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Prologue

“How can it be that mathematics, being after all a product of human thought inde-
pendent of experience, is so admirably adapted to the objects of reality?.” - Albert
Einstein (1879-1955)

Introduction

THIS SET OF NOTES WAS COMPILED for use in a one semester course on
mathematical methods for the solution of partial differential equations typ-
ically taken by majors in mathematics, the physical sciences, and engineer-
ing. Partial differential equations often arise in the study of problems in
applied mathematics, mathematical physics, physical oceanography, meteo-
rology, engineering, and biology, economics, and just about everything else.
However, many of the key methods for studying such equations extend back
to problems in physics and geometry. In this course we will investigate
analytical, graphical, and approximate solutions of some standard partial
differential equations. We will study the theory, methods of solution and
applications of partial differential equations.

We will first introduce partial differential equations and a few models.
A PDE, for short, is an equation involving the derivatives of some unknown
multivariable function. It is a natural extenson of ordinary differential equa-
tions (ODEs), which are differential equations for an unknown function one
one variable. We will begin by classifying some of these equations.

We begin the study of PDEs with the one dimensional heat and wave
equations and the two-dimensional Laplace equation on a rectangle. As we
progress through the course, we will introduce standard numerical methods
since knowing how to numerically solve differential equations can be useful
in research. We will also look into the standard solutions, including separa-
tion of variables, starting in one dimension and then proceeding to higher
dimensions. This naturally leads to finding solutions as Fourier series and
special functions, such as Legendre polynomials and Bessel functions. We
will end with a short study of first order evolution equations.

The specific topics to be studied and approximate number of lectures
will include

First Semester: (26 lectures)

¢ Introduction (1)



X PARTIAL DIFFERENTIAL EQUATIONS

Derivation of Generic Equations (1)

Separation of Variables (Heat and Wave Equations) (2)
1D Wave Equation - d’Alembert Solution (2)
Classification of Second Order Equations (1)
Nonhomogeneous Heat Equation (1)

Separation of Variables (2D Laplace Equation) (2)
Fourier Series (4)

Finite Difference Method (2)

Sturm-Liouville Theory (3)

Special Functions (3)

Equations in 2D - Laplace’s Equation, Vibrating Membranes (3)
3D Problems and Spherical Harmonics (2)

First Order PDEs (2)

Conservation Laws and Shocks (1)

Acknowledgments

MOST, IF NOT ALL, OF THE IDEAS AND EXAMPLES are not my own. These
notes are a compendium of topics and examples that I have used in teaching
not only differential equations, but also in teaching numerous courses in
physics and applied mathematics. Some of the notions even extend back to

when I first learned them in courses I had taken.

found typos, or suggested sections needing more clarity in the core set of
notes upon which this book was based. This applies to the set of notes
used in my mathematical physics course, applied mathematics course, and

I'would also like to express my gratitude to the many students who have

previous differential equations courses.
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First Order Partial Differential Equations

“The profound study of nature is the most fertile source of mathematical discover-
ies.” - Joseph Fourier (1768-1830)

7.1 Introduction

WE BEGIN OUR STUDY OF PARTIAL DIFFERENTIAL EQUATIONS with first
order partial differential equations. Before doing so, we need to define a few
terms.

Recall (see the appendix on differential equations) that an n-th order or-
dinary differential equation is an equation for an unknown function y(x)
that expresses a relationship between the unknown function and its first n
derivatives. One could write this generally as

F(y™ (x),y" D (x),...,9/ (x),y(x),x) = 0. (7.1)

Here y(")(x) represents the nth derivative of y(x). Furthermore, and initial
value problem consists of the differential equation plus the values of the
first n — 1 derivatives at a particular value of the independent variable, say
X0

Yy (x0) = yac1, YD (x0) =yu—2, .., y(x0) = Y0 (7:2)

If conditions are instead provided at more than one value of the indepen-
dent variable, then we have a boundary value problem. .

If the unknown function is a function of several variables, then the deriva-
tives are partial derivatives and the resulting equation is a partial differen-
tial equation. Thus, if u = u(x,y,...), a general partial differential equation
might take the form

ou Ju o%u
> =0. (7-3)

F(x,y,...,u,ax,ay,...,axz,...

Since the notation can get cumbersome, there are different ways to write
the partial derivatives. First order derivatives could be written as
ou

g/ Uy, a){u/ Dxu-

n-th order ordinary differential equation

Initial value problem.
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Linear first order partial differential
equation.

Quasilinear first order partial differential
equation.

Semilinear first order partial differential
equation.

Second order partial derivatives could be written in the forms

%u
ﬁ/ uXX/ axxu/ Djzcu
o2u o%u
dxay  ayax s Oyt DyDiit

Note, we are assuming that u(x,y,...) has continuous partial derivatives.
Then, according to Clairaut’s Theorem (Alexis Claude Clairaut, 1713-1765) ,
mixed partial derivatives are the same.

Examples of some of the partial differential equation treated in this book
are shown in Table 1.1. However, being that the highest order derivatives in
these equation are of second order, these are second order partial differential
equations. In this chapter we will focus on first order partial differential
equations. Examples are given by

ur+u, = 0
ur+uu, = 0.

U + Ully u

Buy —2uy+u = x.

For function of two variables, which the above are examples, a general
first order partial differential equation for u = u(x,y) is given as

F(x,y,u,ux,uy) =0, (x,y) € D CR2 (7.4)

This equation is too general. So, restrictions can be placed on the form,
leading to a classification of first order equations. A linear first order partial
differential equation is of the form

a(x,y)ux +b(x,y)uy +c(x, y)u = f(x,y). (7.5)

Note that all of the coefficients are independent of u and its derivatives and
each term in linear in u, uy, or uy,.

We can relax the conditions on the coefficients a bit. Namely, we could as-
sume that the equation is linear only in u, and u,,. This gives the quasilinear
first order partial differential equation in the form

a(, )iz + b(x,y, )ity = £(x,y,1). 7.6)

Note that the u-term was absorbed by f(x,y, u).
In between these two forms we have the semilinear first order partial
differential equation in the form

a(x,y)ux +b(x,y)uy = f(x,y,u). (7.7)

Here the left side of the equation is linear in u, uy and u,. However, the right
hand side can be nonlinear in u.

For the most part, we will introduce the Method of Characteristics for
solving quasilinear equations. But, let us first consider the simpler case of
linear first order constant coefficient partial differential equations.
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7.2 Linear Constant Coefficient Equations

LET’S CONSIDER THE LINEAR FIRST ORDER CONSTANT COEFFICIENT par-
tial differential equation

auy + buy +cu = f(x,y), (7.8)

for a, b, and ¢ constants with a2 + b?> > 0. We will consider how such equa-
tions might be solved. We do this by considering two cases, b = 0 and

b #0.

For the first case, b = 0, we have the equation
auy +cu = f.

We can view this as a first order linear (ordinary) differential equation with
y a parameter. Recall that the solution of such equations can be obtained
using an integrating factor. [See the discussion after Equation (B.7).] First
rewrite the equation as

c
ux—l—fu:z.
a a

Introducing the integrating factor

X c Cy
p) =exp( [ S de) =i,
the differential equation can be written as

(pu)x = g#-

Integrating this equation and solving for u(x,y), we have

putny) = o [ FEynE) e +3)
ePuny) = o [ FEyeitds+g(y)
uoy) = - [fEETd gy ()

Here g(y) is an arbitrary function of y.
For the second case, b # 0, we have to solve the equation

auy +buy +cu = f.

It would help if we could find a transformation which would eliminate one
of the derivative terms reducing this problem to the previous case. That is
what we will do.

We first note that

auy +buy, = (ai+0bj) - (uxi + uyj)
= (ai+10bj)-Vu. (7.10)
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ai + bj

w=bx —ay

Figure 7.1: Coordinate systems for trans-
forming auy + buy, +cu = f into bv, +
cv = f using the transformation w =
bx —ayand z =y.

Recall from multivariable calculus that the last term is nothing but a direc-
tional derivative of u(x,y) in the direction ai + bj. [Actually, it is propor-
tional to the directional derivative if ai + bj is not a unit vector.]

Therefore, we seek to write the partial differential equation as involving a
derivative in the direction ai + bj but not in a directional orthogonal to this.
In Figure 7.1 we depict a new set of coordinates in which the w direction is
orthogonal to ai + bj.

We consider the transformation

w = bx—ay,
z = . (7.11)

We first note that this transformation is invertible,
1
x = —(w+az),
b
Z.

y = (7.12)

Next we consider how the derivative terms transform. Let u(x,y) =
v(w, z). Then, we have

auy +bu, = aiv(w,z) + biv(w,z),

9x ay
([, 22
Jw dx  dz dx
Jdv ow  dv dz
+ |50y + 53]
= a[bvy +0-v;] + b[—avy + v,
= bo,. (7.13)

Therefore, the partial differential equation becomes

bv,+co=f (2(w+az),z) .

This is now in the same form as in the first case and can be solved using an
integrating factor.

Example 7.1. Find the general solution of the equation 3uy — 2u, +
u=x.
First, we transform the equation into new coordinates.
w = bx —ay = —2x — 3y,
and z = y. The,
Uy — 2”]/ — 3[72’010 + O . ’Uz} - 2[7301/(] + ’Uz}
= —2v,. (7.14)
The new partial differential equation for v(w, z) is

v 1
_27 == = — = .
. +v=x 5 (w+3z)
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Rewriting this equation,

we identify the integrating factor

u(z) = exp [— /Z ;d@} —e%/2,

Using this integrating factor, we can solve the differential equation

for v(w, z).
o (—22\ _ 1 —2/2
g(e v) = Z(w+32)e ,
Z
e 20(w,z) = i [ w+aget2ag
= —%(w +6+32)e %2 + c(w)
1 z/2
v(w,z) = —§(w+6+3z)+c(w)e
u(x,y) = x—3+c(—2x—3y)e’/2.

(7.15)

7.3 Quasilinear Equations: The Method of Characteristics

7.3.1  Geometric Interpretation

WE CONSIDER THE QUASILINEAR PARTIAL DIFFERENTIAL EQUATION in
two independent variables,

a(x,y,u)uy +b(x,y,u)uy —c(x,y,u) = 0. (7.16)
Let u = u(x,y) be a solution of this equation. Then,
floyu) =ulxy) —u=0

describes the solution surface, or integral surface, Integral surface.
We recall from multivariable, or vector, calculus that the normal to the
integral surface is given by the gradient function,

Vf= (ux,uy, —1).

Now consider the vector of coefficients, v = (a,b,¢) and the dot product
with the gradient above:

v-Vf =auy+buy —c.

This is the left hand side of the partial differential equation. Therefore, for
the solution surface we have

v-Vf=0,

or v is perpendicular to Vf. Since Vf is normal to the surface, v = (a,b,¢)
is tangent to the surface. Geometrically, v defines a direction field, called
the characteristic field. These are shown in Figure 7.2. The characteristic field.
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7.3.2  Characteristics

WE SEEK THE FORMS OF THE CHARACTERISTIC CURVES such as the one
shown in Figure 7.2. Recall that one can parametrize space curves,

c(t) = (x(t),y(t), u(t)), te [h,ta].

The tangent to the curve is then

_ de(t) _ (dx dy du
vit) == <dt’dt’dt)'

However, in the last section we saw that v(t) = (a,b,c) for the partial dif-
ferential equation a(x,y, u)uyx + b(x,y,u)uy — c(x,y,u) = 0. This gives the
parametric form of the characteristic curves as

dx diy_ du

E =a, dt = ,E = C. (717)

Another form of these equations is found by relating the differentials, dx,
dy, du, to the coefficients in the differential equation. Since x = x(t) and

y = y(t), we have
dy _ dy/dt _ b

dx  dx/dt a

Similarly, we can show that

du c du c

& a dy b

All of these relations can be summarized in the form

_dx _dy _du

dt = ; (7.18)

How do we use these characteristics to solve quasilinear partial differen-
tial equations? Consider the next example.

Example 7.2. Find the general solution: uy + u, —u = 0.
We first identify a = 1, b = 1, and ¢ = u. The relations between the

differentials is
dx _dy _ du

1 1 u
We can pair the differentials in three ways:

d—y—l du—u du—u.

R i v

Only two of these relations are independent. We focus on the first pair.
The first equation gives the characteristic curves in the xy-plane.
This equation is easily solved to give

y:X+C1.

The second equation can be solved to give u = cye*.
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The goal is to find the general solution to the differential equation.
Since u = u(x,y), the integration “constant” is not really a constant,
but is constant with respect to x. It is in fact an arbitrary constant
function. In fact, we could view it as a function of ¢, the constant of
integration in the first equation. Thus, we let c; = G(cp) for G and
arbitrary function. Since ¢; = y — x, we can write the general solution
of the differential equation as

u(x,y) = G(y — x)e*.

Example 7.3. Solve the advection equation, u; + cuy = 0, for ¢ a con-
stant, and u = u(x,t), |x| < oo, t > 0.
The characteristic equations are

_dt_dx_du

dt T =0 (7.19)

and the parametric equations are given by

dx du
Mo Moo (7.20)

These equations imply that
® 1y = const. =c¢q.
e x =ct+ const. =ct+co.

As before, we can write c1 as an arbitrary function of c;. However,
before doing so, let’s replace c; with the variable ¢ and then we have
that

E=x—ct, ulxt)=f(&)=flx—ct)

where f is an arbitrary function. Furthermore, we see that u(x,t) =
f(x — ct) indicates that the solution is a wave moving in one direction
in the shape of the initial function, f(x). This is known as a traveling
wave. A typical traveling wave is shown in Figure 7.3.

Note that since u = u(x, t), we have

0 = us+cuy

ou  drou

ot dt dx

_du(x(t),t

= —F (7.21)

This implies that u(x, t) = constant along the characteristics, ‘;—’f =c

As with ordinary differential equations, the general solution provides an
infinite number of solutions of the differential equation. If we want to pick
out a particular solution, we need to specify some side conditions. ~We
investigate this by way of examples.

Example 7.4. Find solutions of u, + u, — u = 0 subject to u(x,0) = 1.

Traveling waves.

Figure 7.3: Depiction of a traveling wave.
u(x,t) = f(x) at t = 0 travels without
changing shape.

Side conditions.
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We found the general solution to the partial differential equation
as u(x,y) = G(y — x)e*. The side condition tells us that u = 1 along
y = 0. This requires

1=u(x,0) = G(—x)e".
Thus, G(—x) = e~ *. Replacing x with —z, we find
G(z) =€~

Thus, the side condition has allowed for the determination of the ar-
bitrary function G(y — x). Inserting this function, we have

u(x,y) = G(yf x)ex — e]/—xex — ey.

Side conditions could be placed on other curves. For the general line,
y = mx +d, we have u(x,mx +d) = g(x) and for x = d, u(d,y) = g(y).
As we will see, it is possible that a given side condition may not yield a

solution. We will see that conditions have to be given on non-characteristic

curves in order to be useful.

Example 7.5. Find solutions of 3u, — 2u, +u = x for a) u(x,x) = x
and b) u(x,y) =0on 3y +2x = 1.

Before applying the side condition, we find the general solution of
the partial differential equation. Rewriting the differential equation in
standard form, we have

Buy —2uy = x = u.

The characteristic equations are

dx _dy __du

I Rl (7.22)

These equations imply that

e —2dx =3dy

This implies that the characteristic curves (lines) are 2x + 3y = c;.

. ‘;—z:%(x—u).

This is a linear first order differential equation, ‘% + %u = %x. It can be

solved using the integrating factor,

u(x) =exp (:1), /x d§> = ¢*/3,

d w3\ _ 1 s
E(ue ) = e
l X
ue’3 = 5/ ZeS/3dE 4 ¢

= (x—=3)3 4
u(x,y) = x—3+ce 3. (7.23)
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As before, we write ¢ as an arbitrary function of ¢; = 2x 4 3y. This gives
the general solution

u(x,y) = x — 3+ G(2x + 3y)e /3.

Note that this is the same answer that we had found in Example 7.1
Now we can look at any side conditions and use them to determine par-
ticular solutions by picking out specific G's.
a u(x,x)=x
This states that # = x along the line y = x. Inserting this condition into
the general solution, we have
x=x-3+G(5x)e 3,
or
G(5x) = 3¢*/3.
Letting z = 5x,
G(z) = 3¢*/15.

The particular solution satisfying this side condition is

u(x,y) = x—3+G(Q2x+3y)e 3
x_3+3e(2x+3y)/15€fx/3

x — 3+ 3el=2)/5, (7.24)

This surface is shown in Figure 7.5.

In Figure 7.5 we superimpose the values of u(x,y) along the character-
istic curves. The characteristic curves are the red lines and the images
of these curves are the black lines. The side condition is indicated with
the blue curve drawn along the surface.

The values of u(x,y) are found from the side condition as follows. For
x = § on the blue curve, we know that y = ¢ and u(¢,{) = &. Now,
the characteristic lines are given by 2x + 3y = c;. The constant ¢; is
found on the blue curve from the point of intersection with one of the
black characteristic lines. For x = y = ¢, we have ¢; = 5¢. Then, the
equation of the characteristic line, which is red in Figure 7.5, is given
by y = 3(5¢ — 2x).

Along these lines we need to find u(x,y) = x — 3 + coe~*/3. First we
have to find ¢;. We have on the blue curve, that

g = M(C, g)
E—3+ce¢/3, (7.25)

Therefore, c; = 3¢%/3. Inserting this result into the expression for the
solution, we have
u(x,y) = x —3+el63/3,

Figure 7.4: Integral surface found in Ex-
ample 7.5.

Figure 7.5: Integral surface with side
condition and characteristics for Exam-

ple 7.5.
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Figure 7.6: The rate of change of Q be-
tween x = a2 and x = b depends on the
rates of flow through each end.

So, for each ¢, one can draw a family of spacecurves
L e/
x,§(5§—2x),x —3+e

yielding the integral surface.
b u(x,y) =00on3y+2x =1.

For this condition, we have
0=2x—-3+G(1)e ¥/

We note that G is not a function in this expression. We only have
one value for G. So, we cannot solve for G(x). Geometrically, this side
condition corresponds to one of the black curves in Figure 7.5.

7.4 Applications

7.4.1  Conservation Laws

THERE ARE MANY APPLICATIONS OF QUASILINEAR EQUATIONS, especially
in fluid dynamics. The advection equation is one such example and gener-
alizations of this example to nonlinear equations leads to some interesting
problems. These equations fall into a category of equations called conser-
vation laws. We will first discuss one-dimensional (in space) conservations
laws and then look at simple examples of nonlinear conservation laws.

Conservation laws are useful in modeling several systems. They can be
boiled down to determining the rate of change of some stuff, Q(t), in a
region, a < x < b, as depicted in Figure 7.6. The simples model is to think
of fluid flowing in one dimension, such as water flowing in a stream. Or,
it could be the transport of mass, such as a pollutant. One could think of
traffic flow down a straight road.

This is an example of a typical mixing problem. The rate of change of
Q(t) is given as

the rate of change of Q = Rate in — Rate Out + source term.

Here the “Rate in” is how much is flowing into the region in Figure 7.6 from
the x = a boundary. Similarly, the “Rate out” is how much is flowing into
the region from the x = b boundary. [Of course, this could be the other way,
but we can imagine for now that g is flowing from left to right.] We can
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describe this flow in terms of the flux, ¢(x,t) over the ends of the region.
On the left side we have a gain of ¢(a, ) and on the right side of the region
there is a loss of ¢(b, t).

The source term would be some other means of adding or removing Q
from the region. In terms of fluid flow, there could be a source of fluid
inside the region such as a faucet adding more water. Or, there could be a
drain letting water escape. We can denote this by the total source over the
interval, [ ab f(x,t)dx. Here f(x,t) is the source density.

In summary, the rate of change of Q(x, t) can be written as

b
W = plan)—9b) + [ flry)av

We can write this in a slightly different form by noting that ¢(a,t) —
¢(b, t) can be viewed as the evaluation of antiderivatives in the Fundamental
Theorem of Calculus. Namely, we can recall that

[0 4 g, 1) — pla )

The difference is not exactly in the order that we desire, but it is easy to see

that
dQ b og(x, b
& __/u %mﬂ_/a f(x,t)dx. (7.26)

This is the integral form of the conservation law.

We can rewrite the conservation law in differential form. First, we intro-
duce the density function, u(x, t), so that the total amount of stuff at a given
time is

Q@:AZ@QM

Introducing this form into the integral conservation law, we have

b by b
%/H u(x’t) dx = _A %dx+‘/a f(x,t) dx. (727)

Assuming that a and b are fixed in time and that the integrand is continuous,
we can bring the time derivative inside the integrand and collect the three
terms into one to find

(WWMﬁ+%wﬁ—ﬂm»M:Q Vx € [a,b].

We cannot simply set the integrant to zero just because the integral van-
ishes. However, if this result holds for every region [4, b], then we can con-
clude the integrand vanishes. So, under that assumption, we have the local
conservation law,

i (x,8) + 9 (x,8) = f(x,). (7.28)

This partial differential equation is actually an equation in terms of two
unknown functions, assuming we know something about the source func-
tion. We would like to have a single unknown function. So, we need some

Integral form of conservation law.

Differential form of conservation law.
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additional information. This added information comes from the constitutive

relation, a function relating the flux to the density function. Namely, we will

assume that we can find the relationship ¢ = ¢(u). If so, then we can write

9 dpdu

9x  duox’

or ¢ = ¢’ (u)uy.

01

\
u
uy 4

Figure 7.7: Car velocity as a function of
car density.

Example 7.6. Inviscid Burgers” Equation Find the equation satisfied
by u(x,t) for ¢(u) = Ju® and f(x,t) = 0.

For this flux function we have ¢y = ¢'(u)uy = uu,. The resulting
equation is then u; 4+ uu, = 0. This is the inviscid Burgers’ equation.
We will later discuss Burgers’ equation.

Example 7.7. Traffic Flow

This is a simple model of one-dimensional traffic flow. Let u(x, t) be
the density of cars. Assume that there is no source term. For example,
there is no way for a car to disappear from the flow by turning off the
road or falling into a sinkhole. Also, there is no source of additional
cars.

Let ¢(x,t) denote the number of cars per hour passing position x
at time ¢. Note that the units are given by cars/mi times mi/hr. Thus,
we can write the flux as ¢ = uv, where v is the velocity of the carts at
position x and time ¢.

In order to continue we need to assume a relationship between the
car velocity and the car density. Let’s assume the simplest form, a
linear relationship. The more dense the traffic, we expect the speeds
to slow down. So, a function similar to that in Figure 7.7 is in order.
This is a straight line between the two intercepts (0,v1) and (u1,0). It
is easy to determine the equation of this line. Namely the relationship
is given as

U =701 — ﬂu.
iy
This gives the flux as

u?
¢=uv=v1(u——|.
Uy

We can now write the equation for the car density,
0 = u+¢'uy

2u
us + vy <1 - Ml) Uy. (7-29)

7.4.2  Nonlinear Advection Equations

IN THIS SECTION WE CONSIDER EQUATIONS OF THE FORM u; + c(u)uy = 0.

When c(u) is a constant function, we have the advection equation. In the last

two examples we have seen cases in which c(u) is not a constant function.
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We will apply the method of characteristics to these equations. First, we will
recall how the method works for the advection equation.
The advection equation is given by u; + cu, = 0. The characteristic equa-

tions are given by

dx du
E—C, E—O

These are easily solved to give the result that
u(x,t) = constant along the lines x = ct + xo,

where xg is an arbitrary constant.

