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In perturbation theory, we want to solve the eigenvalue problem
Aly) = Ely), (1)
where A = Ay + M.
- We can solve
Foly) = EOy). )
- M, is a small correction to Ay.
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Perturbation - Algebraic Equation

Consider x> + ex — 1= 0, |¢| < 1. Exact solution

Fore =0, x> —1= 0 has solution x = +1. Seek solution close to x = 1.

Assume
X(e):1+ex1+ezxz—|—~~~.

Then,
0 = X4+ex—1=0,
= 1426+ €04 +20) + e+ €x — 1+ 0(€%).
Coefficient of € : 2x + 1= 0. S0, X1 = —3.
Coefficient of € : X§ + 2x; + X = 0. Then, x, = 3.
This gives solution to order € as

I N 3
x(e) =1 26+86 + 0(€).



Perturbation - Eigenvalue Problem

Consider the eigenvalue problem Ax + eB(x) = Ax.

For e = 0, Ax = Ax is the unperturbed problem. Assume this is
nondegenerate and can be solved for eigenvectors e: Ae = ae.

If A is not symmetric, then the adjoint problem is etA = aef.
Consider the expansions

x(e) = et+exy+ex---,
Ae) = @+ X+ X+,
Inserting these into the perturbed problem,

Ale+exi+€X ) +eB(e+exi+ex )
= (a+eM+eEX+-)(e+exi+ex ).
= ae+e(ax; + Me) + e2(axy + Mxq + Ae) +--- .



Perturbation - Eigenvalue Problem (cont’d)

At order €Y : Ae = ae. This is the unperturbed problem.
At order €' : Ax; + eB(e) = axy + Ae, or (A — a)x; = \e — B(e),
We need to find Aq, x;. Multiply by ef. Noting that

el - (A—a);, =(a—a)el -x =0,

we have
el . (\e—B(e))=0.
Solve for A4,
el -B(e)

T e

Now we can solve for x;:
U e
(A—a)x = € B(e)e — B(e).

et.e



Nondegenerate Perturbation Theory

Assume only one eigenstate of Hy, |w,(,0)>, with energy E%O).

We seek solutions of

F’Wn> = Enlvn), (3)

in the form
n) = [y + A"y + Ay (4)
En = EO 4+ fD 422 @ 4 (5)

Inserting these into Equation (3),
Al = (Fo+Afn) (16 + A"y + Xy + ... ),

Eolwn) = (B9 280+ 260 + ) (1087) + A + )+ ).



Expansions for A|y,) = E,|

Expand both sides and equate coefficients of A® :

Ajapn)

En|1/}n> =

This gives

(o + 2 ) (1987 + A + Xy +.. )

Aol + A (Folul?) + Frlu™))

7 (Foll?) + Fls) + Falpf) ) + -+

(B + 260 + €0+ ) (108 + Al) + Xy + ..
EP 1) + 2 (EP1) + EV ™))

+7 (EP1) + EP 1) + ED ) +

Aolw®™y = EDpi) (6)
FolS™y + Aty = EDty + ED )y (7)



First Order Energy Shift

Take inner product with basis <¢£O)|

W (Flols) + (wn” Fln”y = ER (wn lun) + 5 (i 0”)
ER R ") + (IRl = ER (o ) + 5
Then,
BV = (n” |l (8)

Take the inner product with basis states <w£0)|, kR # n,

1oy + WOy = ED iy + E (i)
ED Oy + 1) = ED @)
Therefore, we have the
©) 2y 1,/,00)
©), () _ g [Haln™)
W) = g kA
n k

So, we have the first order state [4:5") = Y., (07 |4$") [41”). 7



We have found the first order corrections as

ED = (w)A M, (9)
Halvn
[ur?) = 27< E(o)_”;fo ). (10)
k#n n

giving the approximate wavefunctions

|1/1n> (0) _A'_ZMW%OB
P E,, —E

Second order in A gives
W1 (Aolw?) + nlw)) = @] (B + EP ) + ER ™))

. 2
) [ )
D = Pyl = £0 _ 0

ken n k

(11)



Example - Energy Correction to Infinite Square Well

Zeroth Order:

(0) 2 o NmX o) _ nmh V(X) 4 N
=4/-sin—, Ey’ =
Yo () \[L N T ome
First Order:
B = @bl y
2 [t . 5 Nmx 0
= Z/ Vosmz%dx R
L/2 L
Vo [* 2nmx 0 2 L
= 22 <1 — COS > dx
L Jip L Figure 1: Infinite square well
W N L sin 2nmx ]t W plus perturbation, Vo < 1.
L 2nm Ly, 2
Result: S s
nemch Vo
E,~ ——— + —.
TR .



