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Complex Representations of Functions

“He is not a true man of science who does not bring some sympathy to his studies, and expect to learn something

by behavior as well as by application. It is childish to rest in the discovery of mere coincidences, or of partial and

extraneous laws. The study of geometry is a petty and idle exercise of the mind, if it is applied to no larger system than
the starry one. Mathematics should be mixed not only with physics but with ethics; that is mixed mathematics. The
fact which interests us most is the life of the naturalist. The purest science is still biographical.” Henry David Thoreau

(1817-1862)

6.1 Complex Representations of Waves

WE HAVE SEEN that we can seek the frequency content of a function
f(t) defined on an interval [0, T] by looking for the Fourier coefficients
in the Fourier series expansion

27mtnt

ad 27tnt
:%O—f—n;lancos%—i—bnsm

The coefficients take forms like

27mt
n =T / f®) at.

However, trigonometric functions can be written in a complex ex-

ponential form. This is based on Euler’s formula (or, Euler’s identity):*

¢ = cos@ +isiné.

The complex conjugate is found by replacing i with —7 to obtain
e ™ = cosf — isiné.

Adding these expressions, we have
2cosf = e e

Subtracting the exponentials leads to an expression for the sine func-
tion. Thus, we have the important result that sines and cosines can be
written as complex exponentials:

* Euler’s formula can be obtained using
the Maclaurin expansion of e*:

n

N 1 x
Z—:1+x+—x+ et SRR
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We formally set x = if Then,
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07, (0°
(“’ T te
= cosf+isin6. (6.1)
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eiG _|_e—19
g = ——
cos 5 ,
i0 __ ,—if
sinf = %. (6.2)

So, we can write

cos Zront 1(62%” —|—e_2n+m)
T 2 ’

Later we will see that we can use this information to rewrite our series
as a sum over complex exponentials in the form

[e9)

2mint
Y e

n=—oo

where the Fourier coefficients now take the form

cp = / f Zmnt

In fact, in order to connect our analysis to ideal signals over an infinite
interval and containing a continuum of frequencies, we will see the
above sum become an integral and we will naturally find ourselves
needing to work with functions of complex variables and perform
complex integrals.

We can extend these ideas to develop a complex representation for
waves. Recall from our discussion in Section 4.11 on finite length
strings the solution

1
u(x,t) =

Z Aysink,(x+ct) + Y Apsink,(x — ct)] . (6.3)

n=1 n=1

We can replace the sines with their complex forms as

u(x l’ _ 2 iky (x+ct) ikn(erct)
Y An e )
i ( ikn(x—ct) _ —ikﬂx—ct))] ) (6.4)
Now, defining k_, = —k;,;, we can rewrite this solution in the form
u(x,t) =Y. [Cneikﬂ(x-i-ct) +d, eikn(x—ct)} . 6.5)
n=—oo

Such representations are also possible for waves propagating over
the entire real line. In such cases we are not restricted to discrete
frequencies and wave numbers. The sum of the harmonics will then
be a sum over a continuous range, which means that our sums become
integrals. So, we are then lead to the complex representation
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w(x, t) = / [l 1 a(ryeken] ak. 6.6)
—c0

The forms (<) and *(*~¢*) are complex representations of what
are called plane waves in one dimension. The integral represents a
general wave form consisting of a sum over plane waves, typically
representing wave packets. The Fourier coefficients in the representa-
tion can be complex valued functions and the evaluation of the integral
may be done using methods from complex analysis. We would like to
be able to compute such integrals.

With the above ideas in mind, we will now take a tour of complex
analysis. We will first review some facts about complex numbers and
then introduce complex functions. This will lead us to the calculus of
functions of a complex variable, including differentiation and complex
integration.

6.2 Complex Numbers

COMPLEX NUMBERS WERE FIRST INTRODUCED in order to solve some
simple problems. The history of complex numbers only extends about
five hundred years. In essence, it was found that we need to find the
roots of equations such as x> +1 = 0. The solution is x = +/—1.
Due to the usefulness of this concept, which was not realized at first,
a special symbol was introduced - the imaginary unit, i = v/—1. In
particular, Girolamo Cardano (1501 — 1576) was one of the first to use
square roots of negative numbers when providing solutions of cubic
equations. However, complex numbers did not become an important
part of mathematics or science until the late seventh and eighteenth
centuries after people like de Moivre, the Bernoulli* family and Euler
took them seriously.

A complex number is a number of the form z = x + iy, where x and
y are real numbers. x is called the real part of z and vy is the imaginary
part of z. Examples of such numbers are 3 4 3i, —1i = —i, 4i and 5.
Note that 5 = 54 0i and 4i = 0 + 4i.

There is a geometric representation of complex numbers in a two
dimensional plane, known as the complex plane C. This is given by
the Argand diagram as shown in Figure 6.1. Here we can think of the
complex number z = x + iy as a point (x,y) in the z-complex plane
or as a vector. The magnitude, or length, of this vector is called the
complex modulus of z, denoted by |z| = \/x? + 2.

We can also use the geometric picture to develop a polar represen-
tation of complex numbers. From Figure 6.1 we can see that in terms

> The Bernoulli’s were a family of Swiss
mathematicians spanning three gener-
ations. It all started with Jakob
Bernoulli (1654-1705) and his brother
Johann Bernoulli (1667-1748). Jakob
had a son, Nikolaus Bernoulli (1687-
1759) and Johann (1667-1748) had three
sons, Nikolaus Bernoulli II (1695-1726),
Daniel Bernoulli (1700-1872), and Johann
Bernoulli II (1710-1790). The last gener-
ation consisted of Johann II's sons, Jo-
hann Bernoulli IIT (1747-1807) and Jakob
Bernoulli II (1759-1789). Johann, Jakob
and Daniel Bernoulli were the most fa-
mous of the Bernoulli’s. Jakob stud-
ied with Leibniz, Johann studied under
his older brother and later taught Leon-
hard Euler and Daniel Bernoulli, who is
known for his work in hydrodynamics.

Figure 6.1: The Argand diagram for plot-
ting complex numbers in the complex z-
plane.
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of r and 6 we have that

x = rcoso,
y = rsinf. (6.7)
Thus,
z=2x+iy =r(cosd +isinf) = re. (6.8)

So, given r and 0 we have z = re’®. However, given the Cartesian
form, z = x + iy, we can also determine the polar form, since

r=4/x2+y?,
Yy
6 = =, .
tan T (6.9)
Note that r = |z|.
Locating 1 + i in the complex plane, it is possible to immediately
determine the polar form from the angle and length of the "complex

vector". This is shown in Figure 6.2. It is obvious that § = T and

r=+2.

Example 6.1. Write 1+ i in polar form.If one did not see the polar form from
the plot in the z-plane, then one could systematically determine the results.
First, write +1 4 i in polar form: 1+ i = re'® for some r and 0. Using the
above relations, we have r = /x? +y* = V2 and tan® = % = 1. This
gives 0§ = 7. So, we have found that

1+i=2e"/4,

We can also use define binary operations of addition, subtraction,
multiplication and division of complex numbers to produce a new
complex number. The addition of two complex numbers is simply
done by adding the real parts and the imaginary parts of each number.
So,

B+2i))+(1—i)=4+1.

Subtraction is just as easy,
(3+42i)—(1—i)=2+3i.

We can multiply two complex numbers just like we multiply any bi-
nomials, though we now can use the fact that i> = —1. For example,
we have

(3+42i)(1—i) =3+2i—3i+2i(—i) =5—1i.

We can even divide one complex number into another one and get
a complex number as the quotient. Before we do this, we need to

Complex numbers can be represented in
rectangular (Cartesian), z = x + iy, or
polar form, z = re®®. Her we define the
argument, 6, and modulus, |z| = r of
complex numbers.

iy
2i +

1+

1
1 2 X

Figure 6.2: Locating 1 + i in the complex
z-plane.

We can easily add, subtract, multiply
and divide complex numbers.
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introduce the complex conjugate, z, of a complex number. The complex
conjugate of z = x + iy, where x and y are real numbers, is given as

Z=x—1y.

Complex conjugates satisfy the following relations for complex num-
bers z and w and real number x.

z+w = zZ+4+w
zw zw
z z
X = x. (6.10)

One consequence is that the complex conjugate of e is

rel® = cosf +isinf = cos® —isin® = re 0.

Another consequence is that

2z = rere ™ = 12,

Thus, the product of a complex number with its complex conjugate is
a real number. We can also prove this result using the Cartesian form
7z = (x +iy)(x —iy) = x* + y* = |z|*.

Now we are in a position to write the quotient of two complex
numbers in the standard form of a real plus an imaginary number.
As an example, we want to divide 3 + 2i by 1 — i. This is accomplished
by multiplying the numerator and denominator of this expression by
the complex conjugate of the denominator:

3+2 3+2i1+i 1+5i
1—i 1—il4+i 2 °

Therefore, the quotient is a complex number, % + %i.
We can also consider powers of complex numbers. For example,

(141)2=2i,

(1+10)% = (1+1i)(2i) =2i —2.

But, what is (1 +1)1/2 = T +1?
In general, we want to find the nth root of a complex number. Let
t = z!/". To find t in this case is the same as asking for the solution of

z=t"

269

The complex conjugate of z = x + iy, is

given as

zZ=x—1y.
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given z. But, this is the root of an nth degree equation, for which we
expect n roots. If we write z in polar form, z = re®, then we would
naively compute

A\ 1/n
Z1/1/1 _ (reze)
— rl/neie/n

0 0
= U/ [cos + isin } . (6.11)
n n
For example,
. 1/2 .
(1+i)/2 = (\[26171/4) — pl/4,in/8

But this is only one solution. We expected two solutions for n = 2..
The reason we only found one solution is that the polar representa-
tion for z is not unique. We note that

e — 1, k=0,+1,4+2,....

So, we can rewrite z as z = relf ek = rei(0+2k7) Now, we have that

Z1/n — rl/nei(€+2k7r)/n.

Note that there are only different values for k = 0,1,...,n — 1. Con-
sider k = n. Then one finds that

ei(9+2m'n)/n — pi0/np2mi _ if/n

So, we have recovered the n = 0 value. Similar results can be shown
for other k values larger than n.
Now, we can finish the example.

‘ N1/2
a+i2 = (Ve ko,
p1/4pi(m/8+km) e — 1,

p1/4,im/8 o1/4,97i/8 (6.12)

Finally, what is ¥/1? Our first guess would be {/1 = 1. But, we now

know that there should be n roots. These roots are called the nth roots
of unity. Using the above result with » = 1 and 8 = 0, we have that

" 2tk . . 271k
\fl—{cosn—i—zsmn}, k=0,...,n—1.
n n
For example, we have

2 2
\S/I: [Cosgk—l-isin;[k], k:011/2

The function f(z) = z!/" is multivalued.
ZA/n = pl/nl(0+2km)/n o — 0,1, n—1.

The nth roots of unity, /1.
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These three roots can be written out as

Vi1, 13 1 V5,
22 2 2
We can locate these cube roots of unity in the complex plane. In
Figure 6.3 we see that these points lie on the unit circle and are at the
vertices of an equilateral triangle. In fact, all nth roots of unity lie on
the unit circle and are the vertices of a regular n-gon with one vertex

atz =1.