The characteristic lines are shown in Figure 7.8. We note that u(x,t) =
u(xp,0) = f(xo). So, if we know u initially, we can determine what u is at a
later time.

u(xo + ct1,t1) = u(xo,0)

In Figure 7.8 we see that the value of u(xp,) at t = 0 and x = x( propa-
gates along the characteristic to a point at time f = t;. From x — ¢t = xp, we
can solve for x in terms of t; and find that u(xg + ct1, 1) = u(xp,0).

Plots of solutions u(x, t) versus x for specific times give traveling waves
as shown in Figure 7.3. In Figure 7.9 we show how each wave profile for
different times are constructed for a given initial condition.

The nonlinear advection equation is given by u; + c(u)uy = 0, |x| < oo.
Let u(x,0) = ug(x) be the initial profile. The characteristic equations are
given by

Z—f =c(u), Z—? = 0.
These are solved to give the result that

u(x,t) = constant,

along the characteristic curves x’(t) = c(u). The lines passing though u(xo, ) =

up(xp) have slope 1/c(uo(xp)).
Example 7.8. Solve u; + uuy =0, u(x,0) = e
For this problem u = constant along

ar

Figure 7.8: The characteristics lines the
xt-plane.

\
X
X0 4

Figure 7.9: For each x = xp at t = 0,
u(xp + ct, t) = u(xp,0).
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Figure 7.10:

equation.

The characteristics lines ta
the xt-plane for the nonlinear advection

Since u is constant, this equation can be integrated to yield x = u(xo,0)t +
xo. Inserting the initial condition, x = et + xg. Therefore, the solu-
tion is

u(x, t) = e along x = e %0t + xp.

2
slope = €0

In Figure 7.10 the characteristics a shown. In this case we see that
the characteristics intersect. In Figure charlines3 we look more specifi-
cally at the intersection of the characteristic lines for xo = 0 and xo = 1.
These are approximately the first lines to intersect; i.e., there are (al-
most) no intersections at earlier times. At the intersection point the
function u(x,t) appears to take on more than one value. For the case
shown, the solution wants to take the values u = 0 and u = 1.

Figure 7.11: The characteristics lines for t

xp = 0,1 in the xt-plane for the nonlinear

advection equation.

\
u X0 : 0 xo=1 7
t =0.0 T
- > X In Figure 7.12 we see the development of the solution. This is found
T using a parametric plot of the points (xg + te‘xé,e_"%) for different
F =05 y x times. The initial profile propagates to the right with the higher points
U traveling faster than the lower points since x'(t) = u > 0. Around
f=1.0 h t = 1.0 the wave breaks and becomes multivalued. The time at which
B > x the function becomes multivalued is called the breaking time.
t=15 M
- > 7.4.3 The Breaking Time
t =2.0 ]\4
> x

Figure 7.12: The development of a gra-
dient catastrophe in Example 7.8 leading

to a multivalued function.

IN THE LAST EXAMPLE WE SAW that for nonlinear wave speeds a gradi-
ent catastrophe might occur. The first time at which a catastrophe occurs
is called the breaking time. We will determine the breaking time for the
nonlinear advection equation, us + c(u)u, = 0. For the characteristic corre-
sponding to xp = ¢, the wavespeed is given by

F(¢) = c(uo(2))
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and the characteristic line is given by

x = ¢ +tF(G).
The value of the wave function along this characteristic is
u(x,t) = u(d+tF(G)t)
= . (7.30)
Therefore, the solution is
u(x,t) = up(¢) along x = ¢ + tF({).

This means that

= (@) and = up(E)er

We can determine ¢ and §; using the characteristic line

¢ = x—tF(g).

Then, we have

‘:x = 1_“?/(6)‘:3(
1

1+ tF(¢)

0

G o= o (x—tF())
= —F(¢) —tF'(&)&

A (3)
= m (7.31)

Note that ¢y and §; are undefined if the denominator in both expressions
vanishes, 1 + tF/(¢) = 0, or at time

_ b
F'(¢)
The minimum time for this to happen in the breaking time,
t min{—l} (7.32)
' F@) S '

Example 7.9. Find the breaking time for u; + uu, =0, u(x,0) = e
Since c(u) = u, we have

and

This gives

up(§) = u(g,0).

The breaking time.

229
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Weak solutions.

u
> x
u
t =175 M
> x
u
t =2.0 T/X

> x

4
Figure 7.13: The shock solution after the
breaking time.

u

|

|

| U
!

+

N

\
L > x

Figure 7.14: Depiction of the jump dis-
continuity at the shock position.

We need to find the minimum time. Thus, we set the derivative
equal to zero and solve for ¢.

d 652

1 652
= <2 - §2> - (7-33)
Thus, the minimum occurs for 2 — é =0,or¢=1/ V2. This gives

1 1 e
b=t ( > S \[ ~ 1.16. (7.34)
V2 ﬁ 2

7.4.4  Shock Waves

SOLUTIONS OF NONLINEAR ADVECTION EQUATIONS can become multival-
ued due to a gradient catastrophe. Namely, the derivatives u; and u, become
undefined. We would like to extend solutions past the catastrophe. How-
ever, this leads to the possibility of discontinuous solutions. Such solutions
which may not be differentiable or continuous in the domain are known as
weak solutions. In particular, consider the initial value problem

ur+¢x =0, xe€R, t>0, u(x0)=up(x).

Then, u(x, t) is a weak solution of this problem if

/Ooo /j:o[uvt + ¢ouy| dxdt + /j:o ug(x)v(x,0) dx =0

for all smooth functions v € C®(R x [0,00)) with compact support, i.e.,
v == 0 outside some compact subset of the domain.

Effectively, the weak solution that evolves will be a piecewise smooth
function with a discontinuity, the shock wave, that propagates with shock
speed. It can be shown that the form of the shock will be the discontinuity
shown in Figure 7.13 such that the areas cut from the solutions will cancel
leaving the total area under the solution constant. [See G. B. Whitham's
Linear and Nonlinear Waves, 1973.] We will consider the discontinuity as
shown in Figure 7.14.

We can find the equation for the shock path by using the integral form of
the conservation law,

b
%/a u(x, t)dx = ¢(a,t) — ¢(b, t).

Recall that one can differentiate under the integral if u(x,t) and u(x, t) are
continuous in x and t in an appropriate subset of the domain. In particu-
lar, we will integrate over the interval [a,b] as shown in Figure 7.15. The
domains on either side of shock path are denoted as R* and R~ and the
limits of x(t) and u(x,t) as one approaches from the left of the shock are
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denoted by x; (t) and u~ = u(x;,t). Similarly, the limits of x(¢) and u(x,t)
as one approaches from the right of the shock are denoted by x; (t) and

ut =u(xf,t). N
We need to be careful in differentiating under the integral,
, ® , RR*
d d xg (t
— u(x, t)dx = —/ ux,tdx—i—/ u(x,t)dx
5w dt[a (e [l >]
x5 (1) p b p
= ur(x,t)dx —I—/ us(x,t)dx
/a (e h) (1) (e t) 1 1 >
— n a b
—l—u(xs_, t)dﬁ — ( ;_, t) axs Figure 7.15: Domains on either side of
dt dt shock path are denoted as R and R™.
= ¢ t)—o(bt). (735)

Taking the limits @ — x; and b — xJ, we have that

(1) — 1)) 22 = 9l 1) — (5 )

Adopting the notation
f] = F(x5) = f(x),
we arrive at the Rankine-Hugonoit jump condition The Rankine-Hugonoit jump condition.

dxs  [¢]

— = 5. .36

i~ [u] (7.36)

This gives the equation for the shock path as will be shown in the next
example.
Example 7.10. Consider the problem u; + uuy = 0, |x| < oo, t > 0 up
satisfying the initial condition
> X
L4
1, x<0, t
u(x,0) = = T
0, x>0.
The characteristics for this partial differential equation are familiar
by now. The initial condition and characteristics are shown in Figure
7.16. From x'(t) = u, there are two possibilities. If u = 0, then we have ) —0
a constant. If # = 1 along the characteristics, the we have straight lines Figure 7.16: Initial condition and charac-
of slope one. Therefore, the characteristics are given by teristics for Example 7.10.
X0, x>0,
x(t) = ’
t+x9, x<O0.

As seen in Figure 7.16 the characteristics intersect immediately at
t = 0. The shock path is found from the Rankine-Hugonoit jump con-

dition. We first note that ¢(u) = 1u?, since ¢ = uy. Then, we have

dxs (9]
dt [u
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\
7 X

u=1 u=20

Figure 7.17: The characteristic lines end
at the shock path (in red). On the left
1 =1 and on the right u = 0.

(ut+u)(ut —u")
ut —u-

(u™ +u)
1

(0+1) = 5.

(7.37)

N = NI~ N|-

Now we need only solve the ordinary differential equation x.(t) =
3 with initial condition xs(0) = 0. This gives xs(t) = £. This line
separates the characteristics on the left and right side of the shock
solution. The solution is given by

w(x, ) = 1, x<t/2,
10, x> t/2.

In Figure 7.17 we show the characteristic lines ending at the shock
path (in red) with # = 0 and on the right and u = 1 on the left of
the shock path. This is consistent with the solution. One just sees
the initial step function moving to the right with speed 1/2 without
changing shape.

7.4.5 Rarefaction Waves

SHOCKS ARE NOT THE ONLY TYPE OF SOLUTIONS encountered when the

velocity is a function of u. There may sometimes be regions where the char-

acteristic lines do not appear. A simple example is the following.

t/ N

> x

u=20 u=1 ’
Figure 7.18: Initial condition and charac-
teristics for Example 7.14.

Example 7.11. Draw the characteristics for the problem u; + uu, = 0,
|x| < oo, t > 0 satisfying the initial condition

0, x<0,
u(x,O):{ 1, x>0

In this case the solution is zero for negative values of x and positive
for positive values of x as shown in Figure 7.18. Since the wavespeed
is given by u, the u = 1 initial values have the waves on the right
moving to the right and the values on the left stay fixed. This leads
to the characteristics in Figure 7.18 showing a region in the xt-plane
that has no characteristics. In this section we will discover how to fill
in the missing characteristics and, thus, the details about the solution
between the u = 0 and u = 1 values.

As motivation, we consider a smoothed out version of this problem.

Example 7.12. Draw the characteristics for the initial condition

0, x<—¢
u(x,0) =4 ke, [x| <e,
1, X > €.

The function is shown in the top graph in Figure 7.19. The leftmost
and rightmost characteristics are the same as the previous example.
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The only new part is determining the equations of the characteristics
for |x| < e. These are found using the method of characteristics as

_é—l—et
T2

These characteristics are drawn in Figure 7.19 in red. Note that these

x=¢+up()t, uo(g)

lines take on slopes varying from infinite slope to slope one, corre-
sponding to speeds going from zero to one.

Comparing the last two examples, we see that as € approaches zero, the
last example converges to the previous example. The characteristics in the
region where there were none become a “fan”. We can see this as follows.
Since |¢| < € for the fan region, as € gets small, so does this interval. Let’s
scale ¢ as & = o€, 0 € [—1,1]. Then,

re+e€ 1
up(ce) = e t:E(U—i—l)t.

For each o € [—1, 1] there is a characteristic. Letting ¢ — 0, we have

x = o€+ up(oe)t,

1

Thus, we have a family of straight characteristic lines in the xt-plane passing

X =ct,

through (0,0) of the form x = ct for ¢ varying from ¢ = 0 to ¢ = 1. These
are shown as the red lines in Figure 7.20.

The fan characteristics can be written as x/t = constant. So, we can
seek to determine these characteristics analytically and in a straight forward

manner by seeking solutions of the form u(x,t) = g(§).

Example 7.13. Determine solutions of the form u(x,t) = g(§) to u; +
uu, = 0.
Inserting this guess into the differential equation, we have

0 = up+uuy
1, x
= 18 (8 - ;) : (7.38)
Thus, either ¢ = 0 or ¢ = ¥. The first case will not work since

this gives constant solutions. The second solution is exactly what we
had obtained before. Recall that solutions along characteristics give
u(x,t) = ¥ = constant. The characteristics and solutions for t = 0, 1,2
are shown in Figure rarefactionfigq. At a specific time one can draw a
line (dashed lines in figure) and follow the characteristics back to the
t = 0 values, u(¢,0) in order to construct u(x,t).

As a last example, let’s investigate a nonlinear model which possesses
both shock and rarefaction waves.
Example 7.14. Solve the initial value problem u + u?uy = 0, |x| < oo,
t > 0 satisfying the initial condition

0, x <0,
u(x,00=¢ 1, 0<x<2,
0, x> 2.

-€ €

3
\
' > X
-€ €

u=0 u=1
Figure 7.19: The function and character-
istics for the smoothed step function.

Characteristics for rarefaction, or expan-
sion, waves are fan-like characteristics.

\
x
u=20 u=1 !
Figure 7.20: The characteristics for Ex-
ample 7.14 showing the “fan” character-
istics.

Seek rarefaction fan waves using

u(x ) = g(%)-
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Figure 7.21: The characteristics and so-
lutions for t = 0,1, 2 for Example 7.14
u/\
1
t=0
> X
u/\
1
t=1
> X
u/\
1
t=2
> X

The method of characteristics gives

dx  , du
ﬁ—u, E—O.

Therefore,
u(x,t) = up(€) = const. along the lines x(t) = u3(&)t + ¢.

There are three values of u((¢),

0, ¢&<0
up(f) =4 1, 0<g<2,
0, ¢&>2
In Figure 7.22 we see that there is a rarefaction and a gradient catas-
trophe.
Figure 7.22: In this example there occurs U
a rarefaction and a gradient catastrophe. 1
> X
0 2
t/\
> X
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In order to fill in the fan characteristics, we need to find solutions
u(x,t) = g(x/t). Inserting this guess into the differential equation, we
have

0 = wup+uluy
1,745 x
= 18 (8 ?) . (7-39)

Thus, either ¢’ = 0 or g> = %. The first case will not work since this
gives constant solutions. The second solution gives

ORI

. Therefore, along the fan characteristics the solutions are u(x,t) =

+ = constant. These fan characteristics are added in Figure 7.23.

Next, we turn to the shock path. We see that the first intersection
occurs at the point (x,f) = (2,0). The Rankine-Hugonoit condition

gives
dxs 9]
dt [u]
_ %u+3 %u‘e’
ut —u~
B 1(u+7u_)(u+2+u+u_+u_2)
3 ut —u-
1
= g(u+2+u+u_+u_2)
1
= —_ l = —. .
3(0+0+1) =2 (7.40)

Thus, the shock path is given by x/(t) = 1 with initial condition

xs(0) = 2. This gives x;(t) = % + 2. In Figure 7.24 the shock path is
shown in red with the fan characteristics and vertical lines meeting the
path. Note that the fan lines and vertical lines cross the shock path.
This leads to a change in the shock path.

The new path is found using the Rankine-Hugonoit condition with

ut=0and u™ = \/% Thus,

)
dt [u]

Figure 7.23: The fan characteristics are
added to the other characteristic lines.
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Figure 7.24: The shock path is shown in
red with the fan characteristics and ver-
tical lines meeting the path.

t/ N

> X
u=20 u=1 u=20
T
- ut —u—
1t - u )Wt +utu +u?)
3 ut —u-

1
= §(u+2+u+u —I—u_z)

1 X 1x
= §(0+0+*/TS):§TS~ (7.41)

We need to solve the initial value problem

dxs  1xs B
o 3 B0)=3

This can be done using separation of variables. Namely,

dx, _ 1 [dt
xs 3J t°
This gives the solution
1 1/3

Since the second shock solution starts at the point (3,3), we can deter-
mine A = 3%/3. This gives the shock path as

xs(t) = 3%/341/3,

In Figure 7.25 we show this shock path and the other characteristics
ending on the path.

It is interesting to construct the solution at different times based on
the characteristics. For a given time, ¢, one draws a horizontal line
in the xt-plane and reads off the values of u(x,t) using the values at
t = 0 and the rarefaction solutions. This is shown in Figure 7.26. The
right discontinuity in the initial profile continues as a shock front until
t = 3. At that time the back rarefaction wave has caught up to the
shock. After t = 3, the shock propagates forward slightly slower and
the height of the shock begins to decrease. Due to the fact that the
partial differential equation is a conservation law, the area under the
shock remains constant as it stretches and decays in amplitude.
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Figure 7.25: The second shock path is
shown in red with the characteristics
shown in all regions.

Figure 7.26: Solutions for the shock-
rarefaction example.
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Figure 7.27: Cars approaching a red
light.

u/ N

uy

Uo

\
x
[ g 4

Figure 7.28: Initial condition and charac-
teristics for the red light problem.

7.4.6  Traffic Flow

AN INTERESTING APPLICATION IS THAT OF TRAFFIC FLOwW. We had al-
ready derived the flux function. Let’s investigate examples with varying
initial conditions that lead to shock or rarefaction waves. As we had seen
earlier in modeling traffic flow, we can consider the flux function

U2
¢=uv=vy|{u——1|,
U

which leads to the conservation law

Ur + Ul(l — 2—u)ux =0.
Uy
Here u(x,t) represents the density of the traffic and u; is the maximum
density and v; is the initial velocity.

First, consider the flow of traffic vas it approaches a red light as shown
in Figure 7.27. The traffic that is stopped has reached the maximum density
u1. The incoming traffic has a lower density, ug. For this red light problem,
we consider the initial condition

ug, x<0,
u(x,O):{ u, x>0

\

7> X

ug < uq cars/mi Uy cars/mi

The characteristics for this problem are given by
x = c(u(xp, £))t+ xo,

where
2u(xp,0)

c(u(xo,t)) = 01(1— "

)-

Since the initial condition is a piecewise-defined function, we need to con-
sider two cases.
First, for x > 0, we have

2

c(u(xo,t)) = c(ug) =v1(1— —) = —o1.

Ui
Therefore, the slopes of the characteristics, x = —v1t + xg are —1/v;.
For xy < 0, we have

21/10

c(u(xo,t)) = c(ug) = v1(1 - 171)-
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So, the characteristics are x = —v1(1 — %)t + xp.

In Figure 7.28 we plot the initial condition and the characteristics for
x < 0and x > 0. We see that there are crossing characteristics and the begin
crossing at t = 0. Therefore, the breaking time is ¢, = 0. We need to find the
shock path satisfying x5(0) = 0. The Rankine-Hugonoit conditions give

dxs [¢]

dr [u]
142 _ %u_z
ut —u—

2
u,
10*01ﬁ

Eul—uo

= —0 LTl (7-42)

2

Thus, the shock path is found as x;(t) = —v; Z—‘l’

In Figure 7.29 we show the shock path. In the top figure the red line
shows the path. In the lower figure the characteristics are stopped on the
shock path to give the complete picture of the characteristics. The picture
was drawn with v1 =2 and ug/u; = 1/3.

The next problem to consider is stopped traffic as the light turns green.
The cars in Figure 7.30 begin to fan out when the traffic light turns green.
In this model the initial condition is given by

u;, x<0,
u(x,O):{ 0, x>0

Uy cars/mi 0 cars/mi

Again,
2u(xp,0)
uq

c(u(xo,t)) = 01(1— )-

Inserting the initial values of u into this expression, we obtain constant

speeds, £v;. The resulting characteristics are given by

—oqt , x<0,
x(t) _ vt + Xxp <
vt +x9, x> 0.

This leads to a rarefaction wave with the solution in the rarefaction region

given by
u(x, t) = g(x/t) = %ul (1 - 1x> .

t/ N

Ug uq

t/ N

\
7 X

Uup uy

Figure 7.29: The addition of the shock
path for the red light problem.

Figure 7.30: Cars begin to fan out when
the traffic light turns green.
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The characteristics are shown in Figure 7.30. The full solution is then

uy, X S _vlt/

u(x,t) =q g(x/t), |x| <opt,
0, x > vqt.
Figure 7.31: The characteristics for the t
green light problem.
(¢
X
U U ’

7.5 General First Order PDEs

WE HAVE SPENT TIME SOLVING QUASILINEAR first order partial differential
equations. We now turn to nonlinear first order equations of the form

F(x,y,u,uy,uy) =0,

for u = u(x,y).
If we introduce new variables, p = uy and g = uy, then the differential
equation takes the form

F(x,y,u,p,q) =0.
Note that for u(x, t) a function with continuous derivatives, we have
Py = Uay = Uyx = fx-

We can view F = 0 as a surface in a five dimensional space. Since the
arguments are functions of x and y, we have from the multivariable Chain

Rule that
daF ou ap oq
- Px+Fuax+Ppax+anx
0 = F+phE+ ppr + pqu. (7.43)

This can be rewritten as a quasilinear equation for p(x,y) :
Fpr + qux = —F, — pF,.

The characteristic equations are

dx_dl_ dp

F, F,  Fet+pR’
Similarly, from ‘;—5 = 0 we have that

dx dy dq

F, B F+qR]
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Furthermore, since u = u(x,y),

du = B dx + F dy
= pdx+qdy
P‘?
= pdx+q—=dx
FP
P‘?
= \ptag ) (7-44)
p
Therefore,
dx du
F, pF,+qF;’
Combining these results we have the Charpit Equations
dx d du d d
T = _-__A_ (7.45)
Fp B phpt+qk Fx +pFy Fy +qF,

These equations can be used to find solutions of nonlinear first order partial
differential equations as seen in the following examples.

Example 7.15. Find the general solutio of u2 + yuy —u = 0.
First, we introduce uy = p and uy = q. Then,

F(x,y,u,p,9) = p* +qy —u =0.

Next we identify

F,=2p, Fp=y, Fu=-1, F=0, ,F,=q
Then,
pEo+aF; = 29" +aqy,
Fy + PFu = —p
F,+qF, = q—q=0.
The Charpit equations are then
dx _dy __du__dp_do
20y tay p O

The first conclusion is that 4 = c; = constant. So, from the partial differ-
ential equation we have u = p? + cyy.
Since du = pdx + qdy = pdx + c1dy, then

du —cdy = \J/u — crydx.

Therefore,
M — Cly /dx
Vu—ay
/ E =x+ Co

2\/u—c1y = x +c. (7.46)

The Charpit equations. These were
named after the French mathematician
Paul Charpit Villecourt, who was proba-
bly the first to present the method in his
thesis the year of his death, 1784. His
work was further extended in 1797 by
Lagrange and given a geometric expla-
nation by Gaspard Monge (1746-1818) in
1808. This method is often called the
Lagrange-Charpit method.
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Solving for u, we have

1
u(x,y) = Zl(x + C2)2 + c1y.

This example required a few tricks to implement the solution. Sometimes
one needs to find parametric solutions. Also, if an initial condition is given,
one needs to find the particular solution. In the next example we show how
parametric solutions are found to the initial value problem.

Example 7.16. Solve the initial value problem u3 + 1, +u = 0, u(x,0) =
X.
We consider the parametric form of the Charpit equations,
_dx _dy du dp dq

gr= 2 _ %Y _ __ __ . :
F, K pk+4qk Fx + pFy Fy +qF, (7.47)

This leads to the system of equations

dx

dy

du 5
i pFy, +qF; =2p° +q¢.
d

diff) = —(B+pk)=-p.
d

The second, fourth, and fifth equations can be solved to obtain

y=t+cy.
p=coe .
q= cze .

Inserting these results into the remaining equations, we have
dx
- 2cpe "
dt 2
du
dt

= 25 % et

These equations can be integrated to find Inserting these results into
the remaining equations, we have

x = =20 f4ey
u = —C%€_2t—C3€_t+C5.

