
(x, y)

(x′, y′)

(ξ, η) r

r′

ρ θρ′ θ′

Distances

ρ =
√
x2 + y2, ρ′ =

√
ξ2 + η2√

x′2 + y′2 =
1

ρ

r =
√

(ξ − x)2 + (η − y)2

r′ =
√
(ξ − x′)2 + (η − y′)2

Law of Cosines

r2 = ρ2 + ρ′2 − 2ρρ′ cos(θ′ − θ)

r′2 =
1

ρ2
+ ρ′2 − 2

ρ′

ρ
cos(θ′ − θ)

Green’s Function

r2

r′2

∣∣∣
ρ′=1

=
ρ2 + 1− 2ρ cos(θ′ − θ)
1
ρ2 + 1− 2

ρ cos(θ
′ − θ)

= ρ2

G(x, y; ξ, η) =
1

2π
ln

r

r′ρ
=

1

4π
ln

ρ2 + ρ′2 − 2ρρ′ cos(θ′ − θ)
1 + ρ2ρ′2 − 2ρρ′ cos(θ′ − θ)

Poisson Equation with Nonhomogeneous BCs

∇2u = f in D

u = g on C

∇2G = δ(ξ − x, η − y) in D

G ≡ 0 on C

u(x, y) =
∫
D
G(x, y; ξ, η)f(ξ, η) dξdη +

∫
C
(u∇r′G−G∇r′u) · n ds′

∇r′G · n =
1

2π

1− ρ2

1 + ρ2 − 2ρ cos(θ − θ′)

u(x, y) =
1

4π

∫ 2π

0

∫ 1

0

ln
ρ2 + ρ′2 − 2ρρ′ cos(θ′ − θ)
1 + ρ2ρ′2 − 2ρρ′ cos(θ′ − θ)

f(θ′) ρ′dρ′dθ′ +
1

2π

∫ 2π

0

1− ρ2

1 + ρ2 − 2ρ cos(θ − θ′)
g(θ′) dθ′


