph Theory
● Graph G =(V, E) consists set of 

vertices denoted by V, and set of 
edges E.
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Terms to Know cont.
Directed edge: If the ordering of vertices matters then edge (u, v) is directed from 
vertex u to v.

Undirected edge: If (u, v) is the same as (v, u) then direction is disregarded and 
both end vertices are treated interchangeably.

Anti-edge: If two vertices u, and v are not adjacent the the edge (u, v) is missing 
and call the pairing (u, v) an anti-edge.
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Terms to Know cont.
u and v are adjacent if (u, v) is an edge. Vice versa if e an edge, then e is incident with u 
and v if vertices u and v are endpoints of e.

Degree of Vertex (d(v)): the number of edges incident on a vertex. 
- d(v) = 0
- d(r) =  2
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Terms to know cont.
Two distinct edges are adjacent if they are incident to the same vertex.

A Path is a sequence of adjacent edges where no edge can be repeated.

A Cycle is a path whose starting and ending point is the same vertex.
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Terms to Know
A graph with no cycles is a acyclic and is called a forest.

A tree is a connected acyclic graph. 

A graph is connected if there exists a path between every pair of vertices in 
the graph.

A spanning tree of a graph G is a subgraph with all of the vertices in G and 
the minimum amount of edges to make it connected.
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Terms to Know
A subgraph is a subset of vertices, and a subset of edges from the original graph.

A component is a subgraph in which any two vertices are connected to each 
other by paths, and which is connected to no additional vertices in the supergraph.
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What is a maze?
A Maze is a set of 

passageways, or ways through 
space to move into with 
obstructions on either side, 
typically being walls.  The goal of a 
maze is to start at one point and 
reach an endpoint.  A maze may 
have multiple endpoints.  Mazes 
have a wide variety of applications 
including games, navigation, 
rescue operations and studies of 
the hippocampus. 
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Show Me the Maze Facts
Mazes can come in 3-dimensions, or 2-dimensions. 

A maze is rectangular if and only if every wall is oriented in a straight line, 
and if every wall connects to any other wall in the same orientation, or at 90°. 

A maze is said to be perfect, or simply-connected, if it contains no closed 
circuits, or loops, and it contains only one solution without backtracking.

A perfect maze is isomorphic to a tree graph.
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Show Me the Maze Facts

12
Information from Sources # 4 and 5



Show Me the Maze Facts
A dead end in a maze is any vertex whose degree equals one, d(v) = 1.

An intersection, or junction is any vertex whose degree is greater than 2,     
d(v) = 2.  (For rectangular mazes the highest degree a vertex can have is 4).

A solvable maze contains a minimum of two distinguishable points that 
represent the the starting point and the end point.  These vertices are called 
the gates of the maze.
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Show Me the Maze Facts
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Show Me the Maze Facts
A hallway of a maze is a path whose endpoints are intersections, gates, or 
dead ends, and all of the other vertices are not. (These vertices will have       
d(v) = 2).

Two distinct hallways are adjacent from one another if they are incident to a 
same endpoint.

A trail is a sequence of adjacent hallways.
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Show Me the Maze Facts
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Show Me the Maze Facts
The solution trail is the trail with the gates as the endpoints.

All of the connected components from the subgraph that removes the 
solution trail are the branches of the maze.

The traversal length of a path, hallway, or trail is equal to the total number of 
edges it contains.
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Show Me the Maze Facts
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What is Maze Generation?
● One can form a rectangular maze, starting with an orthogonal grid 

consisting of two sets of parallel lines or, initially, no lines:
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● Walls are then added and/or removed in a 
process such that when finished there is a 
solution, and the maze is a perfect 
connected maze.
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Maze Generation
For our project an edge:

- An opening is represented by an edge incident of two 
neighboring cells.

- A wall is represented by an anti-edge of the pairing of two 
neighboring cells.
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Which is more difficult?

21



Complexity of a Hallway
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Complexity of a Hallway
A point where a hallway changes by 90 degrees is a corner of the hallway.

The shorter the distance of the subset of the hallway between corner points 
the faster the hallway is changing and the more complex it is.

The longer the traversal length the more complex it is.

23
Information from Sources #4



Complexity of a Maze
The hallway complexity,   ::

The Solution Complexity:

A Branch Complexity:
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Complexity of a Maze
The Maze Complexity is:

or:

Note, To scale down:
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Difficulty of a Maze
If the solution trail has a small complexity, but the branches have large 
complexities, then the overall maze complexity will be high, but the maze may 
be easy to solve.