6.3 Complex Valued Functions

WE WOULD LIKE to next explore complex functions and the calculus of
complex functions. We begin by defining a function that takes complex
numbers into complex numbers, f : C — C. It is difficult to visualize
such functions. For real functions of one variable, f : R — R. We graph
these functions by first drawing two intersecting copies of R and then
proceeding to map the domain into the range of f.

It would be more difficult to do this for complex functions. Imag-
ine placing together two orthogonal copies of C. One would need a
four dimensional space in order to complete the visualization. Instead,
typically uses two copies of the complex plane side by side in order
to indicate how such functions behave. We will assume that the do-
main lies in the z-plane and the image lies in the w-plane and write
w = f(z). We show these planes in Figure 6.4.

z-plane w-plane
iy, iv
2i +— f 2i +
i ./—T\.
z w
| [ —
1 2 X 1 2

Letting z = x + iy and w = u + iv, we can write the real and imagi-
nary parts of f(z) :

w=f(z) = f(x +iy) = u(x,y) + iv(x,y).

We see that one can view this function as a function of z or a function
of x and y. Often, we have an interest in writing out the real and
imaginary parts of the function, which are functions of two variables.

Figure 6.3: Locating the cube roots of
unity in the complex z-plane.

Figure 6.4: Defining a complex valued
function, w = f(z), on C for z = x + iy
and w = u + iv.
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2 4
15 2
1 0
05 -2
% o5 1 15 2 4 o 0 2 4

Example 6.2. f(z) = z2.

For example, we can look at the simple function f(z) = z2. It is a simple
matter to determine the real and imaginary parts of this function. Namely,
we have

22 = (x +iy)? = x* — y* + 2ixy.

Therefore, we have that

u(x,y) = ¥ — yz, v(x,y) = 2xy.

In Figure 6.5 we show how a grid in the z-plane is mapped by f(z) = z*

into the w-plane. For example, the horizontal line x = 1 is mapped to
u(1l,y) =1 —vy? and v(1,y) = 2y. Eliminating the “parameter” y between
these two equations, we have u = 1 — v? /4. This is a parabolic curve. Simi-
larly, the horizontal line y = 1 results in the curve u = v> /4 — 1.

If we look at several curves, x =const and y =const, then we get a family
of intersecting parabolae, as shown in Figure 6.5.

Example 6.3. f(z) = ¢*.
For this case, we make use of Euler’s Formula.

flz) = €
eerly
e¥elV
= ¢*(cosy +isiny).
(6.13)

Thus, u(x,y) = e*cosy and v(x,y) = e*siny. In Figure 6.6 we show
how a grid in the z-plane is mapped by f(z) = e* into the w-plane.

Example 6.4. f(z) =1Inz.
In this case we make use of the polar form, z = re®®. Our first thought
would be to simply compute

Inz =Inr+i6.

However, the natural logarithm is multivalued, just like the nth root. Recall-

27tik

ing that ™% =1 for k an integer, we have z = re'(®+27)  Therefore,

Figure 6.5: 2D plot showing how the
function f(z) = z* maps a grid in the
z-plane into the w-plane.



15

0.5

COMPLEX REPRESENTATIONS OF FUNCTIONS 273

4 Figure 6.6: 2D plot showing how the
function f(z) = ¢* maps a grid in the

2 z-plane into the w-plane.

0

-2

-4

-4 =2 0 2 4

Inz =1Inr+i(0 + 27k), k = integer.

The natural logarithm is a multivalued function. In fact there are an infi-
nite number of values for a given z. Of course, this contradicts the definition

of a function that you were first taught.

Thus, one typically will only report the principal value, Log z = Inr 4 i0,

for 0 restricted to some interval of length 27t, such as [0,27). In order to
account for the multivaluedness, one introduces a way to extend the complex
plane so as to include all of the branches. This is done by assigning a plane
to each branch, using (branch) cuts along lines, and then gluing the planes
together at the branch cuts to form what is called a Riemann surface. We will
not elaborate upon this any further here and refer the interested reader to more
advanced texts. Comparing the multivalued logarithm to the principal value

logarithm, we have

Inz = Log z + 2n7ri.

We should not that some books use logz instead of Inz. It should not be

confused with the common logarithm.

Figure 6.7: Domain coloring of the com-
plex z-plane assigning colors to arg(z).

Figure 6.8: Domain coloring for f(z) =
z2. The left figure shows the phase col-
oring. The right figure show the colored
surface with height |f(z)].

B e
e

El \K//
2 2

Another method for visualizing complex functions is domain color-

ing. The idea was described by Frank Ferris. There are a few ap-

proaches to this method. The main idea is that one colors each point

of the z-plane (the domain) as shown in Figure 6.7. The modulus,

|f(z)] is then plotted as a surface. Examples are shown for f(z) = z

2

in Figure 6.8 and f(z) = 1/z(1 — z) in Figure 6.9.
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We would like to put all of this information in one plot. We can
do this by adjusting the brightness of the colored domain by using the
modulus of the function. In the plots that follow we use the fractional
part of In |z|. In Figure 6.10 we show the effect for the z-plane using
f(z) = z. In the figures that follow we look at several other functions.
In these plots we have chosen to view the functions in a circular win-
dow.

One can see the rich behavior hidden in these figures. As you
progress in your reading, especially after the next chapter, you should
return to these figures and locate the zeros, poles, branch points and
branch cuts. A search online will lead you to other colorings and su-
perposition of the uv grid on these figures.

As a final picture, we look at iteration in the complex plane. Con-
sider the function f(z) = z? —0.75 — 0.2i. Interesting figures result
when studying the iteration in the complex plane. In Figure 6.13 we
show f(z) and f?(z), which is the iteration of f twenty times. It leads
to an interesting coloring. What happens when one keeps iterating?
Such iterations lead to the study of Julia and Mandelbrot sets . In
Figure 6.14 we show six iterations of f(z) = (1 —i/2)sinx.

The following code was used in MATLAB to produce these figures.

fn = @(x) (1-i/2)xsin(x);
Xmin=-2; xmax=2; ymin=-2; ymax=2;
Nx=500;
Ny=500;
x=linspace(xmin, xmax,Nx) ;
y=linspace(ymin,ymax,Ny);
[X,Y] = meshgrid(x,y); z = complex(X,Y);
tmp=z; for n=1:6

tmp = fn(tmp);
end Z=tmp;
XX=real(Z);
YY=imag(Z);
R2=max(max(X.”2));
R=max (max (XX."2+YY."2));

Figure 6.9: Domain coloring for f(z) =
1/z(1 — z). The left figure shows the
phase coloring. The right figure show
the colored surface with height |f(z)].

Figure 6.10: Domain coloring for f(z) =
z showing a coloring for arg(z) and
brightness based on |f(z)|.

Figure 6.11: Domain coloring for f(z) =

22,
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Figure 6.12: Domain coloring for sev-
eral functions. On the top row the do-
main coloring is shown for f(z) = z*
and f(z) = sinz. On the second row
plots for1 f(z) = V1+4z and f(z) =

A/2-2) )=t are shown. In the last

row domain colorings for f(z) = Inz
and f(z) = sin(1/z) are shown.

Figure 6.13: Domain coloring for f(z) =
z2 — 0.75 — 0.2i. The left figure shows the
phase coloring. On the right is the plot
for f20(z).
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circle(:,:,1) = X."24Y."2 < R2;
circle(:,:,2)=circle(:,:,1);

circle(:,:,3)=circle(:,:,1);

addcirc(:,:,1)=circle(:,:,1)==0;

addcirc(:,:,2)=circle(:,:,1)==0;

addcirc(:,:,3)=circle(:,:,1)==0;

warning off MATLAB:divideByZero; hsvCircle=ones(Nx,Ny,3);

hsvCircle(:
hsvCircle(:
hsvCircle(:
hsvCircle(:

hsvCircle(:

hsvCircle(:

’

1,2)

1, 3)

,+,1)=atan2(YY,XX)*180/pi+(atan2(YY,XX)*180/pi<0)*360;
:,1)=hsvCircle(:,:,1)/360; lgz=log(XX.”2+YY."2)/2;
1,2)=

0, 1)

0.75; hsvCircle(:,:,3)=1-(lgz-floor(lgz))/2;
flipud((hsvCircle(:,:,1)));

flipud((hsvCircle(:,:,2)));

=flipud((hsvCircle(:,:,3)));

rgbCircle=hsv2rgb(hsvCircle);

rgbCircle=rgbCircle.x*circle+addcirc;

image(rgbCircle)

axis square

set(gca, 'XTickLabel’, {})
set(gca, 'YTickLabel’, {})

Figure 6.14: Domain coloring for six it-
erations of f(z) = (1 —i/2)sinx.



COMPLEX REPRESENTATIONS OF FUNCTIONS 277

6.4 Complex Differentiation

NEXT WE WANT TO DIFFERENTIATE complex functions . We generalize
our definition from single variable calculus,

 fz+82)— f(2)

Az—0 Az !

(6.14)

provided this limit exists.

The computation of this limit is similar to what we faced in multi-
variable calculus. Letting Az — 0 means that we get closer to z. There
are many paths that one can take that will approach z. [See Figure
6.15.]

It is sufficient to look at two paths in particular. We first consider
the path y = constant. Such a path is shown in Figure 6.16 For this
path, Az = Ax +iAy = Ax, since y does not change along the path.
The derivative, if it exists, is then computed as

f(z+A4z) - f(2)

/ o .
fa) = fim =%
. u(x+Ax,y) +iv(x+ Ax,y) — (u(x,y) +iv(x,y))
= lim
Ax—0 Ax
— lim u(x+Ax,y) —u(x,y) + lim iv(x + Ax,y) — U(x,y).
Ax—0 Ax Ax—0 Ax

(6.15)

The last two limits are easily identified as partial derivatives of real
valued functions of two variables. Thus, we have shown that when
f'(z) exists,
Fe) = 20 42 (6.16)
A similar computation can be made if instead we take a path corre-
sponding to x = constant. In this case Az = iAy and

f(z+A4z) - f(2)

/ _ .
f& = i
_ i Myt Ay) il y + Ay) — (u(x,y) +iv(xy))
C Ay—0 iy
_ pim Myt Ay) —ulny) o vloy +AY) —o(rny)
Ay—0 iAy Ay—0 Ay
(6.17)
Therefore, 5 5
I(z) = 20 ;91
fi(z) = 3y lay' (6.18)

We have found two different expressions for f’(z) by following two
different paths to z. If the derivative exists, then these two expressions

iy
2i -

</
; |
1 2 X

Figure 6.15: There are many paths that
approach z as Az — 0.

iy

Figure 6.16: A path that approaches z
with y = constant.
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must be the same. Equating the real and imaginary parts of these
expressions, we have

o _ %
dx 9y
v ou
Fri —@. (6.19)

These are known as the Cauchy-Riemann equations3.

Theorem 6.1. f(z) is holomorphic (differentiable) if and only if the Cauchy-
Riemann equations are satisfied.

Example 6.5. f(z) = z2.

In this case we have already seen that z> = x> — y? + 2ixy. Therefore,
u(x,y) = x> —y? and v(x,y) = 2xy. We first check the Cauchy-Riemann
equations.

ox 9y
0v ou
Py (6.20)

Therefore, f(z) = z? is differentiable.
We can further compute the derivative using either Equation (6.16) or
Equation (6.18). Thus,
_ du

f'(z) = &“% =2x+i(2y) = 2z

This result is not surprising.

Example 6.6. f(z) = z.