This is a parametric set of equations for u(x, t). Since

_ X — C4
e e —
—2(12



7.6

we have
u(x,y) = —cde? —cet 4cs.
2
_ 2 X —C4 . X —C4
e ( —20) ) C3 ( —20) )
1
= Z(X—C4)2+2%(X—C4)-

We can use the
ditions. Let x(s,0) = s and y(s,0) = 0, Then,
u(x,0) = x, ux(x,0) =1, or p(s,0) = 1.

FIRST ORDER PARTIAL DIFFERENTIAL EQUATIONS

+C5

(7.48)

initial conditions by first parametrizing the con-

u(s,0) = s. Since

From the partial differential equation, we have p?> + g+ u = 0.

Therefore,

q(s,0) = —pz(s,O) —u(s,0) = —(1+s).

These relations imply that

y(S, t)’t—O =0=c =0.
p(s,t)i—o=1=c =1
q(s,t)[i—0 = —(1+s) = cs.

So,

y(s,t) =t.
p(s,t) =e "t
g(s,t) = —(1+s)e .

The conditions on x and u give
x(s,t) = (s+2) — 27",

u(s,t) = (s+1)ef —e 2.

Modern Nonlinear PDEs

THE STUDY OF NONLINEAR PARTIAL DIFFERENTIAL EQUATIONS is a hot

research topic. We will (eventually) describe some examples of important

evolution equations and discuss their solutions in the last chapter.

Problems

1. Write the following equations in conservation law form, uy + ¢, = 0 by

finding the flux function ¢(u).

a. uy+cu, =0.

b. uy + uuy — puxy = 0.

243
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C. Up+6Uly + Uyyy = 0.

d. up + vy + ey = 0.

2. Consider the Klein-Gordon equation, uy — auyy = bu for a and b con-
stants. Find traveling wave solutions u(x, t) = f(x — ct).

3. Find the general solution u(x, y) to the following problems.

a. uy =0.

b. yuy —xuy = 0.
C. 2uy +3uy = 1.
d. uy +uy=u

4. Solve the following problems.

a. uy+2uy =0, u(x,0) = sinx.

SN

)
up+4u, =0, u(x,0) = 1+x2
0

. yuy — xuy =0, u(x,0)

c
d. wu; + xtuy =0, u(x,0) = sin x.

1

yuy + xuy = 0, u(0,y) =
2.

la)

xup — 2xtuy, = 2tu, u(x, 0) =

(y—uw)ux + (u—x)uy =x—y,u=0o0nxy = 1.

7 ®

yuy + xuy = xy, x,y > 0, for u(x,0) = e‘xz,x > 0and u(0,y) =
e*yz,y > 0.
5. Consider the problem u; + uuy = 0, |x| < oo, t > 0 satisfying the initial

1
1+x2°

condition u(x,0) =

a. Find and plot the characteristics.

b. Graphically locate where a gradient catastrophe might occur. Es-
timate from your plot the breaking time.

c. Analytically determine the breaking time.

d. Plot solutions u(x, t) at times before and after the breaking time.

6. Consider the problem u; + wlu, =0, |x| < oo, t > 0 satisfying the initial
condition u(x,0) = 5 +1x2
a. Find and plot the characteristics.

b. Graphically locate where a gradient catastrophe might occur. Es-
timate from your plot the breaking time.

¢. Analytically determine the breaking time.

d. Plot solutions u(x, t) at times before and after the breaking time.
7. Consider the problem u; + uu, = 0, |x| < oo, t > 0 satisfying the initial

condition
2, <0,
u(x,0) = r=
1, x>0.
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a. Find and plot the characteristics.

b. Graphically locate where a gradient catastrophe might occur. Es-
timate from your plot the breaking time.

c. Analytically determine the breaking time.

d. Find the shock wave solution.

8. Consider the problem u; + uu, = 0, [x| < oo, t > 0 satisfying the initial

condition
I, x<0,
u(x,0) = { r=
2, x>0.
a. Find and plot the characteristics.

b. Graphically locate where a gradient catastrophe might occur. Es-
timate from your plot the breaking time.

¢. Analytically determine the breaking time.

d. Find the shock wave solution.

9. Consider the problem u; + uu, = 0, [x| < oo, t > 0 satisfying the initial

condition
0, x<-1,
u(x,0)=¢ 2, |x|<1,
1, x>1

a. Find and plot the characteristics.

b. Graphically locate where a gradient catastrophe might occur. Es-
timate from your plot the breaking time.

c. Analytically determine the breaking time.
d. Find the shock wave solution.

10. Solve the problem u; + uuy = 0, |x| < oo, t > 0 satisfying the initial
condition

1, x <0,
u(x,0)=¢ 1-2, 0<x<a,
0, x> a.

11. Solve the problem u; + uuy = 0, |x| < oo, t > 0 satisfying the initial
condition

0, x <0,
u(x,0)=4¢ 2, 0<x<a,
1, x> a.

12. Consider the problem u; + wlu, =0, |x| < oo, t > 0 satisfying the initial
condition
2 <
u(x,0) = { , ¥<0,
1, x>0.

a. Find and plot the characteristics.

b. Graphically locate where a gradient catastrophe might occur. Es-
timate from your plot the breaking time.
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c. Analytically determine the breaking time.

d. Find the shock wave solution.

13. Consider the problem u; + wlu, =0, |x| < oo, t > 0 satisfying the initial

condition
1 <0,
u(x,0) = r XS
2, x>0.

a. Find and plot the characteristics.

b. Find and plot the fan characteristics.

c. Write out the rarefaction wave solution for all regions of the xt-
plane.

14. Solve the initial-value problem u; + uu, = 0 |x| < oo, t > 0 satisfying

1,
u(x,0)=¢ 1—x, 0
0,

VAR
IV R IA
AN
=

15. Consider the stopped traffic problem in a situation where the maximum
car density is 200 cars per mile and the maximum speed is 50 miles per hour.
Assume that the cars are arriving at 30 miles per hour. Find the solution of
this problem and determine the rate at which the traffic is backing up. How
does the answer change if the cars were arriving at 15 miles per hour.

16. Solve the following nonlinear equations where p = uy and q = uy,.
a. pP>+g¢*>=1u(xx)=x
- pq=u,u(0,y) =2

o

c p+q=npq u(x,0)=x.
d. pg=u?
e. pP4qy=u.

17. Find the solution of xp + gy — p?q — u = 0 in parametric form for the
initial conditions at ¢t =0:

x(t,s)=s, y(t,s)=2, u(ts)=s+1



8
Green'’s Functions and Nonhomogeneous
Problems

“The young theoretical physicists of a generation or two earlier subscribed to the
belief that: If you haven't done something important by age 30, you never will.
Obviously, they were unfamiliar with the history of George Green, the miller of
Nottingham.” Julian Schwinger (1918-1994)

THE WAVE EQUATION, HEAT EQUATION, AND LAPLACE’S EQUATION are
typical homogeneous partial differential equations. They can be written in
the form

Lu(x) =0,

where £ is a differential operator. For example, these equations can be

2
(;tz — c2v2> u=0,

J 2 —
(at—kV)u—O,

V2u = 0. (8.1)

written as

In this chapter we will explore solutions of nonhomogeneous partial dif-

ferential equations,
Lu(x) = f(x),

by seeking out the so-called Green’s function. The history of the Green’s
function dates back to 1828, when George Green published work in which
he sought solutions of Poisson’s equation V2u = f for the electric potential
u defined inside a bounded volume with specified boundary conditions on
the surface of the volume. He introduced a function now identified as what
Riemann later coined the “Green’s function”. In this chapter we will derive
the initial value Green'’s function for ordinary differential equations. Later in
the chapter we will return to boundary value Green’s functions and Green’s
functions for partial differential equations.

As a simple example, consider Poisson’s equation,

George Green (1793-1841), a British
mathematical physicist who had little
formal education and worked as a miller
and a baker, published An Essay on
the Application of Mathematical Analysis
to the Theories of Electricity and Mag-
netism in which he not only introduced
what is now known as Green’s func-
tion, but he also introduced potential
theory and Green’s Theorem in his stud-
ies of electricity and magnetism. Re-
cently his paper was posted at arXiv.org,
arXiv:0807.0088.
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=33

o)

Figure 8.1: Let Poisson’s equation hold
inside region () bounded by surface JQ).

The Dirac delta function satisfies

6(r) =0, r#0,

/Q 5(r)dV = 1.

*We note that in the following the vol-
ume and surface integrals and differen-
tiation using V are performed using the
r-coordinates.

? In many applications there is a symme-

try,
G(r,¥') = G(¥,x).

Then, the result can be written as

u(r):/QG(r,r’)f(r’)dV’.

Let Poisson’s equation hold inside a region (2 bounded by the surface 02
as shown in Figure 8.1. This is the nonhomogeneous form of Laplace’s
equation. The nonhomogeneous term, f(r), could represent a heat source
in a steady-state problem or a charge distribution (source) in an electrostatic
problem.

Now think of the source as a point source in which we are interested in
the response of the system to this point source. If the point source is located
at a point r/, then the response to the point source could be felt at points
r. We will call this response G(r,t’). The response function would satisfy a
point source equation of the form

V3G(r,¥') = 8(r —1).

Here 6(r — 1) is the Dirac delta function, which we will consider in more
detail in Section 10.4. A key property of this generalized function is the
sifting property,

./0(5(1' —Y)f(r)dV = f(r).

The connection between the Green’s function and the solution to Pois-
son’s equation can be found from Green’s second identity:

_ 2, o2
| [#V9—yVe]-nds = [ [pviy—pviglav.
Letting ¢ = u(r) and ¥ = G(r,1’), we have’

/an[u(r)VG(r, Y') — G(r,)Vu(r)] - nds

/Q [u(r)VZG(r,r’) — G(r,r’)Vzu(r)} av
- /Q[u(r)&(r—r/)—G(r,r')f(r)] v
u(r’)—/QG(r,r’)f(r) dv. (8.2)

Solving for u(r’), we have

u(y) = /QG(r,r’)f(r) v
+ /(_m[u(r)VG(r,r’) — G(r,v')Vu(r)] - ndS. (8.3)

If both u(r) and G(r,1’) satisfied Dirichlet conditions, u# = 0 on 9(), then the
last integral vanishes and we are left with?

u(r') :/QG(r,r’)f(r)dV.

So, if we know the Green’s function, we can solve the nonhomogeneous
differential equation. In fact, we can use the Green’s function to solve non-
homogenous boundary value and initial value problems. That is what we
will see develop in this chapter as we explore nonhomogeneous problems
in more detail. We will begin with the search for Green’s functions for ordi-
nary differential equations.
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8.1 Initial Value Green’s Functions

IN THIS SECTION WE WILL INVESTIGATE the solution of initial value prob-
lems involving nonhomogeneous differential equations using Green’s func-
tions. Our goal is to solve the nonhomogeneous differential equation

a(t)y"(t) + b(t)y' () + c(t)y(t) = f(t), (8.4)

subject to the initial conditions

y(0) =yo y'(0) = vo.

Since we are interested in initial value problems, we will denote the inde-
pendent variable as a time variable, t.
Equation (8.4) can be written compactly as

Lly] = f,

where L is the differential operator

2
L:a@%§+Mﬂ%+d&

The solution is formally given by

y=L""[f].

The inverse of a differential operator is an integral operator, which we seek
to write in the form

ﬂﬂz/G@ﬂﬂﬂh.

The function G(t, T) is referred to as the kernel of the integral operator and
is called the Green’s function.

In the last section we solved nonhomogeneous equations like (8.4) using
the Method of Variation of Parameters. Letting,

yp(t) = c1(ya(t) + ca(t)ya(t), (8.5)

we found that we have to solve the system of equations

By (t) +a(Hya(t) = 0.
OO+ 00 = L. 86
This system is easily solved to give
f(B)y2(t)

8.7)

G(t, 1) is called a Green’s function.
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We note that the denominator in these expressions involves the Wronskian
of the solutions to the homogeneous problem, which is given by the deter-
minant

W(y1,y2)(t) =

yi(t) yalt) ‘
TAGEAG

When y;(t) and y,(t) are linearly independent, then the Wronskian is not
zero and we are guaranteed a solution to the above system.
So, after an integration, we find the parameters as

alt) = - %ygw
Cm__;£%8M (8.8)

where ty and #; are arbitrary constants to be determined from the initial
conditions.
Therefore, the particular solution of (8.4) can be written as

yp(t) = ya(t) ; i((T))WET; dt —y1(t) t: mdr. (8.9)

We begin with the particular solution (8.9) of the nonhomogeneous differ-
ential equation (8.4). This can be combined with the general solution of the
homogeneous problem to give the general solution of the nonhomogeneous
differential equation:

t t
yp(t) = ciya(t) + caya(t) + ya(t) /t1 m dt —yy(¢) ; m dt.
(8.10)

However, an appropriate choice of ty and #; can be found so that we
need not explicitly write out the solution to the homogeneous problem,
c1y1(t) + coy2(t). However, setting up the solution in this form will allow
us to use tp and #; to determine particular solutions which satisfies certain
homogeneous conditions. In particular, we will show that Equation (8.10)
can be written in the form

y(t) = cryr (t) + coya(t) + /Ot G(t,7)f(7)dr, (8.11)

where the function G(t, T) will be identified as the Green’s function.
The goal is to develop the Green’s function technique to solve the initial
value problem

a(t)y"(£) +b(t)y (1) +c(B)y(t) = f(t), y(0) =yo, ¥'(0)=wvo. (8.12)

We first note that we can solve this initial value problem by solving two
separate initial value problems. We assume that the solution of the homo-
geneous problem satisfies the original initial conditions:

a(t)yy (8) + by (1) + c(Byn(t) =0, yu(0) =yo, ¥,(0) =vo. (813)
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We then assume that the particular solution satisfies the problem

a(t)y, () +b(H)y,(8) +c(yp(t) = f(1), yp(0) =0, ¥,(0)=0. (8.14)

Since the differential equation is linear, then we know that

y(t) = yn(t) +yp(t)

is a solution of the nonhomogeneous equation. Also, this solution satisfies
the initial conditions:

y(0) = yi(0) +yp(0) = yo + 0 = yo,

y¥'(0) = y3,(0) + y,,(0) = vo +0 = vg.
Therefore, we need only focus on finding a particular solution that satisfies
homogeneous initial conditions. This will be done by finding values for #y
and #; in Equation (8.9) which satisfy the homogeneous initial conditions,
yp(0) = 0and y,(0) = 0.
First, we consider y,(0) = 0. We have

ny ) 0 f(Dya(T)
(0 W O | S T 619

Here, y1(t) and yz(t) are taken to be any solutions of the homogeneous
differential equation. Let’s assume that y1(0) = 0 and y, # (0) = 0. Then,

—a(0) [ L e 8:16)

a(t)W(t

we have

We can force y,(0) = 0 if we set t; = 0.
Now, we consider y;(O) = 0. First we differentiate the solution and find
that

() =s(e) [ LS ar—yio) [ DO S0 s

since the contributions from differentiating the integrals will cancel. Evalu-
ating this result at t = 0, we have

30 = 40 [ L (8.19)

Assuming that v} (0) # 0, we can set ty = 0.
Thus, we have found that

yp(x) = walt /f% At —yi(t /fT o
2

T T

_ y1(Dy2(t) — 1 (B)y2(7)
= /o[ a(r)W(T) ]f(T)dT. (8.19)

This result is in the correct form and we can identify the temporal, or

initial value, Green's function. So, the particular solution is given as

w() = [ G of@ 8.20

251
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where the initial value Green’s function is defined as

Gt 7) = yl(T)yiz((tr));vy(lr()t)yz(T)'

We summarize

Solution of IVP Using the Green’s Function

The solution of the initial value problem,

a(t)y" (t) +b(t)y'(t) +c(t)y(t) = f(t), y(0) =yo, y'(0) =0y,

takes the form

vt = w0+ [ G 0f(war, (821)

e (1)92(8) ~ (D (1)
_ nmyat) — i {H)ya(t -
Gt 7) = (D)W (1) (8.22)

is the Green’s function and y1, >,y are solutions of the homogeneous
equation satisfying

y1(0) = 0,12(0) # 0,57(0) # 0,y3(0) = 0,y4(0) = yo,y;,(0) = vo.

Example 8.1. Solve the forced oscillator problem
" +x=2cost, x(0)=4, x'(0)=0.

We first solve the homogeneous problem with nonhomogeneous
initial conditions:

x)+x,=0, x,(00=4, x,(0)=0.

The solution is easily seen to be x,(t) = 4cost.

Next, we construct the Green’s function. We need two linearly
independent solutions, y1(x), y2(x), to the homogeneous differential
equation satisfying different homogeneous conditions, y;(0) = 0 and
¥5(0) = 0. The simplest solutions are y;(t) = sint and y,(t) = cost.
The Wronskian is found as

W(t) = y1()ya(t) —yi (Hya(t) = —sin®t — cos®t = —1.

Since a(t) = 1 in this problem, we compute the Green’s function,

G(t, 1) y1(D)y2(t) — ya(t)y2(7)

a(T)W(7)
= sintcosT —sinTcost
= sin(t— 7). (8.23)

Note that the Green’s function depends on t — 7. While this is useful
in some contexts, we will use the expanded form when carrying out
the integration.
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We can now determine the particular solution of the nonhomoge-
neous differential equation. We have

ot
xp(t) = A(ﬂbﬂfﬁﬁh
= /Ot (sinfcosT —sintcost) (2cosT) dt

t t
= 25int/ cos® tdt — 2cost/ sin T cos TdT
0 0

t t

T
2 0 0
= tsint. (8.24)

1 1
= ZSil’lt|: +zsin2r] 2cost{zsin27}

Therefore, the solution of the nonhomogeneous problem is the sum
of the solution of the homogeneous problem and this particular solu-
tion: x(t) = 4cost+tsint.

8.2 Boundary Value Green’s Functions

WE SOLVED NONHOMOGENEOUS INITIAL VALUE PROBLEMS in Section 8.1
using a Green’s function. In this section we will extend this method to the
solution of nonhomogeneous boundary value problems using a boundary
value Green’s function. Recall that the goal is to solve the nonhomogeneous
differential equation

Ly=f a<x<b

where L is a differential operator and y(x) satisfies boundary conditions at
x =a and x = b.. The solution is formally given by

y=L""[f].

The inverse of a differential operator is an integral operator, which we seek
to write in the form

v = [ @

The function G(x, ¢) is referred to as the kernel of the integral operator and
is called the Green’s function.
We will consider boundary value problems in Sturm-Liouville form,

i (P02 ot = s, a<x<h, a)

with fixed values of y(x) at the boundary, y(a) = 0 and y(b) = 0. How-
ever, the general theory works for other forms of homogeneous boundary
conditions.

We seek the Green’s function by first solving the nonhomogeneous dif-
ferential equation using the Method of Variation of Parameters. Recall this
method from Section B.3.3. We assume a particular solution of the form

Yp(x) = c1(¥)y1(x) + c2(x)ya(x),
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The general solution of the boundary
value problem.

which is formed from two linearly independent solution of the homoge-
neous problem, y;(x), i = 1,2. We had found that the coefficient functions
satisfy the equations

() (x) + e (*)ya(x) =
A (Yr(x) + o (x)ya(x) = Ok (8.26)

Solving this system, we obtain

)= -
Wy y2)

cj(x) = __fn ,

1= W v)
where W(y1,v2) = y1y5 — Y12 is the Wronskian. Integrating these forms
and inserting the results back into the particular solution, we find

— o (x YO (Q) . . * f(8)ya(S)
v@) = [ s@we © T [ sewe

where xg and x; are to be determined using the boundary values. In par-
ticular, we will seek xy and x; so that the solution to the boundary value
problem can be written as a single integral involving a Green’s function.
Note that we can absorb the solution to the homogeneous problem, y;,(x),
into the integrals with an appropriate choice of limits on the integrals.

We now look to satisfy the conditions y(a) = 0 and y(b) = 0. First we use
solutions of the homogeneous differential equation that satisfy y;(a) = 0,
y2(b) = 0and y1(b) # 0, y2(a) # 0. Evaluating y(x) at x = 0, we have

_ AGIT I R L (917109
v =l | SEwe T [ pewe ©
@ f(&)y1(E) 2

We can satisfy the condition at x = a if we choose x; = a.
Similarly, at x = b we find that

_ PO . b F(&)y2(8)

) = ) | w0 L sewe ¢
@)
= ) | owe (6.28)

This expression vanishes for xo = b.
So, we have found that the solution takes the form

=) [ w1 w6

This solution can be written in a compact form just like we had done for
the initial value problem in Section 8.1. We seek a Green’s function so that
the solution can be written as a single integral. We can move the functions
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of x under the integral. Also, since 4 < x < b, we can flip the limits in the
second integral. This gives

@)y (Dya(x) b F(&)yr(x)y2(E) o
v = [ e 6

This result can now be written in a compact form:

Boundary Value Green’s Function

The solution of the boundary value problem

7 (™) g =), a<x<b,
y(a) =0, y(b) =0. (8.31)
takes the form ,
v = [ G efE)de, 632)
where the Green'’s function is the piecewise defined function

yl(@)yZ(x) a< C S x
G 8 =1 (@)@ (8:33)

where y1(x) and y,(x) are solutions of the homogeneous problem satis-
fying y1(a) = 0, y2(b) = 0 and y1(b) # 0, y2(a) # 0.

The Green'’s function satisfies several properties, which we will explore
further in the next section. For example, the Green’s function satisfies the
boundary conditions at x = a and x = b. Thus,

_ n@y2(8)
G(a,&) = % =0,

Also, the Green’s function is symmetric in its arguments. Interchanging the
arguments gives

G(&,x) = y1(5)ya(x) 8:34)

But a careful look at the original form shows that

G(x/ 6) = G(g, X).

We will make use of these properties in the next section to quickly deter-
mine the Green’s functions for other boundary value problems.

255



256 PARTIAL DIFFERENTIAL EQUATIONS

Example 8.2. Solve the boundary value problem y” = x?, y(0) =
0 = y(1) using the boundary value Green'’s function.
We first solve the homogeneous equation, y” = 0. After two integra-
tions, we have y(x) = Ax+ B, for A and B constants to be determined.
We need one solution satisfying y1(0) = 0 Thus,

0 :yl(O) = B.

So, we can pick y1(x) = x, since A is arbitrary.
The other solution has to satisfy y»(1) = 0. So,

0=1(1)=A+B.

This can be solved for B = —A. Again, A is arbitrary and we will
choose A = —1. Thus, y(x) =1 —x.
For this problem p(x) = 1. Thus, for y1(x) = x and yp(x) =1 —x,

p(OW(x) = y1(x)ya(x) = y1(x)y2(x) = x(-1) = 1(1 - x) = —1.

Note that p(x)W(x) is a constant, as it should be.
Now we construct the Green’s function. We have

_J —¢(1-x), 0<¢<x,
G(x,@—{ 0D, x<i<l (8:35)

Notice the symmetry between the two branches of the Green’s func-
tion. Also, the Green’s function satisfies homogeneous boundary con-
ditions: G(0,¢) = 0, from the lower branch, and G(1,¢) = 0, from the
upper branch.

Finally, we insert the Green’s function into the integral form of the
solution and evaluate the integral.

