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SG Devices Measure Spin

▶ Orient device in direction n

▶ The representation of |ψ⟩ in
the Sn-basis for spin

1
2 :

|ψ⟩n = In|ψ⟩, where
In = |+n⟩⟨+n|+ |−n⟩⟨−n|

|ψ⟩n = |+n⟩⟨+n|ψ⟩+ |−n⟩⟨−n|ψ⟩
= a+|+n⟩+ a−|−n⟩

→
(

⟨+n|ψ⟩
⟨−n|ψ⟩

)
▶ Prob(|+n⟩) = |⟨+n|ψ⟩|2



Representation of Operators

Matrix Representation of Â in Sn-basis

Â → An =

(
⟨+n|Â|+n⟩ ⟨+n|Â|−n⟩
⟨−n|Â|+n⟩ ⟨−n|Â|−n⟩

)
Matrix Representations

Â → An = S†AzS,

where

S =

(
⟨+z |+n⟩ ⟨+z |−n⟩
⟨−z |+n⟩ ⟨−z |−n⟩

)
and

Az =

(
⟨+z |Â|+z⟩ ⟨+z |Â|−z⟩
⟨−z |Â|+z⟩ ⟨−z |Â|−z⟩

)



Change of Basis (z to n) - States

Transform Kets

|ψ⟩z = |+z⟩⟨+z |ψ⟩+ |−z⟩⟨−z |ψ⟩
= (|+n⟩⟨+n|+ |−n⟩⟨−n|) |+z⟩⟨+z |ψ⟩

+(|+n⟩⟨+n|+ |−n⟩⟨−n|) |−z⟩⟨−z |ψ⟩
= [⟨+n|+z⟩⟨+z |ψ⟩+ ⟨+n|−z⟩⟨−z |ψ⟩] |+n⟩

+ [⟨−n|+z⟩⟨+z |ψ⟩+ ⟨−n|−z⟩⟨−z |ψ⟩] |−n⟩

Matrix Representation |ψ⟩n = Ŝ†|ψ⟩z(
⟨+n|ψ⟩
⟨−n|ψ⟩

)
=

(
⟨+n|+z⟩ ⟨+n|−z⟩
⟨−n|+z⟩ ⟨−n|−z⟩

)
︸ ︷︷ ︸
Components of z states

(
⟨+z |ψ⟩
⟨−z |ψ⟩

)

≡ S†
(

⟨+z |ψ⟩
⟨−z |ψ⟩

)



Change of Basis (z to n) - Operators

Begin with States

|ψ⟩n = Ŝ†|ψ⟩z , n⟨ψ| =z ⟨|ψ|Ŝ ,

where

S† =

(
⟨+n|+z⟩ ⟨+n|−z⟩
⟨−n|+z⟩ ⟨−n|−z⟩

)
Relate ⟨ψ|Â|ψ⟩ in z-basis to value in n-basis, using Ŝ Ŝ† = Ŝ†Ŝ = I .

z⟨ψ|Âz |ψ⟩z = z⟨ψ|Ŝ Ŝ†Az Ŝ Ŝ
†|ψ⟩z

= n⟨ψ|Ŝ†Az Ŝ |̂ψ⟩n
= n⟨ψ|Ân|ψ⟩n (1)

If we define Ânew = Ân and Âold = Âz, then

Ânew = Ŝ†ÂoldŜ



Angular Momentum Operators

Rotations and Generators (Ĵn is Hermitian)

R̂ (ϕn) = e−i Ĵnϕ/ℏ

Commutation Relations

[Ĵx , Ĵy ] = iℏĴz , [Ĵy , Ĵz ] = iℏĴx , [Ĵz , Ĵx ] = iℏĴy .

Operators

Ĵ2 = Ĵ2x + Ĵ2y + Ĵ2z , Ĵ± = Ĵx ± i Ĵy

Eigenstates (2j + 1) for −j ,−j + 1, . . . , j − 1, j

Ĵ2|j ,m⟩ = j(j + 1)ℏ2|j ,m⟩
Ĵz |j ,m⟩ = mℏ|j ,m⟩
Ĵ±|j ,m⟩ =

√
j(j + 1)−m(m ± 1)ℏ|j ,m ± 1⟩



Spin 1
2 Representations

▶ Operators Ŝ2, Ŝz , Ŝ±
▶ States |12 ,

1
2⟩, |

1
2 ,−

1
2⟩,

▶ Representations Ŝ → ℏ
2σ

S+ = ℏ
(

0 1
0 0

)
, S− = ℏ

(
0 0
1 0

)