Multiplying the terms instead of adding them will give a better representation 
of the actual difficulty. This is because it makes the answer an intrinsic 
property, unlike maze complexity which does not require a solution trail to 
calculate it.
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Difficulty of a Maze
The difficulty of a maze,  is:

One is added to the complexity of each branch, so that a single branch with a 
complexity less than one does not lower the overall complexity of the maze.
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Problem Statement
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Informal Problem Statement
Informal Statement:

Generate square, 2-dimensional “perfect” 
mazes that are hard to solve from a grid of cells 
by removing and/or adding walls to form 
passages that have dead ends, intersections, 
hallways, and a solution trail.  The resulting 
mazes produced by maze generator algorithms 
were analyzed by the traversal length of the 
solution trail, the number of dead ends, the 
number of intersections, the solution 
complexity, the maze complexity, and the maze 
difficulty..  The time complexity of the 
algorithms were also considered. 

Algorithms Include:

1. Wilson’s Algorithm
2. Prim’s Algorithm
3. Sidewinder Algorithm
4. Kruskal’s Algorithm
5. Recursive Division Method
6. Eller’s Algorithm
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Formal Problem Statement
● Given an orthogonal rectangular grid of width, w, and height, h, let C be the set of all cells where C = c0 , c1 , c2 , . . 

. cn-1. A cell Ci,j  where ∀ i∈ Z+ s.t.   and r represents the ith row ,  and  ∀ j∈Z+ s.t.          

represents the jth column be mapped to an n based number system where n = iw + j, and equivalently n = jh + i . 

∀ c0 , c1 , c2 , . . cn-1 , let m and l be two distinct cells. If and only if m and l are related by: (l = m + 1 ) ∨ (l = m - 1) 

● Then l  and m are adjacent cells denoted:  l ~ m  

●  For maze generation, a maze, M, is isomorphic (Every object or relation in M can be represented in G) to a 

graph with a vertex set, V.  ∀ c ∈ C  is mapped to a vertex, v ∈ V by ci = vi, ∀ i = 0, 1, . . ., n-1. The graph also, 

contains a set of edges, E, where all edges e∈E e = (vi , vk) such that  ci ~ ck, and vi =/= vk is an opening, or wall 

removal of M. The maze graph has an additional set of anti-edges, A representing the walls in M.  ∀ a∈A, a = (vi 

, vk) such that  ci ~ ck, and vi =/= vk. 
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Formal Problem Statement Continued
● Thus: M = <V, E, A>

● ∀ u,v ∈ V, u and v are adjacent, u ~ v, if there exists an edge (u,v) such that (u,v) ∈ E.  ∀ e,f ∈ 
E, e and f are adjacent, e ~ f if they are distinct, e =/= f, and if they are incident with a common 
vertex, ({e} ∪ {f} is a connected set).  A path P of M is a set of edges, P = { e1, e2, e3, . . ., ek} 
such that e1 ~ e2, e2 ~ e3, . . ., ek-1 ~ ek.  Maze generation is the process of removing walls and 
adding paths through openings: 

31



Formal Problem Statement Continued
● or vice versa if making walls and blocking paths:

● Maze M is connected if ∃(P) ∀ vi, vk ∈ V.

● Assume M has two and only two gates, s and f.   The degree of a vertex, v, is denoted dG(v).  If a vertex, z, is 
defined as dG(z) = 1, then z is a dead end in M.

●  Consider the subset H of G, defined by H = {v∈V | dG(v)    2}.  The components of the graph are hallways, and 
the vertices in M – H are intersections, I, with dG(I) > 2.

●  Let x and y be hallways such that x, y ∈ H.  x and y are adjacent hallways, x ~ y, if and only if there is a 

vertex p ∈ M - K such that x ∪ {p} ∪ y is a connected set. 