1
vx) = [ Gof@de
/o1 G(x,§)§*dg
x 1
- [ea-ngd - [ xa-ogd
— _(1_x)/ox?dg—x/xl(cz—?)dé
64 X (:3 éc4 1

0ol 5%,

1 4 1 1 3 4
=~ (-2t - x(4-3) + (4’ — 32t

12
= %(x4 —x). (8.36)

Checking the answer, we can easily verify that v/ = x2, y(0) = 0,
and y(1) = 0.
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8.2.1 Properties of Green’s Functions

WE HAVE NOTED SOME PROPERTIES OF GREEN’S FUNCTIONS in the last
section. In this section we will elaborate on some of these properties as a tool
for quickly constructing Green'’s functions for boundary value problems. We
list five basic properties:

1. Differential Equation:
The boundary value Green’s function satisfies the differential equation
2 (p(0)25E2) +4(x)G(x,8) = 0,x £ ¢,
This is easily established. For x < ¢ we are on the second branch
and G(x,¢) is proportional to y; (x). Thus, since y1(x) is a solution of
the homogeneous equation, then so is G(x,¢&). For x > ¢ we are on
the first branch and G(x,{) is proportional to y»(x). So, once again
G(x,¢) is a solution of the homogeneous problem.

2. Boundary Conditions:
In the example in the last section we had seen that G(a,{) = 0 and
G(b,&) = 0. For example, for x = a we are on the second branch
and G(x,¢) is proportional to y1(x). Thus, whatever condition v (x)
satisfies, G(x,¢) will satisfy. A similar statement can be made for
x =b.

3. Symmetry or Reciprocity: G(x,&) = G(g, x)
We had shown this reciprocity property in the last section.

4. Continuity of G at x = &: G(¢1,¢) = G(¢7,¢)
Here we define ¢* through the limits of a function as x approaches &
from above or below. In particular,

G(¢" x) = 11$G(x,§)/ x>,

G(¢,x) =limG(x,&), x<¢.
x1g
Setting x = ¢ in both branches, we have

y1(§)y2(8) yl(@)l/z(g)'

pwW pw

Therefore, we have established the continuity of G(x, () between the
two branches at x = ¢.

5. Jump Discontinuity of % atx =

0G(¢",8) _9G(E~.5) _ 1

ox ox p(&)

This case is not as obvious. We first compute the derivatives by not-
ing which branch is involved and then evaluate the derivatives and

257
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subtract them. Thus, we have

oG (&, d9G(¢~, ! 1
€10 _26¢0 _ @@ + v En@)

Y1 (D)y2(8) —y1(D)ys(E)
p(&)(y1(S)ys(S) —v1(D)y2(E))
1

= @ (8.37)

Here is a summary of the properties of the boundary value Green’s function
based upon the previous solution.

Properties of the Green’s Function

1. Differential Equation:
9G(x,
2 (P28 +9(x)G(x,8) = 0,x £ ¢

2. Boundary Conditions: Whatever conditions y;(x) and y»(x) sat-
isfy, G(x, ) will satisfy.

3. Symmetry or Reciprocity: G(x,&) = G(¢, x)
4. Continuity of G at x = & G(¢,8) = G(¢7,¢)

5. Jump Discontinuity of % atx =C:

0G(¢*,8) _9G(E~,¢) _ 1

ox ox p(&)

We now show how a knowledge of these properties allows one to quickly
construct a Green’s function with an example.

Example 8.3. Construct the Green’s function for the problem
v +w?y=f(x), 0<x<l1,

y(0) =0=y(1),
with w # 0.

I. Find solutions to the homogeneous equation.

A general solution to the homogeneous equation is given as
yn(x) = ¢1 sinwx + cp cos wx.
Thus, for x # ¢,
G(x,¢) = c1() sinwx + ¢ (&) cos wx.

II. Boundary Conditions.
First, we have G(0,&) = 0 for 0 < x < ¢. So,

G(0,¢) = (&) coswx = 0.
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So,
G(x,&) =c1(f)sinwx, 0<x<¢.

Second, we have G(1,&) =0 for ¢ < x < 1. So,
G(1,8) = c1(¢) sinw + ¢2(&) cosw. =0

A solution can be chosen with

This gives
G(x,¢) = c1(¢) sinwx — ¢1 (&) tan w cos wx.

This can be simplified by factoring out the ¢1 (&) and placing the re-
maining terms over a common denominator. The result is

G(x, &) = z(l)ii)) [sin wx cos w — sin w cos wx]
= —72(1)22 sinw(1 — x). (8.38)

Since the coefficient is arbitrary at this point, as can write the result as
G(x,¢) =di1(é)sinw(l—x), ¢<x<1l

We note that we could have started with y,(x) = sinw(1 — x) as one
of the linearly independent solutions of the homogeneous problem in
anticipation that y,(x) satisfies the second boundary condition.

III. Symmetry or Reciprocity
We now impose that G(x,¢) = G(¢, x). To this point we have that

c1(&) sinwx, 0<x<g,

G(x6) = { di(&)sinw(l—x), ¢<x<1.

We can make the branches symmetric by picking the right forms for
c1(¢) and d1(g). We choose ¢1() = Csinw(l —¢&) and dq1(&) =
Csinw¢. Then,

Csinw(l—¢)sinwx, 0<x<¢,
Csinw(l—x)sinwg, ¢<x<1.

G(x,¢) = {

Now the Green’s function is symmetric and we still have to determine
the constant C. We note that we could have gotten to this point using

the Method of Variation of Parameters result where C = —&;

PW:
IV. Continuity of G(x, )

We already have continuity by virtue of the symmetry imposed in the
last step.
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V. Jump Discontinuity in %G(x, f).
We still need to determine C. We can do this using the jump disconti-
nuity in the derivative:

9G(¢",¢) 9G(E~.5) _ 1

ox 0x p(&)”

For this problem p(x) = 1. Inserting the Green’s function, we have

9G(¢",&) _9G(E.0)

ox ox
- % [Csinw(1 —x) sian]ng — % [Csinw(1—¢) sincux]ché
= —wCcosw(l—¢)sinw¢ —wCsinw(l —¢)coswg
—wCsinw(¢+1-2¢)
= —wCsinw. (8.39)
Therefore,
_ 1
T wsinw’

Finally, we have the Green’s function:

_sinw(1 —¢) sinwx

: , 0sx<
G(x,¢) = inw( 2 (8.40)
sinw(1 —x)sinwg F<r<i
wsinw Ty

It is instructive to compare this result to the Variation of Parameters re-
sult.

Example 8.4. Use the Method of Variation of Parameters to solve
v +w?y=f(x), 0<x<l1,

y(0)=0=y(1), w#0.

We have the functions y1(x) = sinwx and y,(x) = sinw(1 — x) as
the solutions of the homogeneous equation satisfying y;(0) = 0 and
y2(1) = 0. We need to compute pW:

pOW(x) = y1(0)ya(x) = y1(x)ya(x)
= —wsinwxcosw(l—x)— wcoswxsinw(1l —x)
= —wsinw (8.41)

Inserting this result into the Variation of Parameters result for the
Green’s function leads to the same Green’s function as above.

8.2.2  The Differential Equation for the Green’s Function

As WE PROGRESS IN THE BOOK WE WILL DEVELOP a more general theory
of Green’s functions for ordinary and partial differential equations. Much
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of this theory relies on understanding that the Green’s function really is the
system response function to a point source. This begins with recalling that
the boundary value Green’s function satisfies a homogeneous differential
equation for x # ¢,

d oG(x, )
> <p<x> ax

> +q(x)G(x,§) =0, x#¢. (8.42)

For x = ¢, we have seen that the derivative has a jump in its value. This
is similar to the step, or Heaviside, function,

1, x>0,
H(x)_{ 0, x<0

This function is shown in Figure 8.2 and we see that the derivative of the
step function is zero everywhere except at the jump, or discontinuity . At
the jump, there is an infinite slope, though technically, we have learned that
there is no derivative at this point. We will try to remedy this situation by
introducing the Dirac delta function,

5(x) = %H(x)

We will show that the Green’s function satisfies the differential equation

2 (r0 ) e =0 -0. Ga)

However, we will first indicate why this knowledge is useful for the general
theory of solving differential equations using Green'’s functions.
As noted, the Green’s function satisfies the differential equation

5= (P02 ) 4 g6, 6) = ot - 0 .40

and satisfies homogeneous conditions. We will use the Green’s function to
solve the nonhomogeneous equation

d d
7 (102 + gy = 0. (8.45)
These equations can be written in the more compact forms
Llyl = f(x)
L[G] =6(x—¢). (8.46)

Using these equations, we can determine the solution, y(x), in terms of
the Green’s function. Multiplying the first equation by G(x, &), the second
equation by y(x), and then subtracting, we have

GLly]l = yLIG] = f(x)G(x, &) — d(x = Oy(x).

Now, integrate both sides from x = a to x = b. The left hand side becomes

[ 060 ~ o~ )] dx = [ )68 dx (@)

1
1
1
| %
7

0

Figure 8.2: The Heaviside step function,
H(x).

The Dirac delta function is described in
more detail in Section 10.4. The key
property we will need here is the sifting

property,

[ fot - yax = £@)

fora < ¢ <b.
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Recall that Green’s identity is given by

b
/a (ulo —vLu)dx = [p(uv’ —ou')]8.

The general solution in terms of the
boundary value Green’s function with
corresponding surface terms.

Using Green'’s Identity from Section 4.2.2, the right side is

/b (GLly] —yL[G]) dx = {p(x) (G(x, &)y (x) _y(x)gg(x, g))r:bl

a x=a

Combining these results and rearranging, we obtain

b
| fc
[0 (0L wd) - smaw )| e

X=a

We will refer to the extra terms in the solution,
3G . x=b
5(b,¢) = S(a,) = | p(x) { y(x) 5 -(x,&) = G(x, 8y (x) ,
X=a

as the boundary, or surface, terms. Thus,

0= [ 0G0 dx— [5(6,) — 5(a,2)].

The result in Equation (8.47) is the key equation in determining the so-
lution of a nonhomogeneous boundary value problem. The particular set
of boundary conditions in the problem will dictate what conditions G(x, )
has to satisfy. For example, if we have the boundary conditions y(a) = 0
and y(b) = 0, then the boundary terms yield

vo) = [ sweeaa-[ho) (yo 3w -co.0v0)]
+ [p(a) (v 5 @8 - Glac@)]

= [ FRIG0 2 dx + p)G, ) 1) — p(a)Gla, D)y (a).
(8.48)

The right hand side will only vanish if G(x,¢) also satisfies these homoge-
neous boundary conditions. This then leaves us with the solution

0= [ 600 dx

We should rewrite this as a function of x. So, we replace ¢ with x and x
with ¢. This gives

)= [ f@6E

However, this is not yet in the desirable form. The arguments of the Green’s
function are reversed. But, in this case G(x, ¢) is symmetric in its arguments.
So, we can simply switch the arguments getting the desired result.

We can now see that the theory works for other boundary conditions. If
we had y'(a) = 0, then the y(a ) (u ¢) term in the boundary terms could be
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made to vanish if we set aG Z(a,¢) = 0. So, this confirms that other boundary
value problems can be posed besides the one elaborated upon in the chapter
so far.

We can even adapt this theory to nonhomogeneous boundary conditions.
We first rewrite Equation (8.47) as

9G , 6=b
S 50) = Gl Dy <¢>)} L
(8.49)

Let’s consider the boundary conditions y(a) = « and y'(b) = B. We also
assume that G(x, §) satisfies homogeneous boundary conditions,

le
g

in both x and ¢ since the Green’s function is symmetric in its variables.

G(ﬂ, (:) =0, (b, 5) =0.

Then, we need only focus on the boundary terms to examine the effect on
the solution. We have

(0,2) =503 = [p0) (v0F 8~ Glx, bW G) )|

¢
- [p@) (v 55 ) - G @)

- —ﬁp(b)G(x,w—ap(a)aa(g(x,m. (8.50)
Therefore, we have the solution
b
v(x) = [ Gln O @) de + Bpb)G(x b) + ap@) 57 (va). @50

This solution satisfies the nonhomogeneous boundary conditions.

Example 8.5. Solve y’ = x2, y(0) =1, y(1) = 2 using the boundary
value Green’s function.
This is a modification of Example 8.2. We can use the boundary

value Green's function that we found in that problem,

[ -,
oo _{ —x(1-9),

We insert the Green’s function into the general solution (8.51) and
use the given boundary conditions to obtain

0<¢<x

x<E<1 (852)

— lG 2d / =1
v = [ Gleora - Yo~ @)
— [a-nedes [ x(e - e s+ 0 w0 -y )
L L e
= ijr§ -1 (8.53)

12 12

General solution satisfying the nonho-
mogeneous boundary conditions y(a) =
a and y'(b) = PB. Here the Green’s
function satisfies homogeneous bound-
ary conditions, G(a,¢) =0, %—g’(b, &)=
0.
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The Green’s function satisfies a delta
function forced differential equation.

Derivation of the jump condition for the
Green’s function.

Of course, this problem can be solved by direct integration. The
general solution is

x4
(x) == +cx+c.
Y 12

Inserting this solution into each boundary condition yields the same
result.

We have seen how the introduction of the Dirac delta function in the
differential equation satisfied by the Green’s function, Equation (8.44), can
lead to the solution of boundary value problems. The Dirac delta function
also aids in the interpretation of the Green’s function. We note that the
Green’s function is a solution of an equation in which the nonhomogeneous
function is §(x — ¢). Note that if we multiply the delta function by f(¢) and
integrate, we obtain

| stx=2)7(@)de = £(x).

We can view the delta function as a unit impulse at x = ¢ which can be
used to build f(x) as a sum of impulses of different strengths, f(&). Thus,
the Green'’s function is the response to the impulse as governed by the dif-
ferential equation and given boundary conditions.

In particular, the delta function forced equation can be used to derive the
jump condition. We begin with the equation in the form

0 aG(x, §) B
52 (P02 ) g6, 6) = ot - 0, (8:54)
Now, integrate both sides from ¢ — € to ¢ + € and take the limit as € — 0.
Then,

cte [ 9 oG i+e
tim [ |5 (0P ) s qGte )| dx = tim [ (- ) dx

= L (8.55)

Since the g(x) term is continuous, the limit as € — 0 of that term vanishes.
Using the Fundamental Theorem of Calculus, we then have

¢+e
tim () 225 =t (5.56)

This is the jump condition that we have been using!

8.2.3 Series Representations of Green’s Functions

THERE ARE TIMES THAT IT MIGHT NOT BE SO SIMPLE to find the Green’s
function in the simple closed form that we have seen so far. However,
there is a method for determining the Green’s functions of Sturm-Liouville
boundary value problems in the form of an eigenfunction expansion. We
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will finish our discussion of Green's functions for ordinary differential equa-
tions by showing how one obtains such series representations. (Note that
we are really just repeating the steps towards developing eigenfunction ex-
pansion which we had seen in Section 4.3.)

We will make use of the complete set of eigenfunctions of the differential
operator, £, satisfying the homogeneous boundary conditions:

EM’”] = —Ayopy, n=12,...

We want to find the particular solution y satisfying L[y] = f and homo-
geneous boundary conditions. We assume that

o)

y(x) = Z AnPn(x).

n=1

Inserting this into the differential equation, we obtain

= ;ﬂnﬁ{fpn} = — ;)\nanm])n :f

This has resulted in the generalized Fourier expansion

x) = io:l CnoPn(x)

with coefficients
Cp = —Andy.

We have seen how to compute these coefficients earlier in section 4.3. We
multiply both sides by ¢ (x) and integrate. Using the orthogonality of the
eigenfunctions,

[ pugut)e () = Nid,

one obtains the expansion coefficients (if Ay # 0)

_ ()
NeAe

where (f, ¢y) = f flx

As before, we can rearrange the solution to obtain the Green’s function.
Namely, we have

_v (f,4>n>
_n; —NnAn _/ Z NnAn f&)de
G(x2)

Therefore, we have found the Green’s function as an expansion in the
eigenfunctions:

Pn(X)Pn(8)
Z = A Nn : (8.57)

We will conclude this dlscusswn w1th an example. We will solve this
problem three different ways in order to summarize the methods we have
used in the text.

Green’s function as an expansion in the
eigenfunctions.
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Example using the Green’s function
eigenfunction expansion.

Example 8.6. Solve
y'+4y=x*, x€(0,1), y(0)=y(1)=0

using the Green’s function eigenfunction expansion.

The Green’s function for this problem can be constructed fairly
quickly for this problem once the eigenvalue problem is solved. The
eigenvalue problem is

¢"(x) +49(x) = —Ag(x),

where ¢(0) = 0 and ¢(1) = 0. The general solution is obtained by
rewriting the equation as

9"(x) +K9(x) =0,
where
=4+
Solutions satisfying the boundary condition at x = 0 are of the form
¢(x) = Asinkx.
Forcing ¢(1) = 0 gives
0=Asink=k=nnr, k=1,2,3....

So, the eigenvalues are

An :n2n2—4, n=12,...
and the eigenfunctions are

¢p =sinnmx, n=12,....

We also need the normalization constant, N,,. We have that

1 1
Ny = ||¢n]® = /0 sin® nx = 5

We can now construct the Green’s function for this problem using
Equation (8.57).

sinnrtx sinnmé

Using this Green's functlon, the solution of the boundary value
problem becomes

1
vx) = [ exar@de
_ / <zi smnnxsmn)n{f) &2 iz

B i sinnrmx
(4 —n272) 72)

/gzsmnrfédé
= (
i sin nx {(2—;12712)(—1)"—2]

—n2n?) 373

=

n=1

(8.59)
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We can compare this solution to the one we would obtain if we did not
employ Green’s functions directly. The eigenfunction expansion method for
solving boundary value problems, which we saw earlier is demonstrated in
the next example.

Example 8.7. Solve
y'+ay =2, x€(0,1), y(0)=y(1)=0

using the eigenfunction expansion method. Example using the eigenfunction expan-

We assume that the solution of this problem is in the form sion method.

y(x) = Z Cnpn ().
n=1
Inserting this solution into the differential equation L[y] = x?, gives
o
¥ = L Y cpsinnmx
n=1
00 d2
Y cn [2 sinnmx + 4sin nnx]
= dx
o
Y cn[d — n*m?]sinnmx (8.60)
n=1
This is a Fourier sine series expansion of f(x) = x? on [0, 1]. Namely,
o
f(x) =) bysinnmx.
n=1

In order to determine the c,’s in Equation (8.60), we will need the
Fourier sine series expansion of x? on [0, 1]. Thus, we need to compute

2 rl
b, = f/ x% sinnmx
1 Jo
2 —n?m?)(=1)" =2
= 2[< n3)7'((3 ) ], n=12,.... (8.61)

The resulting Fourier sine series is

o Qa2

X =
n373

] sinnrx.
n=1

Inserting this expansion in Equation (8.60), we find
2

) 7 2\ (1" —2 ©
5 Z {( n 7:13)7([3 ) } sinnmx = Z cnld — n271_'2] sinnrx.
n=1 n=1

Due to the linear independence of the eigenfunctions, we can solve for
the unknown coefficients to obtain

(2 —n?m?)(-1)" -2
(4 — n?2m?)n3m3

cp =2
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Therefore, the solution using the eigenfunction expansion method is

y(x) = ch‘f’n()
n=1
- 2L [ e e

We note that the solution in this example is the same solution as we had
obtained using the Green’s function obtained in series form in the previous
example.

One remaining question is the following: Is there a closed form for the
Green’s function and the solution to this problem? The answer is yes!

Example 8.8. Find the closed form Green'’s function for the problem

y'+4y=x>, x€(0,1), y(0)=y(1)=0

and use it to obtain a closed form solution to this boundary value
problem.
We note that the differential operator is a special case of the example
done in section 8.2. Namely, we pick w = 2. The Green’s function was
Using the closed form Green’s function. already found in that section. For this special case, we have

_sin2(1 —¢g)sin2x

7 —_ =

_ 2sin2 /
GE) =1 sin2(i>%)sin2z B (8.63)
2sin2 ! -

Using this Green’s function, the solution to the boundary value
problem is readily computed

1
vx) = [ GefEe)ae
_ X sin2(1 — x)sin2¢ ,, sin2(¢ — 1) sin2x
-, i

2
2sin2 2sin2 6 dg
1 . 5 . .
= “Isnz [fx sin2 + (1 — cos” x) 51n2+smxcosx(1+C032)}.
1
= —— [—x2sir12—|—25ir123csin1c:osl—|—ZSir1xcosxcos2 1)}
4sin?2
1
= - [—xzsinz+251nxcos1(sinxsin1 —i—cosxcosl)] .
8sinlcos1

x> sinxcos(l — x)

=~ 47 4sin1 (8.64)

In Figure 8.3 we show a plot of this solution along with the first five
terms of the series solution. The series solution converges quickly to the
closed form solution.

As one last check, we solve the boundary value problem directly, as we
had done in the last chapter.

Example 8.9. Solve directly:

y'+4y =2, x€(01), y(0)=y(1)=0.
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The problem has the general solution
y(x) = c1cos2x + ¢ sin2x + yp(x),

where y, is a particular solution of the nonhomogeneous differential
equation. Using the Method of Undetermined Coefficients, we assume
a solution of the form

yp(x) = Ax* + Bx +C.

Inserting this guess into the nonhomogeneous equation, we have
2A 4+ 4(Ax* + Bx +C) = %,

Thus, B =0,4A =1 and 2A +4C = 0. The solution of this system is

1 1
A = -, B = 0, C = —Z.
4 8
So, the general solution of the nonhomogeneous differential equation
is
1
y(x) = c1 cos2x + cp sin2x + 15

We next determine the arbitrary constants using the boundary con-
ditions. We have

0 = y(0)
= o1
= a-g
0 = y(1)
1
= c(1cos2+cpsin2+ 3 (8.65)
Thus, ¢; = % and
o — % + % cos 2
P=
sin2
Inserting these constants into the solution we find the same solution
as before.
1 § 4 §cos2 1
- - 2% — |28 """ | gin?2 - Z
y(x) g cos2x o ] sin 2x + 775

269

Figure 8.3: Plots of the exact solution to
Example 8.6 with the first five terms of
the series solution.

Direct solution of the boundary value
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The Fredholm Alternative.

(cos2x — 1) sin2 — sin 2x(1 + cos 2) N x?

8sin2 4
(—2sin? x)2sin1cos 1 — sin 2x(2 cos? 1) X
16sinlcos1 4
(sin®x)sin1+sinxcos x(cos1)  x
= - . + =
4sinl 4
2 .

x*  sinxcos(1—x)
= —— . 8.66
4 4sinl (8.66)

8.2.4 The Generalized Green’s Function

WHEN SOLVING Lu = f USING EIGENFUCTION EXPANSIONS, there can be
a problem when there are zero eigenvalues. Recall from Section 4.3 the
solution of this problem is given by

y(x) = ilcncpn(x),
N W {CoT A COLES
C T T TR dx &7

Here the eigenfunctions, ¢, (x), satisfy the eigenvalue problem

Lon(x) = =Auo(x)pu(x), x € [a,b]

subject to given homogeneous boundary conditions.
Note that if A,, = 0 for some value of n = m, then ¢, is undefined.
However, if we require

(Frm) = [ a0 dx =0,

then there is no problem. This is a form of the Fredholm Alternative.
Namely, if A, = 0 for some n, then there is no solution unless f,¢,;) = 0;
i.e., f is orthogonal to ¢;. In this case, a, will be arbitrary and there are an
infinite number of solutions.
Example 8.10. v = f(x), u'(0) =0, /(L) = 0.
The eigenfunctions satisfy ¢, (x) = —Au¢u(x), ¢,,(0) =0, ¢1,(L) =
0. There are the usual solutions,

2
([)n(x):cos%, An:(%) , n=1,2,....