The Anharmonic Oscillator

Consider the Hamiltonian

A= i + D e + ABK4
2m 2 ’

| h
o N ~t
X = —I(a—+a

we pick 8 so that the last term has units of energy. Then,

Since

A hw .
H]IT(

where a|n) = v/njn — 1), @t|n) = v/n+1jn + 1), and [a,a’] = 1.

+ar)

)

(af)"
|

The unperturbed states are given by |n) = |0) and the

S

corresponding energies are E(no) = (n + %) hw.



The Anharmonic Oscillator - Energy Corrections

. . 1
We consider the corrections to the ground state energy, E(()O) = ih“"

The first order correction is given by E(()” = %{O\(ﬁ + at)* o).
We need to compute (G + a')*|0 > as
@+ah4o) = (a+at [o + ﬁm}

= (a+a"y? [Vijo) + v22)]
= (@+ah [Vava + 1) + v2v3i3)|
= (@+ah) [3) + v6p3)]

= 3[0) + V18|2) + 3V2|2) + V/24]4)

= 3(0) + 6V2[2) + V244).

3hw
then, we can read off £{") = -
i



Second Order Ground State Energy Correction

Recall the second order correction:

~ 2
WO )

(2 _ 7,02 My _ |
B = () [Fhlepp)y =D ———— (12)
ket E- Eﬁo)

So, for harmonic oscillator states, this translates to

)

0 =

ED _ (@)2 [(klte +&")*10) z
R

(0) (0)
0 Eo - Ek

where £ — £ = —kaw. Since (@ + a7)*|0) = 3]0) + 6v/2]2) + v/24]4),

= — —hw.
4 —2hw —4hw 8

) hw\2 [ 16v27  |V24)? 21
EO = —_— +

This agrees to second order with the results of Bender and Wu [Phys. Rev. 184, 1231, 1969]:
fo e N 3, 2y N 3335 30855,
°T 7 2 4 8 64

Tie Eo = hw 3520 an A, then they found ap ~ (—1)Mt7 ,(37\//623’”' (n 4 %) . The series is factorially divergent!



Appendix - Powers of a + af.

We start with a brute force expansion:

(a+a'y
(@a+a'y

@’ + (a')y +aa' +a'a.

(a+a") [& + (@) +aat +a'a]

a’+a(a’y +a’at +aata+a'a’ + (a')y + afaat + (a')’a
a*+a’(a'y’ + d’at + a*a'a+ aa'at + a(at)’ + aataa’
+a(a"ya+ate’ +ataat)y’ + a'e’a’ + ataata + (ah)’a’
+(@@"* + (ahH’aa’ + (ah’a

How does this get used to obtain the anharmonic oscillator results?

The form of the perturbation term is found from

Setting

pr?

4m2w?

to have energy units. So, £ = c#. Picking c =1, B%* = 1hw(a + a')". 13



Degenerate Perturbation Theory

For eigenstates |wff_)l.)>, I=1,....N, with energy E(no), let

N

ey = Dl + Ay + .., (13)
i=1

En = EQ4+xeM 4+ ... (14)

Goal: Find the ¢;'s and first order energy shifts by solving the
eigenvalue problem
Hic = EWe, (15)

where
(H); = WA .

14



Degenerate Perturbation Theory - Derivation of H,c = £''c

We begin with
Folws™y = ED i) (16)
Foly™) + Flyl®) = EP ) + EP (), (17)
but sum over degenerate states with energy E(no)
N
W) =3 cilw).
i=1

Take inner products with orthonormal basis <1/,(”)\

WAooy + WPty = EQ DNy + £ @O pl”)

N
EQ ) + 3 awlN il = EP @O ") E“Zc, A

S a@wDNy = g, j=1,...N.



Stark Effect - External Electric Field

Apply E = Ek, to hydrogen atom.

Then, A, = e|E|2.

- Ground state, |1,0,0), is nondegenerate. (n = 1)

- First order correction: Eﬁ” = e|E[(1,0,0/2|1,0,0) = 0,
due to parity (—1).

- First excited states, for n = 2, are degenerate.

- n? = 4 states, taken in this order:
12,0,0), [2,1,0), [2,1,1), and ]2,1,—=7).

16



Matrix Elements - Stark Effect

The only nonzero matrix entries are

0) (1 0
(H) = WA,

For example,?