In this case we have f(z) = x — iy. Therefore, u(x,y) = x and v(x,y) =
—Vy. But, ?TZ = 1and ‘3—” = —1. Thus, the Cauchy-Riemann equations are
not satisfied and we conclude the f(z) = Z is not differentiable.

Another consequence of the Cauchy-Riemann equations is that both
u(x,y) and v(x,y) are harmonic functions. A real-valued function u(x, y)
is harmonic if it satisfies Laplace’s equation in 2D, V?u = 0, or

Fu Pu

9x2 = 9y2
Theorem 6.2. f(z) = u(x,y) +iv(x,y) is differentiable if and only if u and
v are harmonic functions.

This is easily proven using the Cauchy-Riemann equations.

%u 9 Ju

ox2  dxox

The Cauchy-Riemann Equations.

3 Augustin-Louis Cauchy (1789-1857)
was a French mathematician well known
for his work in analysis. Georg Friedrich
Bernhard Riemann (1826-1866) was
a German mathematician who made
major contributions to geometry and
analysis.
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_ o
~ Jxdy
_ o
- Jyox
_ _9%
- Yy
0%u
= - W . (6.21)
Example 6.7. Is u(x,y) = x> +y? harmonic?
?u  *u
LR B, )
2t e +2#0
No, it is not.
Example 6.8. Is u(x,y) = x> — y* harmonic?
?u  u
Sl —n-2=0.
a2 a2
Yes, it is.
Given a harmonic function u(x,y), can one find a function, v(x,y), The harmonic conjugate function.

such f(z) = u(x,y) +iv(x,y) is differentiable? In this case, v are called
the harmonic conjugate of u.

Example 6.9. u(x,y) = x> — y? is harmonic, find v(x,y) so that u + iv is
differentiable.
The Cauchy-Riemann equations tell us the following about the unknown

function, v(x,y) :
Jdv  du

ox oy Y
ov  du
@—E—Zx.

We can integrate the first of these equations to obtain

v(x,y) = /Zydx = 2xy + c(y).

Here c(y) is an arbitrary function of y. One can check to see that this works
by simply differentiating the result with respect to x. However, the second
equation must also hold. So, we differentiate our result with respect to y to

find that

g;} =2x+c'(y).
Since we were supposed to get 2x, we have that ¢'(y) = 0. Thus, c(y) = k is
a constant.

We have just shown that we get an infinite number of functions,

v(x,y) =2xy +k,
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such that
f(z) = x* —y* +i(2xy + k)
is differentiable. In fact, for k = O this is nothing other than f(z) = z2.

6.5 Complex Integration

IN THE LAST CHAPTER we introduced functions of a complex variable.
We also established when functions are differentiable as complex func-
tions, or holomorphic. In this chapter we will turn to integration in the
complex plane. We will learn how to compute complex path integrals, 2
or contour integrals. We will see that contour integral methods are

also useful in the computation of some of the real integrals that we

will face when exploring Fourier transforms in the next chapter.

Figure 6.17: We would like to integrate a

6.5.1 Complex Path I]’ltegrals complex function f(z) over the path I in
the complex plane.

IN THIS SECTION we will investigate the computation of complex path
integrals. Given two points in the complex plane, connected by a path
I', we would like to define the integral of f(z) along I,

/r f(z)dz.
A natural procedure would be to work in real variables, by writing
/rf(z)dz = /r [u(x,y) +iv(x,y)] (dx + idy).
In order to carry out the integration, we then have to find a parametriza-
(@ (b)

tion of the path and use methods from a multivariate calculus class.

Before carrying this out with some examples, we first provide some
Figure 6.18: Examples of (a) a connected

definitions. set and (b) a disconnected set.
Definition 6.1. A set D is connected if and only if for all zq, and zp in D
there exists a piecewise smooth curve connecting z; to z; and lying in
D. Otherwise it is called disconnected. Examples are shown in Figure

6.18

.

Definition 6.2. A set D is open if and only if for all zy in D there exists

.,

an open disk |z — zg| < pin D.

™. o

%y

In Figure 6.19 we show a region with two disks.
For all points on the interior of the region one can find at least

one disk contained entirely in the region. The closer one is to the
Figure 6.19: Locations of open disks in-

boundary, the smaller the radii of such disks. However, for a point on . .
side and on the boundary of a region.

the boundary, every such disk would contain points inside and outside
the disk. Thus, an open set in the complex plane would not contain
any of its boundary points.
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Definition 6.3. D is called a domain if it is both open and connected.

Definition 6.4. Let u and v be continuous in domain D, and I' a piece-
wise smooth curve in D. Let (x(t),y(t)) be a parametrization of T for
to <t <t and f(z) = u(x,y) +iv(x,y) for z = x + iy. Then

JL £ = [ a0, 000 + (0, y0)] G -+
(6.22)

Note that we have used

. dx .dy
dz = dx +idy = (dt + ldt) dt.
This definition gives us a prescription for computing path integrals.
Let’s see how this works with a couple of examples.

Example 6.10. |- z2dz, C = the arc of the unit circle in the first quadrant
as shown in Figure 6.20.

We first specify the parametrization . There are two ways we could do this.
First, we note that the standard parametrization of the unit circle is

(x(0),y(0)) = (cosh,sinh), 0<6<2m.

For a quarter circle in the first quadrant, 0 < 0 < g, we let z = cosO +
isin 6. Therefore, dz = (— sin@ + i cos 0) d6 and the path integral becomes

/szdz = /7(c059+isin9)2(—sin9—|—icosf)) de.
0

We can expand the integrand and integrate, having to perform some trigono-
metric integrations:4

/ ? [sin® @ — 3 cos? fsin 6 + i(cos’ § — 3 cos Osin’ §)] df.

J0

While this is doable, there is a simpler procedure. We first note that z = e
on C. So, dz = ie'df. The integration then becomes

/zzdz = /7(61'9)21-61‘9019
C 0

- i/7e3i9d9
0

3i lo
141

= — 5 (6.23)

Example 6.11. [ zdz, T = 1 U, is the path shown in Figure 6.21.

iy
2i —
i
\\ !
1 2 X

Figure 6.20: Contour for Example 6.10.

4+The reader should work out these
trigonometric integrations and confirm
the result. For example, you can use

sin®6 = sin (1 — cos? §))
to write the real part of the integrand as
sinf — 4 cos® @ sin 6.

The resulting antiderivative becomes

4
—cosf + 3 cos® 6.

The imaginary integrand can be inte-
grated in a similar fashion.
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In this problem we have path that is a piecewise smooth curve. We can
compute the path integral by computing the values along the two segments of
the path and adding up the results. Let the two segments be called vy and vy,
as shown in Figure 6.21.

Over 1 we note that y = 0. Thus, z = x for x € [0,1]. It is natural to
take x as the parameter. So, dz = dx and we have

d ' d !
le z—/ox x=s.

For path v, we have that z = 1+ iy for y € [0,1]. Inserting z and
dz = idy, the integral becomes

1 1
d:/ 1+iy)idy =i— .
Azzz 0(+ly)zy i—5

Combining these results, we have [ zdz = % +(i— %) =1

Example 6.12. f% zdz, 73 is the path shown in Figure 6.22.

In this case we take a path from z = 0 to z = 1 4 i along a different path.
Let v3 = {(x,y)|ly = 2%, x € [0,1]} = {z|z = x +ix?,x € [0,1]}. Then,
dz = (14 2ix) dx.

The integral becomes

1
/zdz = /(x+ix2)(1—|—2ix)dx
3 0
1
= /(x+3ix2—2x3)dx:
0
(1o s 14
= [zx +ix zx} =1 (6.24)

In the last case we found the same answer as in Example 6.11. But
we should not take this as a general rule for all complex path inte-
grals. In fact, it is not true that integrating over different paths always
yields the same results. We will now look into this notion of path
independence.

Definition 6.5. The integral [ f(z)dz is path independent if

z)dz = z)dz
T f( ) T f( )
for all paths from z; to zp.

If [ f(z)dz is path independent, then the integral of f(z) over all
closed loops is zero,

dz = 0.
/Closed loopsf(z) :

A common notation for integrating over closed loops is ¢ f(z) dz. But
first we have to define what we mean by a closed loop.

iy
2i +
il
[ |
- T I
M o1 2 X

Figure 6.21: Contour for Example 6.11
with I = Y1 @] Y2-

iy
2+

Figure 6.22: Contour for Example 6.12.

i

Figure 6.23: [; f(z)dz = [, f(z)dz for
all paths from z; to z; when the integral
of f(z) is path independent.
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Definition 6.6. A simple closed contour is a path satisfying

a The end point is the same as the beginning point. (This makes
the loop closed.)

b The are no self-intersections. (This makes the loop simple.)

A loop in the shape of a figure eight is closed, but it is not simple.

Now, consider an integral over the closed loop C shown in Figure
6.24. We pick two points on the loop breaking it into two contours, C;
and C,. Then we make use of the path independence by defining C,
to be the path along C, but in the opposite direction. Then,

}{cf(z)dz = /le(z)dz—i— sz(z)dz
= [ f@a- [ s (625)

Assuming that the integrals from point 1 to point 2 are path indepen-
dent, then the integrals over C; and C, are equal. Therefore, we have

$c f(z)dz =0.

Example 6.13. Consider the integral §.zdz for C the closed contour shown
in Figure 6.22 starting at z = 0 following path vy, then v, and returning to
z = 0. Based on the earlier examples and the fact that going backwards on 3
introduces a negative sign, we have

j{zdz:/zdz—t— zdz—/ zdz=1+<i—1>—i:0.
C m 7 7 2 2

6.5.2  Cauchy’s Theorem

NEXT WE WANT TO INVESTIGATE if we can determine that integrals
over simple closed contours vanish without doing all the work of
parametrizing the contour. First, we need to establish the direction
about which we traverse the contour.

Definition 6.7. A curve with parametrization (x(t),y(t)) has a normal
dx dy

(nx,ny) = (=G 37 )-

Recall that the normal is a perpendicular to the curve. There are two
such perpendiculars. The above normal points outward and the other
normal points towards the interior of a closed curve. We will define a
positively oriented contour as one that is traversed with the outward
normal pointing to the right. As one follows loops, the interior would
then be on the left.

Figure 6.24: The integral §.f(z)dz
around C is zero if the integral [. f(z) dz
is path independent.
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We now consider §(u + iv) dz over a simple closed contour. This
can be written in terms of two real integrals in the xy-plane.

7(C(u+iv)dz - ./;(u+iv)(dx+idy)
= /Cudx—vdy+z/cvdx+udy. (6.26)

These integrals in the plane can be evaluated using Green’s Theorem
in the Plane. Recall this theorem from your last semester of calculus:

Green’s Theorem in the Plane.

Theorem 6.3. Let P(x,y) and Q(x,y) be continuously differentiable
functions on and inside the simple closed curve C. Denoting the en-
closed region S, we have

/de+Qdy— // (-) dxdy.  (6:27)

Using Green’s Theorem to rewrite the first integral in (6.26), we have

/udx—vdy // ( o a”) dxdy.

If u and v satisfy the Cauchy-Riemann equations (6.19), then the inte-

grand in the double integral vanishes. Therefore,

dx —vdy =0.
/Cux vdy

In a similar fashion, one can show that
/C vdx+udy =0.

We have thus proven the following theorem:

Cauchy’s Theorem

Theorem 6.4. If u and v satisfy the Cauchy-Riemann equations (6.19)
inside and on the simple closed contour C, then

?fé (u + iv) dz = 0. (6.28)

Corollary ¢ f(z)dz = 0 when f is differentiable in domain D with
CccD.

