8
Vector Analysis and EM Waves

“From a long view of the history of mankind seen from, say, ten thousand years from now, there can be little doubt that
the most significant event of the 19th century will be judged as Maxwell’s discovery of the laws of electrodynamics.”
The Feynman Lectures on Physics (1964), Richard Feynman (1918-1988)

Ur TO THIS POINT we have mainly been confined to problems in-
volving only one or two independent variables. In particular, the heat
equation and the wave equation involved one time and one space di-
mension. However, we live in a world of three spatial dimensions.
(Though, some theoretical physicists live in worlds of many more di-
mensions, or at least they think so.) We will need to extend the study
of the heat equation and the wave equation to three spatial dimensions.
Recall that the one-dimensional wave equation takes the form
aZ—u = czaz—u. (8.1)
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term. For the case of electromagnetic waves in a source-free environ-

For higher dimensional problems we will need to generalize the

ment, we will derive a three dimensional wave equation for the electric
and magnetic fields: It is given by
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This is the generic form of the linear wave equation in Cartesian co-

(8.2)

ordinates. It can be written a more compact form using the Laplacian
operator, V2,

0%u

o2

The introduction of the Laplacian is common when generalizing to

= ?Vu. (8.3)

higher dimensions. In fact, we have already presented some generic
one and three dimensional equations in Table 4.1, which we reproduce
in Table 8.1. We have studied the one dimensional wave equation,
heat equation, and Schrédinger equation. For steady-state, or equi-
librium, heat flow problems, the heat equation no longer involves the
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time derivative. What is left is called Laplace’s equation, which we
have also seen in relation to complex functions. Adding an external
heat source, Laplace’s equation becomes what is known as Poisson’s

equation.
Name 2 Vars 3D
Heat Equation Up = Kdyy u; = kVZ2u
Wave Equation U = CPlyy uy = 2V2u
Laplace’s Equation Uxy + Uyy =0 V2u=0
Poisson’s Equation Uxx + 1ty = F(x,y) V2u = F(x,y,2)
Schrodinger’s Equation | iuy = iy + F(x, H)u | iuy = V2 4+ F(x,y,z t)u

Using the Laplacian allows us not only to write these equations
in a more compact form, but also in a coordinate-free representation.
Many problems are more easily cast in other coordinate systems. For
example, the propagation of electromagnetic waves in an optical fiber
are naturally described in terms of cylindrical coordinates. The heat
flow inside a hemispherical igloo can be described using spherical co-
ordinates. The vibrations of a circular drumhead can be described
using polar coordinates. In each of these cases the Laplacian has to be
written in terms of the needed coordinate systems.

The solution of these partial differential equations can be handled
using separation of variables or transform methods. In the next chap-
ter we will look at several examples of applying the separation of vari-
ables in higher dimensions. This will lead to the study of ordinary
differential equations, which in turn leads to new sets of functions,
other than the typical sine and cosine solutions.

In this chapter we will review some of the needed vector analysis for
the derivation of the three dimensional wave equation from Maxwell’s
equations. We will review the basic vector operations (the dot and
cross products), define the gradient, curl, and divergence and intro-
duce standard vector identities that are often seen in physics courses.
Equipped with these vector operations, we will derive the three di-
mensional waves equation for electromagnetic waves from Maxwell’s
equations. We will conclude this chapter with a section on curvilinear
coordinates and provide the vector differential operators for different
coordinate systems.

8.1 Vector Analysis

8.1.1 A Review of Vector Products

AT THIS POINT you might want to reread the first section of Chapter
3. In that chapter we introduced the formal definition of a vector space
and some simple properties of vectors. We also discussed one of the

Table 8.1: List of generic partial differen-
tial equations.
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common vector products, the dot product, which is defined as
u- v =uvcosb. (8.4)

There is also a component form, which we write as

3
UV =101 + Up0y + U303 = Y UkDy. (8.5)
k=1
One of the first physical examples using a cross product is the defi-
nition of work. The work done on a body by a constant force F during
a displacement d is
W=F-d.

In the case of a nonconstant force, we have to add up the incremental
contributions to the work, dW = F - dr to obtain

W:/CdW:/CFdr (8.6)

over the path C. Note how much this looks like a complex path inte-
gral. It is a path integral, but the path lies in a real three dimensional
space.

Another application of the dot product is the proof of the Law of
Cosines. Recall that this law gives the side opposite a given angle in
terms of the angle and the other two sides of the triangle:

¢® = a® 4+ b* — 2ab cos b. (8.7)

Consider the triangle in Figure 8.1. We draw the sides of the triangle
as vectors. Note that b = ¢ + a. Also, recall that the square of the
length any vector can be written as the dot product of the vector with
itself. Therefore, we have

> = c-c
(b—a)-(b—a)
= a-at+b-b—2a-b
= a?>+b*—2abcosh. (8.8)

We note that this also comes up in writing out inverse square laws
in many applications. Namely, the vector a can locate a mass, or
charge, and vector b points to an observation point. Then the in-
verse square law would involve vector ¢, whose length is obtained

as Va2 + b2 — 2abcos . Typically, one does not have a’s and b’s, but
something like r; and ry, or r and R. For these problems one is typi-
cally interested in approximating the expression of interest in terms of
ratios like ¢ for R > r.

Figure 8.1: v = rw. The Law of Cosines
can be derived using vectors.
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Another important vector product is the cross product. The cross
product produces a vector, unlike the dot product that results in a
scalar. The magnitude of the cross product is given as

|a x b| = absin6. (8.9)

Being a vector, we also have to specify the direction. The cross
product produces a vector that is perpendicular to both vectors a and
b. Thus, the vector is normal to the plane in which these vectors live.
There are two possible directions. The direction taken is given by the
right hand rule. This is shown in Figure 8.2. The direction can also be
determined using your right hand. Curl your fingers from a through
to b. The thumb will point in the direction of a x b.

One of the first occurrences of the cross product in physics is in
the definition of the torque, T= r X F. Recall that the torque is the
analogue to the force. A net torque will cause an angular acceleration.
Consider a rigid body in which a force is applied to to the body at a
position r from the axis of rotation. (See Figure 8.3.) Then this force
produces a torque with respect to the axis. The direction of the torque
is given by the right hand rule. Point your fingers in the direction of
r and rotate them towards F. In the figure this would be out of the
page. This indicates that the bar would rotate in a counter clockwise
direction if this were the only force acting on the bar.

Another example is that of a body rotating about an axis as shown in
Figure 8.4. We locate the body with a position vector pointing from the
origin of the coordinate system to the body. The tangential velocity of
the body is related to the angular velocity by a cross product v =w xr.
The direction of the angular velocity is given be a right hand rule. Curl
the fingers of your right hand in the direction of the motion of the
rotating mass. Your thumb will point in the direction of w. Counter
clockwise motion produces a positive angular velocity and clockwise
will give a negative angular velocity. Note that for the origin at the
center of rotation of the mass, we obtain the familiar expression v =
rw.

There is also a geometric interpretation of the cross product. Con-
sider the vectors a and b in Figure 8.5. Now draw a perpendicular
from the tip of b to vector a. This forms a triangle of height h. Slide
the triangle over to form a rectangle of base a and height h. The area
of this triangle is

A = ah
= a(bsinb)
= Jaxb|. (8.10)

Therefore, the magnitude of the cross product is the area of the triangle
formed by the vectors a and b.

axb

Figure 8.2: The cross product is shown.
The direction is obtained using the right
hand rule: Curl fingers from a through
to b. The thumb will point in the direc-
tion of a X b.

axis of rotation F
N 6

[ ]
r

Figure 8.3: A force applied at a point lo-
cated at r from the axis of rotation pro-
duces a torque 7= r x F with respect to
the axis.

Figure 8.4: A mass rotates at an angular
velocity wabout a fixed axis of rotation.
The tangential velocity with respect to a
given origin is given by v =w xr.

a

Figure 8.5: The magnitudes of the cross
product gives the area of the parallelo-
gram defined by a and b.
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The dot product was shown to have a simple form in terms of the
components of the vectors. Similarly, we can write the cross product
in component form. Recall that we can expand any vector v as

n
V= Z (X (8.11)
k=1

where the e;’s are the standard basis vectors.
We would like to expand the cross product of two vectors,

n n
uxv= (Z ukek> X (Z vkek> .
k=1 k=1

In order to do this we need a few properties of the cross product.
First of all, the cross product is not commutative. In fact, it is
anticommutative:
uxXv=-vxu

A simple consequence of this is that v x v = 0. Just replace u with v in
the anticommutativity rule and you have v X v = —v X v. Something
that is its negative must be zero.

The cross product also satisfies distributive properties:

ux (V+w)=uxv+uxw),

and
ux (av) = (au) X v=au X v.

Thus, we can expand the cross product in terms of the components
of the given vectors. A simple computastion shows that u x v can be
expressed in terms of sums over e; X e; :

($00) < (5

n n
Z Z ujvie; X e;. (8.12)

i=1j=1

uxv

The cross products of basis vectors are simple to compute. First of
all, the cross products e; x e; vanish when i = j by anticommutativity
of the cross product. For i # j, it is not much more difficult. For the
typical basis, {i,j, k}, this is simple. Imagine computing i x j. This
is a vector of length |i x j| = [i||j|sin90° = 1. The vector i x j is
perpendicular to both vectors, i and j. Thus, the cross product is either
k or —k. Using the right hand rule, we have i x j = k. Similarly, we
find the following

ixj=k jxk =i kxi=j,
jxi=-k kxj = —-i, ixk=-j. (8.13)

Properties of the cross product.