Sx =
S+ + S−

2
, Sy =

S+ − S−
2i

Sx =
ℏ
2

(
0 1
1 0

)
,Sy =

ℏ
2

(
0 −i
i 0

)
,Sz =

ℏ
2

(
1 0
0 −1

)
▶ Expectation Values

⟨Sx⟩ = ⟨ψ|Ŝx |ψ⟩ =
(
⟨+z |ψ⟩∗ ⟨−z |ψ⟩∗

) ℏ
2

(
0 1
1 0

)(
⟨+z |ψ⟩
⟨−z |ψ⟩

)



Spin 1 Representations

▶ Operators Ŝ2, Ŝz , Ŝ±
▶ States |1, 1⟩, |1, 0⟩, |1,−1⟩,
▶ Representations

Ŝz = ℏ

 1 0 0
0 0 0
0 0 −1

 , Ŝ+ =
√
2ℏ

 0 1 0
0 0 1
0 0 0

 , Ŝ− =
√
2ℏ

 0 0 0
1 0 0
0 1 0



Sx =
S+ + S−

2
, Sy =

S+ − S−
2i

▶ Representation of Â:

Â →

 ⟨1, 1|Â|1, 1⟩ ⟨1, 1|Â|1, 0⟩ ⟨1, 1|Â|1,−1⟩
⟨1, 0|Â|1, 1⟩ ⟨1, 0|Â|1, 0⟩ ⟨1, 0|Â|1,−1⟩
⟨1,−1|Â|1, 1⟩ ⟨1,−1|Â|1, 0⟩ ⟨1,−1|Â|1,−1⟩





Representation of Ŝx - Spin 1 Case

Noting that Ŝx = 1
2(Ŝ+ + Ŝ−), Aii = 0, i = 1, 2, 3, and

A12 = ⟨1, 1|Ŝx |1, 0⟩ = A∗
21

=
1

2
⟨1, 1|Ŝ+ + Ŝ−|1, 0⟩

=
1

2

(√
2⟨1, 1|1, 1⟩+

√
2⟨1, 1||1,−1⟩

)
=

1√
2
.

A13 = ⟨1, 1|Ŝx |1,−1⟩ = A∗
31

=
1

2
⟨1, 1|Ŝ+ + Ŝ−|1,−1⟩ = 0.

A23 = ⟨1, 0|Ŝx |1,−1⟩ = A∗
32

=
1

2
⟨1, 0|Ŝ+ + Ŝ−|1,−1⟩ = 1√

2
.

The final representation is ...



Eigenstates of Ŝx - Spin 1 Case

Find the eigenstates of Sx in Sz -basis

ℏ√
2

 0 1 0
1 0 1
0 1 0

 a
b
c

 = λℏ

 a
b
c


Eigenvalues [λ = −1, 0, 1]∣∣∣∣∣∣

−λ 1/
√
2 0

1/
√
2 −λ 1/

√
2

0 1/
√
2 −λ

∣∣∣∣∣∣ = 0 ⇒ −λ
(
λ2 − 1

2

)
+

1

2
λ = 0

Eigenvectors for λ = −1

1√
2

 0 1 0
1 0 1
0 1 0

 a
b
c

 = −

 a
b
c


b = −

√
2a = −

√
2c , a+ c = −

√
2b,⇒ |1,−1⟩x −→

Sz

1

2

 1

−
√
2

1





Spin 1 Particles - SG Devices

Send spin 1 particles through 3 Stern Gerlach devices.

|ψ⟩ SGz

|1,−1⟩z
|1, 0⟩z
|1, 1⟩z SGx

|1,−1⟩x
|1, 0⟩x
|1, 1⟩x

SGz

|1,−1⟩z
|1, 0⟩z
|1, 1⟩z =?

Probability [to find |ψ⟩ in state |ϕ⟩] = |⟨ϕ|ψ⟩|2,

|z⟨1, 1|ψ⟩|2, |x⟨1,−1|1, 1⟩z |2, |z⟨1, 1|1,−1⟩x |2,

Example: Evaluate |x⟨1,−1|1, 1⟩z |2.
Recall that |1,−1⟩x is an eigenstate of Sx :

Therefore, |1,−1⟩x −→
Sz

1

2

 1

−
√
2

1

 ⇒ |x⟨1,−1|1, 1⟩z |2 =
1

4
.