Either one of these is referred to as Cauchy’s Theorem.

Example 6.14. Consider j;\z—l\=3 z*dz. Since f(z) = z* is differentiable
inside the circle |z — 1| = 3, this integral vanishes.

Green’s Theorem in the Plane is one
of the major integral theorems of vec-
tor calculus. It was discovered by
George Green (1793-1841) and published
in 1828, about four years before he en-
tered Cambridge as an undergraduate.
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We can use Cauchy’s Theorem to show that we can deform one
contour into another, perhaps simpler, contour.

Theorem 6.5. If f(z) is holomorphic between two simple closed contours, C
and C', then §. f(z)dz = §., f(z) dz.

Proof. We consider the two curves as shown in Figure 6.25. Connecting
the two contours with contours I'; and I'; (as shown in the figure), C
is seen to split into contours C; and C; and C’ into contours C{ and
C). Note that f(z) is differentiable inside the newly formed regions
between the curves. Also, the boundaries of these regions are now
simple closed curves. Therefore, Cauchy’s Theorem tells us that the
integrals of f(z) over these regions are zero.

Noting that integrations over contours opposite to the positive ori-
entation are the negative of integrals that are positively oriented, we
have from Cauchy’s Theorem that

/le(z)der/rlf(Z)dz—/Cif(z)der/rzf(z)dz_0
and
/sz(z)dz—/rzf(z)dz—/qf(z)dz—/rlf(z)dz:0.

In the first integral we have traversed the contours in the following
order: Cq, I'y, C{ backwards, and I';. The second integral denotes
the integration over the lower region, but going backwards over all
contours except for C.

Combining these results by adding the two equations above, we
have

d / d —/ d —/ dz = 0.
Jo @z [ = [ - [ )z
Noting that C = C; + C; and C' = C| + C}, we have

§f@dz= § f@)dz,

as was to be proven. O

Example 6.15. Compute §, dZ—Z for R the rectangle [—2,2] x [—2i,2i].

We can compute this integral by looking at four separate integrals over the
sides of the rectangle in the complex plane. One simply parametrizes each line
segment, perform the integration and sum the four separate results. From the
last theorem, we can instead integrate over a simpler contour by deforming
the rectangle into a circle as long as f(z) = % is differentiable in the region
bounded by the rectangle and the circle. So, using the unit circle, as shown in
Figure 6.26, the integration might be easier to perform.

One can deform contours into simpler
ones.

C
2

Figure 6.25: The contours needed to
prove that ¢ f(z) dz = § f(z) dz when
f(z) is holomorphic between the con-
tours C and C'.

iy

N
=Y

ane
2 -1\\/1

Figure 6.26: The contours used to com-
pute §y %. Note that to compute the in-
tegral around R we can deform the con-
tour to the circle C since f(z) is differ-
entiable in the region between the con-
tours.
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More specifically, the last theorem tells us that

Cdz dz
JR Z Jz|=1 Z

The latter integral can be computed using the parametrization z = €' for

6 € [0,2m]. Thus,
?{ dz /2” ie'? do
Z=1z  Jo e

27
= i o = 271i. (6.29)
0

Therefore, we have found that §, Z = 27ti by deforming the original simple
closed contour.

For fun, let’s do this the long way to see how much effort was saved.
We will label the contour as shown in Figure 6.27. The lower segment, 4
of the square can be simple parametrized by noting that along this segment
z = x — 2i for x € [—2,2]. Then, we have

dz /2 dx
vz Joox—2i
= In|x—2i],
= (111(2\6) - T) — (111(2\6) - 347'(1)
= % (6.30)

We note that the arquments of the logarithms are determined from the angles
made by the diagonals provided in Figure 6.27.

Similarly, the integral along the top segment, z = x +2i, x € [—2,2], is
computed as

dz /—2 dx
vz o J2 x+2i

= In|x+2i|,>

Figure 6.27: The contours used to com-
pute ¢ df. The added diagonals are
for the reader to easily see the argu-
ments used in the evaluation of the lim-
its when integrating over the segments

of the square R.
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= (m(zﬁ) + 34”1) - <1n(2f2) + T)

= % (6.31)

The integral over the right side, z = 2 + iy, y € [—2,2], is

dz /2 idy

Y1 Z -2 2 + ly
= In]2+iyf,
- (m(zﬁ) + T) - (m(zﬁ) - T)
= % (6.32)
Finally, the integral over the left side, z = —2 + iy, y € [—2,2], is
dz /—2 idy
vz o Ja —2+iy
= In|-2+iyf,
- (m(zfz) + 547”) - <1n(2\@) + 347“)
7Tl
= 7 (6:33)
Therefore, we have that
dz dz dz dz dz
= = =+ / =+ =+ =
R Z m 2 Y2 2 73 2 T Z
_omigmimi i
22 2 2
7Tl .
= 4(7) = 27i. (6.34)

This gives the same answer we had found using a simple contour deformation.

The converse of Cauchy’s Theorem is not true, namely §. f(z) dz =
0 does not always imply that f(z) is differentiable. What we do have
is Morera’s Theorem(Giacinto Morera, 1856-1909):

Theorem 6.6. Let f be continuous in a domain D. Suppose that for every
simple closed contour C in D, §. f(z) dz = 0. Then f is differentiable in D.

The proof is a bit more detailed than we need to go into here. How-
ever, this theorem is useful in the next section.

6.5.3 Analytic Functions and Cauchy’s Integral Formula

IN THE PREVIOUS SECTION we saw that Cauchy’s Theorem was use-
ful for computing particular integrals without having to parametrize

287



288 MATHEMATICAL PHYSICS

the contours, or to deform contours to simpler ones. The integrand
needs to possess certain differentiability properties. In this section, we
will generalize our integrand slightly so that we can integrate a larger
family of complex functions. This will take the form of what is called
Cauchy’s Integral Formula, which extends Cauchy’s Theorem to func-
tions analytic in an annulus. However, first we need to explore the
concept of analytic functions.

Definition 6.8. f(z) is analytic in D if for every open disk |z — zp| < p
lying in D, f(z) can be represented as a power series in zy. Namely,

f(z) = i}cn(z —zg)".

This series converges uniformly and absolutely inside the circle of con-
vergence, |z —zp| < R, with radius of convergence R. [See the Ap-
pendix for a review of convergence.]

Since f(z) can be written as a uniformly convergent power se-
ries, we can integrate it term by term over any simple closed contour
in D containing zp. In particular, we have to compute integrals like
$c(z — 20)" dz. As we will see in the homework exercises, these inte-
grals evaluate to zero for most n. Thus, we can show that for f(z) an-
alytic in D and any C lying in D, §- f(z) dz = 0. Also, f is a uniformly
convergent sum of continuous functions, so f(z) is also continuous.
Thus, by Morera’s Theorem, we have that f(z) is differentiable if it is
analytic. Often terms like analytic, differentiable and holomorphic are
used interchangeably, though there is a subtle distinction due to their
definitions.

Let’s recall some manipulations from our study of series of real
functions.

Example 6.16. f(z) = 11 for zo = 0.
This case is simple. From Chapter 1 we recall that f(z) is the sum of a
geometric series for |z| < 1. We have

Thus, this series expansion converges inside the unit circle (|z| < 1) in the
complex plane.

Example 6.17. f(z) = %Jrzfor Zp = % We now look into an expansion about
a different point. We could compute the expansion coefficients using Taylor’
formula for the coefficients. However, we can also make use of the formula
for geometric series after rearranging the function. We seek an expansion in

Definition of an analytic function: the
existence of a convergent power series
expansion.

There are various types of complex-
valued functions. A holomorphic func-
tion is (complex-)differentiable in a
neighborhood of every point in its do-
main. An analytic function has a conver-
gent Taylor series expansion in a neigh-
borhood of each point in its domain. We
see here that analytic functions are holo-
morphic and vice versa. If a function
is holomorphic throughout the complex
plane, then it is called an entire function.
Finally, a function which is holomorphic
on all of its domain except at a set of iso-
lated poles (to be defined later), then it
is called a meromorphic function.
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powers of z — % So, we rewrite the function in a form that has this term.

Thus,
1 1 1

JRECR N E I BYCES )

f(z)

This is not quite in the form we need. It would be nice if the denominator
were of the form of one plus something. [Note: This is just like what we show
in the Appendix for functions of real variables. See Example A.28.] We can
get the denominator into such a form by factoring out the % Then we would

have ) .
f@) =3 ——=——1
153D
The second factor now has the form 1L, which would be the sum of a geo-
metric series with first term a = 1 and ratio r = —%(z - %) provided that

| ¥ | <1. Therefore, we have found that

n=0
for
2 1
—=(z—z 1
Sz-3)l <

This convergence interval can be rewritten as

Z— 1< 2
2 2°

This is a circle centered at z = % with radius %

In Figure 6.28 we show the regions of convergence for the power
series expansions of f(z) = rj; about z = 0 and z = 3. We note
that the first expansion gives that f(z) is at least analytic inside the
region |z| < 1. The second expansion shows that f(z) is analytic in a
region even further outside to the region |z — 1| < 3. We will see later
that there are expansions outside of these regions, though some are
expansions involving negative powers of z — z.

We now present the main theorem of this section:

Cauchy Integral Formula

Theorem 6.7. Let f(z) be analytic in |z — zy| < p and let C be the
boundary (circle) of this disk. Then,

EENCI

f(ZO) - 27_[1 cz—20 (635)

Proof. In order to prove this, we first make use of the analyticity of

f(z). We insert the power series expansion of f(z) about zy into the

iyh

-2i

/1
/

Figure 6.28: Regions of convergence for

expansions of f(z) = %

1

and z = 5.

- about z = 0
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integrand. Then we have

flz)  _ =
 z—1z lz (2= 20)"

n=0

1 2
i [co+c1(z—zo)+cz(z—zo) +}

C
= 0 +eto(z—20) ... (6.36)
Z—2Z

analytic function

As noted the integrand can be written as
z c
AR + h(z),
Z—20 zZ—2p

where h(z) is an analytic function, since h(z) is representable as a se-
ries expansion about zy. We have already shown that analytic functions
are differentiable, so by Cauchy’s Theorem §/(z) dz = 0. Noting also
that co = f(z0) is the first term of a Taylor series expansion about
z = zp, we have

Lk = [ )| de = o) f e

We need only compute the integral ¢ ﬁ dz to finish the proof of

Cauchy’s Integral Formula. This is done by parametrizing the circle,
|z — zg| = p, as shown in Figure 6.29. This is simply done by letting

z — 29 = pe”®.

(Note that this has the right complex modulus since |¢?| = 1. Then
dz = ipe?df. Using this parametrization, we have

. 27T i 27
7{ _ / e 6 [ 4o — omi.
zZ—2g pet? 0

Therefore,

L g ) f

d =2
| 2 = 2nif (z),

zZ—

as was to be shown. O

Example 6.18. Compute f‘z‘: 4 e dz.