However, when A, = 0, ¢ (x) = 0. So, ¢ (x) = Ax + B. The bound-
ary conditions are satisfied if A = 0. So, we can take ¢y(x) = 1. There-
fore, there exists an eigenfunction corresponding to a zero eigenvalue.
Thus, in order to have a solution, we have to require

[ fxydx =
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Example 8.11. u" + 7?u = B+ 2x, u(0) = 0, u(1) = 0.
In this problem we check to see if there is an eigenfunctions with a
zero eigenvalue. The eigenvalue problem is

¢"+°p =0, ¢(0)=0, ¢(1)=0.
A solution satisfying this problem is easily founds as
¢(x) = sin 7tx.

Therefore, there is a zero eigenvalue. For a solution to exist, we need

to require
1
0 = / (B + 2x) sin 7tx dx
0
1 1 !
- _k cos nx‘(l) +2 {xcos X — — sin 7tx
s s U 0
2
= ——=(B+1). (8.68)
T
Thus, either B = —1 or there are no solutions.

Recall the series representation of the Green’s function for a Sturm-Liouville
problem in Equation (8.57),

Pn(X)¢n (8)
Z An N, (8.69)

We see that if there is a zero eigenvalue, then we also can run into trouble
as one of the terms in the series is undefined.

Recall that the Green’s function satisfies the differential equation LG(x, ) =
d(x —¢), x,¢ € [a,b] and satisfies some appropriate set of boundary condi-
tions. Using the above analysis, if there is a zero eigenvalue, then L, (x) =
0. In order for a solution to exist to the Green’s function differential equa-
tion, then f(x) = é(x — &) and we have to require

0=(f¢n) = / ¢n(x)(x — &) dx = ¢, (),

for and ¢ € [a, b]. Therefore, the Green’s function does not exist.
We can fix this problem by introducing a modified Green’s function.
Let’s consider a modified differential equation,

LGum(x,§) = 6(x = &) + cgn(x)

for some constant c. Now, the orthogonality condition becomes
0= () = [ ¢u)lox— )+ epy(o) dn
= g0 +e / #h(x) dx. (8:70)

Thus, we can choose

271
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Using the modified Green’s function, we can obtain solutions to Lu = f.
We begin with Green'’s identity from Section 4.2.2, given by

/b(uﬁv —oLu)dx = [p(uv’ —vu'))L.

Letting v = Gy, we have

/ab (GLlu] — uL[Gy]) dx = {p(x) (GM(x,C)u’(x) - u(x)agixM(x, §))]x_b_

X=a

Applying homogeneous boundary conditions, the right hand side vanishes.
Then we have

0 = [ (Gule 8L~ u(x)LIGu(x.§)) dx
= [ Gue ()~ w0l 2) + ey ()
W@ = [ outf@ir—c [ utp 71

a

Noting that u(x,t) = c1¢y(x) + up(x),, the last integral gives

o [ upulx) dx = sz’f))d [ 0 dx = agif@).

Therefore, the solution can be written as

u() = [ F(OGu(x 2 + ().

Here we see that there are an infinite number of solutions when solutions
exist.

Example 8.12. Use the modified Green’s function to solve u" + %u =
2x —1,u(0) =0, u(1l) =0.

We have already seen that a solution exists for this problem, where
we have set = —1 in Example 8.11.

We construct the modified Green’s function from the solutions of

P+ Cdn = —Anu, $(0) =0, ¢(1)=0.
The general solutions of this equation are
¢n(x) = c1cos /712 + Ayx + cpsin v/ 12 + Apx.

Applying the boundary conditions, we have ¢; = 0 and /712 + A, =
nt. Thus, the eigenfunctions and eigenvalues are

W(X) =sinnmx, Ay, =m>—1)n% n=123....
¢

Note that A; = 0.
The modified Green’s function satisfies

2
%GM(JC,C) + 2Gpm(x, &) = 6(x — &) + cgp(x),
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where

 ¢1(©)
f01 ¢3(x) dx
_ sinng
fol sin? 71¢, dx
= —2sinng. (8.72)

C =

We need to solve for Gy(x, &). The modified Green'’s function sat-
isfies
2

%GM(X, &) + m2Gum(x, &) = 8(x — &) — 2sin 7€ sin 7rx,

and the boundary conditions Gy (0,¢) = 0 and Gy(1,8) = 0. We
assume an eigenfunction expansion,

m(x,8) =Y cu(&) sinnmx.
n=1
Then,
. . d? 5
5(x—¢) —2sinngsintx = WGM(X' &)+ 1 Gpm(x,8)
= — ) Auca(8)sinnmx (8.73)
The coefficients are found as
1
—AnCn = 2/ [0(x — &) — 2sin 71 sin 71x] sin n7rx dx
0
= 2sinnng — 2sin w¢d, .- (8.74)

Therefore, ¢; = 0 and ¢, = 2sinnng, for n > 1.
We have found the modified Green’s function as

.o
SINN7TX SINNTT
gy SnxSInnG

m(x,¢) = — A,

n=2

We can use this to find the solution. Namely, we have (for c; = 0)

/01<2¢ — )G (x,€) dE

= -2 Z smnnx/o (2& — 1) sinnm dx

u(x)

1

1
= -2 2 sm_nlm;z [ nn(Z(j—l)cosnné—i— smnn@ .

o)

14 cosnm
= 2 2 n2 gy 5 sinnmx. (8.75)

We can also solve this problem exactly. The general solution is given
by

2x —1
2

u(x) = c1 sinwx + ¢p cos wx +
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0.021

U 0.011

0.2

-0.011

-0.021

Figure 8.4: The solution for Example
8.12.

The steady state solution, w(t), satisfies
a nonhomogeneous differential equation
with nonhomogeneous boundary condi-
tions. The transient solution, v(t), sat-
isfies the homogeneous heat equation
with homogeneous boundary conditions
and satisfies a modified initial condition.

Imposing the boundary conditions, we obtain

x—1
w2

. 1
u(x) = ¢y sin tx + —5 cos wx +
2

Notice that there are an infinite number of solutions. Choosing ¢; = 0,
we have the particular solution

1 x—1
u(x) = ?cosmc—{— s
In Figure 8.4 we plot this solution and that obtained using the mod-
ified Green’s function. The result is that they are in complete agree-
ment.

8.3 The Nonhomogeneous Heat Equation

BOUNDARY VALUE GREEN’S FUNCTIONS DO NOT ONLY ARISE in the so-
lution of nonhomogeneous ordinary differential equations. They are also
important in arriving at the solution of nonhomogeneous partial differen-
tial equations. In this section we will show that this is the case by turning
to the nonhomogeneous heat equation.

8.3.1  Nonhomogeneous Time Independent Boundary Conditions

Consider the nonhomogeneous heat equation with nonhomogeneous bound-
ary conditions:

up —kuyy = h(x), 0<x<L, t>0,
u(0,t) = a, u(Lt)=0,
u(x,0) = f(x). (8.76)

We are interested in finding a particular solution to this initial-boundary
value problem. In fact, we can represent the solution to the general nonho-
mogeneous heat equation as the sum of two solutions that solve different
problems.

First, we let v(x, t) satisfy the homogeneous problem

v —kvyy = 0, 0<x<L, t>0,
v(0,t) = 0, o(L,t)=0,
v(x,0) = g(x), 8.77)

which has homogeneous boundary conditions.

We will also need a steady state solution to the original problem. A
steady state solution is one that satisfies 1; = 0. Let w(x) be the steady state
solution. It satisfies the problem

—kwyy = h(x), 0<x<L.
w(0,t) = a, w(Lt) =70 (8.78)



GREEN’S FUNCTIONS AND NONHOMOGENEOUS PROBLEMS

Now consider u(x,t) = w(x) + v(x,t), the sum of the steady state so-
lution, w(x), and the transient solution, v(x,t). We first note that u(x,t)
satisfies the nonhomogeneous heat equation,

up—kiyy = (w+0)— (W+9)x

= 0 — kvyy — kwyy = h(x). (8.79)

The boundary conditions are also satisfied. Evaluating, u(x,t) at x = 0
and x = L, we have

u(0,t) = w(0)+v(0,t) =a,
u(L,t) = w(L)+o(L,t)=0. (8.80)

Finally, the initial condition gives
u(x,0) = w(x) +ov(x,0) = w(x) + g(x).

Thus, if we set g(x) = f(x) — w(x), then u(x,t) = w(x) 4+ v(x,t) will be the
solution of the nonhomogeneous boundary value problem. We all ready
know how to solve the homogeneous problem to obtain v(x, t). So, we only
need to find the steady state solution, w(x).

There are several methods we could use to solve Equation (8.78) for the
steady state solution. One is the Method of Variation of Parameters, which
is closely related to the Green’s function method for boundary value prob-
lems which we described in the last several sections. However, we will just
integrate the differential equation for the steady state solution directly to
find the solution. From this solution we will be able to read off the Green’s
function.

Integrating the steady state equation (8.78) once, yields

dw 1 (%

E—fE ) h(Z)dZ+A,

where we have been careful to include the integration constant, A = w'(0).
Integrating again, we obtain

w(x) = —% Ox (/Oyh(z)dz> dy+ Ax+ B,

where a second integration constant has been introduced. This gives the
general solution for Equation (8.78).

The boundary conditions can now be used to determine the constants. It
is clear that B = a for the condition at x = 0 to be satisfied. The second
condition gives

b=w(l) =~ O'L (/Oyh(z)dz> dy + AL +a.

Solving for A, we have

1 L/ b—a
A:E/o </0 h(z)dz)dy—l— T

The transient solution satisfies

v(x,0) = f(x) —w(x).

275
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The steady state solution.

Inserting the integration constants, the solution of the boundary value
problem for the steady state solution is then

w(x):—% Ox(/oyh() )dy+kL L(/Oyh(z)dz) ay+ 2=

This is sufficient for an answer, but it can be written in a more compact

a
X +a.

form. In fact, we will show that the solution can be written in a way that a
Green’s function can be identified.

First, we rewrite the double integrals as single integrals. We can do this
using integration by parts. Consider integral in the first term of the solution,

x Y
I:/O (/0 h(z)dz) dy.
Setting u = foyh(z) dz and dv = dy in the standard integration by parts
formula, we obtain
x y
I = /0 </0 h(z)dz) dy

= y/oyh(Z) dZ\z—/oxyh(y) dy
/O (x— y)h(y) dy. (8.81)

Thus, the double integral has now collapsed to a single integral. Replac-

ing the integral in the solution, the steady state solution becomes

W(X)=—% Ox(x—y)h(y)derkL (L—y)h(y)dwbzaﬂa-

We can make a further simplification by combining these integrals. This
can be done if the integration range, [0, L], in the second integral is split into
two pieces, [0, x] and [x, L|. Writing the second integral as two integrals over
these subintervals, we obtain

ww) = - [ x(xw)h(y)dwi (L~ i) ay

b
kL/L y)h(y)dy +

Next, we rewrite the integrands,

- —%/Lx‘”h( )dy +§/x*x“‘y)h<y>dy
L x(L-y),
ST

It can now be seen how we can combine the first two integrals:

1 fy(L—x) 1 (Lx(L—y) b—a
x)f—E/O Th(y)dy—ki/x Th(y)dy—i-Tx—i-a.

The resulting integrals now take on a similar form and this solution can

2y +a. (8.82)

x + a. (8.83)

be written compactly as

L —a
W) = - [ Gl ph)ldy+ ox+a,
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where

L
y(L = x)
L 7
is the Green’s function for this problem.

G(x,y) = .
y<x<IL,

The full solution to the original problem can be found by adding to this
steady state solution a solution of the homogeneous problem,

ur —kiyy = 0, 0<x<L, t>0,
u(0,£) = 0, u(Lt)=0,
u(x,0) = f(x)—w(). (8.84)

Example 8.13. Solve the nonhomogeneous problem,

Ur — Uy = 10, 0<x<1, t>0,
u(0,¢t) = 20, u(1,t)=0,
u(x,0) = 2x(1-x). (8.85)

In this problem we have a rod initially at a temperature of u(x,0) =
2x(1 — x). The ends of the rod are maintained at fixed temperatures
and the bar is continually heated at a constant temperature, repre-
sented by the source term, 10.

First, we find the steady state temperature, w(x), satisfying

0<x<1.
w(1,t) = 0. (8.86)

—wyy = 10,
w(0,t) = 20,

Using the general solution, we have
1
w(x) = / 10G(x,y) dy — 20x + 20,
0

where
x(1—vy), 0<
G(w):{ (1-y) !

we compute the solution

X 1
/ 10y(1 — x) dy—i—/ 10x(1 —y) dy — 20x + 20
0 x
= 5(x —x%) —20x + 20,
= 20— 15x — 5x°. (8.87)

w(x)

Checking this solution, it satisfies both the steady state equation and
boundary conditions.
The transient solution satisfies

Ur—Uxx = 0, 0<x<1, t>0,
v(0,t) = 0, v(1,t)=0,
v(x,0) = x(1—x)-10. (8.88)

The Green'’s function for the steady state
problem.
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Recall, that we have determined the solution of this problem as
= 2,2
o(x,t) = Y bye " Fsinnmy,
n=1

where the Fourier sine coefficients are given in terms of the initial
temperature distribution,

1
b, = 2/ [x(1—x) —10]sinnumxdx, n=1,2,....
0
Therefore, the full solution is

oo
u(x, t) =Y bue " sinnyx 4 20 — 15x — 5x%.
n=1
Note that for large ¢, the transient solution tends to zero and we are
left with the steady state solution as expected.

8.3.2  Time Dependent Boundary Conditions

In the last section we solved problems with time independent boundary con-
ditions using equilibrium solutions satisfying the steady state heat equation
sand nonhomogeneous boundary conditions. When the boundary condi-
tions are time dependent, we can also convert the problem to an auxiliary
problem with homogeneous boundary conditions.

Consider the problem

up —kuyy = h(x), 0<x<L, t>0,
u(0,t) = a(t), u(Lt)=>b(t), t>0,
u(x,0) = f(x), 0<x<L. (8.89)

We define u(x,t) = v(x,t) + w(x, t), where w(x, t) is a modified form of
the steady state solution from the last section,

w(x, t) =a(t) + Mx.
Noting that
w = vtas =l
t = Ut a I X,
Uxx = Uxx, (8.90)

we find that v(x, t) is a solution of the problem

v —kvy = h(x)-— [d(t) + b(t)zd(t)x} , 0<x<L, t>0,
v(0,t) = 0, o(Lt)=0, t>0,
v(x,0) = f(x)— [u(O) + b(O)za(O)x} , 0<x<L. (8.91)

Thus, we have converted the original problem into a nonhomogeneous heat
equation with homogeneous boundary conditions and a new source term
and new initial condition.
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Example 8.14. Solve the problem

U — Uyy = X, 0<x<1, t>0,
u(0,t) = 2, u(Lt)=t t>0
u(x,0) = 3sin2nx+2(1—x), 0<x<1. (8.92)

We first define
u(x,t) =o(x,t) +2+ (t — 2)x.

Then, v(x, t) satisfies the problem

U — Uy = 0O, 0<x<1, t>0,
v(0,t) = 0, o(Lt)=0, t>0,
v(x,0) = 3sin2mx, 0<x<1. (8.93)

This problem is easily solved. The general solution is given by
o(x,t) = ) bysin nixe ",
n=1

We can see that the Fourier coefficients all vanish except for by. This

gives v(x,t) = 3sin 2rxe 4t and, therefore, we have found the solu-
tion

u(x,t) = 3sin 2mxe 4t 42 4 (t—2)x.

8.4 Green’s Functions for 1D Partial Differential Equations

IN SECTION 8.1 WE ENCOUNTERED THE INITIAL VALUE GREEN’S FUNC-
TION for initial value problems for ordinary differential equations. In that
case we were able to express the solution of the differential equation L]y| =
f in the form

vt = [Gnfmr,

where the Green’s function G(t,7) was used to handle the nonhomoge-
neous term in the differential equation. In a similar spirit, we can introduce
Green’s functions of different types to handle nonhomogeneous terms, non-
homogeneous boundary conditions, or nonhomogeneous initial conditions.
Occasionally, we will stop and rearrange the solutions of different problems
and recast the solution and identify the Green’s function for the problem.
In this section we will rewrite the solutions of the heat equation and wave
equation on a finite interval to obtain an initial value Green;s function. As-
suming homogeneous boundary conditions and a homogeneous differential
operator, we can write the solution of the heat equation in the form

L
u(o) = [ Glx &) () de.
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where u(x,ty) = f(x), and the solution of the wave equation as

L L
u(t) = [ Gelx &b )f@de+ [ Gulx &b k0)g(0) de.

where u(x,ty) = f(x) and wu(x,tg) = g(x). The functions G(x,{;t,tp),
G(x,&t,tg), and G(x,{;t, tp) are initial value Green’s functions and we will
need to explore some more methods before we can discuss the properties of
these functions. [For example, see Section.]

We will now turn to showing that for the solutions of the one dimensional
heat and wave equations with fixed, homogeneous boundary conditions, we
can construct the particular Green’s functions.

8.4.1 Heat Equation

IN SECTION 2.5 WE OBTAINED THE SOLUTION to the one dimensional heat
equation on a finite interval satisfying homogeneous Dirichlet conditions,

kuyy, 0<t, 0<x<IL,
) = f(x), 0<x<IL,

t) = 0, t>0,

) = 0, t>0. (8.94)

The solution we found was the Fourier sine series

b Ankt
Z e sin 7L

where )
= (5)

and the Fourier sine coefficients are given in terms of the initial temperature
distribution,

b, L/f m—dx n=1,2,....

Inserting the coefficients b, into the solution, we have

u(x,t) = ( /f ) Mkt sin Zx.

Interchanging the sum and integration, we obtain

u(x, t) = /OL (i i sinn—:xsin an:e)‘”kt> f(&)dg.

n=1

This solution is of the form

L
u(ot) = [ Glx, &t 0)f(@) de.
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Here the function G(x,¢;t,0) is the initial value Green’s function for the
heat equation in the form

o)

2
G(x,&t,0) = - Y sinn—zxsin nTNEve/\nkt.

n=1

which involves a sum over eigenfunctions of the spatial eigenvalue problem,

X (x) = sin 1=,

8.4.2  Wave Equation

THE SOLUTION OF THE ONE DIMENSIONAL WAVE EQUATION (1.2),

Uy = czuxx, 0<t, 0<x<IL,
u(0,t) = 0, u(L0)=0, t>0,
u(x,0) = fx), w(x0)=g(x), 0<x<L (895
was found as
> nrtct nrct| . nmx

u(x,t) =Y |Aycos

n=1

+ B, sin

.

The Fourier coefficients were determined from the initial conditions,

flx) = ZAnsin%,
n=1 L
® nrc . nmx

g) = % "B, sin T, .96
n=1

as

2 (L . N7
Ay = E/o f(©) smTCdg,
L 2 (L . nné
B = ——= [ f(@)sin "o e, (597)
Inserting these coefficients into the solution and interchanging integra-
tion with summation, we have

© |y X
u(x, t) = /0 anZ:lsinansinn:gcoanCt]f(@)d(j

nrct

® 12 & | nmx . nmésin
+/O [anlsm [ sin— nﬂC/L]g((j)d(j

L L
- /0 Ge(x, &, 1,0)f(E) dE + /O G(x,&,1,0)g(8) dE.  (8.98)

In this case, we have defined two Green’s functions,

2 & . nmx , nnal nrct
Ge(x,E,t,0) = I ;; sin T sin T Cos T
2 & . nmx |, nufsin 9
t = = : :
Gs(x,¢,t,0) I n; sin —=sin == (8.99)



282 PARTIAL DIFFERENTIAL EQUATIONS

C

Figure 8.5: Domain for solving Poisson’s
equation.

The first, G, provides the response to the initial profile and the second, Gs,
to the initial velocity.

8.5 Green’s Functions for the 2D Poisson Equation

IN THIS SECTION WE CONSIDER the two dimensional Poisson equation with
Dirichlet boundary conditions. We consider the problem

Viu = f, inD,
u=g, onC, (8.100)

for the domain in Figure 8.5

We seek to solve this problem using a Green’s function. As in earlier
discussions, the Green’s function satisfies the differential equation and ho-
mogeneous boundary conditions. The associated problem is given by

V3G = 5(—x,m—y), inD,
G=0, onC. (8.101)

However, we need to be careful as to which variables appear in the dif-
ferentiation. Many times we just make the adjustment after the derivation
of the solution, assuming that the Green'’s function is symmetric in its argu-
ments. However, this is not always the case and depends on things such as
the self-adjointedness of the problem. Thus, we will assume that the Green’s
function satisfies

VG =06(&—x1—y),

where the notation V,» means differentiation with respect to the variables ¢

and #. Thus,
’G  9°G
2
G =5 + 55
Vi 022 + a2
With this notation in mind, we now apply Green’s second identity for
two dimensions from Problem 8 in Chapter 9. We have

/ (V%G — GV2u)dA = / (uV,G — GV, u) - ds'. (8.102)
D C

Inserting the differential equations, the left hand side of the equation
becomes

S

uV2G — GV2u] da’

I
Sh

| (& m)o(C —x,m —y) = G(x,y: 6, m)f(E, )] dedy
= u(xy) —/DG(x,y;Cf’?)f(Z,n)déd;y. (8.103)

Using the boundary conditions, u(¢,77) = g(¢, 1) on C and G(x,y;¢, 1) =
0 on C, the right hand side of the equation becomes

/C(uV,/G ~GVyu)-ds' = /Cg(g,iy)vr/Gwis'. (8.104)
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Solving for u(x,y), we have the solution written in terms of the Green’s
function,

u(y) = [ Gl mf@mdey+ [ g(@nv,G-ds'.

Now we need to find the Green’s function. We find the Green’s functions
for several examples.

Example 8.15. Find the two dimensional Green’s function for the an-
tisymmetric Poisson equation; that is, we seek solutions that are 6-
independent.

The problem we need to solve in order to find the Green’s function
involves writing the Laplacian in polar coordinates,

1
vrr + ;’vr == (5(7’)

For r # 0, this is a Cauchy-Euler type of differential equation. The
general solution is v(r) = Alnr + B.

Due to the singularity at r = 0, we integrate over a domain in which
a small circle of radius € is cut form the plane and apply the two
dimensional Divergence Theorem. In particular, we have

/DE 5(r)dA

= [ v%aa
De

/ Vo -ds
JCe

v
/Ce ™ ds = 2mA. (8.105)

1

Therefore, A = 1/27. We note that B is arbitrary, so we will take B = 0
in the remaining discussion.

Using this solution for a source of the form §(r — t’), we obtain the
Green’s function for Poisson’s equation as

G(r, ') = %In|r—r’|.

Example 8.16. Find the Green’s function for the infinite plane. Green’s function for the infinite plane.
From Figure 8.5 we have |[r —t/| = \/(x — &)2 + (y — 7)2. Therefore,
the Green’s function from the last example gives

Gloy ) = 4= In((§ X+ (7~ 9)?).