● A closed hallway has vertices u, v such that u, v are gates, endpoints, or intersections. Let h be a closed 

hallway in M with total path length equal to D.  Whenever a hallway, h, in M changes direction, the graph of 

h in G will change direction by 90°.
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Formal Problem Statement Continued
● We call a point where the graph changes direction by 90° a corner point, q, of h. Let q1, q2 ,…, qk be the corner 

vertices of the hallway h, and denote the length of the subset of h between corners qi-1 and qi by distance(qi).  
Then let the complexity of h, denoted γ(h) with total distance D, and corners q1,q2 ,…, qk be defined as:

● Thus, the complexity of the maze, M, is: 

● A trail, T is a sequence of k adjacent hallways, or T = {h1, h2,…hk} such that h1 ~ h2, h2 ~ h3, …, hk-1 ~ hk.  Let S 

be the solution trail, which is the solution with the smallest path length, and whose two end points are gates, 

s and f. Suppose B = {h1, h2, ... , ht } is the set of t hallways in some branch of M. We define the complexity of 

B by: 
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Formal Problem Statement Continued
● The branch set, K = {B1 , B2, . . . , Bk} is the set of branches in a maze M with solution S. The difficulty of a maze is 

then the product of the complexity of the Solution trail S, and all of the branches Bi ∀ i = 1, 2, 3, . . ., k in the 
maze.  Note, one is added to every branch complexity, so that a branch complexity less than one will not 
drastically lower the overall complexity of the maze.

● The difficulty of the maze denoted, (M) is given by:

● Thus, the problem is to optimize the maze generation process: 

● Subjected to Constraints:

●     -The maze is simply connected

●     -The difficulty function:
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Our Procedure
Our maze generator is implemented with the start gate defined as the top left corner of the maze and the stop gate 
as the bottom right corner of the maze. The shortest solution trail is used to calculate the difficulty of the mazes 
produced.  In order to find the shortest trail, a A* pathfinding algorithm is used.  The time to generate each individual 
maze was recorded.   The total amount of dead-ends and intersections in the maze was recorded because dead-ends 
and intersections, mean more options the user has to select an incorrect path.  The length of the solution’s trail that 
the A* algorithm produced and the solution trail’s complexity are recorded in an effort to analyze the quality of the 
solutions in each maze.  Lastly, the total maze complexity, and the maze difficulty were recorded and used to help 
determine the quality of the maze overall.  This process was repeated for mazes of sizes 10x10 - 250x250 and the 
data was recorded and plotted for algorithm analysis.
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Randomized Wilson’s
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Add a random cell Pick a random cell and do a random walk until you 
reach the starting cell. No loops are to be added
To the final walk so change the direction in the final 
path and erase the loop.

The walk ends when you reach a cell that's already in the maze. 
For this 3 by 3, there will be no more “walks.”



Randomized Wilson’s 
A randomized version of Wilson’s algorithm can be done to  generate a maze.  The algorithm 

initializes the maze with an arbitrary cell being marked into the maze. Random walks are then 

performed to connect other random cells to the maze. The walk can start from any of the cells not 

marked in the maze. As the walk continues the direction taken from that cell is recorded.  The 

walk is allowed to traverse through itself, but the most recent direction taken replaces the last 

direction taken through that cell, effectively removing the loops.  Once the walk hits a marked cell 

in the maze then all of the cells in the walk are added to the maze using the recorded directions to 

make the path.

Information from Source #10
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Randomized Wilson’s 
 Initially, the algorithm is very slow because the probability of a random walk to hit the target 

maze cells is very small.   However, the algorithm speeds up as more cells are added to the maze, 

because their is a greater probability the random walk hitting a maze cell.

The time complexity of Wilson’s will depend on a differential equation describing the probability 

distribution of the random walk hitting the target maze cells within a finite sized grid.
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Wilson’s Pseudocode
Select a start vertex randomly from the vertices set
Add the start vertex to the maze set
Remove the start vertex from the vertices set
While vertices set is not Empty: // Number of random walks performed O(W)

Select a begin vertex  randomly from the vertices set
Perform a random walk beginning from that vertex
Take a step by randomly selecting a neighboring cell
While the neighbor cell is not in the Maze:    // O(P) where P describes the probability function

Record the direction taken to get to the neighbor
Add the neighbor cell to the random walk path
Set the neighbor cell as the current vertex in the walk
Select a neighbor cell from that vertex randomly

While vertex in random walk doesn’t equal the begin vertex: // O(length of random walk path)
Remove Wall from the recorde direction of that vertex
Add that vertex to the maze set
Remove that vertex from the vertices set
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Random cell is chosen Look at all of it’s 
neighbors and add 
them to the frontier list

Choose a neighbor cell 
at random and add it to 
the maze. Then mark 
its neighbors.