373
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Inserting these results into the cross product for vectors in R3, we
have

u x v = (upv3 — uzvy)i+ (u3v1 — u103)j + (4102 — upvy)k.  (8.14)

While this form for the cross product is correct and useful, there are
other forms that help in verifying identities or making computation
simpler with less memorization. However, some of these new expres-
sions can lead to problems with the novice as dealing with indices can
be daunting at first sight.

One expression that is useful for computing cross products is the
familiar computation using determinants. Namely, we have that

i i k
uxv = Uy Uz Uus
U1 U2 U3
U uz |. uy us |. up u
_ 2 M3, 1 3 i+ 1 2 1k
Uy U3 01 U3 U1 02

(upv3 — uzv)i + (U301 — u103)j + (U102 — upvy k.
(8.15)

A more compact form for the cross product is obtained by introduc-
ing the completely antisymmetric symbol, €;j. This symbol is defined
by the relations

€123 = €231 = €312 = 1,
and

€1 = €213 = €132 = —1,

and all other combinations, like €113, vanish. Note that all indices must
differ. Also, if the order is a cyclic permutation of {1,2,3}, then the
value is +1. For this reason € is also called the permutation symbol
or the Levi-Civita symbol. We can also indicate the index permutation
more generally using the following identities:

€ijk = €jki = €kij = —€jik = —€ikj = —C€kji-:

Returning to the cross product, we can introduce the standard basis
e; =i, ey =j, and e3 = k. With this notation, we have that

3
e xXe = 2 €ijk€- (816)
k=1
Example 8.1. Compute the cross product of the basis vectors ey X e using

the permutation symbol. A straight forward application of the definition of
the cross product,

3
€ xXe = Z €21k €k
k=1

The completely antisymmetric symbol,
or permutation symbol, €;j.
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= €211€1 + €z12€2 + €213€3
= —e3. (8.17)

It is helpful to write out enough terms in these sums until you get familiar
with manipulating the indices. Note that the first two terms vanished because
of repeated indices. In the last term we used €313 = —1.

We now write out the general cross product as

e
e

uxv = ujvje; X €;

1

uivj (2 ez]kek>
j=1

3
= Z eijkuivjek. (8.18)
i,jk=1

1j

I
e
Mw

I
—

Note that the last sum is a triple sum over the indices i, j, and k.

Example 8.2. Let u = 2i — 3j and v = i + 5j 4 4k. Compute u x v. We
can compute this easily using determinants.

i j k
uxv = 2 -3 0
1 5 4
_ -3 0 _ 2 0 i+ 2 -3 K
5 4 1 4 1 5
= —12i—8j+ 13k.

(8.19)

Using the permutation symbol to compute this cross product, we have

uxXv = e€13uU10k + ep31up03i + €312U301j
+e2131201K + €1321103j + €321U3021
= 2(5)k+ (—3)4i + (0)1j — (~3)1k — (2)4j — (0)5i
—  _12i - 8j+ 13k (8.20)

Sometimes it is useful to note that the kth component of the cross
product is given by

(uxv) = Zel]kuv]
ij=1

In more advanced texts, or in the case of relativistic computations
with tensors, the summation symbol is suppressed. For this case, one
writes

(u X V)i = €xuivj,
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where it is understood that summation is performed over repeated
indices. This is called the Einstein summation convention.
Since the cross product can be written as both a determinant,

i K
uxv = up Uy us
U1 U2 U3

= eijluivji + €Z‘j2ul‘0jj + €1']'3Lli0jk. (8.21)

and using the permutation symbol,
uxv= e,-]-kuivjek,
we can define the determinant as

a1 412 413 3
Ay ayp a3 | = ). €ijk1itajasy. (8.22)
az; Az a3z jk=1

Here we added the triple sum in order to emphasize the hidden sum-

mations.
1 0 2
Example 8.3. Compute the determinant | 0 —3 4
2 4 -1

We insert the components of each row into the expression for the determi-
nant:

1 0 2
-3 4 = €123(1)(=3)(—1) +€231(0)(4)(2) + €312(2)(0)(4)
2 4 -1

+€213(0)(0)(—1) + €132(1)(4) (4) + €321(2)(=3)(2)
— 3404+0-0—14— (—12)
= 15. (8.23)

Note that if one adds copies of the first two columns,

1 0 2 1 O
0 -3 4 0 -3
2 4 -1 2 4

then the products of the first three diagonals, downward to the right, give the
positive terms in the determinant computation and the products of the last
three diagonals, downward to the left, give the negative.

One useful identity is

€jki€jom = OkeOim — OkmOits

Einstein summation convention is used
to suppress summation notation. In gen-
eral relativity, one also needs to em-
ploy raised indices, so that vector com-
ponents are written in the form u'. The
convention then requires that one only
sums over a combination of one lower
and one upper index. Thus, we would
write ei]-kltivf . We will forgo the need for
raised indices.
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where 6ij is the Kronecker delta. Note that the Einstein summation
convention is used in this identity; i.e., summing over j is understood.
So, the left side is really a sum of three terms:

€iki€jtm = €1ki€1em T €2ki€20m T €3ki€30m-

This identity is simple to understand. For nonzero values of the
Levi-Civita symbol, we have to require that all indices differ for each
factor on the left side of the equation: j # k # i and j # ¢ # m. Since
the first two slots are the same j, and the indices only take values 1,2,
or 3, then either k = ¢ or k = m. This will give terms with factors of Jy
or Jky,. If the former is true, then there is only one possibility for the
third slot, i = m. Thus, we have a term y/d;,,. Similarly, the other case
yields the second term on the right side of the identity. We just need
to get the signs right. Obviously, changing the order of ¢ and m will
introduce a minus sign. A little care will show that the identity gives
the correct ordering.

Other identities involving the permutation symbol are

E€mjk€njk = 20n,
€ijk€ijk = .

We will end this section by recalling triple products. There are only
two ways to construct triple products. Starting with the cross product
b x ¢, which is a vector, we can multiply the cross product by a a to
either obtain a scalar or a vector.

In the first case we have the triple scalar product, a - (b x ¢). Actu-
ally, we do not need the parentheses. Writing a - b x ¢ could only mean
one thing. If we computed a - b first, we would get a scalar. Then the
result would be a multiple of ¢, which is not a scalar. So, leaving off
the parentheses would mean that we want the triple scalar product by
convention.

Let’s consider the component form of this product. We will use

the Einstein summation convention and the fact that the permutation
symbol is cyclic in ijk. Using €j; = €;jx,

a-(bxc) = a;(bxc);
€jkiaibjck
€ijkaibjcy
(b x ¢)gck
= (axb)-c (8.24)

We have proven that

a-(bxc)=(axb)-c

Product identity satisfied by the permu-
tation symbol, €;j.
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Now, imagine how much writing would be involved if we had ex-
panded everything out in terms of all of the components.

Note that this result suggests that the triple scalar product can be
computed by just computing a determinant:

a-(bxc) = ejabjck
ay dy 4z
= b1 bz b3 . (8.25)
€1 &2 €3

There is a geometric interpretation of the scalar triple product. Con-
sider the three vectors drawn as in Figure 8.6. If they do not all lie in
a plane, then they form the sides of a parallelepiped. The cross prod-
uct a X b gives the area of the base as we had seen earlier. The cross
product is perpendicular to this base. The dot product of ¢ with this
cross product gives the height of the parallelepiped. So, the volume
of the parallelepiped is the height times the base, or the triple scalar
product. In general, one gets a signed volume, as the cross product
could be pointing below the base.

The second type of triple product is the triple cross product,

a x (b x ¢) = €pj€ijkaibmener.

In this case we cannot drop the parentheses as this would lead to a
real ambiguity. Lets think a little about this product. The vector b x ¢
is a vector that is perpendicular to both b and c¢. Computing the triple
cross product would then produce a vector perpendicular to a and
b x c. But the later vector is perpendicular to both b and ¢ already.
Therefore, the triple cross product must lie in the plane spanned by
these vectors. In fact, there is an identity that tells us exactly the right
combination of vectors b and c. It is given by

ax(bxc)=b(a-c)—c(a-b). (8.26)

This rule is called the BAC-CAB rule because of the order of the right
side of this equation.

Example 8.4. Prove that ax (b x ¢) =b(a-c)—c(a-b).
We can prove the BAC-CAB rule the permutation symbol and some identi-

ties. We first use the cross products e; X e; = €;jxer and b X ¢ = €;njbmcne; :

ax(bxc) = (a;e;) x((bxc)e;)
= a;((b x c);)eijrex

= a;bmCn€mnj€ijrer (8.27)
Now, we use the identity

Emnj€ijk = OmkOni — OmiOnks

axb "

Figure 8.6: Three non-coplanar vectors
define a parallepiped. The volume is
given by the triple scalar product, a-b x
c.