Example 8.17. Find the Green'’s function for the half plane, {(x,y)|y >

0}, using the Method of Images Green’s function for the half plane using
This problem can be solved using the result for the Green’s function the Method of Images.

for the infinite plane. We use the Method of Images to construct a

function such that G = 0 on the boundary, ¥ = 0. Namely, we use the

image of the point (x,y) with respect to the x-axis, (x, —y).
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(%)

G(x,0;¢,n7) =0 X

(x, —y)

Figure 8.6: The Method of Images: The
source and image source for the Green’s
function for the half plane. Imagine two
opposite charges forming a dipole. The
electric field lines are depicted indicat-
ing that the electric potential, or Green’s
function, is constant along y = 0.

V2u =0

u(x,0) = f(x) *
Figure 8.7: This is the domain for a
semi-infinite slab with boundary value
u(x,0) = f(x) and governed by
Laplace’s equation.

Imagine that the Green’s function G(x,y,¢, %) represents a point
charge at (x,y) and G(x,y,¢, 1) provides the electric potential, or re-
sponse, at (¢, 77). This single charge cannot yield a zero potential along
the x-axis (y=0). One needs an additional charge to yield a zero
equipotential line. This is shown in Figure 8.6.

The positive charge has a source of §(r — ') at r = (x,y) and

*—r)atr =

the negative charge is represented by the source —4(r
(x, —y). We construct the Green'’s functions at these two points and
introduce a negative sign for the negative image source. Thus, we

have
1 1
Gy, &) = - In((€ =)+ (1 —9)*) = .- In((€ = 2)*+ (7 +1)*).
These functions satisfy the differential equation and the boundary con-
dition

G(x,0,8,1) = 7= In((E — 2 + (1)) ~ 2= In((E — >+ (7)%) =0.
Example 8.18. Solve the homogeneous version of the problem; i.e.,
solve Laplace’s equation on the half plane with a specified value on
the boundary.

We want to solve the problem
VZu =0, inD,
u=f, onC, (8.106)

This is displayed in Figure 8.7.
From the previous analysis, the solution takes the form

u(x,y):/chG-nds:/Cfg—ids.

Since
Gy &m) = 4= In((E X2+ (1= 9)?) — 4= In((§ ~ 2+ (7 +9)),
9G _ aG(x/y/('f/ﬂ)! _1 y
on o 1=0 " 1 (F—x)2 42

We have arrived at the same surface Green’s function as we had found
in Example 10.11.2 and the solution is

u(x,y) = %/:: (x_gwa@) dg.

8.6 Method of Eigenfunction Expansions

WE HAVE SEEN THAT THE USE OF EIGENFUNCTION EXPANSIONS is another
technique for finding solutions of differential equations. In this section we
will show how we can use eigenfunction expansions to find the solutions to
nonhomogeneous partial differential equations. In particular, we will apply
this technique to solving nonhomogeneous versions of the heat and wave
equations.
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8.6.1 The Nonhomogeneous Heat Equation

IN THIS SECTION WE SOLVE THE ONE DIMENSIONAL HEAT EQUATION
WITH A SOURCE using an eigenfunction expansion. Consider the problem

up = kuy+Q(x,t), 0<x<L, t>0,
u(0,t) = 0, u(Lt) =0, t>0,
u(x,0) = f(x), 0<x<L. (8.107)

The homogeneous version of this problem is given by

v = kvy, O0<x<L, t>0,
v(0,t) = 0, o(Lt)=0. (8.108)

We know that a separation of variables leads to the eigenvalue problem

¢"+Ap=0, $(0)=0, ¢(L)=0.
The eigenfunctions and eigenvalues are given by

. nmx nm\2
(Pn(X) 7SIHT’ n — (T) ’ 1’l—1,2,3,....

We can use these eigenfunctions to obtain a solution of the nonhomoge-
neous problem (8.107). We begin by assuming the solution is given by the
eigenfunction expansion

[e)

u(x,t) =Y an(t)pn(x). (8.109)
n=1
In general, we assume that v(x,t) and ¢,(x) satisfy the same boundary
conditions and that v(x,t) and vy(x,t) are continuous functions.Note that
the difference between this eigenfunction expansion and that in Section 4.3
is that the expansion coefficients are functions of time.
In order to carry out the full process, we will also need to expand the ini-
tial profile, f(x), and the source term, Q(x, t), in the basis of eigenfunctions.
Thus, we assume the forms

f(x) = u(x,0)
- ; an (0)¢n (x), (8.110)
Qlxt) = i qn (£)Pn (x). (8.111)

3
Il
—_

Recalling from Chapter 4, the generalized Fourier coefficients are given by

r¥n 1 L
an(0) = <|If¢>¢||2> _ ||<i>n||2/o F(x) ¢ (x) dx, (8.112)
_Qdn) _ 1t
q”(t) - ||(Pn||2 - ||47n||2/0 Q(xrt)‘pbn(x) dx. (8113)

285
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The next step is to insert the expansions (8.109) and (8.111) into the non-
homogeneous heat equation (8.107). We first note that

u(nf) = :an<t>¢n<x>,
Ure(x,1) = —ian(t)/\n%(x). (8.114)
n=1

Inserting these expansions into the heat equation (8.107), we have
ut = kuxx + Q(x/ t)/
Z an(t)Pu(x) —k Z an(t) Andn(x) + Z Gn(t)pn(x). (8.115)
n=1 n=1

n=1

Collecting like terms, we have

agk

[an (£) + kApan(t) — qu(t)]Pu(x) =0, Vx € [0, L].

n=1

Due to the linear independence of the eigenfunctions, we can conclude that
an(t) + kApan(t) = gu(t), n=1,23....

This is a linear first order ordinary differential equation for the unknown
expansion coefficients.
We further note that the initial condition can be used to specify the initial
condition for this first order ODE. In particular,
o0
f(x) =} an(0)¢n(x).

n=1

The coefficients can be found as generalized Fourier coefficients in an ex-
pansion of f(x) in the basis ¢, (x). These are given by Equation (8.112).

Recall from Appendix B that the solution of a first order ordinary differ-
ential equation of the form

y'(8) +a(t)y(t) = p(t)

is found using the integrating factor

t
u(t) = exp/ a(t)dr.
Multiplying the ODE by the integrating factor, one has

a {y(t)exp [ ato) d'c} = pexp [ a(r)dr.

After integrating, the solution can be found providing the integral is doable.
For the current problem, we have

an(t) +kApan(t) = qu(t), n=1,23....
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Then, the integrating factor is

u(t) =exp /t kAn dT = et
Multiplying the differential equation by the integrating factor, we find
[ (t) + KAnan ()] = gu(£)e!
% (an(t)e“”t) = gu(t)et. (8.116)
Integrating, we have
ay ()t —a,(0) = /Ot gn(T)eMT dr,

or
ay(t) = e~ kAnt +/ Gn( e~ kn(t=1) g

Using these coefficients, we can write out the general solution.

u(x,t) = i

= i [ kAt —i—/ k(=) gl g, (x). (8.117)

—_

We will apply this theory to a more specific problem which not only has
a heat source but also has nonhomogeneous boundary conditions.

Example 8.19. Solve the following nonhomogeneous heat problem us-
ing eigenfunction expansions:

U — Uyy = X+ tsin3mx, 0<x<1, t>0,
u(0,t) = 2, u(Lt)=t t>0
u(x,0) = 3sin2mx+2(1—-x), 0<x <1 (8.118)

This problem has the same nonhomogeneous boundary conditions
as those in Example 8.14. Recall that we can define

u(x,t) =v(x,t)+2+ (t—2)x

to obtain a new problem for v(x, t). The new problem is

Ut — Uyxy = tsin3ryx, 0<x<1, t>0,
v(0,t) = 0, o(Lt)=0, t>0,
v(x,0) = 3sin2mx, 0<x<1. (8.119)

We can now apply the method of eigenfunction expansions to find
v(x,t). The eigenfunctions satisfy the homogeneous problem

O+ Aupn =0, ¢u(0) =0, ¢u(1)=0.

The solutions are

2
gbn(x):sinn—zx, An:(%), n=1,2.3,....

287
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Now, let

t) =Y au(t)sinnmx.
Inserting v(x, t) into the PDE, we have
Z ) + n?m?a, (t)] sinnrx = tsin 37x.

Due to the linear independence of the eigenfunctions, we can equate
the coefficients of the sinn7tx terms. This gives

an(t) +n2mla,(t) = 0, n#3,

a3(t) +9%az(t) = t, n=3. (8.120)

This is a system of first order ordinary differential equations. The first
set of equations are separable and are easily solved. For n # 3, we

seek solutions of

d
230 = —n?m2a,(t).

These are given by

In the case n = 3, we seek solutions of

d
dta3+97'[ as(t) =t.

The integrating factor for this first order equation is given by
y(t) — 697'(21"
Multiplying the differential equation by the integrating factor, we have

% (ag(t)e%zt) = 197,

Integrating, we obtain the solution

t
az(t) = a3(0)e_9”2t+e_9”2t/ 77 g,
0
_ —9m2t —9m2t 1 92T 1 9t !
— ﬂ3(0)€ + e 9?7.—3 - me 0 ’
1 2
_ —9m%t -9
= 03(0) ™y ﬁ - W {1 —e 7 T:| . (8.121)

Up to this point, we have the solution

u(x, t) = o(x,t)+w(x,t)

o0
= ) ay(t)sinnmx+2+ (t—2)x, (8.122)

=
—_
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where
an(t) = au(0)e T, n#£3
_ —om2t 1 1 —9m?
az(t) = az(0)e""" + ﬁt_ (CaE [1 —e " T] . (8.123)

We still need to find 4,(0), n =1,2,3,....
The initial values of the expansion coefficients are found using the
initial condition
0(x,0) = 3sin27x = Y a,(0) sinnmx.
n=1
It is clear that we have a,(0) = 0 for n # 2 and a(0) = 3. Thus, the
series for v(x, t) has two nonvanishing coefficients,

ap(t) = 3¢~
az(t) = Lt 1 {1 — 6_97(21 (8.124)
3 92" (972)2 ' '

Therefore, the final solution is given by

92t — (1 — e 97'7)

g sin 37Tx.

u(x,t) =24+ (t—2)x+ 34 gin27rx +
8.6.2  The Forced Vibrating Membrane

WE NOW CONSIDER THE FORCED VIBRATING MEMBRANE. A two-dimensional
membrane is stretched over some domain D. We assume Dirichlet condi-
tions on the boundary, u = 0 on dD. The forced membrane can be modeled

as
uyp = AVu+ Q(r,t), reD, t>0,
u(r,t) = 0, readD, t>0,
u(r,0) = f(r), wu(r,0)=g(r), reD. (8.125)

The method of eigenfunction expansions relies on the use of eigenfunc-
tions, ¢, (1), for & € ] C Z? a set of indices typically of the form (i, j) in some
lattice grid of integers. The eigenfunctions satisfy the eigenvalue equation

Vz(,b,x(r) = —Aapa(r), ¢u(r) =0, onaD.

We assume that the solution and forcing function can be expanded in the
basis of eigenfunctions,

u(rt) = ) au(t)gu(r),

we]

Qr,t) = an(t)(p,x(r). (8.126)

ae]

289
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Inserting this form into the forced wave equation (8.125), we have

Uy = CZVZM + Q(I‘, t)
Z}ﬁu(t)‘i’a(r) = - Z]/\a”tX(t)‘Pa(r) + Zj%(t)‘/’a(r)
0 = Y [da(t) + PAata(t) = gu(B)]ga(r).  (8.127)
ae]

The linear independence of the eigenfunctions then gives the ordinary
differential equation
iia (1) + P Auta(t) = ga(t).
We can solve this equation with initial conditions a,(0) and 4,(0) found
from

flr) = u(r,0) =} ax(0)gu(r),

aEe]
g(r) = u(r,0) =) 44 (0)gpa(x). (8.128)
ae]
Example 8.20. Periodic Forcing, Q(r,t) = G(r) cos wt.

It is enough to specify Q(r, ) in order to solve for the time depen-
dence of the expansion coefficients. A simple example is the case of
periodic forcing, Q(r, t) = h(r) cos wt. In this case, we expand Q in the
basis of eigenfunctions,

Qr,t) = Z Ja(t)a(r),

ae]

G(r)coswt = ) 7y coswtpy(r). (8.129)
ae]

Inserting these expressions into the forced wave equation (8.125),
we obtain a system of differential equations for the expansion coeffi-
cients,

g (£) + Ay (t) = yq coswt.

In order to solve this equation we borrow the methods from a
course on ordinary differential equations for solving nonhomogeneous
equations. In particular we can use the Method of Undetermined Co-
efficients as reviewed in Section B.3.1. The solution of these equations
are of the form

aq(t) = agn(t) + anp(t),
where a,(t) satisfies the homogeneous equation,
o (1) + Aty (t) =0, (8.130)
and a4y (t) is a particular solution of the nonhomogeneous equation,
gy (t) + P Aaap(t) = Yo cOS WE. (8.131)

The solution of the homogeneous problem (8.130) is easily founds
as
gy () = 14 €0S(woat) + c2q sin(wout),
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where wgy, = cvVAy.
The particular solution is found by making the guess a,,(t) =
Ay cos wt. Inserting this guess into Equation (ceqnz), we have

[—wz + CZAQ}A,X COS Wt = 7y, COS wt.
Solving for A,, we obtain

_ Ya 2 2
Aa —_— m, (,() # C Aa.

Then, the general solution is given by

Yo

————=— coswt
_wz + Cz)\tx 4

Ay (t) = €14 cOs(woyt) + Con sin(woyt) +

where wg, = cv/Aq and w? # 2A,.

2 — ¢2),, we have a resonant solution. This

In the case where w
is discussed in Section FO on forced oscillations. In this case the
Method of Undetermined Coefficients fails and we need the Modified
Method of Undetermined Coefficients. This is because the driving
term, <y, coswt, is a solution of the homogeneous problem. So, we

make a different guess for the particular solution. We let
agp(t) = t(Aq coswt + By sinwt).

Then, the needed derivatives are

agp(t) = wt(—Aysinwt+ By coswt) + Ay cos wt + By sinwt,
agp(t) = —wzt(Aa cos wt + By sinwt) — 2wA, sin wt + 2wBy, cos wt,
= —wzaap(t) —2wA, sinwt + 2wB, cos wt. (8.132)

Inserting this guess into Equation (ceqn2) and noting that w? =
2\, we have

—2w A, sin wt 4 2wB,, cos wt = 7y, cos wt.

Therefore, A, = 0 and

Ya
By = —.
YT 2w
So, the particular solution becomes 10

agp(t) = Z—:‘]t sin wt.

The full general solution is then /\
. e L Y Y
ay(t) = c14 cos(wt) + ¢y sin(wt) + @tsm wt, t

where w = c\/A,.
We see from this result that the solution tends to grow as t gets
large. This is what is called a resonance. Essentially, one is driving

the system at its natural frequency for one of the frequencies in the Figure 8.8: Plot of a solution showing

system. A typical plot of such a solution is given in Figure 8.8. resonance.
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The solution can be written in terms
of the initial value Green’s function,
G(x,£¢,0), and the general Green's
function, G(x, ; ¢, 7).

8.7 Green’s Function Solution of Nonhomogeneous Heat Equation

WE SOLVED THE ONE DIMENSIONAL HEAT EQUATION WITH A SOURCE Us-
ing an eigenfunction expansion. In this section we rewrite the solution and
identify the Green’s function form of the solution. Recall that the solution
of the nonhomogeneous problem,

up = kuye+Q(x,t), 0<x<L, t>0,
u(0,t) = 0, u(Lt)=0, t>0,
u(x,0) = f(x), 0<x<IL, (8.133)

is given by Equation (8.117)

o)

u(x, t) =Y an(t)pn(x)

n=1

Y. {ﬂn et / gu(T)e D dT| g, (x). (8.134)

n=1

The generalized Fourier coefficients for a,(0) and g,(t) are given by

L
0(0) = o [ Fpu( ©.139)
1 L
gu(t) = T /0 Q(x, £)n (x) dx. (8.136)

The solution in Equation (8.134) can be rewritten using the Fourier coef-
ficients in Equations (8.135) and (8.136).

u(x ) i[“ ot [ g ()it dr] pu()
— T a0 g / 5 (s 0 gu0) e

)l |¢n||2 (/ fEnle )dg) T nl)

/ — ||¢n||2 </ Q(&, T)¢n(¢) C) e D, (x) dT
—kAnt
(Z Bl L )f(f:) 4z

n=1

t rL 0 ¢n(x)¢n<ér)e—k/\n(t—r)
+/0/0 (rl;l ]2 Q¢ T)d¢dr. (8.137)

I
\

Defining

7

7kAnt T)
) = 5 O

we see that the solution can be written in the form

w(et) = [ Glubg0f@de+ [ [ 6lxbE 006 v
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Thus, we see that G(x, t; &, 0) is the initial value Green’s function and G(x,t; &, T)
is the general Green'’s function for this problem.

The only thing left is to introduce nonhomogeneous boundary conditions
into this solution. So, we modify the original problem to the fully nonho-
mogeneous heat equation:

uy = kuxye+Q(x, 1), 0<x<L, >0,
u(0,t) = aft), u(Lt)=p(t), t>0,
u(x,0) = f(x), 0<x<IL, (8.138)

As before, we begin with the expansion of the solution in the basis of
eigenfunctions,

u(x,t) = ilan(t)gbn (x).

However, due to potential convergence problems, we cannot expect that

can be obtained by simply differentiating the series twice and expecting the

resulting series to converge to uyy. So, we need to be a little more careful.
We first note that

up = ian(t)@,(x) = kuyy + Q(x, t).

Solving for the expansion coefficients, we have

a(p) = o G +|cib<x”,2t>>¢n<x> dx

In order to proceed, we need an expression for f ab UyxPn(x) dx. We can find

this using Green'’s identity from Section 4.2.2.
We start with

/b(uﬁv —oLu)dx = [p(uv’ —ou')]?
and let v = ¢,. Then,
/OL(u(xff)%/(x) — n()uxx(x, 1)) dx = [u(x, £)],(x) — pu(x)1x(x, 1))]f
/OL(*/\nM(xrf) + e (x,))pu(x) dx = [u(L, £)¢y,(L) — pu(L)ux(L,1))]
—[1(0,£)¢,(0) — ¢ (0)ux (0, 1))]
L
—Anttn | pul|? —/0 xx (X, )pu(x)dx = B(£)¢, (L) — a(t)9;(0).  (8.139)
Thus,
[ a0 = —Aualgull + (1)910) ~ BOGAL).

Inserting this result into the equation for 4,(t), we have

a(t) = —kAnan(t) + qu(t) _i_k"‘(t)gb;z(o? _|ﬁz(t)§b;/1(L)
On
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As we had seen before, this first order equation can be solved using the

integrating factor
t
u(t) = exp/ kA, dT = et

Multiplying the differential equation by the integrating factor, we find

[an(t) + kApan (t)]eMt = [qn(t) +ka(t><l>’n(0ﬁ¢—”ﬂ2(t>¢2(L)} Kt
d W) a(t)¢n(0) — BBP(L)] n,
7 (an(t)e“ t) = [qn(t) +k A }ek/\ ‘
(8.140)

Integrating, we have

o (0 = 0,(0) = [ [gu() + ¢ LD = LLOBD) ] e,

[1pn >
t ! ;l 0) — 1,1 L - t—T1
aul8) = @ [ [ (z) 2 CIG = BN vt g,

We can now insert these coefficients into the solution and see how to
extract the Green’s function contributions. Inserting the coefficients, we

have

u(x,t) = iﬂn(t)%(x)

n=1
- rg [an(o)e_k’\"t +/Ot qn(T)e_k’\"(t_T) d'r} Pn(x)
+n§:1 </0t {koc(T)%(O'f(lj—n'ﬁ( )¢, (L )] o Khu(t—7 d’l’> Pn ().

(8.141)

Recall that the generalized Fourier coefficients for a,,(0) and g, (t) are given

by
1 L
an(0) = W/O f(x)¢u(x) dx, (8.142)
1 L
inlt) = o | @ ngu() dx. (8.143)

The solution in Equation (8.141) can be rewritten using the Fourier coef-

ficients in Equations (8.142) and (8.143).
u(x,t) = Z { _kA"t+/ gn( _k/\”(t_f) dT:| $n(x)

f ( / { a(T)) ﬁq)—n”ﬁ;rm(m} o Ft—1) dT) fu(x)

— ian(o 7kA.y’ / k)\n(t*"r)(l)n(x)) dT
n=1
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KOO~ FORDT] i) 4 (0
( : AL ] )q””( Jav

|
5 ([ @) e g0

1
8 s ([ @ nm @) e, ) ar

= Il
. /ot il ({kmm( ﬁ(p_n |/32(T)<Pn(L)] em(tr)) ou(x)dt
¢

_ M5 en(0)gn(@)e MM
“ (21 gl )f@d?
t kA (t—T)
+/o./ <Zl¢n 4771”(5))”2 )Q(C,T)d(;"dr.
—k)\nt T
) <Z¢" T )"‘WT

—kAn(t—1)
k/ <Z¢” ¢"|( Je >ﬁ(T>dT- (8.144)

|¢nl?

As before, we can define the general Green’s function as

. " kAn(t—1)
Glxtie,m) = Z L,
=1

Then, we can write the solution to the fully homogeneous problem as
t oL L
unt) = [ [ 6t T)Q(C, T)ded+ [ GlxLE,0)f(@)de

+k/[ thT) 5()36

The first integral handles the source term, the second integral handles the
initial condition, and the third term handles the fixed boundary conditions.
This general form can be deduced from the differential equation for the
Green'’s function and original differential equation by using a more general
form of Green’s identity. Let the heat equation operator be defined as £ =
—k33 Ca 5.2~ The differential equations for u(x, t) and G(x, t;¢,7) for 0 < x,¢ <

L and t T > 0, are taken to be

(x,L;t, T):| dt. (8.145)

Lu(x,t) = Q(x,t),
LG(x,t¢,1)=08(x—E)o(t —1). (8.146)
Multiplying the first equation by G(x, t;¢,7) and the second by u(x,t),
we obtain
G(x, & 1) Lu(x, t) = G(x, ¢ 1)Q(x, 1),
u(x, t)LG(x,t¢,7) = 6(x — &)o(t — T)u(x, t). (8.147)
Now, we subtract the equations and integrate with respect to x and ¢.

This gives
/ / (x,t;&,T)Lu(x, t) —u(x, t)LG(x, ;& T)] dxdt
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- /OOO/OL (x,£:8,T)Q(x,t) — 6(x — §)d(t — T)u(x, t)] dxdt
= /000/0 G(x, ¢ 1)Q(x, t) dxdt — u(&, 7). (8.148)
and
/000 /OL (x,£:8,7) Lu(x, ) —u(x, ) LG(x, £;¢, T)] dxdt
- /OL /Ooo (%, 558, T)ur — u(x, )Gy (x, £8, T)] ddx
_k/0°° /QL (x, 68, TDhuxx(x, ) — u(x, t)Gax (x, £, T)] dxdt
= /OL {G(x,t;é,r)ut\ff —Z/OOOu(x,t)Gt(x,t;g,T) dt} iy

L
—k/ { x,tE,7) l;(x,t) —u(x,t)gi(x,t;g,r)]o dxdt
(8.149)

Equating these two results and solving for u(¢, 7), we have

/Oo /L G(x,5E,1)Q(x, t) dxdt
L
+k/ { X, ¢, T) Z(x,t) —u(x,t)gf(x,t;g,r)] dxdt

+/{ (x,0;¢ 7)u(x,0) +2/ xth(xtij)dt}dx
(8.150)

Exchanging (&, 7) with (x, t) and assuming that the Green’s function is sym-
metric in these arguments, we have

/oo /L G(x,t;¢,7)Q(¢, T) dddt

L
+k/ [ (x,4¢,7) g(g,r)—u(g,T)aG(x,t;é,T)] dxdt
0

a¢
+/0 Glx,£¢,0)u(Z,0) d§+2/OL /Ooou(g,r)GT(x,t;g,r)drdg.
(8.151)

This result is almost in the desired form except for the last integral. Thus,
if
// (&,T)Ge(x, ;& T)dtdé =0,

then we have

o L L
unt) = [ [ 6t mE ) dedr+ [ Gl kg 0u(E,0)dz

L
(x, ¢, T):| dxdt.
0

(8.152)

[ o ne 00 -0
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8.8 Summary

WE HAVE SEEN THROUGHOUT THE CHAPTER that Green's functions are the
solutions of a differential equation representing the effect of a point impulse
on either source terms, or initial and boundary conditions. The Green’s
function is obtained from transform methods or as an eigenfunction ex-
pansion. In the text we have occasionally rewritten solutions of differential
equations in term’s of Green’s functions. We will first provide a few of these
examples and then present a compilation of Green’s Functions for generic
partial differential equations.