Randomized Prim’s



Randomized Prim’s
Prim’s algorithm generates a minimum spanning tree from an edge-weighted undirected graph. For 
maze generation each edge in the graph can be given a random weight or selected at random to 
perform a random variation of Prim's algorithm.  Randomized Prim’s algorithm works by starting out 
with a random cell in the grid.  It then marks all of its neighboring cells as candidates and adds them 
to a "frontier" set which represents allowable additions to the maze. One of the frontier cells is 
selected randomly, and it is added to the maze. After that its neighbors are added into the frontier 
set, and so forth until a maze is produced.

Information from Source #8
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Prim’s Pseudocode 
Select a start vertex randomly from the vertices set
Add the start vertex to the maze set
For all start vertex neighbors:  // amount of neighbors

If neighbor not in Maze:
Add neighbor to the Frontier set 

While Frontier set is not Empty: // O(n)
Select a random vertex from the Frontier set
Add the vertex to the maze set
For all neighbors of  vertex:  // amount of neighbors

If neighbor not in Maze:
Add the neighbor to the Frontier set
Remove the vertex from the Frontier set
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Sidewinder

Always start by 
removing the top or 
bottom row.

Move to the next row and move to the right until we stop randomly. Randomly 
pick a cell and remove a north wall. Continue the process until we are at the 
end of the row. Each row is independent of the other.



Sidewinder
A sidewinder algorithm traverses the grid one row at a time. The first row is completely carved out.  
All preceding rows also begin carving passages horizontally.   However, the algorithm randomly 
chooses a cell to stop carving at in the horizontal direction. One of the cells in that newly formed 
passage is randomly picked and is used to carve north.  The algorithm repeats this process until the 
end of the row is reached.  In this way the algorithm will "wind from side to side" and never back 
track up. The only cell type that can't exist in a sidewinder maze is a dead end in the northern 
direction because that would contradict the fact that every passage going up leads back to the start. 

Information from Source #10
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Sidewinder’s Pseudocode
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For every cell in the first row:    // O(width)
If cell doesn’t equal to the cell in the last column:

Remove east wall
For second row to the last row: // O(height -1)

Set the passage start equal to 0
For index = 0,1,2,...,width-1:  // O(width)

Randomly select a boolean
If boolean equals true:  

Set the passage stop to the current cell index
range equals passage stop - passage start 
Choose a cell randomly between where the passage starts and stops
 Remove north wall of chosen cell
Set the passage start equal to the next cell from where the passaged stopped

Else if it is not the last index in the column:  
Remove east wall of the current indexed cell
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Kruskal’s
● Kruskal’s algorithm removes walls by the lowest weight to form a minimum weight spanning 

tree. A minimum weight spanning tree is the subset of the walls that connects all cells together 
with the minimum possible total edge (wall) weight. Being that we are creating perfect square 
mazes with walls having the same weight, we have chosen to implement a randomized 
Kruskal’s algorithm. Unlike the other generators, Kruskal’s generates the solution path at 
random locations in the maze.

● First, the maze, M, with a width, w, and height, h, initially starts as a grid of w by h cells that all 
belong to disjoint sets. A disjoint set means that each cell will be initially assigned to its own set. 
Second, a wall will be selected at random. If the cells on each side of the wall belong to disjoint 
sets we will union them with a label and remove the wall. If they are in the same set, we don’t 
remove the wall. Once all cells are in the same set and all walls have been visited, there is a 
definite solution trail from the start of the maze, to the end of the maze.

Information from Source #10 61



Kruskal’s Pseudocode
1. Add all walls to a list. //O(N)
2. Shuffle the list of walls. // Java’s collection.shuffle(list) is O(N)
3. While walls is not empty: // This iteration through all the walls is O(4N)

-Grab the first wall // Accessing is O(1)
-If the cells on both sides are unvisited, mark them visited, set cell 1’s label (set) to cell 2’s, remove the wall from 

the grid, pop the wall off the list // The contains method is O(N). Wall removal and label setting is O(1).
-If one cell has been visited, mark the unvisited one as visited and set its label to the label of the visited cell, 

remove the wall from the grid, pop the wall off the list // The contains method is O(N). Wall removal and 
label setting is O(1).