The BAC-CAB rule.
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the properties of the Kronecker delta functions, and then rearrange the results
to finish the proof:

x(bxec) = ajbmcnennjeijrex
= aibmcn (8yuk0ni — Omidnk) ek
anbycnen — ambmcyen
= (bmem)(cnan) — (cnen)(ambm)
= b(a-c)—c(a-b). (8.28)

8.1.2  Differentiation and Integration of Vectors

YOU HAVE ALREADY BEEN INTRODUCED to the idea that vectors can
be differentiated and integrated in your introductory physics course.
These ideas are also the major theme encountered in a multivariate cal-
culus class, or Calculus III. We review some of these topics in the next
sections. We first recall the differentiation and integration of vector
functions.

The position vector can change in time, r(t) = x(t)i+ y(t)j + x(t)k.
The rate of change of this vector is the velocity,

dr
— lim r(t+ At) —r(t)
At—0 At
_dx, dy,
= E i+ ] + T k
= Ui+ Uyk + v,k. (8.29)

The velocity vector is tangent to the path, r(f). The magnitude of this
vector gives the speed,

| = dx 2 . dy 2 . dz 2
VI ae dt dt)
Moreover, differentiating this vector gives the acceleration, a(t) =

v/(t).
In general, one can differentiate an arbitrary time-dependent vector
v(t) = f(t)i+g(t)j+h(t)k as
v d f dh
TR Th dt] + Ek' (8.30)

Example 8.5. A simple example is given by the motion on a circle. A circle

in the xy-plane can be parametrized as x(t) = r cos(wt)i + rsin(wt)j. Then
the velocity is found as

v(t) = —rwsin(wt)i + rw cos(wt)j.

379
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Its speed is v = rw, which is easily recognized as the tangential speed. The
acceleration is

2

a(t) = —w?r cos(wt)i — w?rsin(wt)j.

The magnitude gives the centripetal acceleration, a = w?r and the accelera-
tion vector is pointing towards the center of the circle.

Once one can differentiate time-dependent vectors, one can prove
some standard properties.

i[ +v]—d7u_|_div
TR R TR T
d du
b. a[cu]—cﬁ.
d o du
e 5 [f()a] = f(tu+ f(0 5
d du dv
i[ X ]—dlx + Xl
e. T, uxv| = T, vVv+u TR

d dudf
£ [u(f(£))] = af dt’

Example 8.6. Let |r(t)| =const. Then, ¥'(t) is perpendicular x(t).
Since |t| =const, |r|? = r-r =const. Differentiating this expression, one
has % (r-r)=2r- % = 0. Therefore, r - % = 0, as was to be shown.

In this discussion, we have referred to t as the time. However, when
parametrizing spacecurves, t could represent any parameter. For ex-
ample, the circle could be parametrized for t the angle swept out along
any arc of the circle, r(t) = rcosti+rsintj, for t; < t < t;. We can
still differentiate with respect to this parameter. It not longer has the
meaning of velocity. another standard parameter is that of arclength.
The arclength of a path is the distance along the path from some start-
ing point. In deriving an expression for arclength, one first considers
incremental distances along paths. Moving from point (x, y, z) to point
(x 4+ Ax,y + Ay, z + Az), one has gone a distance of

As = 1/ (Ax)2 + (Ay)? + (Az)2.

Given a curve parametrized by ¢, such as the time, one can rewrite this

Ax\? Ay 2 Az\?

Letting At get small, as well as the other increments, we are led to

dx\? dy 2 dz\?
ds = \/(dt) + (dt) + (dt) dt. (8.31)

as
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We note that the square root is |r'()]. So,
ds = |/ (t)|dt,

or d
s _
S =l

In order to find the total arclength, we need only integrate over the
parameter range,

)
s:/ I (1) dt.
ty

If t is time and r(t) is the position vector of a particle, then |r'(¢)| is
the particle speed and we have that the distance traveled is simply an

)
s:/ vdt.
3]

If one is interested in knowing the distance traveled from point r(¢;)

integral of the speed,

to an arbitrary point r(t), one can define the arclength function

s(t) = /t: ¢ ()| d.

Example 8.7. Determine the length of the parabolic path described by r =
ti +t%j, t € [0,1].

We want to determine the length, L = f01 |t'(t)|dt, of a path. First, we
have ¥'(t) = i+ 2tj. Then, |t/ (t)| = V1 + 4t2. Using

/Vﬂ+#w:%Qvﬂ+ﬂ+ﬁmu+v#+#»,

1
= '(t)| dt
s = [
1
/'V1+4ﬂﬂ
0

x\/x2+1+11n x—ﬂ/xz%—1
4 4 4

? + %Lln(Z +5). (8.32)

Line integrals are defined as integrals of functions along a path, or

1

0

curve, in space. Let f(x,y,z) be the function, and C a parametrized
path. Then we are interested in computing [- f(x,y,z)ds, where s
is the arclength parameter. This integral looks similar to the contour
integrals that we had studied in Chapter 5. We can compute such
integrals in a similar manner by introducing the parametrization:

A zrds = [ FG0, 90, 20)Ix 1) .

381
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Example 8.8. Compute [(x?+ y? +22) ds for the helical path r = (cost, sint, t),
t € [0,2m].

In order to do this integral, we have to integrate over the given range of t
values. So, we replace ds with |v'(t)|dt. In this problem |v'(t)| = /2. Also,
we insert the parametric forms for x(t) = cost, y(t) = sint, and z = t into
f(x,y,2). Thus,

2, 2 oy [P 2 _ 472
/C(x +y +z)ds—/0 (1+t)\6dt_2f2n<1+3>. (8.33)

One can also integrate vector functions. Given the vector function
v(t) = f(t)i+g(t)j + h(t)k, we can do a straight forward term by term
integration,

/ahv(t)dtz/Hbf(t)dtiJr/abg(t)dtj+/;h(t)dtk_

If v(t) is the velocity and ¢ is the time, then

/abv(t) dt = /abZ:dt — £(b) — £(a).

We can thus interpret this integral as giving the displacement of a
particle between times t = g and t = b.

At the beginning of this chapter we had recalled the work done on
a body by a nonconstant force F over a path C,

W:/CF-dr (8.34)

If the path is parametrized by ¢, then we can write dr = %d t. Thus the
prescription for computing line integrals such as this is

/F-dr:/F-@dt.
C c dt

There are other forms that such line integrals can take. Let F =
P(x,y,2)i+ Q(x,y,2)j + R(x,y,z)k. Noting that dr = dxi + dyy + dzk,
then we can write

/CF-dr:/CP(x,y,z)dx—i—Q(x,y,z)dy+R(x,y,z)dz.

Example 8.9. Compute the work done by the force F = yi — xj on a particle
as it moves around the circle ¥ = (cost)i + (sint)j, for 0 < t < 7.

W:/F-d:/ dx — x dv.
Fedr= | ydx—xdy

One way to complete this is to note that dx = —sintdt and dy = cos t dt.
Then .
/ ydx —xdy = / (—sin®t —cos?t) dt = —rt.
C 0
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8.1.3 Div, Grad, Curl

THROUGHOUT PHYSICS WE SEE FUNCTIONS which vary in both space
and time. A function f(x,y,z,t) is called a scalar function when the
output is a scalar, or number. An example of such a function is the
temperature. A function F(x,y,z,t) is called a vector (or vector val-
ued) function if the output of the function is a vector. Let v(x,y,z,t)
represent the velocity of a fluid at position (x,y,z) at time ¢. This is an
example of a vector function. Typically when we assign a number, or a
vector, to every point in a domain, we refer to this as a scalar, or vector,
field. In this section we discuss how fields change from one point in
space to another. Namely, we look at derivatives of multivariate func-
tions with respect to their independent variables and the meanings of
these derivatives in a physical context.

In studying functions of one variable in calculus, one is introduced
to the derivative, % : The derivative has several meanings. The stan-
dard mathematical meaning is that the derivative gives the slope of
the graph of f(x) at x. The derivative also tells us how rapidly f(x)
varies when x is changed by dx. Recall that dx is called a differential.
We can think of the differential dx as an infinitesimal increment in x.
Then changing x by dx results in a change in f(x) by

df = %dx.

We can extend this idea to functions of several variables. Consider
the temperature T(x,y,z) at a point in space. The change in tempera-
ture depends on the direction in which one moves in space. Extending
the above relation between differentials of the dependent and indepen-
dent variables, we have

oT oT oT
dT = adx + @dy + gdz. (8.35)

If we introduce the following vectors,

dr = dxi + dyj + dzk, (8.36)
oT., dT. OT
VT = i+ @; +k (8-37)
then we can write
dT =VT-dr (8.38)

Equation (8.37) defines the gradient of a scalar function, T. Equation
(8.38) gives the change in T as one moves in the direction dr. Using
the definition of the dot product, we also have

dT = |VT||dr| cosé.

The gradient of a function,

VT = =i+ —j+ =k

T oox

aT,

aT
0z

.
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Note that by fixing |dr| and varying 6, the maximum value of dT is
obtained when cosf = 1. Thus, the maximum value of dT is in the
direction of the gradient. Similarly, since cos 1 = —1, the maximum

value of dT is in a direction 180° from the gradient. The greatest change is a function is in the
direction of its gradient.