In order to apply the Cauchy Integral Formula, we need to factor the de-
nominator, z> — 6z +5 = (z — 1)(z — 5). We next locate the zeros of the
denominator. In Figure 6.30 we show the contour and the points z = 1 and
z = 5. The only point inside the region bounded by the contour is z = 1.
Therefore, we can apply the Cauchy Integral Formula for f(z) = $2Z to the
integral

Cos z B f(2) B
/lz\:4mdz /\2\4( 1y 42 = 27if (1),

iy

Figure 6.29: Circular contour used in
proving the Cauchy Integral Formula.
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Therefore, we have

: cosz mticos(1)
./|Z|:4 Coe-5 T T2

We have shown that f(zp) has an integral representation for f(z)
analytic in |z — zp| < p. In fact, all derivatives of an analytic function
have an integral representation. This is given by

£ (zg) = 22 7{: (f(z)dz. (6.37)

-~ 2mi Jo (z —zp)n !

This can be proven following a derivation similar to that for the
Cauchy Integral Formula. Inserting the Taylor series expansion for
f(z) into the integral on the right hand side, we have

f(z) _ (z —zo)"
fé: (z —zo)"H1 = féﬁ (z— Zo())”+1 &
(

%’ dz
Jc

Picking k = n — m, the integrals in the sum can be computed by using

(o)

> cn
m=0

[ee]

> o
m=0

the following lemma.

dz 0, k#0
— T 6-
7%: (z — zg)k+1 { 2mti, k=0. (6.39)

This is Problem 3. So, the only nonvanishing integrals are when k =
n—m = 0, or m = n. Therefore,

?{: (f(z) dz = 27icy,.

7 — Zo)n+1

Lemma

To finish the proof, we recall (from the Appendix) that the coeffi-
cients of the Taylor series expansion for f(z) are given by

£ (z0)

n!

Cyp =

and the result follows.

6.5.4 Laurent Series

UNTIL THIS POINT we have only talked about series whose terms have
nonnegative powers of z — z. It is possible to have series representa-
tions in which there are negative powers. In the last section we inves-

tigated expansions of f(z) about z =0and z = % The regions

_ 1

— 1+z
of convergence for each series was shown in Figure 6.28. Let us recon-
sider each of these expansions, but for values of z outside the region

of convergence previously found..

iy

L c
Gy
." | »
11' I /l %
_\\ y

Figure 6.30: Circular contour used in
3 Ccosz
computing §._, %% dz.
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Example 6.19. f(z) = %ﬂfor |z| > 1.
As before, we make use of the geometric series . Since |z| > 1, we instead

rewrite our function as

1 1 1

flz) = 1+zzgl+;

We now have the function in a form of the sum of a geometric series with first
term a = 1 and ratio r = —1. We note that |z| > 1 implies that |r| < 1.
Thus, we have the geometric series

1 & 1\"
=i ()
This can be re-indexed> as
(e} [e¢] . i
fz) =Y (-1)'z " =Y (1)t
n=0 j=1
Note that this series, which converges outside the unit circle, |z| > 1, has

negative powers of z.

1< 3
=z for |z — 3| > 3.
As before, we express this in a form in which we can use a geometric series
expansion. We seek powers of z — % So, we add and subtract % to the z to

obtain:

Example 6.20. f(z) =

1 1 1

TR beD IeD)

f(z)

Instead of factoring out the % as we had done in Example 6.17, we factor out
the (z — %) term. Then, we obtain

1 1 1
flz) = =
1tz (z-3) [1—1—3(2—%)*1]
Now we identify a = 1 and r = —3(z — 3) L. This leads to the series

o = 253 (-3

(6.40)

Il
B
Lh7e
/I\
N W
~_
2
Y
N
|
N| =
N~
1
|
_

This converges for |z — %| > % and can also be re-indexed to verify that this

series involves negative powers of z — 5.

This leads to the following theorem:

5Re-indexing a series is often useful in
series manipulations. In this case, we
have the series

o0

2(71)”27”’] =z oz 243
n=0
The index is n. You can see that the in-
dex does not appear when the sum is
expanded showing the terms. The sum-
mation index is sometimes referred to
as a dummy index for this reason. Re-
indexing allows one to rewrite the short-
hand summation notation while captur-
ing the same terms. In this example, the
exponents are —n — 1. We can simplify
the notation by letting —n —1 = —j, or
j =n+1. Noting that j = 1 whenn =0,
we get the sum Z}";l(—l)f_lz_f.
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Theorem 6.8. Let f(z) be analytic in an annulus, Ry < |z — zg| < Ry, with
C a positively oriented simple closed curve around zy and inside the annulus
as shown in Figure 6.31. Then,

f(z) =Y aj(z—z0) + Y bj(z—z0) 7,
j=0 j=1
with
b f(z)
Y% omi fé (z — zg)IH1 4z,
and

_ 1 f(z)
b = Efc Gy

The above series can be written in the more compact form

Such a series expansion is called a Laurent series expansion named after
its discoverer Pierre Alphonse Laurent (1813-1854).

Example 6.21. Expand f(z) = m in the annulus 1 < |z| < 2.

Using partial fractions , we can write this as

o-3eak)

We can expand the first fraction, 1, as an analytic function in the region
|z| > 1 and the second fraction, 21?, as an analytic function in |z| < 2. This
is done as follows. First, we write

241—2 T2 —1(— - % L (‘%)

Then we write

1 1
1-2)2+z) 3

z " (6.41)

We note that this indeed is not a Taylor series expansion due to the existence
of terms with negative powers in the second sum.

iy

X
Figure 6.31: This figure shows an an-
nulus, Ry < |z—2z9| < Ry, with C a

positively oriented simple closed curve
around zp and inside the annulus.
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6.5.5 Singularities and The Residue Theorem

IN THE LAST SECTION we found that we could integrate functions
satisfying some analyticity properties along contours without using
detailed parametrizations around the contours. We can deform con-
tours if the function is analytic in the region between the original and
new contour. In this section we will extend our tools for performing
contour integrals.

The integrand in the Cauchy Integral Formula was of the form

g(z) = Zf_(zzl, where f(z) is well behaved at zg. The point z = zj is

called a singularity of g(z), as g(z) is not defined there. As we saw
from the proof of the Cauchy Integral Formula, g(z) has a Laurent
series expansion about z = zy,
Z 1
5= L% 1)+ ey

z—129

We will first classify singularities and then use singularities to aid in
computing contour integrals.

Definition 6.9. A singularity of f(z) is a point at which f(z) fails to be
analytic.

Typically these are isolated singularities. In order to classify the
singularities of f(z), we look at the principal part of the Laurent series
of f(z) about z = z(: Xt bj(z — 7o) 1.

1. If f(z) is bounded near zy, then z is a removable singularity.

2. If there are a finite number of terms in the principal part of
the Laurent series of f(z) about z = zp, then zj is called a
pole.

3. If there are an infinite number of terms in the principal part
of the Laurent series of f(z) about z = z, then z is called an
essential singularity.

sinz
=

At first it looks like there is a possible singularity at z = 0, since the

Example 6.22. Removable singularity: f(z) =

denominator is zero at z = 0. However, we know from the first semester
of calculus that lim,_,o #22

S22 = 1. Furthermore, we can expand sinz about
z = 0 and see that

1 3 2

sinz z z
. —E(z—§+...)—1—§+....

Thus, there are only nonnegative powers in the series expansion. So, z = 0 is
a removable singularity.

Classification of singularities.
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eZ

Example 6.23. Poles f(z) = w1
For n = 1 we have f(z) = <. This function has a singularity at z = 1.
The series expansion is found by expanding e* about z = 1:
e .4 e

f(z)zz_le :z—1+e+%(2_1)+”"

Note that the principal part of the Laurent series expansion about z = 1 only
has one term, -£5. Therefore, z = 1 is a pole. Since the leading term has an
exponent of —1, z = 1 is called a pole of order one, or a simple pole.

For n = 2 we have f(z) =

expanding e* about z = 1:

= . . . .
73)2. The series expansion is found again by

(z

_ e e e e e
f(Z)_(Z—]_)ze _(2—1)2+Z—1+2'+3'(Z 1)"‘

Note that the principal part of the Laurent series has two terms involving
(z—1)"2and (z — 1)1 Since the leading term has an exponent of —2,
z = 11s called a pole of order 2, or a double pole.

Example 6.24. Essential Singularity f(z) = ex.
In this case we have the series expansion about z = 0 given by

()

1 © \z > 1 _n

n=0

We see that there are an infinite number of terms in the principal part of the
Laurent series. So, this function has an essential singularity at z = 0.

In the above examples we have seen poles of order one (a simple
pole) and two (a double pole). In general, we can define poles of order

k.

Definition 6.10. f(z) has a pole of order k at z( if and only if (z —
z0)¥f(z) has a removable singularity at zg, but (z —z)*~ f(z) for k > 0
does not.

Example 6.25. Determine the order of the pole at z = 0 of f(z) = cotzcscz.
First we rewrite f(z) in terms of sines and cosines.

COos z

f(z) = cotzescz = —

sin?z’
We note that the denominator vanishes at z = 0. However, how do we know
that the pole is not a simple pole? Well, we check to see if (z —0)f(z) has a

removable singularity at z = 0 :

lim(z—0)f(z) = lim Z.COZSZ
z—0 z—0 sin“ z
= <lim Z) (lim C,OSZ)
z—0sinz / \z—0 sinz
— lim &2 z (6.42)

20 sinz

Simple pole.

Double pole.

295
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We see that this limit is undefined. So, now we check to see if (z — 0)?f(z)
has a removable singularity at z = 0

2
lim(z —0)%f(z) = lim ——o—
z—0 z—0 sin“z
. z . ZCosz
= <hm > <hm _ )
z—0 sinz z—0 sinz
z
zlgtl) sinzcos( ) (6-43)

In this case, we have obtained a finite, nonzero, result. So, z = 0 is a pole of
order 2.

We could have also relied on series expansions. So, we expand both the
sine and cosine in a Taylor series expansion:

cosz 1—%zz+...

f(Z): 2

sin?z (z— 423 +...)%

Factoring a z from the expansion in the denominator,

f(z)*l 1122 +... 1 (1—|—O(ZZ)),

21— Az 4.2 T2
we can see that the leading term will be a 1/z2, indicating a pole of order 2.

We will see how knowledge of the poles of a function can aid in
the computation of contour integrals. We now show that if a function,

f (Z), has a pole of order k, then Integral of a function with a simple pole
inside C.

fc F(2) dz = 27ti Res[f(2); zo],

where we have defined Res|[f(z);zo] as the residue of f(z) at z = z.

In particular, for a pole of order k the residue is given by Residues of a function with poles of or-
der k.

Residues - Poles of order k

k—1
Reslf(2)20] = Jim =gy (=20 )] (640

Proof. Let ¢(z) = (z — z0)¥f(z) be analytic. Then ¢(z) has a Taylor
series expansion about zg. As we had seen in the last section, we can
write the integral representation of derivatives of ¢ as

4)(k_1)(20) — (k_l)' 7{C( 47(2) dz.

27ti z—zp)k

Inserting the definition of ¢(z) we then have

(k—1)!

27T

¢V (z9) =

fcf(z) dz.
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Solving for the integral, we have the result
2mi 4kt

fijf(z) dz = WW [(Z _ZO)kf(Z)]z:zo
= 27 Res|[f(z);z] (6.45)

Note: If zj is a simple pole, the residue is easily computed as

Res[f(z);zg] = lim (z — zp) f(2).