-If both are visited and in different sets, iterate through the visited and make all of the labels that belong to the 
same label as cell1 be equal to cell 2’s label, remove the wall from the grid, pop the wall off the list // If both are 
visited we must iterate through all the visited walls which will, randomly, range from 3 walls to 4 x N walls  

-If both cells have been visited but are in the same set, pop the wall off the list, but do not remove it from the 
grid // O(1)

Note that this algorithm takes, at worst, O(n^2) time because of the repeated iterating through visited 
cells to union two sets together when the branch where both cells have been visited but are in different sets is 
met. This algorithm is slower but makes a maze about as difficult as Wilson’s
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Slow Kruskal’s gif Breakdown
● A sample 4x4 maze, 16 cells, 24 walls to 

iterate through (outside walls aren’t added 
to wall list). 

● N = 16
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Kruskal’s on a graph with edges of different weights
● As you can see this is a greedy 

algorithm
● Rather than the edges being pulled 

out randomly, these edges are 
pulled out by weight (from least to 
greatest)
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Backtracking
● The backtracker algorithm carves out the maze with a random walk.  It remembers which cells 

have been visited by storing them in a stack. It moves along the grid carving out a path, and 
only choosing randomly from cells that it has not visited next to move to.  If all of the 
neighboring cells have been visited then the algorithm moves back to the previous cell, and 
checks to see if it has any valid moves left, and so forth until the algorithm retraces itself back 
to the starting point.

● We used a depth first search method.  Alternatively this  could be done with a stack or 
recursively.

Information from Source #10
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BackTracker Pseudocode 
Choose a random maze vertex V O(1)
Create a new stack of vertices S O(1)
while(The maze contains unvisited vertices) O(N)
{

Mark V as visited O(1)
while(V has no adjacent unvisited vertices) O(1 - S.size)
{

Pop a vertex from S and set V to it O(1)
}
Push V to S O(1)
Choose a random adjacent unvisited vertex and create an opening from V to it O(1)
Set V equal to the new vertex O(1)

}
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Eller’s
● Eller's creates the Maze one row at a time, where once a row has been 

generated, the algorithm no longer looks at it. Each cell in a row is 
contained in a set, where two cells are in the same set if there's a path 
between them through the part of the Maze that's been made so far.

● Connects sets in the same row by a 50/50 probability if it's not the last 
row. If it is the last row then all sets must be connected to one another in 
order to make the maze a perfect maze.

Information from source #7
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Eller’s Pseudocode
while(last row is not processed) loops sqrt(N) times with a cost of N^2 each time

{

1. Initialize the cells of the first row to each exist in their own set. O(sqrt(N))
2. Now, randomly join adjacent cells, but only if they are not in the same set. When joining adjacent cells, merge the cells of 

both sets into a single set, indicating that all cells in both sets are now connected (there is a path that connects any two 
cells in the set). O(sqrt(N))

3. For each set, randomly create vertical connections downward to the next row. Each remaining set must have at least one 
vertical connection. The cells in the next row thus connected must share the set of the cell above them.
O(sqrt(N))

4. Flesh out the next row by putting any remaining cells into their own sets. O(sqrt(N))

}

5. For the last row, join all adjacent cells that do not share a set, and omit the vertical connections, and you’re done! 
O(sqrt(N))

Information from source #7
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Testing Results
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Conclusion And Further Work
Overall, Wilson’s algorithm is superior in most contexts.  

There are several ways that this experiment could be expanded:

- 3D maze
- Non-perfect mazes
- Multiple gates
- Different gate positions
- Non-square mazes
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Question 1
1a.) For a connected graph that is a spanning tree with V vertices, how many 
edges are in the graph?

1b.) Why are algorithms that produce spanning trees useful for making    
“perfect” mazes?

Response:

a.)  A connected graph that is a spanning tree has V - 1 edges.

b.) An algorithm that makes a spanning tree guarantees that there will be no 
cycles in the maze.
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Question 2
2. Which algorithm(s) is/are the most memory efficient?

Response: Sidewinder and Ellers because the storage size needed is 
proportional to the row size since they make the maze row by row, and once a 
row is finished it is no longer needed.
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Question 3
3. Give an example of a Greedy Algorithm. 

Response: Kruskal’s Algorithm
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Question 4
4. Give an example of an algorithm that can be implemented using a depth 
first search. 

Response: Eller’s algorithm
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Question 5
5. Map this maze to a graph: 
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Question 5 Response
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Question 6
6. If you wanted to trap your 
enemy in a maze what kind of 
maze would you generate?

Wilson’s!!!!!!!!
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