Example 8.10. Let f(x,y,z) = x%y + ze*. Compute Vf.

TV i
Vf = axH—ay]—i-aZk,

(2xy + yze )i + (x* + xze%)j + e%Vk. (8.39)

From this analysis, we see that the rate of change of a function, such
as T(x,y,z,), depends on the direction one heads away from a given
point. So, if one moves an infinitesimal distance ds in some direction
dr, then how does T change with respect to s? Another way to ask
this is to ask what is the directional derivative of T in direction n? We
define this directional derivative as The directional derivative of a function,

_ 4T
DaT = 4T

daT
DnT = Is (8.40)

We can develop an operational definition of the directional deriva-
tive. Note that from Equation (8.38) we have

dT dr
I = VT I (8.41)

dr (dx) . dy\ . dz

o= ()i ()i (50
dx\? dy 2 dz\?

‘V(dﬁ (i) () =

Thus, n = % is a unit vector pointing in direction of interest and the

We note that

and

dr
ds

directional derivative of T(x,y, z) in direction n can be written as
DaT =VT - n. (8.42)

Example 8.11. Let the temperature in a rectangular plate be given by T (x,y) =
5.0sin 3% sin 5. Determine the directional derivative at (x,y) = (1,1) in
the following directions: (a) i, (b) 31 + 4j.

In part (a) we have

. dT
D;T=VT-i= s
So,
D;T zgcos?’jsinzzo.

an 2 22
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In part (b) the direction given is not a unit vector, |3i + 4j| = 5. Dividing
by the length of the vector, we obtain a unit normal vector, n = %i + %] The
directional derivative can now be computed:

DT = VT:n
30T . 40T
- 50x 509y
9 3ntx . Ty . 3mx Ty
= 5 cos——sin—= + 27sin —5 oS - (8.43)
Evaluating this result at (x,y) = (1,1), we have
DT - = 9% Ccos 377[ sin% + 27rsin 377[ Ccos % =0.
We can write the gradient in the form
] 0 d
T=|=—i+—j+k]|T. .
\Y <8x1+8y]+az ) (8.44)

Thus, we see that the gradient can be viewed as an operator acting on

T. The operator,

. d,., 0

is called the del, or gradient, operator. It is a differential vector operator.
It can act on scalar functions to produce a vector field. Recall, if the
gravitational potential is given by ®(r), then the gravitational force is
found as F = -V .

We can also allow the del operator to act on vector fields. Recall
that a vector field is simply a vector valued function. For example, a
force field is a function defined at points in space indicating the force
that would act on a mass placed at that location. We could denote it as
F(x,y,z). Again, think about the gravitational force above. The force
acting on a mass in the Earth’s gravitational field is a given by a vector
field. At each point in space one would see that the force vector takes
on different magnitudes and directions depending upon the location
of the mass in space.

How can we combine the (vector) del operator and a vector field?
Well, we could “multiply" them. We could either compute the dot
product, V - F, or we could compute the cross product V x F. The first
expression is called the divergence of the vector field and the second is
called the curl of the vector field. These are typically encountered in a
third semester calculus course. In some texts they are denoted by div
F and curl F.

The divergence is computed the same as any other dot product.
Writing the vector field in component form,

F=F(xy2)i+ kE(xy2)j+ FB(xy2)k,

The divergence, div F = V - F.
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we find the divergence is simply given as

d., d, O . .
V-F = (a_)cl+a]/]+f)zk>.(Fll+P2]+F3k)
_ R, R R
= dy RFE (8.45)

Similarly, we can compute the curl of F. Using the determinant
form, we have

0. od. 9 . .
VxF = <axl+ @] +azk) x (Fi+ Rj + FEk)

i j k

_ 9 9 9

- ox dy 9y
h kK B
o  dR) ., JoF, 0F) . JdF, J0F

(8]/ az)l+<az ax)]+<8x 8y>k'

(8.46)

Example 8.12. Compute the divergence and curl of the vector field: F =
yi — xj.

_dy  Ox
V-F—a—@—o

1
J J
VxF = % -

k =-2. (8.47)

These operations also have interpretations. The divergence mea-
sures how much the vector field F spreads from a point. When the
divergence of a vector field is nonzero around a point, that is an in-
dication that there is a source (div F > 0) or a sink (div F < 0). For
example, V- E = % indicates that there are sources contributing to the
electric fled. For a single charge, the field lines are radially pointing
towards (sink) or away from (source) the charge. A field in which the
divergence is zero is called divergenceless or solenoidal.

The curl is an indication of a rotational field. It is a measure of how
much a field curls around a point. Consider the flow of a stream. The
velocity of each element of fluid can be represented by a velocity field.
If the curl of the field is nonzero, then when we drop a leaf into the
stream we will see it begin to rotate about some point. A field that has
zero curl is called irrotational.

The last common differential operator is the Laplacian operator.

The curl F=V X F.

The Laplacian operator.
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This is the common second derivative operator, the divergence of the
gradient,

Vf=V-Vf.

It is easily computed as

Vif = V.Vf
= v (L 5 2

ax' oy’ T
Pf Pf P
= 5252t e (8.48)

8.1.4 The Integral Theorems

MAXWELL'S EQUATIONS AS GIVEN IN THIS CHAPTER are in differen-
tial form and only describe the physics locally. At times we would
like to also provide global information, or information over an finite
region. In this case one can derive various integral theorems. These
are the finale in a three semester calculus sequence. We will not delve
into these theorems here, as this will take us away from our goal of
deriving a three dimensional wave equation. However, these integral
theorems are important and useful in deriving local conservation laws.

These theorems are all different versions of a generalized Funda-
mental Theorem of Calculus:

@@ [, 3 b df dx = f(b) — f(a), The Fundamental Theorem of Cal-
culus in 1D.

(b) fab VT -dr = T(b) — T(a), The Fundamental Theorem of
Calculus for Vector Fields.

(© $c (Pdx+Qdy) = [, (7 - 7) dxdy, Green’s Theorem in
the Plane.

(d) [, V-FdV = §.F-da, Gauss’ Divergence Theorem.
(e) [s(V x F)-da= §-F-dr, Stoke’s Theorem.

The connections between these integral theorems are probably more
easily seen by thinking in terms of fluids. Consider a fluid with mass
density p(x,y,z) and fluid velocity v(x,y,z,t). We define (Q) = pv as
the mass flow rate. [Note the units are kg/ m2/s indicating the mass
per area per time.]

Now consider the fluid flowing through an imaginary rectangular
box. Let the fluid flow into the left face and out the right face. The
rate at which the fluid mass flows through a face can be represented
by Q - do, where do = ndo represents the differential area element
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normal to the face. The rate of flow across the left face is

Q. -do = —dexdz‘
y

and that flowing across the right face is

Q-do = dexdz‘wdy.
The net flow rate is the sum of these
Qydxdz — dexdz‘ = a&dxdydz.
y+dy y 9y

A similar computation can be done for the other faces, leading to
the result that the total rate of flow is V - Qdt, where dt = dxdydz is
the volume element. So, the rate of flow per volume from the volume
element gives

dop
V-Q= 5
Note that if more fluid is flowing out the right face than is flowing into
the left face, then the amount of fluid inside the region will decrease.
That is why the right hand side of this equation has the negative sign.
If the fluid is incompressible, i.e., p =const., then V - Q = 0, which
implies V - v = 0 assuming there are no sinks or sources. If there
were a sink in the rectangular box, then there would be a loss of fluid
not accounted for. Likewise, is a hose were inserted and fluid were
supplied, then one would have a source.
If there are sinks, or sources, then the net mass due to these would
contribute to an overall flow through the surrounding surface. This is
captured by the equation

/Vv-er - ]{Sde(r . (849)
-~ Ss=

Net mass due to sink/sources  Net flow outward from s

Dividing out the mass density, since Q = pv, this becomes

/ V~vdT:7{v-ndU. (8.50)
1% S

The surface integral on the right had side is called the flux of the vector
field through surface S. This is nothing other than Gauss’ Divergence
Theorem.*

The unit normal can be written in terms of the direction cosines,

n = cosai + cos Bj + cos vk,

where the angles are the directions between n and the coordinate axes.
For example, n - i = cos «. For vector v = v1i + v;j + v3k, we have

/Sv~nd¢7 = /S(vlcoszx+vzcosﬁ+v3cos'y)da

= /(uldydz + updzdx + uzdxdy). (8.51)
S

Gauss’ Divergence Theorem

*We should note that the Divergence
Theorem holds provided v is a continu-
ous vector field and has continuous par-
tial derivatives in a domain containing
V. Also, n is the outward normal to the
surface S.
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Example 8.13. Use the Divergence Theorem to compute
/(xzdydz +y2dzdx + 22 dxdy)
S

for S the surface of the unit cube, [0,1] x [0,1] x [0, 1].
We first compute the divergence of the vector v = x*i + y?j + z°k, which
we obtained from the coefficients in the given integral. Then

o o o

VovEae T ay Tz

=2(x+y+z).
Then,

/S.(xzdydz + y2dzdx + Z2dxdy) = / 2(x+y+z)dt

\%4
1 1 ,1

:2/// + 2) dxdyd
[yt ) dnye

2111 dyd
= S+y+
|| GHy+aay
11 1
— 2/0(§+§+z)dz
1

= 2(1+ E) =3. (8.52)

