Topics Summary for Final

1. Quantum Spin States
a. State Vectors

L w)=elvz)re =z =[r2)(rzlv) +=2) (=)
i (w|=ci(rz|re (=2| = v |rz)(+z|+ {y[-2)(-=|

b. Inner Products:

i. (+z|+z)=(-z|-z) =1, normalized, (+z|—z) = (~z|+z) = 0.orthogonal
i, (w|w)=(c (+z|+ (=z|)(c.[+2)+c_|-2)) =|e.] +|e
ii. |<go|c,y>|2 = Probability that a particle in state |y} can be found in state |¢).
c. Statesin S, -basis
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ii. General States

L |y)=

d

1
N
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V2

., an>,<l//|=Zn:C:<an
2 <V/IW>=ZC7°’J~<af|“.f>zz|cf|2

iii. Expectation value: < > ZP(a )a, =

n

iv. Uncertainty: A4 = ,/ (A- ,l

d. Matrix Representations in S_-basis

|V/>=C+|+Z>+c|—Z>*Cj=[§:||$]
1 {pl=c ezl (2l () = (il -2)

2. Operators
a. Rotations

i Jé(d¢k)=1—%jz dg, jz|iz>:i§|iz>
i. R(pk)=e "
i, |+x>:1§(%j)|+z>, (+x]| :<+z|f2*(%j)

b. Projections (Spin %)
i P =|+z)(+z|, P =|-z){(~z|, |+z)(+z|+|-z)(~z|=1
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i. P?=P,PP=PP =0
c. Matrix Representations of Operators, A[j = <l|121|]>
d. Commutators
i [J.J =i [T, J ] =ihd, [J.,J ]=ih]
ii. Commuting operators have simultaneous eigenstates.
3. Matrix/Operator Types

a. Adjoint A" = (A’) , Unitary A'4 =1, Hermitian A" = 4
4. Operator Relations

a. Ji=Jl+Jl+J:

b. J, =J *iJ,

¢ JJ . =J-J-nJ,JJ =J*-J+hJ.
5. Eigenvalues and Eigenstates

a. J|jm)=j(j+DK’|j,m),J_ | j,m)=mh|j,m)

b. m=—j,—j+1....j-1,j

6. Raising and Lowering Operators
],m>=\/j(j+1)—m(mi1)h|j,mi1>

7. Matrix Representations (Note similarity between J's and S’s)

ilv)=lo) > i:iJ(fi'f?J{?i'@J
o 2=y o) 2[5 )

. e—i¢/2 0
c. R(¢k):( 0 ei¢/2}

8. Change of Basis

a. |V/>T>(§+§||Z ij [2

o i[04
o (- ) (-2

~ +z|+
c. A—> A4 =5"4S,where S=[< Z| g

a.

a.

Q §|Z§]<— )

=)
)

e

A h
d. Spin¥% -S—> EG in terms of Pauli spin matrices.

>U>

(—z|+x
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10.

11.

12.

13.

. R(0 1) 4 (0 =) . H(1 0
s -n R R I
2l o) 72l o 2lo -1

e. Matrix Elements: (Amm) = (<j,m'|1:1

j,m)) where m is the row, m' is the column and

one proceeds in the order m=j, j—1,...,—j+1,—J.

f. 3D Rotation matrices

I 0 0 cosg 0 sing cos¢p —sing 0
g. S(@i)=|0 cosg —sing|,S@@=| 0 1 0 |,S(gk)=|sing cosg 0
0 sing cos¢ —sing 0 cos¢ 0 0 1
h. Spin1l
0 10 0 = 0 1
sz— 10 1,8 = —2 0 —i ,Sz—h 0 0 O]
010 i 0
0 1 0 0 00 1 00
S, =200 0 1[5 =251 0 0[,8>=2/|0 1 0
0 0 0 0 10 0 0 1
(Lij4Ly - (L1AfL0) (1, )
i. Spin-1 Representation: 4 — <, ,> <l,0A10> <, >

(L-tf4]Ly) (L-1]4]L0) (L

C
Uncertainty AAAB Z|<T>| for [4,B]=iC,and A, B,C Hermitian

)

Send particles with spin s through Stern-Gerlach device oriented in different positions.
Determine the number of beam channels and the probability a given particle will be found in a
given channel.

Time Evolution:

v () =U@)|y(0)=e""y(0))

b. lh%| l//(t)> = I:I(t)|w(t)> , Schrédinger Equation

d i~ o~ oA
: E<A>—<w(t)l[%[H,A]+§jlt//(t)>

Hamiltonians: H =—4-B :a)oﬁ I:I:il—ASI Sz

& p

Precession of Spin: <SZ> = O,<Sx> = gcos a)Ot,<Sy> = gsin Wyt , W, = > e Bo
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14. Addition of Angular Momenta, Eigenstates of Total Angular Momenta — two particles

a.

b.