Z—Z(

In fact, one can show (Problem 18) that for ¢ and # analytic functions
at z, with g(zg) # 0, h(zo) =0, and h'(zg) # 0,

Res [3(2) } _ 8(=0)

ne) ] T W)
Example 6.26. Find the residues of f(z) = m.

f(z) has poles at z = —1,z = 2i, and z = —2i. The pole at z = —1 is
a double pole (pole of order 2). The other poles are simple poles. We compute
those residues first:

. . . z—1
Reslf(2);2i] = lim(z = 20) o —ya o e = 2

— lm-— !

z—2i (z+1)2(z + 2i)

2i—1 1 11 .
T (2i+1)2(4) 50 100 (6.46)
Res[f(z);—2i] = lim (z+ 2i) Z_l, ,

Z——2i (z41)2(z+2i)(z — 2i)
— lim -1

z2=-2i (z+1)2(z — 2i)

—2i—1 1 11

(C2i+12(—4) ~ 50 "100- (647

For the double pole, we have to do a little more work.

Res[f(z);—=1] = lim 4 _(z—l—l)z

z—1
(z+1)%(z2 +4)}

= lim 4 -72 -1
 zo-1dz |22 +4
. d [22+4-2z(z—1)

= lim —

z——1dz (22 +4)2
B limi'—zz+22+4
 zo-1dz | (22 +4)2

1

= (6.48)

The residue for a simple pole.
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Example 6.27. Find the residue of f(z) = cotz at z = 0.

We write f(z) = cotz = $°Z and note that z = 0 is a simple pole. Thus,

Res[cotz;z = 0] = lin}) Zsiiszz =cos(0) = 1.
z—

dz
|=1 sinz"

We begin by looking for the singularities of the integrand. These are located

Example 6.28. fl B

at values of z for which sinz = 0. Thus, z = 0,%m, £2m,..., are the
singularities. However, only z = 0 lies inside the contour, as shown in Figure
6.32. We note further that z = 0 is a simple pole, since

1
lim(z — 0)—— = 1.
z—0 Sin z

Therefore, the residue is one and we have

dz .
7{ — = 271i.
|z|=1 sinz

In general, we could have several poles of different orders. For
example, we will be computing

f dz
ol=2 2> =1

The integrand has singularities at z2 — 1 = 0, or z = +1. Both poles
are inside the contour, as seen in Figure 6.34. One could do a par-
tial fraction decomposition and have two integrals with one pole each.
However, in cases in which we have many poles, we can use the fol-
lowing theorem, known as the Residue Theorem.

The Residue Theorem

Theorem 6.9. Let f(z) be a function which has poles zj, j =1,...,N
inside a simple closed contour C and no other singularities in this re-
gion. Then,

N
]éf(z) dz = 27i Z Res[f(z);z], (6.49)

j=1

where the residues are computed using Equation (6.44).

The proof of this theorem is based upon the contours shown in Fig-
ure 6.33. One constructs a new contour C’ by encircling each pole, as
show in the figure. Then one connects a path from C to each circle. In
the figure two paths are shown only to indicate the direction followed
on the cut. The new contour is then obtained by following C and cross-
ing each cut as it is encountered. Then one goes around a circle in the
negative sense and returns along the cut to proceed around C. The

-1

Figure 6.32: Contour for computing

_az_
J|z|=1 sinz "

The Residue Theorem.
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sum of the contributions to the contour integration involve two inte-
grals for each cut, which will cancel due to the opposing directions.
Thus, we are left with

1@ = { f@ iz f fE iz fE)iz—f fE)dz=o0

Of course, the sum is zero because f(z) is analytic in the enclosed
region, since all singularities have be cut out. Solving for §- f(z) dz,
one has that this integral is the sum of the integrals around the sepa-
rate poles, which can be evaluated with single residue computations.
Thus, the result is that §. f(z) dz is 27 times the sum of the residues.

Example 6.29. fle\:2 sz—fl.
We first note that there are two poles in this integral since

1 1
2-1 (z—1)(z+1)

n_n

In Figure 6.34 we plot the contour and the two poles, denoted by an "x”.
Since both poles are inside the contour, we need to compute the residues for
each one. They are both simple poles, so we have

1 . 1
Res [22 2= 1} = ;g‘q(z - 1)7Zz —
1 1
N zgr} z+1 2’ (6:50)
and
1 1
———z=-1| = 1l 1) 5——
Res Lzl'z ] zgg(Z+ )zz—l
. 1
N zlggz—l T 6:51)
Then,
' dz 1 1
——— =2mi(= — =) =0.
?{z|:2 712G 3)
2
Example 6.30. 3§|Z‘:3 % dz.
In this example there are two poles z = 1, —2 inside the contour. z = 1is
a second order pole and z = —2 is a simple pole. [See Figure 6.35]. Therefore,
we need the residues at each pole of f(z) = (ij)z%:
1d 241
R z=1 = lim—— |[(z—-12%—>"~
eslf(z)iz = 1] o111 dz [(Z ) (z—1)2(2+2)}
(A +4z—1
= lim|———s—
=1\ (z42)2
= g (6.52)

Figure 6.33: A depiction of how one
cuts out poles to prove that the inte-
gral around C is the sum of the integrals
around circles with the poles at the cen-
ter of each.

iy
2i
-2 2
-2i
Figure 6.34: Contour for computing
=2 21
iy
3i
X X
-3\.2 1 3 x
-3i

Figure 6.35: Contour for computing

241
f\z\=3 (zj>2+(z+z) dz.
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o -~ ) 22 +1
Reslf(e)iz=—2] = lim (z+2)
_ o 2L
o z——2 (Z—1)2
_ g (6.53)

The evaluation of the integral is found by computing 27ti times the sum of
the residues:

22 +1 4 5
T dz=2mi(=+= ) =2
7\{4:3 (z—=1)2(z+2) (9 9>

2 4o
Example 6.31. | 57555

Here we have a real integral in which there are no signs of complex func-
tions. In fact, we could apply methods from our calculus class to do this
integral, attempting to write 1 + cosf = 2 cos? %. However, we do not get
very far.

Ome trick, useful in computing integrals whose integrand is in the form
f(cosB,sinb), is to transform the integration to the complex plane through
the transformation z = e, Then,

€i9+€_i9 1 1
cose—f—i <Z+Z),

) el _ =i i 1
sinf = % — 3 (z—).
Under this transformation, z = €%, the integration now takes place around
the unit circle in the complex plane. Noting that dz = ie®® df = izdf, we
have
A iz
= -if oz
2l=12z 4+ } (22 + 1)

dz
—2i -— .

We can apply the Residue Theorem to the resulting integral. The singu-
larities occur for z* + 4z + 1 = 0. Using the quadratic formula, we have the
roots z = —2 =+ /3. The location of these poles are shown in Figure 6.36.
Only z = —2 + /3 lies inside the integration contour. We will therefore

need the residue of f(z) = ﬁ at this simple pole:
—2i
Res[f(z);z= -2+ V3] = li z—(-24+V3)—n—
[f(2) ] z—>—lﬁ\/§( ( D e
z—(=2++/3)

= =2 lim

Computation of integrals of functions of
sines and cosines, f(cos#,sin®).

2s-24v3 (2 — (=2+V3))(z — (=2 - V/3))
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iy Figure 6.36: Contour for computing
i 27 de
0 2+cosf-
X X \\
-4 -3 -2 -1 \/1 x
-i
- 1
= —=2i lim —————————_
252432 — (=2 —1+/3)
—2i

—24+V3—-(-2-V3)
—i

V3

,i\@

= . 6.
3 (6.55)
Therefore, we have
2r e , dz [ —iV3 271/3
— =2 j{ - =271 = .
0 2+cosf zj=1 22 +4z+1 3 3
(6.56)

The Weierstrafs substitution method.
Before moving on to further applications, we note that there is an-

other way to compute the integral in the last example. Weierstraf3
introduced a substitution method for computing integrals involving
rational functions of sine and cosine. One makes the substitution
t= tang and converts the integrand into a rational function of f. You
can show that this substitution implies that

sinf = cosG*l—l52
142 o142
and 2dt
do = ——.
1+¢2

The interested reader can show this in Problem 8 and apply the method.
In order to see how it works, we will redo the last problem.

Example 6.32. Apply the Weierstraf$ substitution method to compute fOZﬂ 2&%.
2 de B /°° 1 2dt
24cosf  JwoplB21412
0 + cos 6 2+1+t21+t

©  dt
= 2 _
/—oo 243

2 (V3™ 271/3
= 3\/§tan1<3t) ’—oo: 3 (6.57)
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6.5.6 Infinite Integrals

As OUR FINAL APPLICATION of complex integration techniques, we
will turn to the evaluation of infinite integrals of the form [~ f(x) dx.
These types of integrals will appear later in the text and will help to
tie in what seems to be a digression in our study of physics. In this
section we will see that such integrals may be computed by extending
the integration to a contour in the complex plane.

Recall that such integrals are improper integrals and you had seen
them in your calculus classes. The way that one determines if such
integrals exist, or converge, is to compute the integral using a limit:

[ 0:0 F(x)dx = lim l I; F(x) dx.

R—o0

For example,

00 R 2 _p)2
/ xdx = lim xdx = lim R——( R) =0.
— 0 R—oo J_R R0 \ 2 2

However, the integrals fooo xdx and [ Em xdx do not exist. Note that

) R RZ
/ xdx = lim xdx = lim () = oo.
0 2

R—00 /0 R—o0

Therefore,
/j:of(x)dx = Lowf(x)dx+%)wf(x)dx

does not exist while img_,c | fR f(x)dx does exist. We will be inter-
ested in computing the latter type of integral. Such an integral is called
the Cauchy Principal Value Integral and is denoted with either a P, PV,
or a bar through the integral:

o0 ) © R
P[ fyax=pv [ fdx=f flydx=lim [ flxd
—o0 —00 —00 —00 J—R
(6.58)
If there is a discontinuity in the integral, one can further modify
this definition of principal value integral to bypass the singularity. For
example, if f(x) is continuous on a2 < x < b and not defined at x = xo,
then

/;f(x)dleim </;0€f(x)dx+ ! f(x)dx).

e—0 Xo+€

In our discussions we will be computing integrals over the real line in
the Cauchy principal value sense.

The Cauchy principal value integral.
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Example 6.33. Compute fil % in the Cauchy Principal Value sense. In

this case, f(x) = xl—s is not defined at x = 0. So, we have

/1‘3‘ = lim /7€d—x+/ld—x
1x3 eso\Jo1 a8 Se a8
, 1< 1

= lim (_2x2 \)—0' (6:59)

1222
We now proceed to the evaluation of such principal value integrals

€

using complex integration methods. We want to evaluate the integral
[, f(x)dx. We will extend this into an integration in the complex
plane. We extend f(x) to f(z) and assume that f(z) is analytic in the
upper half plane (Im(z) > 0) except at isolated poles. We then con-
sider the integral | fR f(x)dx as an integral over the interval (—R, R).
We view this interval as a piece of a contour Cg obtained by complet-
ing the contour with a semicircle I'r of radius R extending into the
upper half plane as shown in Figure 6.37. Note, a similar construc-
tion is sometimes needed extending the integration into the lower half
plane (Im(z) < 0) as we will later see.