The other integral theorem’s are just a variation of the divergence
theorem. For example, a two dimensional version of this obtained by
considering a simply connected region, D, bounded by a simple closed
curve, C. One could think of laminar flow of a thin sheet of fluid. Then
the total mass in contained in D and the net mass would be related to
the next flow through the boundary, C. The integral theorem for this
situation is given as

/ V-VdA:j{v-nds. (8.53)
D C
At point r on C, a tangent to the curve is

ar_dx, dy.
ds ds' ' ds)

Therefore, the outward normal at that point is given by

dy., dx,
Letting v = Q(x,y)i — P(x,y)j, the two dimensional version of the
Divergence Theorem becomes Green’s Theorem in the Plane.
0Q oP
]{: (Pdx+ Qdy) = /D <ax ~ ay> dxdy. (8.54)

This is just Green’s Theorem in the Plane.
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Example 8.14. Evaluate [(e* —3y)dx + (¢¥ + 6x) dy for C given by x* +
4y? = 4.
Green’s Theorem in the Plane gives

/C(ex —3y)dx+ (Y +6x)dy = /5 (aax(ey +6x) — ;y(ex - 3y)> dxdy

= /S(6+3) dxdy

— 9 [ dxdy. 8.
'/Sxy (8.55)

The integral that we need to compute is simply the area of the ellipse
x? + 4y? = 4. Recall that the area of an ellipse with semimajor axis a and
semiminor axis b is rtab. For this ellipse a = 2 and b = 1. So,

/C(ex —3y)dx + (e 4+ 6x) dy = 187.

We can obtain Stoke’s Theorem by applying the Divergence Theo-
rem to the vector v x n.

/‘./V-(vxn)d'c:?ins-(vxn)da. (8.56)

Here n; = u X n where u is tangent to the curve C, and n is normal to
the domain D. Noting that (u xn) x (vxn) =v-uand V- (v xn) =
n-V x v, then

./O-h(/l')n.vad(T) dh:/o'h(j{cv.uds> dh. (8.57)

Since h is arbitrary, then we obtain Stoke’s Theorem:
/n~vad0:?{v~uds. (8.58)
JD C

Example 8.15. Evaluate [-(zdx + xdy +ydz) for C the boundary of the
triangle with vertices (1,0,0), (0,1,0), (0,0,1) using Stoke’s Theorem.
We first identify the vector v = zi + xj + yk. Then, we compute the curl,

i j k
2 J J
Vxv = I @ @
z X oy
= i+j+k (8.59)

Stoke’s Theorem then gives
/(zdx+xdy+ydz) :/ n-(i+j+k)do,
C D

where n is the outward normal to the surface of the triangle. For a surface
defined by ¢(x,y,z) =const, the normal is in the direction of V¢. In this case

Stoke’s Theorem in the Plane.
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the triangle lives in the plane x +y +z = 1. Thus, ¢(x,y,z) = x+y +z
and V¢ =i+ j + k. Thus,

dx + xdy+yd :B/d.
/C(z x+xdy+ydz) o

The remaining integral is just the area of the triangle. We can determine
this area as follows. Imagine the vectors a and b pointing from (1,0,0) to
(0,1,0) and from (1,0,0) to (0,0,1), respectively. So,a =j—iand b =k —i.

These vectors are the sides of a parallelogram whose area is twice that of
the triangle. The area of the parallelogram is given by |a x b|. The area of the
triangle is thus

/Dda = %]axb|
1. . .
= 21G i) x (ki)
1. ..., 3
= §|1+]+k|—§. (8.60)

Finally, we have

9
/C(zdx+xdy+ydz) =5

8.1.5 Vector Identities

IN THIS SECTION we will list some common vector identities and show
how to prove a few of them. We will introduce two triple products and
list first derivative and second derivative identities. These are useful
in reducing some equations into simpler forms.

1. Triple Products

(@ A-(BxC)=B-(CxA)=C-(AxB)
(b) Ax (BxC)=B(A-C)—C(A B)

2. First Derivatives

(@) V(fg) = fVg+8Vf

b) VAA-B)=Ax (VxB)+Bx(VxA)+(A-V)B+(B-V)A
(0 V-(fA)=fV-A+A.-Vf

(d V- (AxB)=B-(VxA)—A-(VxB)

() Vx(fA)=fVxA—-AxVf

() Vx(AxB)=(B-V)A-(A-V)B+A(V-B)—-B(V-A)

3. Second Derivatives

391



392 MATHEMATICAL PHYSICS

@ V- (VxA) =0 div curl = 0.
(b) Vx(Vf)=0 curl grad= 0.
(© V- (VfxVg)=0

(d) V3(fg) = fV?g+2Vf-Vg+gV3f

(€ V-(fVg—gVf)=fVig—gVif

) Vx(VxA)=V(V-A)-V3A

Example 8.16. Prove A- (B x C) =B - (C x A).
In such problems one can write out the components on both sides of the
identity. Using the determinant form of the triple scalar, the left hand side

becomes
Ar Ay Az
A- (B X C) = Bi B, Bs
G & G
= Aq(B2C3 — B3Cy) — A2(B1C3 — B3Cy) + A3(B1Co — BoCy).
(8.61)
Similarly, the right hand side is given as
By By B3
B (C X A) = Ci G GCs
A Ay Az
= By(CoA3 — C3A)) — By(C1A3 — C3A1) + B3(C1Ay — CrAq).
(8.62)
We can rearrange this result by separating out the components of A.
Bi(C2As — GC3Az) — By(C1As — C3A1) + B3(C1A2 — GoAq)
= Al(B2C3 — B3C2) + Az(Bg,Cl — B1C3) + A3(B1C2 — B2C1).
(8.63)

Upon inspection, we see that we obtain the same result as we had for the left
hand side.

This problem can also be solved using the completely antisymmetric sym-
bol, €;j. Recall that the scalar triple product is given by

A- (B X C) = eijkAiBjCk~

(We have employed the Einstein summation convention.) Since €jj = €jk;,
we have
€ijkAiBjC = €jki AiBjCy = €jiiBjCrA;.
But,
€iBiCiA; =B - (C x A).

So, we have once again proven the identity. However, it took a little less work
and an understanding of the antisymmetric symbol.
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Example 8.17. Prove V(fg) = fV g+ gV f. In this problem we compte the
gradient of fg. Then we note that each derivative is the derivative of a product
and apply the Product Rule. Carefully writing out the terms, we obtain the
desired result.

Vife) = fg +i,fyg1+ E{ng
_ (gi n ch;+af> +f(1+ §1+g§k>
= fVg+gVf. (8.64)

8.2 Electromagnetic Waves

8.2.1  Maxwell’s Equations

THERE ARE MANY APPLICATIONS leading to the equations in Table
8.1. In this chapter the goal is to derive the three dimensional wave
equation for electromagnetic waves. This derivation was first carried
out by James Clerk Maxwell in 1860. At the time much was known
about the relationship between electric and magnetic fields through
the work of of such people as Hans Christian OJrstead (1777-1851),
Michael Faraday (1791-1867), and André-Marie Ampere. Maxwell pro-
vided a mathematical formalism for these relationships consisting of
twenty partial differential equations in twenty unknowns. Later these
equations were put into more compact notations, namely in terms of
quaternions, only later to be cast in vector form.
In vector form, the original Maxwell’s equations are given as

V-D = p
VxH = poltot

D = €E
J = ¢E

oD

Jtot = Jg

_ 9%

V-] = 5

E = —Vp— aA
yH = V xA. (8.65)

Note that Maxwell expressed the electric and magnetic fields in terms
of the scalar and vector potentials, ¢ and A, respectively. Here H is
the magnetic field, D is the electric displacement field, E is the electric
field, J is the current density, p is the charge density, and ¢ is the
conductivity.

Quaternions were introduced in 1843
by William Rowan Hamilton (1805-1865)
as a four dimensional generalization of
complex numbers.
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This set of equations differs from what we typically present in physics

courses. Several of these equations are defining quantities. While the
potentials are part of a course in electrodynamics, they are not cast as
the core set of equations now referred to as Maxwell’s equations. Also,
several equations are given as defining relations between the various
variables, though they have some physical significance of their own,
such as the continuity equation, givenby V -J = —3—‘;.

Furthermore, the distinction between the magnetic field strength,
H, and the magnetic flux density, B, only becomes important in the
presence of magnetic materials. Students are typically first introduced
to B in introductory physics classes. In general, B = uH, where y is
the magnetic permeability of a material. In the absence of magnetic
materials, ¢ = pg. In fact, in many applications of the propagation of
electromagnetic waves, y ~ po.