For example, in section 8.4 we wrote the solution of the one dimensional
heat equation as

L
u(o ) = [ Glx, &L 0)f(@)de,

where
o0

2 T T
G(x,¢;t,0) = T sin LLX sin nTge/\nkf/

n=1

and the solution of the wave equation as

L L
u(st) = [ Celx & LOFE) A + [ Golx8,t,0)(0) 2,

where
2 t
Ge(x,&,t,0) = anlsm n7er sin erg cos n7zc ,
2 & . nmx |, nufsin 4
t p— —_— .
Gs(x,¢,t,0) L’;sm T sin L e/l

We note that setting t = 0 in G,

—~

x,¢&;t,0), we obtain

nmwx . nmg

Gc(x,£,0,0) = sin - sin—~

RN
ngk:

3
Il
—_

This is the Fourier sine series representation of the Dirac delta function,
0(x — ¢). Similarly, if we differentiate G,(x, g, t,0) with repsect to t and set
t = 0, we once again obtain the Fourier sine series representation of the
Dirac delta function.

It is also possible to find closed form expression for Green’s functions,
which we had done for the heat equation on the infinite interval,

u(ot) = [ Gl tE,0f(@)d,

—00
where

G(x,t¢,0) = ———,

and for Poisson’s equation,
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where the three dimensional Green’s function is given by

1

G(r, r,) = W

We can construct Green’s functions for other problems which we have
seen in the book. For example, the solution of the two dimensional wave
equation on a rectangular membrane was found in Equation (6.37) as

u(x,y,t) = Z Z (@m €OS Wit + by SIN Wyt sin —mgx sin mgy, (8.153)
n=1m=1
where oL
4 . nmx . mmy
Apm = m/o /o flx,y) sin —— sin — dxdy, (8.154)
_ 4 . NmX . mmy
b”m_wnmLH/o /0 g(x,y)sin [ sinTg dxdy, (8.155)

where the angular frequencies are given by

o = ey () (2 (.150

Rearranging the solution, we have

H rL
uGoy) = [ [ Gelxyigmit 0FEm) + Gl y: & 14, 003(E )] ddd,

where

4

nrt m7t mrt
GC(x/y/‘g/U}t/O) LH g Yy n

sin sin sin COS Wyt
L H H o

3
I
—

HM8
agk
2.
5
=
=S
=

and

4

nex . nré . miy . My Sin Wyt
Galyi&mit0) = 7 | ¢ y 7 $in @t

sin sin sin sin
L L H H Wnm

HM8
hgk

I
—

1m

Once again, we note that setting + = 0 in G.(x,;t,0) and setting t = 0
in W, we obtain a Fourier series representation of the Dirac delta

function in two dimensions,

4 & . nmx . nmg . muy . M
d(x—¢E)o(y U)—LHn;mZ:‘llsm [ Sin 7 sin == sin ==

Another example was the solution of the two dimensional Laplace equa-
tion on a disk given by Equation 6.87. We found that

50 ng ay cos nf + by, sinnd) r'. (8.157)

ap, =

T
na”/ f(0)cosnbdd, n=0,1,..., (8.158)
—7T

1 Tt )
by = nan/_nf(e)smnGdG n=12.... (8.159)
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We saw that this solution can be written as
T
u(r0) = [ G(o.¢:ma)f(9)dp,
where the Green’s function could be summed giving the Poisson kernel
1 2 2

a —r
0,¢;r,a) = — '
GO, 9ir8) = S T T 2arcos(8 — )

We had also investigated the nonhomogeneous heat equation in section
10.11.4,

x<L, t>0.
u(0,t) =0, wu(L,t)=0, t>0,
u(x,0)=f(x), 0<x<. (8.160)

We found that the solution of the heat equation is given by

u(x, t) = /OLf((j)G(x,é; t,0)d¢ + /Ot /OLh((j,T)G(x,g; t, T)dédr,

where

o
G(x, &t 1) = % ngl sin L7er sin nTnére_“’%(t_T).
Note that setting t = T, we again get a Fourier sine series representation of
the Dirac delta function.

In general, Green’s functions based on eigenfunction expansions over
eigenfunctions of Sturm-Liouville eigenvalue problems are a common way
to construct Green’s functions. For example, surface and initial value Green’s
functions are constructed in terms of a modification of delta function rep-
resentations modified by factors which make the Green’s function a solu-
tion of the given differential equations and a factor taking into account the
boundary or initial condition plus a restoration of the delta function when
applied to the condition. Examples with an indication of these factors are

shown below.

1. Surface Green’s Function: Cube [0, 4] x [0,b] x [0, ¢]

2 . dnx . Anx'2 . nmy . nmy

//;/11127.7 —sin —= inh inh .
g(xy,zx,y,c) Zasm - sin—— g sin — = sin — = | si an/g Ven€

In

s—function
2. Surface Green’s Function: Sphere [0, 4] x [0, 7r] x [0, 271]

80:9.8i09',0) = LY 00 (960) |\ 1S o

D.E. restore s

s—function

3. Initial Value Green’s Function: 1D Heat Equation on [0, L], k, = %%

2 nmwx nmx!
t‘ ! t — = . [idtadd .
g(x, X', 1) ; [ Sin ——sin —

- D.E. restore s
s—function

D.E. restore ¢
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3This is an adaptation of notes from
J. Franklin’s course on mathematical
physics.

4. Initial Value Green’s Function: 1D Heat Equation on infinite domain

1 o0 . , - e—(x—x’)2/4112t
x,t;x',0) = —/ dkefx=x) pma Rt — =
3 ) 27 J oo ?;:—’ V4mra?t

s—function

We can extend this analysis to a more general theory of Green’s functions.
This theory is based upon Green’s Theorems, or identities.

1. Green’s First Theorem
 ova-nds= [ (Vo Vx+ovip)av.
This is easily proven starting with the identity
V- (9Vx) = Vo - Vx+ ¢V,

integrating over a volume of space and using Gauss’ Integral Theo-
rem.

2. Green’s Second Theorem
/V(sz —XxV?9)dV = ﬁ(fpvx —XV¢)-fds.
This is proven by interchanging ¢ and yx in the first theorem and sub-
tracting the two versions of the theorem.

The next step is to let ¢ = u and x = G. Then,
/ (uV2G — GV2u)dV = ?ﬁ (uVG — GVu) - A dS.
v Js

As we had seen earlier for Poisson’s equation, inserting the differential
equation yields

u(x,y):/chdv+j{s(uvc—cv14)-ﬁds.

If we have the Green'’s function, we only need to know the source term and
boundary conditions in order to obtain the solution to a given problem.

In the next sections we provide a summary of these ideas as applied to
some generic partial differential equations.3

8.8.1 Laplace’s Equation: Vi = 0.

1. Boundary Conditions
(a) Dirichlet - i is given on the surface.
(b) Neumann -f-Vip = g—lﬁ is given on the surface.

Note: Boundary conditions can be Dirichlet on part of the surface and
Neumann on part. If they are Neumann on the whole surface, then
the Divergence Theorem requires the constraint

W .
/%ds_o.
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2. Solution by Surface Green’s Function, g(7,¥').

(a) Dirichlet conditions
V2¢p(E¥) =0,
gp(F, 7)) = 6P (& — 1),
9@ = [ go(@ () ds
(b) Neumann conditions
Vign(ET) =0,

agiN(* )

on VS
2 = of d — /
P(F) = /gN(r,rS)%(rs)ds .

Note: Use of g is readily generalized to any number of dimensions.

=6 (F 7)),

8.8.2 Homogeneous Time Dependent Equations

1. Typical Equations
(a) Diffusion/Heat Equation V¥ = uiz%‘l’
(b) Schrodinger Equation —V2¥ + UY = i %‘I’.
(c) Wave Equation V¥ = C%%‘I’
(d) General form: DY = TY.
2. Initial Value Green’s Function, ¢(¥,7;t,t).

(a) Homogeneous Boundary Conditions

i. Diffusion, or Schrodinger Equation (1st order in time),
Dg=Tg.

Y (% t) = / g(E ¥t t0)¥(r', 1) &Y,

where
g(r,t';tg,tg) =6(r —1'),
g(rs) satisfies homogeneous boundary conditions.

ii. Wave Equation
Y(r,t) = /[gc(r,r’; tt0)F(r, tg) + gs(r,x/;t, t0)F (r/, tg)] dr’.
The first two properties in (a) above hold, but
8e(r, 15t t0) = 6(r —1')

$s(r, 15t t0) = 6(r —1')

Note: For the diffusion and Schrodinger equations the ini-
tial condition is Dirichlet in time. For the wave equation
the initial condition is Cauchy, where ¥ and V¥ are given.
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(b) Inhomogeneous, Time Independent (steady) Boundary Con-
ditions
i. Solve Laplace’s equation, V2ys = 0, for inhomogeneous
B.C’s

ii. Solve homogeneous, time-dependent equation for
Y (r,t) satisfying ¥¢(r, tg) = ¥(r,to) — s(r).
iii. Then ¥(r,t) = ¥¢(r,t) + s(r).
Note: ¥ is the transient part and s is the steady state part.

3. Time Dependent Boundary Conditions with Homogeneous Initial
Conditions

(a) Use the Boundary Value Green’s Function, h(r, r t;t,t"), which
is similar to the surface Green’s function in an earlier section.

¥(r, 1) :/ hp(x, el ) (x!, ) i,
t

0
or - 3
Y(r, 1) :/ ON (¢ e b )E(x !, ) dE.
Jtg, on
(b) Properties of h(r,r};t,t'):
Dh="Th
I / / ohy / / /
hp(rs,xitt) =0(t—t), orﬁ(rs,rs;t,t )=0(t—1t),
h(r,xl;t,t') =0, t >t (causality).

(c) Note: For inhomogeneous 1.C.,

Y = /g‘f[f(r/,to) +/dt'hD‘Y(r;,t’) a3’

8.8.3 Inhomogeneous Steady State Equation

1. Poisson’s Equation

Vzlp(l‘,t):f(r), P(rs) or g—:’ll)(rs) given.

(a) Green’s Theorem:

/[lp(r’)V’ZG(r,r’) — G(r,t)V?p(x")] dr’
= [ V'Gle,x") ~ Gl e\ Vp(e')] -5
where V’ denotes differentiation with respect to 7’.
(b) Properties of G(r,t'):

i. V2G(r,t') =6(r —1').
ii. Gls=0o0r %|;=0.
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iii. Solution

/ NW'G(r,t') = G(r,t")V'yp(r")] - dS
(8.161)

(c) For the case of pure Neumann B.C.’s, the Divergence Theorem
leads to the constraint

/w d5 = /fd3r.

If there are pure Neumann conditions and S is finite and [ f d®r #
0 by symmetry, then A.v G|s # 0 and the Green’s function
method is much more complicated to solve.
(d) From the above result:
!

i V'G(r,rf) =gp(r,r()

or
Gn(r,rg) = —gn(r,ry).

It is often simpler to use G for [ d°t’ and g for [ ds’, separately.
(e) G satisfies a reciprocity property,G(r,r’) = G(r/,r) for either
Dirichlet or Neumann boundary conditions.

(f) G(r,r’) can be considered as a potential at r due to a point
charge g = —1/47m at r/, with all surfaces being grounded con-
ductors.

8.8.4 Inhomogeneous, Time Dependent Equations
1. Diffusion/Heat Flow V¥ — L¥ = f(r,t).
(@)

10 2 1 0
[VZ_E&]G(r,r/;tliJ) = [V/ _‘_72@](;(1‘/1‘/;’%’#)

= S(r—r")o(t—+t). (8.162)

(b) Green'’s Theorem in 4 dimensions (r,t) yields

//t G(r,v/;t,t") f(x!,t")dt' ¢’ — ;—2/G(r,r/;t,to)‘I’(r',to)d3r’

0

+ / / OV Gp(r,tlt t') — Gy (x,tlt, )V ¥ (x!,¢')] - dS dt'.
to

(c) Either Gp(r}) =0or Gy(rs) =0on S at any point r;.
(d) i’ VGD(rg) —hD( ) GN( ): —hN( ) and — G(l‘,l",’t,to) =
g(r,x';t,tp).

2. Wave Equation V?¥ — C%a;% = f(r,t).
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(a)

J |G(x,t';t,t)

V2o — S G(r,ritt) = [VP— lzai
No(t—t).  (8.163)

= O(r—r
(b) Green’s Theorem in 4 dimensions (r,t) yields
Y(r,f) = /lmcqunﬁﬂﬂJUﬁH%’
0
- 2 e r,r';t,to)%q’(r'rto) *‘F(r'/fo)%c(r,r';t,to)}de’

/to JUE (L O G et ) = Gu(r,rlit, )V (L, )] -5 a.

+

(c) Cauchy initial conditions are given: ¥ (to) and ¥ (t).
(d) The wave and diffusion equations satisfy a causality condition
G(t,t')=0, t' >t

Problems

1. Find the solution of each initial value problem using the appropriate
initial value Green'’s function.

a. ¥’ =3y +2y=20e"2*, y(0)=0, y'(0)=6.
b. ¥y +y=2sin3x, y(0)=5 ' (0)=0.
c ¥V +y=1+42cosx, y(0)=2, y'(0)=0
d. 22y —2xy' +2y=3x2—x, y(1)=mn y'(1)=0.
2. Use the initial value Green'’s function for x” + x = f(t), x(0) = 4, x'(0) =
0, to solve the following problems.
a. ¥ +x =52

b. x” +x =2tant.
3. For the problem y”" — k?y = f(x), y(0) =0, y/(0) =1,

a. Find the initial value Green'’s function.

b. Use the Green’s function to solve y"" —y = e~ *.

c. Use the Green’s function to solve i — 4y = ¢?*.

4. Find and use the initial value Green’s function to solve

2y’ +3xy — 15y = x*¢*, y(1) =1,5/(1) = 0.

5. Consider the problem y” = sinx, y'(0) =0, y(7r) = 0.

a. Solve by direct integration.
b. Determine the Green's function.

c. Solve the boundary value problem using the Green’s function.
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d. Change the boundary conditions to y'(0) =5, y(7r) = —3.
i. Solve by direct integration.

ii. Solve using the Green’s function.

6. Let C be a closed curve and D the enclosed region. Prove the identity

/C' PV -nds = /l;(q>V2¢ V- V) dA.

7. Let S be a closed surface and V the enclosed volume. Prove Green’s first
and second identities, respectively.

a. [s¢pVp-ndS = [, (V> + V- Vy)dV.
b. [sloVy—ypVe]-ndS = [, (V3P —¢pV2¢)dV.
8. Let C be a closed curve and D the enclosed region. Prove Green’s iden-

tities in two dimensions.

a. First prove

/D(UV'F+F-VU)0IA:/C(0F)-ds.

b. Let F = Vu and obtain Green’s first identity,
/ (vV?u+ Vu-Vo)dA = /(UVu) - ds.
D C
c. Use Green’s first identity to prove Green’s second identity,

/ (uV?v — vV2u)dA = / (uVo —oVu)-ds.
D C

9. Consider the problem:

0’G G
e d(x —xq), g(o,xo) =0, G(m,x) =0.
a. Solve by direct integration.
b. Compare this result to the Green’s function in part b of the last prob-
lem.

c. Verify that G is symmetric in its arguments.

10. Consider the boundary value problem: y” —y = x, x € (0,1), with
boundary conditions y(0) = y(1) = 0.
a. Find a closed form solution without using Green’s functions.

b. Determine the closed form Green’s function using the properties of
Green'’s functions. Use this Green’s function to obtain a solution of

the boundary value problem.

c. Determine a series representation of the Green’s function. Use this
Green’s function to obtain a solution of the boundary value problem.

d. Confirm that all of the solutions obtained give the same results.
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11. Rewrite the solution to Problem 15 and identify the initial value Green’s
function.

12. Rewrite the solution to Problem 16 and identify the initial value Green’s
functions.

13. Find the Green’s function for the homogeneous fixed values on the
boundary of the quarter plane x > 0, y > 0, for Poisson’s equation using
the infinite plane Green’s function for Poisson’s equation. Use the method
of images.

14. Find the Green’s function for the one dimensional heat equation with
boundary conditions u(0,t) = 0 uy(L,t), t > 0.

15. Consider Laplace’s equation on the rectangular plate in Figure 6.8. Con-
struct the Green’s function for this problem.

16. Construct the Green’s function for Laplace’s equation in the spherical
domain in Figure 6.18.

17. Find the solution to the heat equation:

PDE: u; =2uyy, 0 <x <1, t>0.
BC: u(0,t) = —1, ux(1,t) = 1.

. _ 3
IC: u(x,0) = x +sin =3% — 1.

18. Find the solution to the heat equation:
PDE: u; =5uyy, 0 <x <10,t > 0.
BC: ux(0,t) =2, ux(10,¢) = 3.
IC: u(x,0) = % + 2x 4+ cos 7tx.
19. Find the solution to the nonhomogeneous heat equation:

PDE: u; — uyy = tsinx, 0 < x <7, t > 0.

BC: u(0,t) =0, u(m,t) =0.

IC: u(x,0) =0.

20. Find the solution to the nonhomogeneous heat equation:

PDE: u; — tyy = t(sin27tx +2x),0 < x < 1,t > 0.
BC: u(0,t) =1, u(1,t) = 2.

IC: u(x,0) =1+ sin3mx — x.

21. Find the general solution to the heat equation, u; — uyy = 0, on [0, 7]

the solution satisfying the initial condition,

,  0<
u(x,o>={ v
T—x, 7<x

Rewrite the solution, identify the initial value Green’s function, and write
the solution in terms of the Green’s function.

satisfying the boundary conditions u,(0,t) = 0 and u(7,t) = 0. Determine

NN

7
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22. Find the general solution to the wave equation uy = 2uyy, on [0,271]

satisfying the boundary conditions #(0,t) = 0 and uy(27,¢t) = 0. Deter-
mine the solution satisfying the initial conditions, u(x,0) = x(47 — x), and
u(x,0) = 0. Rewrite the solution, identify the initial value Green’s func-
tions, and write the solution in terms of the Green’s functions.

23. Find the solution to Laplace’s equation, uyy + uy, = 0, on the unit
square, [0,1] x [0, 1] satisfying the boundary conditions #(0,y) = 0, u(1,y) =
y(1—y), u(x,0) = 0, and u(x,1) = 0. Rewrite the solution, identify the
boundary value Green’s function, and write the solution in terms of the
Green’s function.

24. Find the Green’s function for homogeneous fixed values on the bound-
ary of the quarter plane x > 0, ¥ > 0, for Poisson’s Equation using the
infinite plane Green’s function for Poisson’s equation. Use the method of
images.

25. Consider the forced heat equation with homogeneous boundary condi-
tions:

PDE: u; —5u,y =€ 5,0<x<1,t>0.
BC: u(0,¢t) =0, u(1,t) =0.
IC: u(x,0) = x(1—x).

Solve this problem by assuming a solution of the form
u(x, t) = Y by(t) sinnmx
n=1

and solving for by, (t), n =1,2,....

26. Consider the forced wave equation with homogeneous initial condi-
tions:

PDE: uy —4uy =x(t+1),0<x <7, t>0.
BC: u(0,t) =0, u(m,t) =sint.
IC: u(x,0) =0, us(x,0) = 0.

Assuming that
u(x,t) =ov(x,t) + % sint,

where

v(x,t) = ) by(t)sinnx,
n=1

find the coefficients by, (t), n = 1,2,..., and write out the full solution.
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9
Complex Representations of Functions

“He is not a true man of science who does not bring some sympathy to his studies,
and expect to learn something by behavior as well as by application. 1t is childish
to rest in the discovery of mere coincidences, or of partial and extraneous laws. The
study of geometry is a petty and idle exercise of the mind, if it is applied to no larger
system than the starry one. Mathematics should be mixed not only with physics but
with ethics; that is mixed mathematics. The fact which interests us most is the life
of the naturalist. The purest science is still biographical.” Henry David Thoreau
(1817-1862)

9.1 Complex Representations of Waves

WE HAVE SEEN that we can determine the frequency content of a function
f(t) defined on an interval [0, T] by looking for the Fourier coefficients in
the Fourier series expansion

a > 2nnt . 2mnt
flt) = 3O+V§1ancosT+bnsmT.

The coefficients take forms like

2 T 2rtnt
an_?/o f(t)cos T dt.

However, trigonometric functions can be written in a complex exponen-

tial form. Using Euler’s formula, which was obtained using the Maclaurin
expansion of ¢* in Example A.36,

¢ = cosf +isin®,

the complex conjugate is found by replacing i with —i to obtain
e " = cosf —isind.

Adding these expressions, we have
2c0s0 = e +e710.

Subtracting the exponentials leads to an expression for the sine function.
Thus, we have the important result that sines and cosines can be written as
complex exponentials:
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eif) + 6—19
6 = —
cos 5 ,
i0 —i6
sinf = £ -°c 21.6 . (9.1)

So, we can write

2mnt = l(e% —|-e_2L1ém)
T 2 ’

Later we will see that we can use this information to rewrite the series as a
sum over complex exponentials in the form

[eo)

2mint
Y e,

n—=—oo

where the Fourier coefficients now take the form

e, = / f Zmnt

In fact, when one considers the representation of analogue signals defined
over an infinite interval and containing a continuum of frequencies, we will
see that Fourier series sums become integrals of complex functions and so
do the Fourier coefficients. Thus, we will naturally find ourselves needing
to work with functions of complex variables and perform complex integrals.

We can also develop a complex representation for waves. Recall from the
discussion in Section 2.6 on finite length strings that a solution to the wave
equation was given by

1
t —
u(x,t) =3

Z Apsinky(x +ct) + Z Apsinky (x — ct)] (9-2)
n=1

We can replace the sines with their complex forms as

u(x t _ 2 otkn(x+et) _ —iky(x+ct)
¥ An e )
i ( okn (x— ct) zkn(x ct))] ] (9.3)
Defining k_, = —ky, n =1,2,..., we can rewrite this solution in the form
u(x’ t) _ Z [Cneikn(erct) + dneik,l(xfct)} ] (9.4)
n=—0oo

Such representations are also possible for waves propagating over the
entire real line. In such cases we are not restricted to discrete frequencies
and wave numbers. The sum of the harmonics will then be a sum over a
continuous range, which means that the sums become integrals. So, we are
lead to the complex representation

u(x,t) = /OO {c(k)eik(”‘:t) —O—d(k)eik(x*"t)} dk. (9.5)

—00
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ik(x+ct) ik(x—ct)

The forms e and e are complex representations of what are
called plane waves in one dimension. The integral represents a general wave
form consisting of a sum over plane waves. The Fourier coefficients in the
representation can be complex valued functions and the evaluation of the
integral may be done using methods from complex analysis. We would like
to be able to compute such integrals.