The integral around the entire contour Cg can be computed using
the Residue Theorem and is related to integrations over the pieces of
the contour by

fCRf(z)dz—/er(z)dz+/_if(z)dz. (6.60)

Taking the limit R — oo and noting that the integral over (—R, R) is
the desired integral, we have

P Kmf(x) dx = 7§Cf(z) dz — lim /FR £(2) dz, (6.61)
where we have identified C as the limiting contour as R gets large.
Now the key to carrying out the integration is that the second inte-
gral vanishes in the limit. This is true if R|f(z)| — 0 along 'z as R —
oo. This can be seen by the following argument. We can parametrize
the contour T'g using z = Re®®. Then, when |f(z)| < M(R),

N flz)dz| = ‘/Oznf(Reig)Reing‘

IN

R/Ozn £(Re™)| a6
271
< RM(R) /0 d6
= 27nRM(R). (6.62)

So, if limg e RM(R) = 0, then limg e [, f(z) dz = 0.
We show how this applies some examples.

Computation of real integrals by embed-
ding the problem in the complex plane.

T

\

Figure 6.37: Contours for computing

P [% f(x)dx.
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Example 6.34. [ 13’1:;2.

We already know how to do this integral from our calculus course. We
have that

/j; ] ixxz = lim (2tan"'R) =2(F) = .

We will apply the methods of this section and confirm this result. The
needed contours are shown in Figure 6.38 and the poles of the integrand are
at z = +i.

We first note that f(z) = ﬁ goes to zero fast enough on I'r as R gets

large.
R R

R|f(z)| = o = .
F@ |1+ R2e26  \/1T+2RZcosf + R*
Thus, as R — oo, R|f(z)| — 0. So,

/°° dx dz
o 1422 Jo 14227

We need only compute the residue at the enclosed pole, z = i.

1 1
R ;:‘:1' —’7:1. _— = .
eslf(e)z =] = lim(z i)y =lim 5 = o

Then, using the Residue Theorem, we have

/wd—x—zni L)
o 1422 2i) 7

Example 6.35. P [* S dx.

There are several new techniques that have to be introduced in order to
carry out this integration. We need to handle the pole at z = 0 in a special
way and we need something called Jordan’s Lemma to guarantee that integral
over the contour I'r vanishes.

For this example the integral is unbounded at z = 0. Constructing the
contours as before we are faced for the first time with a pole lying on the
contour. We cannot ignore this fact. We can proceed with our computation by
carefully going around the pole with a small semicircle of radius €, as shown
in Figure 6.39. Then our principal value integral computation becomes

0 o —€ Qf R
p / SIMX gy = lim ( / SINY e + / sin x dx> (6.63)
—c0 X €—0,R—0c0 —R X €

We will also need to rewrite the sine function in term of exponentials in

this integral.

® sinx 1 o0 0 pix
P/ioo : dx—2i<P/ —dx—P/ dx) (6.64)

We now employ Jordan’s Lemma.

Flgure 6.38:

f—oo l+x2

Contour for computing

Figure 6.39:
Pj°° smx dx.

Contour for computing
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Jordan’s Lemma

If f(z) converges uniformly to zero as z — oo, then

lim f(z)e**dz =0
R

R—oo JC

where k > 0 and Cg is the upper half of the circle |z| = R

A similar result applies for k < 0, but one closes the contour in the lower half
plane. [See Section 6.5.8 for the proof of Jordan’s Lemma.]

We now put these ideas together to compute the given integral. According
to Jordan's lemma, we will need to compute the above exponential integrals
using two different contours. We first consider P [ %dx. We use the
contour in Figure 6.39. Then we have

eiz iz —€ o
f —dz:/ it —dz+/ —dz+/ i
Cr 2 Ty Z

The integral fCR % dz vanishes since there are no poles enclosed in the con-
tour! The integral over I'gr will vanish as R gets large according to Jordan’s
Lemma. The sum of the second and fourth integrals is the integral we seek as
€ — 0and R — oo.

The remaining integral around the small circle has to be done separately.®
We have

iz 0 10 . T X
/ dz= / wfe)ieele do = —/ iexp(iee”) de.
€ T 0

z eel?

Taking the limit as € goes to zero, the integrand goes to i and we have

So far, we have that

00 ezx eiz
P/ —dx_—hm —dz = .
e—~0JCc. 2z

We can compute P [ % dx in a similar manner, being careful with the
sign changes due to the orientations of the contours as shown in Figure 6.40.
In this case, we find the same value

P/OO e*lx

Finally, we can compute the original integral as

P/ Slnxdx = 1(P/ —dx—/
—00 X 21 _

1

)

= 7. (6.65)

= 7Ti.

¢ Note that we have not previously done
integrals in which a singularity lies on
the contour. One can show, as in this
example, that points like this can be ac-
counted for by using using half of a
residue (times 27ti). For the semicircle
Ce you can verify this. The negative sign
comes from going clockwise around the
semicircle.

¢

€

I
R

Figure 6.40: Contour in the lower half

plane for computing P [ fxw
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Example 6.36. Evaluate 5€|Z|:1 szﬁ

In this example there are two simple poles, z = =i lying on the contour,
as seen in Figure 6.41. This problem is similar to Problem 1c, except we will
do it using contour integration instead of a parametrization. We bypass the
two poles by drawing small semicircles around them. Since the poles are not
included in the closed contour, then the Residue Theorem tells us that the
integral nd the path vanishes. We can write the full integration as a sum over
three paths, C for the semicircles and C for the original contour with the
poles cut out. Then we take the limit as the semicircle radii go to zero. So,

0— dz +/ dz +/ dz
S JeZ2+1 0 Jo, 2241 Joo 2+ 1

The integral over the semicircle around i can be done using the parametriza-
tion z = i + ee'. Then 2> + 1 = 2iee™® + €2¢*®. This gives

dz ! - ee’? J
=i 0=__
/c L z24+1 elgtl)/o 21ee19 + 626219 /

As in the last example, we note that this is just mi times the residue,
Res { Y
tribution is —7miRes = —%, which is what we obtained above. A Similar
computation will give the contribution from z = —i as %. Adding these val-
ues gives the total contribution from C+ as zero. So, the final result is that

7{ dz
l=1224+1

Example 6.37. Evaluate [ %dx,for 0<a<l.

In dealing with integrals involving exponentials or hyperbolic functions it
is sometimes useful to use different types of contours. This example is one
such case. We will replace x with z and integrate over the contour in Figure
6.42. Letting R — oo, the integral along the real axis is the integral that

;Z = z} = . Since the path is traced clockwise, we find the con-

we desire. The integral along the path for y = 27t leads to a multiple of this
integral since z = x + 27ti along this path. Integration along the vertical
paths vanish as R — oo.

Thus, we are left with the following computation:

P R pox ) R pox
f ———dz = lim / dx — ezma/ dx
c1l+ e Rooo \J_R 14 eX _rR1+e*

i 0o X
= - [

We need only evaluate the left contour integral using the Residue Theorem.
The poles are found from

(6.66)

1+¢€*=0.
Within the contour, this is satisfied by z = irt. So,

eaz az ‘
Res | ——;z =im| = lim (z — i) —— = —'™.
14 e Z—imT 14 e

Figure 6.41: Example with poles on con-
tour.

—R +2mi R+ 27ti

Figure 6.42: Example using a rectangular
contour.



COMPLEX REPRESENTATIONS OF FUNCTIONS

Applying the Residue Theorem, we have

00 eax

1— 27tia / Ay = _omi ina'
(1—e) I mtie
Therefore, we have found that
00 eftx B _znieimz _ T )
/70014—76"9(_1_62711'11 ~ sinma’ 0<a<l

6.5.7 Integration Over Multivalued Functions

IN THE LAST CHAPTER we found that some complex functions in-
herently possess multivaluedness; i.e., such functions do not evalu-
ate to a single value, but have many values. The key examples were
f(z) = z'/" and f(z) = Inz. The nth roots have n distinct values and
logarithms have an infinite number of values as determined by the
range of the resulting arguments. We mentioned that the way to han-
dle multivaluedness is to assign different branches to these functions,
introduce a branch cut and glue them together at the branch cuts to
form Riemann surfaces. In this way we can draw continuous paths
along the Riemann surfaces as we move from on Riemann sheet to
another.

Before we do examples of contour integration involving multival-
ued functions, lets first try to get a handle on multivaluedness in a
simple case. We will consider the square root function,

w = z1/2 = pL/2i(G 4k 1,

There are two branches, corresponding to each k value. If we follow
a path not containing the origin, then we stay in the same branch, so
the final argument (0) will be equal to the initial argument. However,
if we follow a path that encloses the origin, this will not be true. In
particular, for an initial point on the unit circle, zy = ¢, we have
its image as wg = efo/2, However, if we go around a full revolution,
6 = 6y + 27, then

z1 = 6190+27r1 — 6190,

but
wy = p\i00+270) /2. _ ,if0/2 i £ wp.

Here we obtain a final argument (f) that is not be equal to the initial
argument! Somewhere, we have crossed from one branch to another.
Points, such as the origin in this example, are called branch points.
Actually, there are two branch points, because we can view the closed
path around the origin as a closed path around complex infinity in the
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compactified complex plane. However, we will not go into that at this
time.

We can show this in the following figures. In Figure 6.43 we show
how the points A-E are mapped from the z-plane into the w-plane
under the square root function for the principal branch, k = 0. As we
trace out the unit circle in the z-plane, we only trace out a semicircle
in the w-plane. If we consider the branch k = 1, we then trace out a
semicircle in the lower half plane, as shown in Figure 6.44 following
the points from F to J.

yé Y
/\ C
Yy T
€ X X
VJ; Y
/\
—HL/ x X
S~
G i I
g
R

We can combine these into one mapping depicting how the two

Figure 6.43: In this figure we show how
points on the unit circle in the z-plane
are mapped to points in the w-plane un-
der the square root function.

Figure 6.44: In this figure we show how
points on the unit circle in the z-plane
are mapped to points in the w-plane un-
der the square root function.

Figure 6.45: In this figure we show how
points on the unit circle in the z-plane
are mapped to points in the w-plane un-
der the square root function.
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complex planes corresponding to each branch provide a mapping to
the w-plane. This is shown in Figure 6.45. A common way to draw
this domain, which looks like two separate complex planes, would be
to glue them together. Imagine cutting each plane along the positive
x-axis, extending between the two branch points, z = 0 and z = oe.
As one approaches the cut on the principal branch, then one can move
onto the glued second branch. Then one continues around the ori-
gin on this branch until one once again reaches the cut. This cut is
glued to the principal branch in such a way that the path returns to
its starting point. The resulting surface we obtain is the Riemann sur-
face shown in Figure 6.46. Note that there is nothing that forces us to
place the branch cut at a particular place. For example, the branch cut
could be along the positive real axis, the negative real axis, or any path
connecting the origin and complex infinity.

We now turn to a couple of examples of integrals of multivalued
functions.

Example 6.38. Evaluate [;° 1{; dx.

We consider the contour integral §- 1}{; dz.

The first thing we can see in this problem is the square root function in

the integrand. Being there is a multivalued function, we locate the branch
point and determine where to draw the branch cut. In Figure 6.47 we show
the contour that we will use in this problem. Note that we picked the branch
cut along the positive x-axis.

We take the contour C to be positively oriented, being careful to enclose
the two poles and to hug the branch cut. It consists of two circles. The outer
circle Cg is a circle of radius R and the inner circle Ce will have a radius of
€. The sought answer will be obtained by letting R — oo and € — 0. On the
large circle we have that the integrand goes to zero fast enough as R — oo.
The integral around the small circle vanishes as € — 0. We can see this by
parametrizing the circle as z = ee® for § € [0,27] :

21/ epi® ,
?{ vz dz = / ce iee'?do
Ce 0

1+2277 1+ (eei®)?