These equations can be written in a more familiar form. The equa-
tions that we will refer to as Maxwell’s equations from now on are

V-E = ﬁ, (Gauss’ Law)
€0
V:-B = 0
oB
VXE = T (Faraday’s Law)
JE R
VxB = uJ+ yoega, (Maxwell-Ampere Law)  (8.66)

We have noted the common names attributed to each law. There are
corresponding integral forms of these laws, which are often presented
in introductory physics class. The first law is Gauss’ law. It allows one
to determine the electric field due to specific charge distributions. The
second law typically has no name attached to it, but in some cases is
called Gauss’ law for magnetic fields. It simply states that there are
no free magnetic poles. The third law is Faraday’s law, indicating that
changing magnetic flux induces electric potential differences. Lastly,
the fourth law is a modification of Ampere’s law that states that electric
currents produce magnetic fields.

It should be noted that the last term in the fourth equation was
introduced by Maxwell. As we will see, the divergence of the curl of
any vector is zero,

V- (VxV)=0.

(for now, we will just rely on the fact that the del operator is a differ-
ential operator and will later recall the exact form that you had seen
in your third semester calculus class.)

We compute the divergence of the curl of the electric field. We find

The divergence of the curl of any vector
is zero.
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oB
V- (VXE) = —-V.—
( ) o
= fiv B=0 (8.67)
= 5 =0. .67
Thus, the relation works here. However, before Maxwell, Ampere’s
law in differential form would have been written as Ampere’s law in differential form.
VxB= “I/toJ
Computing the divergence of the curl of the magnetic field, we have The introduction of the displacement
current makes Maxwell’s equations
V- (VxB) = wuV-J mathematically consistent.
9p
= —Uy=. 8.68
iy (8.68)

Here we made use of the continuity equation. However, the vector

identity does not apply here! Maxwell argued that we need to account

for a changing charge distribution. He introduced what he called the

displacement current, ygeo%—f into the Ampere Law. Now, we have

JE
V- (VxB) = pV- (J+Voeoat>

_ op %)

B dp d (P _

€0

So, Maxwell’s introduction of the displacement current was not only

physically important, it made the equations mathematically consistent.

8.2.2  Electromagnetic Wave Equation

WE ARE NOW READY to derive the wave equation for electromagnetic

waves. We will consider the case of free space in which there are no

free charges or currents and the waves propagate in a vacuum. We

then have Maxwell’s equations in the form

V-E
V-B
V X E

V xB

0,

0,
_ 9B
ot’

OE
Moo, (8.70)

We will derive the wave equation for the electric field. You should

confirm that a similar result can be obtained for the magnetic field.

Consider the expression V x (V x E). We note that our identities give

V x (V xE) =V(V-E) - V?E.
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However, the divergence of E is zero, so we have

V x (V x E) = —~V2E. (8.71)
We can also use Faraday’s Law on the right side of this equation to
obtain 5
Vx(VXE)=-Vx (;)

Interchanging the time and space derivatives, and using the Ampere-
Maxwell Law, we find

Vx(VXE) = —%(VXB)

o oE
= o \ oMoy

0%E
= —€0P‘0W- (8.72)

Combining the two expressions for V x (V x E), we have the sought
result: )
J0°E 2
This is the three dimensional equation for an oscillating electric
field. A similar equation can be found for the magnetic field,

0’B
GOVOW - sz

Recalling that ey = 8.85 x 10712 C?/Nm? and uy = 47 x 1077
N/AZ, one finds that ¢ = 3 x 108 m/s.

One can derive more general equations. For example, we could
look for waves in what are called linear media. In this case one has
D = €E and B = uH. Here € is called the electric permittivity and u is
the magnetic permeability of the material. Then, the wave speed in a
vacuum, ¢, is replaced by the wave speed in the medium, v. It is given

by
1

c
NG
€y
€ofio”
In many materials u =~ po. Introducing the dielectric constant, x =

£, one finds that n =~ \/%.

€ 7/
The wave equations lead to many of the properties of the elec-

Here, n is the index of refraction, n =

tric and magnetic fields. We can also study systems in which these
waves are confined, such as waveguides. In such cases we can impose
boundary conditions and determine what modes are allowed to prop-
agate within certain structures, such as optical fibers. However, these
equation involve unknown vector fields. We have to solve for several
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inter-related component functions. In the next chapter we will look
at simpler models in order to get some ideas as to how one can solve
scalar wave equations in higher dimensions. However, we will first ex-
plore how the differential operators introduced in this chapter appear
in different coordinate systems.

8.2.3 Potential Functions Helmholtz’s Theorem

ANOTHER APPLICATION OF THE USE OF VECTOR ANALYSIS for study-
ing electromagnetism is that of potential theory. In this section we
describe the use of a scalar potential, ¢(r,t) and a vector potential,
A(r, t) to solve problems in electromagnetic theory. Helmholtz’s the-

orem says that a vector field is uniquely determined by knowing its Hermann Ludwig Ferdinand von
Helmholtz (1821-1894) made many

. L . . contributions to physics.  There are
of the electric and magnetic fields in terms of the electric and mag- several theorems named after him.

divergence and its curl. Combining this theorem with the definitions

netic potentials, Maxwell’s equations will be seen to lead to needing
to simply solve a set of Poisson equations, V?u = f.
In the case of static fields, we have from Maxwell’s equations

V-B=0, VxE=0.

We saw earlier in this chapter that the curl of a gradient is zero and
the divergence of a curl is zero. This suggests that E is the gradient of
a scalar function and B is the curl of a vector function:

E=-V¢,

B=V xA.

¢ is called the electric potential and A is called the magnetic potential.
The remaining Maxwell equations are

V-E=F, VxB=y.
€0

Inserting the potential functions, we have
Vi = —eﬁ, V x (V x A) = up].
0

Thus, ¢ satisfies a Poisson equation, which is a simple partial differ-
ential equation which can be solved using separation of variables, or
other techniques.

The equation satisfied by the magnetic potential looks a little more
complicated. However, we can use the identity

Vx(VxA)=V(V-A)-V?A.
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If V- A =0, then we find that
VA = ).

Thus, the components of the magnetic potential also satisfy Poisson
equations!

It turns out that requiring V - A = 0 is not as restrictive as one
might first think. Potential functions are not unique. For example,
adding a constant to a potential function will still give the same fields.
For example

V(¢p+c)=V¢p=—E.

This is not too alarming because it is the field that is physical and
not the potential. In the case of the magnetic potential, adding the
gradient of some field gives the same magnetic field, V x (A + Vy) =
V x A = B. So, we can choose 1 such that the new magnetic potential
is divergenceless, V - A = 0. A particular choice of the scalar and
vector potentials is a called a gauge and the process is called fixing,
or choosing, a gauge. The choice of V- A = 0 is called the Coulomb
gauge.

If the fields are dynamic, i.e., functions of time, then the magnetic
potential also contributes to the electric field. In this case, we have

JA
Ef_V(P_yr
B=V xA.

Thus, two of Maxwell’s equations are automatically satisfied,

V-B=0, VXE=——.
% ot
The other two equations become

vV-E=F

)
L 20 . 99 A _P
€O:>V¢+atVA ,

€0

and 3E
V X B = poJ + poo—, =

19 oA
V(V'A)_VZAZFOJ—Eg <V<P+at).

Rearranging, we have

, 192 1 9¢

If we choose the Lorentz gauge, by requiring

1 0¢

VoAt S5
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then )
10

2_ 19 Y,__P

(v C28f2>¢ e’

1 92
2 _
(V B @aﬂ) A = —pal-

Thus, the potential satisfy nonhomogeneous wave equations, which
can be solved with standard methods as one will see in a course in
electrodynamics.

The above introduction of potentials to describe the electric and
magnetic fields is a special case of Helmholtz’s Theorem for vectors.
This theorem states that “any sufficiently smooth, rapidly decaying
vector field in three dimensions can be resolved into the sum of an irro-
tational (curl-free) vector field and a solenoidal (divergence-free) vec-
tor field.”* This is known as the Helmholtz decomposition. Namely,
given any nice vector field v, we can write it as

v= —-V¢ + VxA
~—— —
irrotational ~ solenoidal
Given
V-v=p, Vxv=F,

then one has
Vi =p
and
V(V-A)—-V?A =F.

Forcing V- A =0,
V?A = —F.

Thus, one obtains Poisson equations for ¢ and A. This is just repeating
the above procedure which we had seen in the special case of static
electromagnetic fields.

8.3 Curvilinear Coordinates

IN ORDER TO STUDY SOLUTIONS OF THE WAVE EQUATION, the heat
equation, or even Schrodinger’s equation in different geometries, we
need to see how differential operators, such as the Laplacian, appear
in these geometries. The most common coordinate systems arising
in physics are polar coordinates, cylindrical coordinates, and spher-
ical coordinates. These reflect the common geometrical symmetries
encountered in our studies.

In such systems it is easier to describe boundary conditions and
to make use of these symmetries. For example, specifying that the

> Wikipedia entry for the Helmholtz de-
composition.
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electric potential is 10.0 V on a spherical surface of radius one, we
would say ¢(x,y,z) = 10 for x?> + y*> + z2> = 1. However, if we use
spherical coordinates, (r,0,¢), then we would say ¢(r,0,¢) = 10 for
r=1,or ¢(1,6,¢) = 10. This is a much simpler representation.

However, this simplicity in boundary conditions leads to a more
complicated appearing partial differential equation in spherical coor-
dinates. In this section we will consider general coordinate systems
and how the differential operators are written in the new coordinate
systems. In the next chapter we will solve some of these new problems.