Ch. 4: Time Evolution

The Schrödinger Equation

iℏ
d

dt
|ψ(t)⟩ = Ĥ|ψ(t)⟩

For Ĥ time-independent,

|ψ(t)⟩ = Û|ψ(0)⟩, Û = e−i Ĥt/ℏ

Energy Eigenstates Ĥ|E ⟩ = E |E ⟩,
Time Evolution: Initial State |ψ(0)⟩ =

∑
n |En⟩⟨En|ψ(0)⟩

⇒ |ψ(t)⟩ =
∑
n

e−i Ênt/ℏ|En⟩⟨En|ψ(0)⟩

Expectation Values: iℏ
d

dt
⟨A⟩ = ⟨ψ(t)|[Ĥ, Â] + ∂Â

∂t
|ψ(t)⟩



Precession in a Magnetic Field

Constant Magnetic Field B = B0k

Ĥ = −µ̂ · B =
ge

2mc
B0Sz ≡ ω0Sz

Evolution of States Ĥ| ± z⟩ = ±ℏω0
2 | ± z⟩

|ψ(t)⟩ = e−i Ĥt/ℏ|+ x⟩

=
1√
2

(
e−iE+t/ℏ|+ z⟩+ e−iE−t/ℏ| − z⟩

)
=

1√
2

(
e−iω0t/2|+ z⟩+ e iω0t/2| − z⟩

)
Expectation values

⟨Sz⟩ = 0, ⟨Sx⟩ =
ℏ
2
cosω0t, ⟨Sy ⟩ =

ℏ
2
sinω0t



Uncertainty

For Hermitian matrices Â, B̂, [Â, B̂] = i Ĉ ,

∆A∆B ≥ |⟨C ⟩|
2

Example: ∆Jx∆Jy ≥ ℏ
2 |⟨Jz⟩|

Recall
∆A2 = ⟨A2⟩ − ⟨A⟩2

and
[Â, B̂] = ÂB̂ − B̂Â.



Ch. 5: Two Spin Systems

Basis States for Spin-12 Particles

|+z ,+z⟩ = |1
2

1

2
,
1

2

1

2
⟩

|+ x ,+z⟩ =
1√
2
|+z ,+z⟩+ 1√

2
|−z ,+z⟩

Hyperfine Splitting Ĥ = 2A
ℏ2 Ŝ1 · Ŝ2

Ĥ =
A

ℏ2
(Ŝ1+Ŝ2− + Ŝ1−Ŝ2+ + 2Ŝ1z Ŝ2z)

→


A
2 0 0 0

0 −A
2 A 0

0 A −A
2 0

0 0 0 A
2

 (2)



Eigenvalue Problem

Seek Eigenvalues and Energy Eigenstates Ĥ|E ⟩ = E |E ⟩.
A
2 0 0 0

0 −A
2 A 0

0 A −A
2 0

0 0 0 A
2




a
b
c
d

 = E


a
b
c
d

 .

Eigenvalue Equation

0 =

∣∣∣∣∣∣∣∣
A
2 − E 0 0 0

0 −A
2 − E A 0

0 A −A
2 − E 0

0 0 0 A
2 − E

∣∣∣∣∣∣∣∣
=

(
A

2
− E

)2
[(

E +
A

2

)2

− A2

]



Energy Eigenstates

For eigenvalues E = A
2 , we get the triplet

1
0
0
0

 ,
1√
2


0
1
1
0

 ,


0
0
0
1

 , or

|1, 1⟩ = |+z ,+z⟩, |1, 0⟩ = 1√
2
|+z ,−z⟩+ 1√

2
|−z ,+z⟩,

|1,−1⟩ = |−z ,−z⟩.

For eigenvalues E = −3A
2 , we get the singlet

1√
2


0
1
−1
0

 , or |0, 0⟩ = 1√
2
|+z ,−z⟩ − 1√

2
|−z ,+z⟩.



EPR Paradox - |0, 0⟩ Decay

z

x

Spin 1
21SG

Alice

Spin 1
2 2 SG

Bob

A spin-0 particle decays into two spin-12 particles.

|0, 0⟩ =
1√
2
|+z ,−z⟩ − 1√

2
|−z ,+z⟩

=
1√
2
|+z⟩1|−z⟩2 −

1√
2
|−z⟩1|+z⟩2.

What do Alice and Bob measure?


