Spin Eigenstates - Review

Dr. R. Herman

Physics & Physical Oceanography, UNCW

February 8, 2024




SG Devices Measure Spin

» Orient device in direction n

» The representation of [¢) in
the S,-basis for spin %:
[¥)n = In|t)), where
ln = |+n){+n| + |—n)(—n|

) = [+n){+n) +|=n){(=nl¢)
= ay|+n) +a_|-n)

- ()

» Prob(|+n)) = |{(+n|)|?




Representation of Operators

Matrix Representation of Ain S,-basis

A o A - ( (+n|Al+n)  (+n|A|—n) )

(=nlAl+n) (~n|A|—n)
Matrix Representations
A= A, =SAS,

where

s= ({rEien e

and

(G2l (lA-z)
A= ( (~zlAl+2) (~z|A|-2) )



Change of Basis (z to n) - States
Transform Kets
V) = [+2){(+2lY) +|-2)(=2]¢)
= ([+m 0l + [=n)(=nl) |+2){+2]¢)
+ ([ (0l + [=n)(=nl) [=2)(=z[¢))
= [(+nl+2)(+2|¢) + (+n|=2)(=z[¢)] |+n)
+ [(=nl+2){(+2|¥) + (=n[=2)(=z[¢)] |-n)

Matrix Representation |¢), = §t[),

() - (8 B ()
Components of z states

= s ({3)




Change of Basis (z to n) - Operators

Begin with States

|w>n = §T|¢>27 n<w’ =z<|¢|§,

where

1 ({2
(=nl+z) (=nl-2)
Relate (|A]4) in z-basis to value in n-basis, using $5T = 5§15 = /.
[WVIA|): = (|55TA55TY).
= n(0[51A:50),
= n<¢’AAn|7w[}>n (1)

If we define Anew = /f\n and Aold = /2\2, then

Anew = $TA 45



Angular Momentum Operators

Rotations and Generators (J, is Hermitian)
R(om) = e o/t

Commutation Relations

~ ~ ~

[Jo, J)) = indy,  [Jy, Jo] = ihde,  [Jz, J] = ik,

Operators

~ ~ ~

P=R+P+2  L=IJ+i]
Eigenstates (2j + 1) for —j, —j+1,...,j—1,j
Pljym)y = jG+ )R, m)
Jzlj,m) = mhl|j, m)
Jili,my = j(G+1)—m(m=1)Alj, m+1)




Spin % Representations

» Operators 52, 5,, 5.
11y 1 _1
> States |§7§>7|§7_§>7

P> Representations S5 ga

01
son(22). s

» Expectation Values

(Sx) = (WISw) = ( (+z|p)* (-

S.—-S_
S = +2/

0 —i h(/1
i o>’52_2<0
R0 1
523




Spin 1 Representations

» Operators 52, 5,, 5.
> States |]-7 ]->7 ‘17O>7 ‘17 _1>7
P> Representations

> Representation of A:

(1,1/A]1,1)  (1,1]A1,0)  (1,1JA]1,-1)
A= (LOJAL1)  (1,0[4]1,0)  (1,0/A]1,-1)
(1,-1]A|1,1) (1,-1|A[1,0) (1,-1[AJ1, 1)

= O O

o oo



Representation of S, - Spin 1 Case
Noting that Sy = %(§+ + §,), Ai=0,i=1,23, and

A = <171’§x|170>=A§1

1 A~ .

5<1,1\5++5,|1,0>

1

= §(\5(1,1]1,1)—1—\@(1,1\]1,—1)) =
Az = (1,1|5,1,-1) = A3,

S
7

1 N N
- 5<1,1\5++5_|1,—1>:0.
Az = (1,0|5,1,—1) = A3,
1 A 1
= (1,08, +5_]1,-1) = —.
2< ISy | ) 7

The final representation is ...



