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1. BASES AND FRAMES FOR R"

Definition 1.1. If two sequences in R", {e;}!_; and {fi}}'_; have the prop-
erty that any v in R", can be written as

v =(v,e)f; + (v,ex)fs + (v,e3)f5 + - + (v, ep)fy, = Z<V, e
i=1
then we call {e;}!_; a basis and {f;}!_; a dual basis.

Definition 1.2. If two sequences in R", {e;}", and {f;}7", with m > n
have the property that any v in R", can be written as

v=(v,e)fi + (v,ex)fs + (v,ez)fs+ -+ (v,em)fm = Z(v,eiﬂ}
i=1
then we call {e;}"; o frame and {f;}", a dual frame.
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2. BASES AND FRAMES FOR FUNCTIONS (L*(R))
In 1952 Duffin and Schaeffer DS defined frames:

Definition 2.1. A sequence (f,)nez of elements of a Hilbert space H is
called o frame if there are constants A, B > 0 such that

AIFIP < ST fa) P < BIFIR, forall f € H.

nez

Definition 2.2. A basis for the function space L*(R) is a sequence of
Junctions {€m. () bmnez so that for all f(x) € L*(R) there exist a unique
sequence of numbers {Cpyntmnez

Ezample: Let e(z) = 1,

is a basis for L*(R)

Definition 2.3. A frame for the function space L*(R) is a sequence of
functions {gmn(z)ymanez so that for all f(x) € L*(R) there exist a not
necessarily unique sequence of numbers {dpy n}mnez

is a basis for L*(R)
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3. FOURIER TRANSFORM AND THE HEISENBERG
UNCERTAINTY PRINCIPLE

Definition 3.1. For f(z) € L*(R) define the Fourier transform

Fo) = [ sy s

Engineer interpretation:
w is a frequency and f(w) is the amplitude of the frequency.

Physicist interpretation:

w is the momentum variable and is the probability distri-

()
I F(w)dw

bution for the momentum

Theorem 3.2. Heisenberg inequality: If f(x) # 0 € L*(R)
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4. TIME FREQUENCY ANALYSIS

Does there exist a function g(z) € L*(R)so

/ 0[§(w)Pdw / 2lg(2)|2dz < oo

o0 —0oQ

AND g(x — k)e*™*is a basis for L?>(R) ? Answer: NO

Does there exist a function g(z) € L*(R)so

/ 0[§(w)Pdw / 2lg(2)|2dz < oo

o0 —0oQ

AND g(z — k/2)e*™“is a frame for L>(R) ? Answer: Yes