We begin by introducing the general coordinate transformations be-
tween Cartesian coordinates and the more general curvilinear coordi-
nates. Let the Cartesian coordinates be designated by (x1,x2,x3) and
the new coordinates by (11, up, u3). We will assume that these are re-
lated through the transformations

x1 = x1(uq, Uup, u3),
xp = xp(uq, Uz, u3),

x3 = x3(u1, Uz, U3z). (8.73)

Thus, given the curvilinear coordinates (11, up, u3) for a specific point
in space, we can determine the Cartesian coordinates, (x1,x2,x3), of
that point. We will assume that we can invert this transformation:
Given the Cartesian coordinates, one can determine the corresponding
curvilinear coordinates.

In the Cartesian system we can assign an orthogonal basis, {i,j, k}.
As a particle traces out a path in space, one locates its position by
the coordinates (x1, x2, x3). Picking x, and x3 constant, the particle lies
on the curve x; = value of the x; coordinate. This line lies in the
direction of the basis vector i. We can do the same with the other co-
ordinates and essentially map out a grid in three dimensional space.
All of the x;-curves intersect at each point orthogonally and the basis
vectors {i,j, k} lie along the grid lines and are mutually orthogonal.
We would like to mimic this construction for general curvilinear co-
ordinates. Requiring the orthogonality of the resulting basis vectors
leads to orthogonal curvilinear coordinates.

As for the Cartesian case, we consider u; and ug constant. This
leads to a curve parametrized by uq : r = xq(u1)i + x2(u7)j + x3(up) k.
We call this the u;-curve. Similarly, when u; and u3 are constant we
obtain a uy-curve and for u; and u, constant we obtain a uz-curve. We
will assume that these curves intersect such that each pair of curves
intersect orthogonally. Furthermore, we will assume that the unit tan-
gent vectors to these curves form a right handed system similar to the
{i,j, k} systems for Cartesian coordinates. We will denote these as

{ﬁl/ ﬁZ/ ﬁ3}
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We can quantify all of this. Consider the position vector as a func-
tion of the new coordinates,

r(uy, uz, u3) = xq(uy, uz, u3)i+ xp(ur, g, us)j + x3(u, uz, us)k.
Then the infinitesimal change in position is given by

or or or 3 or
dr = ﬂdul + %duz + del% = g deui‘

We note that the vectors % are tangent to the u;-curves. Thus, we can
define the unit tangent vectors

or
A aui
u; =

QU
P~y

Ju

Solving for the tangent vector, we have

or
= ki,
aul 1%
where The scale factors, h; = % .
= or :
' aui

are called the scale factors for the transformation.

Example 8.18. Determine the scale factors for the polar coordinate transfor-
mation.
The transformation for polar coordinates is

x=rcost, y=rsind.

Here we note that x1 = x, y1 = y, uy = r, and up = 6. The uq-curves
are curves with 0 = const. Thus, these curves are radial lines. Similarly,
the up-curves have r = const. These curves are concentric circles about the
origin.

The unit vectors are easily found. We will denote them by @, and tg. We
can determine these unit be first computing aan,-' Let

r=x(r,0)i+y(r,0)j = rcosbi+ rsin 6j.

Then,
0
67: = cosfi+ sin0j
or e .
o = ~Tsin 0i + r cos 6j. (8.74)

The first vector already is a unit vector. So,

@, = cos 0i + sin 0j.
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The second vector has length r since | — r sin0i + r cos 0j| = r. Dividing g—g
by r, we have
Gy = —sin6i + cos 0j.

We can see these vectors are orthogonal and form a right hand system. That
they form a right hand system can be seen by either drawing the vectors, or
computing the cross product,

(cos i+ sin6j) x (—sinbi+ cosbj) = k.

Since
",
ar - Tr
i = ri
80 - u9/

The scale factors are hy =1 and hg = r.

We have determined that once we know the scale factors, we have
that
3
dr = 2 hidul-ﬁl-.
i=1
The infinitesimal arclength is then given by

3
ds? = dr-dr =Y hidu7
i=1

when the system is orthogonal. Also, along the u;-curves,
dr = hjdu;6;, (no summation).

So, we consider at a given point (u1,up, u3) an infinitesimal paral-
lelepiped of sides h;du;, i = 1,2,3. This infinitesimal parallelepiped
has a volume of size

Jr or Jor

V=5 o o

duydusdus.

The triple scalar product can be computed using determinants and the
resulting determinant is call the Jacobian, and is given by

9(x1, X2, X3)
o(uy, up, uz)
o o or
8u1 8u2 8u3

oxp  dxy dxg
A
= gX;  9xp 0X3

- auz auz auz N (875)
9 9xy  dx3
au3 au3 au3
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Example 8.19. Determine the volume element for cylindrical coordinates

(r,0,z), given by
x = rcosH, (8.76)
= rsinf, 8.77)
z = z (8.78)

Here, we have (u1,up,u3) = (r,0,z). Then, the Jacobian is given by

;= I(x,y,2)
—19(r,0,2)
ox 9y 9z
or or or
= ox 9y oz
90 960 90
ox 9y oz
Jdz dz 0z
cosf sinf 0
= —rsinf rcosf O
0 0 1
= r (8.79)

Thus, the volume element is given as
AV = rdrdfdz.

This result should be familiar from multivariate calculus.

Next we will derive the forms of the gradient, divergence, and curl
in curvilinear coordinates. The results are given here for quick refer-

ence.
3 A
_ yGiop
V(P N z; h,‘ aui
_ Mg %99 809
- hl Bul + hz 8u2 + ]’l3 au3‘ (8‘80)
VoF = 1 (2 (hsEy) + <2 (uhaFy) + = (o)
B h1h2h3 E)ul 20 8142 17852 8u3 1725 '
(8.81)

hiay  hatiy  h3hs
VxF = ! ORI (8.82)
h1h2h3 Jduyq duy dug : :
Fihy Fhy Fshs

1 (9 [hh3dp\ 9 (hihs o
20 9 (™M 99 9 (Mnrs 99
Ve = hihohs <3u1 < hy aul) * duy < hy 3M2>

0 hihy o¢
At ) 55
(8-84)

Gradient, divergence and curl in orthog-
onal curvilinear coordinates.
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We begin the derivations of these formulae by looking at the gradi-
ent, V¢, of the scalar function ¢(uq, up, u3). We recall that the gradient
operator appears in the differential change of a scalar function,

dp=V¢-dr = i;a—uidui.

Since s
dr = 2 hl-du,-ﬁl-,
i=1
we also have that

3

dp =V -dr =Y (V) hidu;.

i=1
Comparing these two expressions for d¢, we determine that the com-
ponents of the del operator can be written as

10
(Vo) = Ea%i

and thus the gradient is given by

G0y 0 0p G5 0

Vo= hy ouy | hpoup | hzouz

Next we compute the divergence,

We can do this by computing the individual terms in the sum. We will
compute V - (Fitiy).
We first note that the gradients of the coordinate functions are found

u;

as Vu; = h (This results from a direct application of the gradient
operator form just derived.) Then
N iy X 03 . L8]
Vuz X Vu3 = hzhg, = 7]’12]/13'
This gives
V- (Fiy) (8.85)

= V. (F1h2h3Vu2 X Vug,)
= V (Fihahs) - Vuy x Vus + Fihphp V - (Vg X Vus).
(8.86)

Here we used the vector identity

V. (fA)=fV-A+A-Vf

Derivation of the gradient form.

Derivation of the divergence form.
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The second term can be handled using the identity
V- (AxB)=B-(VxA)—A-(VxB),

where A and B are gradients. However, each term the curl of a gradi-
ent, which are identically zero! Or, you could just use the third identity
in the previous list of second derivative identities,
V- (VfxVg)=0.
Using the expression Vuy X Vuz = h‘;—}ia and the expression for the
gradient operator in curvilinear coordinates, we have
N a 1 9
V- (Fty) = V (Fihah3) - —— = -———=— (Fihah3).
(Fity) (Fihahs) Ty~ Tiylghs diiy (Fihahs)
Similar computations can be done for the remaining components,
leading to the sought expression for the divergence in curvilinear co-

Derivation of the curl form

ordinates:
J J
(hohs3Fy) + (hhsFp) + o, (mhoF3) ) .

Uz

1
V-F= =
hyhahs (aul
We now turn to the curl operator. In this case, we need to simplify

3
VXF:ZVX(FiﬁZ‘).

i=1

Using the identity
V x(fA)=fVxA—-AxVf,

V x (Fl l’ll Vul )
(8.87)

we have
V x (Fiy)
\% (Flhl) X VM1 + F1h1V X Vul.

Again, the curl of the gradient vanishes, leaving
V x (Flﬁl) =V (Flhl) X Vul.