C.

R(d@n):l—iﬁ-ndﬁz[l—iﬁl -nd9)®(1—i§2 -nd@j
n n h
S=§,®1+1®8S,

A ~ A \2 A A AA A A A
SZ :(Sl+sz) :S]2+S§+ZSI.SZ’ Sz :S12+SZZ

15. Continuous States

a.

b.

[oN

d.

e.

)= [dala){aly).(a'a) = (a-a)
#|x)=x|x), b.|p)=p|p)-
f’(a) :e_iﬁ*“/h,f"(a)|x>:|x+a>

(x
(ply)=Jas{plx)(xly) = [ (xlw) s

v)=22(xlv)

b

16. Schrodinger’s Equation

a.

b.

C.

17. Energy eigenstates: ]:I|En> =F

(x

2

1D Time Independent: ———
2m dx

+V(x)y =Ey

2

3D Time Independent: —;—Vzl// +V(x)y = Ey
m

v)=2.(E,

n

En>’

v)|E,)

n

18. One Dimensional Problems

a.

b.

2
Ehrenfest’s Theorem d<x> = <Px> , d<px> = <_d_V> = md_<x> = <_d_V>
dt m dt dx dr’ dx

Free particle — definition and time evolution

— —ax? . . . K — Bx?
Gaussian wave packet - je i/h=ax e - Computing Gaussian integrals I x"e P dx,

<x>,<x2>,Ax, <px>,<pf>,Apx,and uncertainty AxAp,
Particle in Box, Infinite Square Well, 0 < x < a.
W rtn’

2
2ma

iy, (x)= %sinnzx,En:

Finite Square Well
Bound states and scattering states
Reflection, Transmission probabilities
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h. Tunneling
i. Harmonic Oscillator

A

] H:(a*m%jhw,[&,&f]:l
ii. &T|n>:\/n+1|n+l>,&|n>=\/;|n—l>

il %= 22@(&%*),@ =i /mg)h (a-a")

n’ dz‘// 2.2
-—— +—mo'xy =E
2m dx* 2 v v

v. E =(n+ljha)
2

@y

1

0){a]0) <[ 22 e

Vi. <X|7’l> =ﬁ<x
19. Two-body Problem
a. I:[|E,£,m

Y=E|E,(,m)
b. L’|E,0,m)=(({+ DK’ |E,(,m)
)

C. £Z|E,€,m :mh|E,€,m>

d. [L,.L]=ihL_, etc

e LAZ—>Ei,LAx—>E —singoi—coté’cosgoi L —>E cosgoi—coté?singoi
i 0¢ i 00 op) 7 i 00 o

A noy 0 0
f.  Raising and lowering operators: L, — fei"” (ii— —cot Ha—j - applied to
l @

f,m —1> . Here

0,my=JO(L+1)—m(m—1)h

l, £> =c,e"’sin' 0, L

(0.0
=D [Qe+1)!
c/,’ = / .
2°0! 4
g. Spherical Harmonics Y, (6,¢)= P (cos 0)e "

Hydrogen Atom

2 2 2
. _h_vzvﬂ{ﬁ(€+12h  Zke }//=Ew
2u 2ur r
i w(r.0,0) = ROV (0,0)
2 4 2 2
i, E=-tNC gl MU o 360vE

2h*n? 2n? n



Topics Summary for Final

o 2
ho0509A gk oL
Jica e 137.036

i. Deuteron Model, R(r) = ru(r)
2
i. ——u"-Vu=FEu,r<a=tanka=—-"
2u

j.  Infinite Square Well, spherical Bessel functions, and Magic Numbers

20. Time Independent Perturbation Theory
o F=H,+ 28, 1,|40) = E

)
4"),
o 711

(0) (0)
En - Ek
_ /40| 1 (0)
d. Degenerate States, (H ), = <¢n ; |H1 N >

(H), H)p\la ) G
(H), (H)y)\c "o

e. Stark Effect, I:I1 =—fi,-E=er-E

Iy

b. Energy Shift: E,EI) =<¢,§0) H,

c. Wave function: |¢)§D> = Z
k#n

Zke®

f.  Spin-orbit Coupling I-AI1 =-p-B=———S'L
m-cr

g. Darwin Term, Relativistic Correction
h. Fine and hyperfine structure, fine structure constant
. A N e e
i. Zeeman Effect, H, =—p-B=| —L+—S [-B
2mc mc
j.  Perturbations of: particle in a box (1D, 2D, 3D), harmonic oscillators (1D, 2D, 3D), Spin
systems (Spin %, Spin 1, etc.)