(200]A1]210)

e|E|/ r dr/ sinédo dquzoygorcos@RmYm

= —3e|E|ap. (18)

0 -8 00

-8 0 0 0
H = , where 8 = 3elE|ay. 19
o o o o |)VhereB=3elEdo ()

0 0 00

X

3/2 3/2
2 _ z Z —2r/2 1 Z 7Z 2
Ro=2(&)" (1= &) e, Ra=5 (k)" e ™,

Yoo = Q/ﬁ, Yio = \/%COS@, Y‘],i‘\ :I,/%Smﬁei’@’.



Eigenvalue Problem

Solve the eigenvalue problem:

0 -8 00 ¢ ¢
— 0 0 0 C C
5 2 :ES) 2 (20)
0 0O 0 0 C3 G
0 0 0 O Cy Cy

We obtain the energy corrections:
B 8 o0 0

O N B ) [ 1)

0 0 o —£V
or
EY =0,0,8,-5,
and the corresponding eigenvectors,
1 1

7 (12,0,0) —12,1,0)), >

12,1,1),12,1, =1), (12,0,0) +12,1,0)).



ts’

(e e 27
(200[21210) = / rzdr/ sin0do [ deR3YViorcos ORnYao
0 0 0

2 saoNt [ Z\® e, o\ T 7 2m
= - (= i 1-E p
o (Z) <Zao> /0 p ( 2)@ clp/O sin @ cos 9d6/0 do

a 1 @ [pee
= 2 |__cos?o / o (1 = B) e Pdp
87| 3 o Jo 2

5!
- J {m - 7} = 036 = _3q, 1)
127 2 127
oo T 27
(00[21211) = / P dr / singdo [ deR,Va,rcos 0V
0 0 Jo
2 sap\4 7 3 proo T 27 .
= V2 (—O) — / o <1 = B) e=r dp/ smzecosede/ dege'®
4 Z 2ag 0 2 0 0
= @ (22)

3/2 3/2
Ro=2(Z)" (1-8) e’ Ra=2 (&) per p=£Z

1 3 e ”
Yoo =4/7s Yo = \/;cos& Yi,41 = ¥\/;sm gexit,

19



Hydrogen Atom Perturbations

Recall the zeroth order energies:
uc’z’ o’
T
There are relativistic corrections of order o : the correction to the kinetic
energy, spin-orbit coupling, and the Darwin term, given by

0
=

A [5“
H = —— 2
K smic?’ (23)
A Ze2 PPN
o = —= 1.8 24
* 2mac? |t (24)
~ 1 A ra o n
H = —— % . 25
D 8m£c2 [p7 [pa (r)]] ( )

The relativistic correction to the kinetic energy has rotational invariance, so
the degenerate eigenspaces result in diagonal matrix representations for Hs.
One only needs to compute

A 1 3 1
ED, = (n, ¢, m|Ax|n, £, m) = —=m.c*Z*a" { + . (20)

2 D)

20



Spin-Orbit Correction

For this case, the basis states couple position and spin, ¢, m, £2).
Aso commutes with J, and J2.

Eigenvalues of J, equal to m + % correspond to the two states |¢,m, +z) and
|6, m +1,—z) for fixed £ and m # £.

The matrix representation for 2L - § =20 . § =1, 5_ + [_5, +2[,5, is

#< m ¢W+ﬂ—mm+ﬂ>. o)

VEE+T) —m(m+1) —(m+1)
Solving the eigenvalue problem,
20-§)\) = AR°|N),
one finds A = ¢, —(¢ + 1) and the states

. 1 [eEm;+3 1
U*‘gi§7m1> - W‘Evmj7§7+z>

CFm+ 1 1
-T2 I ) 2
T \E,mj+2,+z) (28)

21



Plus the Darwin Term

Eventually, this leads to (¢ > 0)

F) _ (29)

SO a3l + (e +1)

meC?Z%a { l, j=10+13,
—(+1), j=¢-1.

If ¢ = 0, there cannot be spin-orbit coupling. But, there is a
contribution - the Darwin term. It arises because the electron cannot
be confined to a point and must be treated as fuzzy ball.

The final result for the total first order energy corrections:

1 m CZ(Z(I)A 1 3
B =~ |77 an ) = Mm@y (0

22



Energy Diagram

/=0 f=1 3p3/2 =2 3d5/2
=g coccoosoos 3 — —
9 oo Sz T — — P 3ds,,
g - 2p3)2 -
2517 2pq)2 J | Snyj
1 1
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Figure 2: Energy corrections from relativistic perturbation terms.
Unperturbed energies at dashed lines.
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