Since Vu; = ,;—i, we have
N 1551
V x (Flul) =V (Flhl) X E
_ i LEAGIVARE)
i=1 hl' au,- h1
G3 9 (Fih) (8.89)

G, d(hhm)
h3h1 8u3 h1h2 8u2
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The other terms can be handled in a similar manner. The overall
result is that

UxF - i (9(k) 9(hb) Gy (d(mk) 9(h3fs)
h2h3 auz au3 h1h3 au3 Bul
a3 d (hZFz) _ d (thl)
+ h]]’lz < aul auz (889)

This can be written more compactly as

1 hitiy  hptiy  hsls
V= o v o = (8.90)

Fihi  Bhy Fshs
Finally, we turn to the Laplacian. In the next chapter we will solve
higher dimensional problems in various geometric settings such as the
wave equation, the heat equation, and Laplace’s equation. These all
involve knowing how to write the Laplacian in different coordinate
systems. Since V2¢ = V - V¢, we need only combine the above results
for the gradient and the divergence in curvilinear coordinates. This is

staight forward and gives

1 [0 (hhsop\ 9 [hhs g
2, - (9 [ 9¢ 9 [Afs 99
Ve = hihohs (aul ( hy a”l) * duy < hy au2>

d hihy 0¢
o (o)) (S

Problems

1. Compute u X v using the permutation symbol. Verify your answer
by computing these products using traditional methods.

a. u=2i-3k v=23i-2j

b.u=i+j+k v=i—-k

c. u=>5i+2j—-3k v=1i—-4j+2k

2. Compute the following determinants using the permutation sym-
bol. Verify your answer.

3 2 0
a. 1 4 -2
-1 4 3
1 2 2
b —6 3
2 3 1

3. For the given expressions, write out all values fori,j =1,2,3.
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a. €,’2]‘.

b. €i13.

C. 61']'161‘32.
4. Show that

a. 6; = 3.
b. dijeij =0
C. €imn€jmn = 20ij.
d. €jjx€ijx = 6.
5. Show that the vector (a x b) x (¢ x d) lies on the line of intersection

of the two planes: (1) the plane containing a and b and (2) the plane
containing ¢ and d.

6. Prove the following vector identities:

a. (axb)-(exd)=(a-c)(b-d)—(a-d)(b-c).
b. (axb)x(cxd)=(a-bxd)c—(a-bxc)d.

7. Use problem 6a to prove that |a x b| = absin6.

8. A particle moves on a straight line, r = tu, from the center of a
disk. If the disk is rotating with angular velocity w, then u rotates. Let
u = (coswt)i+ (sinwt)j.

a. Determine the velocity, v.
b. Determine the acceleration, a.
c. Describe the resulting acceleration terms identifying the cen-

tripetal acceleration and Coriolis acceleration.

9. Compute the gradient of the following:

a. flxy) =x—y*

b. f(x,y,z) =yz+xy + xz.

c f(x,y)=tan"!(%).

d. f(x,y,z)=
10. Find the directional derivative of the given function at the indi-
cated point in the given direction.

a. f(x,y)=x>—92(3,2),u=1i+j.

b. f(x,y) =1%,(2,1), u=3i+4j.

c f(x,y,z) =x>+y*+2%(1,0,2), u = 2i —j.

407
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11. Zaphod Beeblebrox was in trouble after the infinite improbability
drive caused the Heart of Gold, the spaceship Zaphod had stolen when
he was President of the Galaxy, to appear between a small insignificant
planet and its hot sun. The temperature of the ship’s hull is given by
T(x,v,z) = e~ K&+1+7*) Nivleks. He is currently at (1,1,1), in units of
globs, and k = 2 globs™2. (Check the Hitchhikers Guide for the current
conversion of globs to kilometers and Nivleks to Kelvins.)

a. In what direction should he proceed so as to decrease the
temperature the quickest?

b. If the Heart of Gold travels at ® globs per second, then how
fast will the temperature decrease in the direction of fastest
decline?

12. For the given vector field, find the divergence and curl of the field.

a. F=xi+yj.

b. F:%i—fj,forr:\/m.

c. F=x%yi+zj+ xyzk.
13. Write the following using €;j notation and simplify if possible.

a. Cx (Ax (AxCQ)).
b. V-(V xA).
c. VxVo.
14. Prove the identities:
a. V- (VxA)=0.
b. V- (fVg—gVf) = Vi —gV?f.
c Vr=n""2, n>2.
15. For r = xi + yj + zk and r = |r|, simplify the following.
a. Vx(kxr).
b V- (1).
c Vx(%).
d v-(%).
16. Newton’s Law of Gravitation gives the gravitational force between

two masses as
GmM

F=—
73

TI.

a. Prove that F is irrotational.

b. Find a scalar potential for F.
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17. Consider an electric dipole moment p at the origin. It produces
an electric potential of ¢ = P2~ outside the dipole. Noting that

47eqr3

E = —V¢, find the electric field at r.

18. In fluid dynamics the Euler equations govern inviscid fluid flow
and provide quantitative statements on the conservation of mass, mo-
mentum and energy. The continuity equation is given by

Ip _
N +V-(pv) =0,
where p(x,v,z,t) is the mass density and v(x,y,z,t) is the fluid veloc-

ity. The momentum equations are given by

%)
%—Fv-V(pv):f—Vp.

Here p(x,y,z,t) is the pressure and F is the external force per volume.

a. Show that the continuity equation can be rewritten as

0
a—f—i—pV-(v)—i—v-Vp:O.

b. Prove the identity %VUZ = v - Vv for irrotational v.
c. Assume that

* the external forces are conservative (F = —V¢),
the velocity field is irrotational (V x v = 0).

the fluid is incompressible (p =const), and

the flow is steady, %—‘t' = 0.

Under these assumptions, prove Bernoulli’s Principle:

1

2 P _
77 +¢+P const.

19. Find the lengths of the following curves:

a. y(x) =xforx € 0,2].
b. (x,y,z) = (t,1In t,2v/2t) for 1 < t < 2.
c. y(x) = 2cosh3x, x € [-2,2]. (Recall the hanging chain ex-

ample from classical dynamics.)

20. Consider the integral |- y?dx — 2x? dy. Evaluate this integral for
the following curves:

a. C is a straight line from (0,2) to (1,1).

b. C is the parabolic curve y = x? from (0,0) to (2,4).

c. Cis the circular path from (1,0) to (0,1) in a clockwise direc-
tion.

409



410 MATHEMATICAL PHYSICS

21. Evaluate [-(x? —2xy +y?)ds for the curve x(t) = 2cost, y(t) =

2sint, 0 <t <.

22, Prove that the magnetic flux density, B, satisfies the wave equation.

23. Prove the identity

_ 2 ,
‘A¢V¢-n%47A¥¢V¢F+V V) dA.

24. Compute the work done by the force F = (x> — y?)i + 2xyj in mov-
ing a particle counterclockwise around the boundary of the rectangle

R = [0,3] % [0,5].

25. Compute the following integrals:

a. [o(x* +y)dx + (3x + ) dy for C the ellipse x* + 4y = 4.

b. [o(x —y)dydz + (y* + z%) dzdx + (y — x*) dxdy for S the pos-

itively oriented unit sphere.

¢ [o(y—z)dx+ (3x+z)dy+ (x +2y) dz, where C is the curve

of intersection between z = 4 — x> — y? and the plane x +y +

z = 0.

d. J- x?ydx — xy?dy for C a circle of radius 2 centered about

the origin.

e. [s x?y dydz + 3y* dzdx — 2xz? dxdy, where S is the surface of

the cube [—1,1] x [-1,1] x [-1,1].

26. Use Stoke’s theorem to evaluate the integral

/C—y3dx+x3dy—z3dz

for C the (positively oriented) curve of intersection between the cylin-

der x> + y?> = 1 and the plane x + y +z = 1.

27. Use Stoke’s theorem to derive the integral form of Faraday’s law,

/E-ds:—E//H-dS
C ot S

from the differential form of Maxwell’s equations.
28. For cylindrical coordinates,
x = rcosb,

= rsin6,

= Z.

find the scale factors and derive the following expressions:

0 10 J
Vf= a—{eﬁ— ;—feg—i— %ez.

(8.92)

(8.93)

Note that it is customary to write the ba-
sis as {e,, ey, e, } instead of {0, Gy, G3}.
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_130E) | 105, OF

V-F r or r 00 0z’ (8.94)
VXF_(rE)G_E)z>er+(az_ar)e9+r( o 00 ) :
(8.95)
VZ —12 ral +1827f+827f (8 6)
f= ror \ or r2 962 = 9z2° 9
29. For spherical coordinates,
x = psinfcos¢,
= psinfsing, ) - .
Figure 8.7: Definition of spherical coor-
= pcosé. (8.97) dinates for Problem 29.

find the scale factors and derive the following expressions:

_ U Lo 1
Vf= apep+p89e9+psin984>e¢' (8.98)

1 9(p?F,) 1 9(sin6F) 1 dF

voF= 02 9p * psinf 00 psinf d¢ (8.99)
VxF — 1 a(SIDGF(/;) _ % e 1 1 ai _ 8(pF¢) e
psinf a0 ap ) 7" p \sinf o¢ dp
1 (9(pF oF,
—i—; <(g;f) - a;) ep (8.100)

19 [ ,0f 1 9 (. .of 1 9*f

20, _ - Y 2%) - -/ - )

Vif=% (p ) + p?sinf 00 (Sm689> - p2sin? § 02’
(8.101)
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