Eigenstates of S, - Spin 1 Case

Find the eigenstates of Sy in S,-basis

p (010 a (a)
— 1 1 01 b |=Mu| b
ﬁ(OlO c c

Eigenvalues [\ = —1,0, 1]

-\ 1/V2 0 ) 1
1/vV2 —X 1/V2 :O:>—>\<)\2—2>+2/\:0
0 1/V2 -\
Eigenvectors for A = —1



Spin 1 Particles - SG Devices

Send spin 1 particles through 3 Stern Gerlach devices.

— |1,1)x

— |1, 1), —> | SGx|—> |1,0), — [1,1), =2
‘¢> — |56z |— |150>z — ‘1771>x—) SGz [— |170>z

— |1a_1>z — |17_1>Z
Probability [to find |1/) in state |¢)] = [(¢])|?,

’Z<171|¢>‘27 ‘X<17_1‘171>Z‘27 ‘Z<171’17_1>X‘27

Example: Evaluate |, (1, —1|1,1),|°.
Recall that |1, —1) is an eigenstate of S :

1

—V2 | = (1, -1]1,1),]
1

1 1
Theref, 1,-1 = 2=
erefore, |1,—1)x S—z) 5



Ch. 4: Time Evolution
The Schrodinger Equation

d ~
ih—|(t)) = H|Y(t
i () = Al ()
For A time-independent,

lo(t)) = Ojp(0)), U= o—iAt/h

Energy Eigenstates H|E) = E|E),
Time Evolution: Initial State [¢/(0)) = >, |En){(En|¥(0))

= [0(1)) = Y e L) (Eqlih(0))

Expectation Values: ih% (A) = W(t)‘[ﬁw‘“ + %W)(t»



Precession in a Magnetic Field

Constant Magnetic Field B = Byk

A=—p-B=-2L%8ByS, =ws,
2mc

Evolution of States H| =+ z) = i%| +2z)

(1)) = e P 4 x)

_ \}5 (efiE+t/h| tz)+ efiE_t/h| - z>)
_ \% (e—iwot/2| +Z> + eiwot/2| - Z>>

(Sz) =0, (S) = gcoswot, (S,) = gsin wot



Uncertainty

For Hermitian matrices A, B, [A, EAB] =iC,

Example: AJAJ, > %\(Jz>|
Recall

and



Ch. 5: Two Spin Systems

Basis States for Spin—% Particles

iz, 42 = ‘11 11>
o2 = 1550,
| + x,+2) lH‘ +z) + 1’ +2z)
x,+z) = ——|4+z,4+z)+ —=|—-z,+z
2 NG

Hyperfine Splitting H = %\31 S,

>
>

A

A

+
I\(.)I»
|

_I_
(2N

1S 4+ 251,5,)

o O oOonN>
|

o )>Mh>o

| r o

o

1
e Y P S

N[>
NNO O O
—~~
N
N



Eigenvalue Problem

Seek Eigenvalues and Energy Eigenstates H|E) = E|E).

4 0 0 0 a a
A
0 -4 A 0 bl_g| b
0 A -5 0 c c
0o 0 0 % d d
Eigenvalue Equation
4—-E 0 0 0
A
0 — 0o -45-E A 0
0 A —4-E 0
0 0 0 4-E




Energy Eigenstates

For eigenvalues E = é, we get the triplet
1 0 0
0 111 0 or
o1 V2l 1|’ 0|’
0 0 1
1 1
171 = +Z,+Z, 170 :7—’_27_2 +7_Z)+Z)
1,1) =| ) 11,0) ﬁl ) ﬂl )
11,-1) = |—z,—2z).
For eigenvalues E = —%, we get the singlet
0
1 1 1 1
— ,or0,0) = —|+z,—2) — —=|—2z,+2).
5| |00 = lzoa - Szt

0



EPR Paradox - |0,0) Decay

z
Alice
x

A spin-0 particle decays into two spin—% particles.

Bob

1 1
0,0) = —|4z,—z)— —|—2z,+z
0.0) = —sl+z—z)=—sl-z+2

1 1
E|+Z>1\—Z>2 - \ﬁ\—ﬂ

What do Alice and Bob measure?

1’—1—2)2.