3/2 27T 63i9/2
= 1 ————d6. 6.6
Ry

It should now be easy to see that as € — 0 this integral vanishes.
The integral above the branch cut is the one we are seeking, f0°° H%dx'

The integral under the branch cut, where z = re*™ , is

/ Vi o[ Now )
142277 Joo 141264
* r
- /0 1\+fr2dr. (6.68)

We note that this is the same as that above the cut.

Figure 6.46: Riemann surface for f(z) =
z1/2,

Figure 6.47: An example of a contour
which accounts for a branch cut.
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Up to this point, we have that the contour integral, as R — oo and € — 0

fc 1+ 22 1+ x2
In order to finish this problem, we need the residues at the two simple poles.

is

Res [H\/Ezz;z = i] \2{ \4[(1 +1i),

So,

2/0°° VE e —oni (f(l+i)+\f(l—i)> = V2.

1+x2
Finally, we have the value of the integral that we were seeking,

I VA e Z T2
0

T+~ 72

Example 6.39. Compute | a°° f(x)dx using contour integration involving
logarithms.”

In this example we will apply contour integration to the integral

f%f(z) In(a —z)dz

for the contour shown in Figure 6.48.

We will assume that f(z) is single valued and vanishes as |z| — oo. We
will choose the branch cut to span from the origin along the positive real axis.
Employing the Residue Theorem and breaking up the integrals over the pieces
of the contour in Figure 6.48, we have schematically that

27i ) " Res|f(z) In(a — z)] (/ClJr/cz /c3 /(?4>

First of all, we need to assume that f(z) is well behaved at z = a and
vanishes fast enough as |z| = R — oo Then the integrals over C, and Cy will
vanish. For example, for the path Cy, we let z = a + ee®, 0 < 0 < 27 Then,

z)In(a — z) dz.

0 . .
f(a+ ee®)In(ee®)iee® do.

27

C4f( )In(a —z)dz. = hrr(l)

If f(a) is well behaved, then we only need to show that lim._,oelne = 0.
This is left to the reader.
Similarly, we consider the integral over C; as R gets large,

27 . . .
f(z)In(a —z)dz = lim F(Re®) In(Re™®)iRe™ do.
G

R—o0 JO

7This was originally published in
Neville, E. H., 1945, "Indefinite inte-
gration by means of residues". — The
Mathematical Student, 13, 16-35, and
discussed in Duffy, D. G., Transform
Methods for Solving Partial Differential
Equations, 1994.

@]

G G

j@

G

Flgure 6.48: Contour needed to compute
$c f(2) In(a — z) dz.
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Thus, we need only require that
lim RInR|f(Re)| = 0.

R—o0

Next, we consider the two straight line pieces. For Cq, the integration of
the real axis occurs for z = x, so

o f(z)In(a —2z)dz = /a f(x)In(a — x) dz.

However, integration over Cs requires noting that we need the branch for the
logarithm such that Inz = In(a — x) + 27ti. Then,

[ F)n(a—z)dz = L F(x)[In(a — x) + 27ti] dz.

Combining these results, we have

/ﬂoof(x) dx = — ZRes[f(z) In(a —z)].

Example 6.40. Compute [/~ 4;—"_1.
We can apply the last example to this case. Namely,
®©  dx Inl1-z) 1 Inl-2z) 1
L 421 _Res{4z2—1’Z_z}_Res[zszl’z__z
In % In % In3
= i ta T (6.69)

6.5.8 Appendix: Jordan’s Lemma

FOR COMPLETENESS, we prove Jordan’s Lemma.

Theorem 6.10. If f(z) converges uniformly to zero as z — oo, then

li k2 dz =0
A, Jo SR

where k > 0 and Cg is the upper half of the circle |z| = R.

Proof. We consider the integral

IR:/ f(2)e'* dz,
Cr

where k > 0 and Cpg is the upper half of the circle |z| = R in the
complex plane. Let z = Re’? be a parametrization of Cg. Then,

Ig = /nf(ReiG)eichosf)—uRsine l-ReiB de.
0
Since

lim f(z) =0, 0<argz<m,

|z|—o00
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then for large |R|, | f(z)| < € for some € > 0. Then,

‘IR| _ ’/nf(Reie)eichose—uRsinGiReiGde’
0
< /” ‘f(ReiG)‘ ¢ikRcos 6 ’efaRsine ‘iReiG 10
0
T .
< GR/ €7ﬂRsm9d9
0
/2 .
= ZeR/O e~ Rsind gg. (6.70)

The last integral still cannot be computed, but we can get a bound
on it over the range 0 € [0, 7r/2]. Note that

sinf > ge, 0 c[0,7/2].

Therefore, we have

n/2 2¢R
< —2aR6/ 7 — _ ,—aR .
IIg| _2eR/O e 40 = 51— )
For large R we have
TT€E
lim |Ig] < —.
Ikl < 7
So, as € — 0, the integral vanishes.
O
Problems
1. Write the following in standard form.
a. (4-—7i)(—2+ 3i).
b. (1—1i)3
¢ 52,
2. Write the following in polar form, z = re'®.
a. i—1.
b. —2i.
c. V3+3i.

3. Write the following in rectangular form, z = a + ib.
a. 10e/6.
b. \/EeSin/4.
c. (1—i)100,

4. Find all z such that z* = 16i. Write the solutions in rectangular
form, z = a + ib, with no decimal approximation or trig functions.
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5. Show that sin(x + iy) = sinx coshy + i cos x sinh y using trigono-
metric identities and the exponential forms of these functions.

6. Find all z such that cosz = 2, or explain why there are none. You
will need to consider cos(x + iy) and equate real and imaginary parts
of the resulting expression similar to problem 5.

7. Find the principal value of i'. Rewrite the base, i, as an exponential
first.

8. Consider the circle |z — 1| = 1.

a. Rewrite the equation in rectangular coordinates by setting
z = x+1y.
b. Sketch the resulting circle using part a.
c. Consider the image of the circle under the mapping f(z) =
z2, given by |22 — 1| = 1.
i. By inserting z = re’? = r(cosf + isin @), find the equation
of the image curve in polar coordinates.

ii. Sketch the image curve. You may need to refer to your
Calculus II text for polar plots. [Maple might help.]

9. Find the real and imaginary parts of the functions:

10. Find the derivative of each function in Problem g when the deriva-
tive exists. Otherwise, show that the derivative does not exist.

11. Let f(z) = u + iv be differentiable. Consider the vector field given

by F = vi + uj. Show that the equations V-F=0and V x F = 0 are
equivalent to the Cauchy-Riemann equations. [You will need to recall
from multivariable calculus the del operator, V = i% + j% + k%.]

12. What parametric curve is described by the function
v(t) = (Bt +4) +i(t—6),

0 <t <17 [Hint: What would you do if you were instead considering
the parametric equations x = 3t +4 and y =t — 67?]

13. Write the equation that describes the circle of radius 2 which is
centered at z = 3 — 2i in a) Cartesian form (in terms of x and y); b)
polar form (in terms of 6 and r); ¢) complex form (in terms of z, r, and
ei@)‘
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14. Consider the function u(x,y) = x> — 3xy?.

a. Show that u(x,y) is harmonic; i.e., V?u = 0.
b. Find its harmonic conjugate, v(x, y).

c. Find a differentiable function, f(z), for which u(x,y) is the
real part.

d. Determine f'(z) for the function in part c. [Use f/(z) = 3% +

ig—z and rewrite your answer as a function of z.]

15. Evaluate the following integrals:

a. [-Zdz, where C is the parabola y = x? fromz = 0 to z =
1+

b. [ f(z)dz, where f(z) = z+ 2z and C is the path from z = 0
to z = 1+ 2i consisting of two line segments from z = 0 to

z=1landthenz=1toz=1+2i.
c Jc ﬁ dz for C the positively oriented circle, |z| = 2. [Hint:
Parametrize the circle as z = 2¢%, multiply numerator and
—i6

denominator by e™*, and put in trigonometric form.]

16. Let C be the ellipse 9x2 + 4y? = 36 traversed once in the counter-
clockwise direction. Define

224+z+41
= —dz.
8(zo0) /c P

Find g(i) and g(4i). [Hint: Sketch the ellipse in the complex plane. Use
the Cauchy Integral Theorem with an appropriate f(z), of Cauchy’s
Theorem if z; is outside the contour.]

17. Show that

/ dz B 0, n#0,
c(z—1—-i)mtt | 2mi, n=0,
for C the boundary of the square 0 < x < 2,0 < y < 2 taken coun-
terclockwise. [Hint: Use the fact that contours can be deformed into
simpler shapes (like a circle) as long as the integrand is analytic in the

region between them. After picking a simpler contour, integrate using
parametrization.]

18. Show that for ¢ and & analytic functions at zp, with g(zp) # 0,
]’l(Zo) =0, and h/(ZQ) f— 0,

Res EZ;; ZO} - iff((zzoo))'

19. For the following determine if the given point is a removable

singularity, an essential singularity, or a pole (indicate its order).



COMPLEX REPRESENTATIONS OF FUNCTIONS

a P
b. 2 z=0
2
z -1 _
¢ o 2 1

d. zel/7, z=0.

T —
€ COs;—F, Z=TL

20. Find the Laurent series expansion for f(z) = SHZ‘% about z =
0. [Hint: You need to first do a MacLaurin series expansion for the

hyperbolic sine.]
21. Find series representations for all indicated regions.
a. f(z) =5, 1z <1, |z[ > L.

b. f(z) = m lz] < 1,1 < |z| <2, |z| > 2. [Hint: Use

partial fractions to write this as a sum of two functions first.]

22. Find the residues at the given points:

272432 _
a. i atz =1.
b. ln(l%z) atz=0.
cosz T
C Gonp atz = 5.

23. Consider the integral f027r 5_5%.

a. Evaluate this integral by making the substitution 2cosf =

zZ+ %, z = ¢% and using complex integration methods.

b. In the 1800’s Weierstrass introduced a method for computing
integrals involving rational functions of sine and cosine. One
makes the substitution ¢ = tan% and converts the integrand
into a rational function of . Note that the integration around
the unit circle corresponds to t € (—o0,0).

i. Show that
. 2t 112
sinf = el cosf = T e
ii. Show that ot
df = ——
1+¢2

iii. Use the Weierstrass substitution to compute the above in-
tegral.

24. Do the following integrals.

eZ
- dz.
?\{z—i|:3 22 + 2

a.
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b.
f{ 22 —3z+4 ir
lz—i|=322 —4z+3
C. o
sin x
—— dx.
w/foo X2 + 4
) —R + i R + i
. .. ) ix
[Hint: This is Im [~ Fgdxl
25. Evaluate the integral fo E_f{z dx. -R R
[Hint: Replace x with z = e’ and use the rectangular contour in
Figure 6.49 with R — co.
26. Do the following integrals for fun! Figure 6.49: Example using a rectangular
contour.

a. For C the boundary of the square |x| <2, |y| <2,

dz
fc z(z—1)(z—=3)%

b.
T sin2 0
/ 13 —12cosf 6.
c.
/°° dx
0 X2 4+5x+6
d. -
® cos X
/0 T—os2 dx.
e.
/°° dx
o (x2+9)(1—x)%
f. JE
e b
—— dx.
/0 (14 x)? *
g.

/Ooo(\/gdx.

14 x)2
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