Countably Infinite

A set is called countably infinite iff it has the same cardinality as the set of positive integers Z+. A set is countable iff it is finite or countable infinite. A set that is not countable is called uncountable or nondenumerable.

Countability of Z, the Set of All Integers Example 7.6.1
Show that the set Z of all integers is countable.

Solution: The set Z is not finite so if it is countable it is countable infinite. To show Z is countable infinite we must find a function from Z+ to Z that is one-to-one and onto.
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By starting in the middle and working outward we have established a relation from Z+ to Z that is both one-to-one and onto. It follows by the definition of cardinality, that Z+ has the same cardinality as Z. An explicit formula for this function is:


[image: image2.wmf]ï

î

ï

í

ì

þ

ý

ü

-

=

integer.

 

positive

 

odd

an 

 

is

n 

 

if

integer

 

positive

even 

an 

 

is

n 

 

if

2

1

2

)

(

n

n

n

f


The Set of All Positive Rational Numbers is Countable Example 7.6.3

Show that the set Q+ of all positive rational numbers is countable.

Solution: Display the elements of the set Q+ in a grid as shown below. Define a function F from Z+ to Q+ by starting to count at 1/1 and following the arrows as indicated, skipping over any number that has already been counted.  Now every positive rational number appears somewhere in the grid, and the counting procedure is set up so that every point in the grid is reached eventually. Thus the function F is onto. And since no number is counted twice, it is also one-to-one. Hence Q+ is countable infinite and hence countable.

In 1891 Cantor published his famous method of diagonalization, whereby it was possible to generate an unending sequence of sets of greater and greater cardinality. In 1874 Cantor had shown only that the set of real numbers was nondenumerable. 

_1049181692.unknown