With the above ideas in mind, we will now take a tour of complex anal-
ysis. We will first review some facts about complex numbers and then in-
troduce complex functions. This will lead us to the calculus of functions of
a complex variable, including the differentiation and integration complex
functions. This will set up the methods needed to explore Fourier trans-

forms in the next chapter.

9.2 Complex Numbers

COMPLEX NUMBERS WERE FIRST INTRODUCED in order to solve some sim-
ple problems. The history of complex numbers only extends about five
hundred years. In essence, it was found that we need to find the roots
of equations such as x? +1 = 0. The solution is x = 4/—1. Due to the
usefulness of this concept, which was not realized at first, a special sym-
bol was introduced - the imaginary unit, i = v/—1. In particular, Girolamo
Cardano (1501 — 1576) was one of the first to use square roots of negative
numbers when providing solutions of cubic equations. However, complex
numbers did not become an important part of mathematics or science un-
til the late seventh and eighteenth centuries after people like Abraham de
Moivre (1667-1754), the Bernoulli' family and Euler took them seriously.

A complex number is a number of the form z = x + iy, where x and y
are real numbers. x is called the real part of z and y is the imaginary part
of z. Examples of such numbers are 3 4 3i, —1i = —i, 4i and 5. Note that
5=>5+0iand 4i = 0+ 4i.

There is a geometric representation of complex numbers in a two dimen-
sional plane, known as the complex plane C. This is given by the Argand
diagram as shown in Figure 9.1. Here we can think of the complex number
z = x + iy as a point (x,y) in the z-complex plane or as a vector. The mag-
nitude, or length, of this vector is called the complex modulus of z, denoted
by |z| = y/x% + y%. We can also use the geometric picture to develop a po-
lar representation of complex numbers. From Figure 9.1 we can see that in
terms of ¥ and 6 we have that

x = vrcosb,
y = rsind. (9.6)

Thus,

= x +iy = r(cosf + isin ) = re®. (9.7)

So, given r and 6 we have z = re®. However, given the Cartesian form,

* The Bernoulli’s were a family of Swiss
mathematicians spanning three gener-
ations. It all started with Jacob
Bernoulli (1654-1705) and his brother
Johann Bernoulli (1667-1748).  Jacob
had a son, Nicolaus Bernoulli (1687-
1759) and Johann (1667-1748) had three
sons, Nicolaus Bernoulli II (1695-1726),
Daniel Bernoulli (1700-1872), and Johann
Bernoulli II (1710-1790). The last gener-
ation consisted of Johann II's sons, Jo-
hann Bernoulli III (1747-1807) and Ja-
cob Bernoulli II (1759-1789). Johann, Ja-
cob and Daniel Bernoulli were the most
famous of the Bernoulli’s. Jacob stud-
ied with Leibniz, Johann studied under
his older brother and later taught Leon-
hard Euler and Daniel Bernoulli, who is
known for his work in hydrodynamics.

Figure 9.1: The Argand diagram for plot-
ting complex numbers in the complex z-
plane.

The complex modulus, |z| = /x2 + y2.

Complex numbers can be represented in
rectangular (Cartesian), z = x + iy, or
polar form, z = re?. Here we define the
argument, 6, and modulus, |z| = r of
complex numbers.
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—7 L

Figure 9.2: Locating 1 + i in the complex
z-plane.

We can easily add, subtract, multiply
and divide complex numbers.

The complex conjugate of z = x + iy, is
given as z = x — iy.

z = x + iy, we can also determine the polar form, since

r=1/x2+?,
_Y
tanf = o (9.8)
Note that r = |z|.
Locating 1 + i in the complex plane, it is possible to immediately deter-
mine the polar form from the angle and length of the “complex vector.” This
is shown in Figure 9.2. It is obvious that ¢ =  and r = V2.

Example 9.1. Write z =1+ in polar form.

If one did not see the polar form from the plot in the z-plane, then
one could systematically determine the results. First, write z = 1+
in polar form, z = re'® for some r and 6.

Using the above relations between polar and Cartesian representa-
tions, we have r = /x2+y2 = V2 and tanf = £ = 1. This gives
8 = 7. So, we have found that

1+i= 24,

We can also define binary operations of addition, subtraction, multiplica-

tion and division of complex numbers to produce a new complex number.

The addition of two complex numbers is simply done by adding the real
and imaginary parts of each number. So,

B+2i))+(1—i)=4+1.
Subtraction is just as easy,
(B+2i)—(1—i)=2+3i.

We can multiply two complex numbers just like we multiply any binomials,

though we now can use the fact that i> = —1. For example, we have

(34 2i)(1 — i) = 3+2i — 3i + 2i(—i) =5—1i.

We can even divide one complex number into another one and get a
complex number as the quotient. Before we do this, we need to introduce
the complex conjugate, z, of a complex number. The complex conjugate of
z = x + iy, where x and y are real numbers, is given as

Z=x—1y.

Complex conjugates satisfy the following relations for complex numbers
z and w and real number x.

z+w = z4w
ZW ZW
z z
X = x (9:9)
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One consequence is that the complex conjugate of e is

rel® = cosf +isin® = cos® —isinf = re ?.

Another consequence is that

2z = relfre™ =42,
Thus, the product of a complex number with its complex conjugate is a real

number. We can also prove this result using the Cartesian form
2z = (x+iy)(x —iy) = 2> +y* = |z|*.

Now we are in a position to write the quotient of two complex numbers
in the standard form of a real plus an imaginary number.

342i
1-i°

This simplification is accomplished by multiplying the numerator

Example 9.2. Simplify the expression z =

and denominator of this expression by the complex conjugate of the
denominator:

Z_3+2i 34+2i1+i 145i

T 1—i 1—-i1+4i 2

Therefore, the quotient is a complex number and in standard form it
is given by z = % + %i.

We can also consider powers of complex numbers. For example,
(1+1)% =2i,
(141)° = (1+4)(2i) =2i — 2.

But, what is (1 +1)1/2 = /1 +1?
In general, we want to find the nth root of a complex number. Let t =
z!/". To find t in this case is the same as asking for the solution of

z=t"

given z. But, this is the root of an nth degree equation, for which we expect
n roots. If we write z in polar form, z = re?, then we would naively compute

A\ 1/n
Zl/n — (1’619)
_ rl/neie/n
0 0
_ 1/n ..
= 7T COS — 1sm—| . .10
cos  isin') | (9.10

For example,

(1+i)/2 = (\fZemM)l/z = 21/4¢i/8,

But this is only one solution. We expected two solutions for n = 2..
The reason we only found one solution is that the polar representation
for z is not unique. We note that

The function f(z) = z!/" is multivalued.

Z1/11 _ 1,1/;181'(9-%—21(71')/71, k=0,1

,e.,n—1.



314 PARTIAL DIFFERENTIAL EQUATIONS

The nth roots of unity, V1.

Figure 9.3: Locating the cube roots of
unity in the complex z-plane.

e — 1, k=0,+1,42,....

S0, we can rewrite z as z = relf 2k = rel(0+2km) Now, we have that

g/ = 1/ O0+2km)/n e — 0,1, ., n—1.

Note that these are the only distinct values for the roots. We can see this by
considering the case k = n. Then, we find that

pi(0-+27in) /n _ ,if/n 270 _ ,if/n
So, we have recovered the n = 0 value. Similar results can be shown for the
other k values larger than n.

Now, we can finish the example we had started.

Example 9.3. Determine the square roots of 1+, or /1 +i.

As we have seen, we first write 1 + i in polar form, 1 +i = V2eim/4,
Then, introduce e27 = 1 and find the roots:
\1/2 in /4 okmi\ /2
(141) = (ﬁe e ) , k=0,1,
— 21/4€i(7f/8+k7f)’ k — 0’ 1’
21/4ei7'(/8’21/4e97'[i/8. (9.11)

Finally, what is Y172 Our first guess would be V1=1. But, we now know
that there should be 7 roots. These roots are called the nth roots of unity.
Using the above result with r = 1 and 8 = 0, we have that

27tk

. 2tk ..
\fl:{cos:Jrzsm}, k=0,...,n—1.

For example, we have

2 2
\3/1: |:COS7;<+iSin73Tk:|/ k:0/1/2

These three roots can be written out as

V1= 1,—1+§i,—1 V3,
22 2 2
We can locate these cube roots of unity in the complex plane. In Figure
9.3 we see that these points lie on the unit circle and are at the vertices of an
equilateral triangle. In fact, all nth roots of unity lie on the unit circle and

are the vertices of a regular n-gon with one vertex at z = 1.

9.3 Complex Valued Functions

WE WOULD LIKE TO NEXT EXPLORE complex functions and the calculus
of complex functions. We begin by defining a function that takes complex
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numbers into complex numbers, f : C — C. It is difficult to visualize such
functions. For real functions of one variable, f : R — R, we graph these
functions by first drawing two intersecting copies of R and then proceed to
map the domain into the range of f.

It would be more difficult to do this for complex functions. Imagine plac-
ing together two orthogonal copies of the complex plane, C. One would
need a four dimensional space in order to complete the visualization. In-
stead, typically uses two copies of the complex plane side by side in order to
indicate how such functions behave. Over the years there have been several
ways to visualize complex functions. We will describe a few of these in this
chapter.

We will assume that the domain lies in the z-plane and the image lies in
the w-plane. We will then write the complex function as w = f(z). We show
these planes in Figure 9.4 and the mapping between the planes.

Y v
w = f(z)

T

Ne

Letting z = x 4+ iy and w = u + iv, we can write the real and imaginary
parts of f(z) :

w=f(z) = f(x +iy) = u(x,y) + iv(x,y).

We see that one can view this function as a function of z or a function of
x and y. Often, we have an interest in writing out the real and imaginary
parts of the function, u(x,y) and v(x,y), which are functions of two real
variables, x and y. We will look at several functions to determine the real
and imaginary parts.

Example 9.4. Find the real and imaginary parts of f(z) = z2.

For example, we can look at the simple function f(z) = z2. It is a
simple matter to determine the real and imaginary parts of this func-
tion. Namely, we have

2 = (x +iy)? = x% — y* + 2ixy.
Therefore, we have that
u(x,y) = X — yz, v(x,y) = 2xy.

In Figure 9.5 we show how a grid in the z-plane is mapped by
f(z) = z* into the w-plane. For example, the horizontal line x =

Figure 9.4: Defining a complex valued
function, w = f(z), on C for z = x + iy
and w = u + iv.
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Figure 9.5: 2D plot showing how the
function f(z) = z? maps the lines x = 1
and y = 1 in the z-plane into parabolae
in the w-plane.

Figure 9.6: 2D plot showing how the
function f(z) = z? maps a grid in the
z-plane into the w-plane.

1 is mapped to u(1,y) = 1—y? and v(1,y) = 2y. Eliminating the
“parameter” y between these two equations, we have u = 1 —v2/4.
This is a parabolic curve. Similarly, the horizontal line y = 1 results in
the curve u = v2/4 — 1.

If we look at several curves, x =const and y =const, then we get a
family of intersecting parabolae, as shown in Figure 9.5.

Example 9.5. Find the real and imaginary parts of f(z) = e*.
For this case, we make use of Euler’s Formula.

Pe— ex+iy
= %l
= ¢*(cosy +isiny). (9.12)

Thus, u(x,y) = e* cosy and v(x,y) = e* siny. In Figure 9.7 we show
how a grid in the z-plane is mapped by f(z) = e* into the w-plane.

Example 9.6. Find the real and imaginary parts of f(z) = z!/2.

We have that

2V2 =\ /x2 4 y2 (cos (0 + kr) +isin (6 +kn)), k=0,1. (9.13)

Thus,
u = |z|cos (6 + k), u = |z|cos (6 + k),
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for |z| = /x2+ 2 and 6 = tan~!(y/x). For each k-value one has a
different surface and curves of constant 6 give u/v = c1, and curves of
constant nonzero complex modulus give concentric circles, u? + v> =
¢y, for ¢ and ¢, constants.

Example 9.7. Find the real and imaginary parts of f(z) = Inz.
In this case we make use of the polar form of a complex number,
z = re'. Our first thought would be to simply compute

Inz =Inr+i6.

However, the natural logarithm is multivalued, just like the square

root function. Recalling that 27

6+27tk)

= 1 for k an integer, we have z =

rei( . Therefore,

Inz =1Inr+i(6 +2mk), k = integer.

The natural logarithm is a multivalued function. In fact there are
an infinite number of values for a given z. Of course, this contradicts
the definition of a function that you were first taught.

Thus, one typically will only report the principal value, Log z =
Inr + 6, for 0 restricted to some interval of length 27, such as [0,277).
In order to account for the multivaluedness, one introduces a way to
extend the complex plane so as to include all of the branches. This is
done by assigning a plane to each branch, using (branch) cuts along
lines, and then gluing the planes together at the branch cuts to form
what is called a Riemann surface. We will not elaborate upon this
any further here and refer the interested reader to more advanced
texts. Comparing the multivalued logarithm to the principal value
logarithm, we have

Inz = Log z + 2n7ri.

We should not that some books use log z instead of In z. It should not
be confused with the common logarithm.

Figure 9.7: 2D plot showing how the
function f(z) = e* maps a grid in the
z-plane into the w-plane.

4 -3 -2 -1 0 1 2 3 4
Figure 9.8: 2D plot showing how the

function f(z) = \/z maps a grid in the
z-plane into the w-plane.

Figure 9.9: Domain coloring of the com-
plex z-plane assigning colors to arg(z).
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Figure 9.10: Domain coloring for f(z) =
z2. The left figure shows the phase col-
oring. The right figure show the colored
surface with height | f(z)|.

Figure 9.11: Domain coloring for f(z) =
1/z(1 — z). The left figure shows the
phase coloring. The right figure show
the colored surface with height |f(z)|.

Figure 9.12: Domain coloring for the
function f(z) = z showing a coloring for
arg(z) and brightness based on |f(z)].

Figure 9.13: Domain coloring for the

function f(z) = z2.

10,

7@ 5
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9.3.1  Complex Domain Coloring

ANOTHER METHOD FOR VISUALIZING COMPLEX FUNCTIONS is domain col-
oring. The idea was described by Frank A. Farris. There are a few ap-
proaches to this method. The main idea is that one colors each point of the
z-plane (the domain) according to arg(z) as shown in Figure 9.9. The mod-
ulus, |f(z)| is then plotted as a surface. Examples are shown for f(z) = z?
in Figure 9.10 and f(z) = 1/z(1 — z) in Figure 9.11.

We would like to put all of this information in one plot. We can do this
by adjusting the brightness of the colored domain by using the modulus of
the function. In the plots that follow we use the fractional part of In |z|. In
Figure 9.12 we show the effect for the z-plane using f(z) = z. In the figures
that follow we look at several other functions. In these plots we have chosen
to view the functions in a circular window.

One can see the rich behavior hidden in these figures. As you progress
in your reading, especially after the next chapter, you should return to these
figures and locate the zeros, poles, branch points and branch cuts. A search
online will lead you to other colorings and superposition of the uv grid on
these figures.

As a final picture, we look at iteration in the complex plane. Consider
the function f(z) = z2 — 0.75 — 0.2i. Interesting figures result when studying
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the iteration in the complex plane. In Figure 9.15 we show f(z) and f2°(z),
which is the iteration of f twenty times. It leads to an interesting coloring.
What happens when one keeps iterating? Such iterations lead to the study
of Julia and Mandelbrot sets . In Figure 9.16 we show six iterations of

f(z) =(1—1i/2)sinx.

The following code was used in MATLAB to produce these figures.

fn = @(x) (1-i/2)*sin(x);
Xmin=-2; xmax=2; ymin=-2; ymax=2;
Nx=500;

Ny=500;

x=linspace(xmin, xmax,Nx) ;

Figure 9.14: Domain coloring for sev-
eral functions. On the top row the do-
main coloring is shown for f(z) = z*
and f(z) = sinz. On the second row
plots for f(z) = V14z and f(z) =
m are shown. In the last
row domain colorings for f(z) = Inz
and f(z) = sin(1/z) are shown.

Figure 9.15: Domain coloring for f(z) =
z% — 0.75 — 0.2i. The left figure shows the
phase coloring. On the right is the plot
for f20(z).
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Figure 9.16: Domain coloring for six it-
erations of f(z) = (1 —i/2)sinx.

y=linspace(ymin, ymax,Ny);
[X,Y] = meshgrid(x,y); z = complex(X,Y);
tmp=z; for n=1l:6
tmp = fn(tmp);
end Z=tmp;
XX=real(Z);
YY=imag(Z);
R2=max (max(X."2));
R=max (max (XX."2+YY.”"2));

circle(:,:,1) = X."2+Y."2 < R2;
circle(:,:,2)=circle(:,:,1);
circle(:,:,3)=circle(:,:,1);

addcirc(:,:,1)=circle(:,:,1)==0;
addcirc(:,:,2)=circle(:,:,1)==0;
addcirc(:,:,3)=circle(:,:,1)==0;

warning off MATLAB:divideByZero;

hsvCircle=ones (Nx,Ny,3);
hsvCircle(:,:,1)=atan2(YY,XX)*180/pi+(atan2(YY,XX)*180/pi<0)*360;
hsvCircle(:,:,1)=hsvCircle(:,:,1)/360; lgz=log(XX."2+YY."2)/2;
hsvCircle(:,:,2)=0.75; hsvCircle(:,:,3)=1-(lgz-floor(lgz))/2;
hsvCircle(:,:,1) flipud((hsvCircle(:,:,1)));

hsvCircle(:,:,2) flipud((hsvCircle(:,:,2)));
hsvCircle(:,:,3) =flipud((hsvCircle(:,:,3)));

rgbCircle=hsv2rgb(hsvCircle);
rghCircle=rgbCircle.*circle+addcirc;
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image(rgbCircle)

axis square

set(gca, 'XTickLabel’, {})
set(gca, 'YTickLabel’, {})

9.4 Complex Differentiation

NEXT WE WANT TO DIFFERENTIATE COMPLEX FUNCTIONS. We generalize
the definition from single variable calculus,

. z+Az) — f(z
fi(z) = lim A A; @), (9.14)
provided this limit exists.
The computation of this limit is similar to what one sees in multivariable
calculus for limits of real functions of two variables. Letting z = x + iy and

0z = 6x +idy, then
z+0x = (x4 6x) +i(y + dy).

Letting Az — 0 means that we get closer to z. There are many paths that
one can take that will approach z. [See Figure 9.17.]

It is sufficient to look at two paths in particular. We first consider the
path y = constant. This horizontal path is shown in Figure 9.18. For this
path, Az = Ax 4+ iAy = Ax, since y does not change along the path. The
derivative, if it exists, is then computed as

flz+Az) — f(2)

/ _ .
fiz) = AI;E}O Az
o ulxt Axy) dio(x+ Axy) — (u(xy) +io(x,y))
A0 Ax
_ g M EAvy) —ulvy) ot Avy) —o(xy)
Ax—0 Ax Ax—0 Ax

(9-15)

The last two limits are easily identified as partial derivatives of real valued
functions of two variables. Thus, we have shown that when f’(z) exists,

ou .0v
! _ .
f'(z) = 3¢ Tiay (9.16)

A similar computation can be made if instead we take the vertical path,

x = constant, in Figure 9.17). In this case Az = iAy and

f(z+4z) = f(2)

/ _ .
fla = Jlim =g
C i Myt Ay) Fio(xy + Ay) — (u(x,y) +iv(x,y))
Ay—0 iAy
_ i Myt Ay —ulny) o vloy +AY) —o(ny)
Ay—0 iAy Ay—0 Ay

(9.17)

Figure 9.17:

approach z
¥

There are many paths that
as Az — 0.

T

Figure 9.18

: A path that approaches z

with y = constant.
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The Cauchy-Riemann Equations.

? Augustin-Louis Cauchy (1789-1857)
was a French mathematician well known
for his work in analysis. Georg Friedrich
Bernhard Riemann (1826-1866) was
a German mathematician who made
major contributions to geometry and
analysis.

Harmonic functions satisfy Laplace’s
equation.

Therefore,

0o

=3

flla) =5 —iz-

ou
ay

(9-18)

We have found two different expressions for f’(z) by following two dif-
ferent paths to z. If the derivative exists, then these two expressions must be
the same. Equating the real and imaginary parts of these expressions, we

have
oo
dox 9y
oo (919)
ax oy 919

These are known as the Cauchy-Riemann equations?.

Theorem 9.1. f(z) is holomorphic (differentiable) if and only if the Cauchy-Riemann
equations are satisfied.

Example 9.8. f(z) = z2.

In this case we have already seen that z> = x? — y? + 2ixy. There-
fore, u(x,y) = x?> — y? and v(x,y) = 2xy. We first check the Cauchy-
Riemann equations.

ey
ax T 9y

v ou

i 2y = —@. (9.20)

Therefore, f(z) = z? is differentiable.
We can further compute the derivative using either Equation (9.16)
or Equation (9.18). Thus,

ou .0v
/ _ " -7 _ . _
fi(z)= pp +zax =2x +i(2y) = 2z.

This result is not surprising.
Example 9.9. f(z) = Z.

In this case we have f(z) = x — iy. Therefore, u(x,y) = x and
v(x,y) = —y. But, 2 = 1 and g—; = —1. Thus, the Cauchy-Riemann
equations are not satisfied and we conclude the f(z) = z is not differ-
entiable.

Another consequence of the Cauchy-Riemann equations is that both u(x, y)
and v(x,y) are harmonic functions. A real-valued function u(x,y) is har-
monic if it satisfies Laplace’s equation in 2D, V2u = 0, or

ox2

Theorem 9.2. f(z) = u(x,y) + iv(x,y) is differentiable if and only if u and v are
harmonic functions.
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This is easily proven using the Cauchy-Riemann equations.

Pu_ o
0x2  9xox
_ o
- Oxdy
_ 9%
~ Jyox
_ S
C yay
0%u
= —a—yz. (9.21)
Example 9.10. Is u(x,y) = x* + y*> harmonic?
u  u
— + = =2+2#0.
a2 * y? 27
No, it is not.
Example 9.11. Is u(x,y) = x?> — y?> harmonic?
u  *u
S +So=2-2=0.
T Iy?
Yes, it is.
Given a harmonic function u(x,y), can one find a function, v(x,y), such The harmonic conjugate function.

f(z) = u(x,y) +iv(x,y) is differentiable? In this case, v are called the har-
monic conjugate of u.
Example 9.12. Find the harmonic conjugate of u(x,y) = x*> — y? and
determine f(z) = u + iv such that u + iv is differentiable.
The Cauchy-Riemann equations tell us the following about the un-
known function, v(x,y) :

do _ _ou_,
ax oy
Jdv  du

y a2

We can integrate the first of these equations to obtain

v(x,y) = /Zydx = 2xy + c(y).

Here c(y) is an arbitrary function of y. One can check to see that this
works by simply differentiating the result with respect to x.

However, the second equation must also hold. So, we differentiate
the result with respect to y to find that

g; =2x+c(y).
Since we were supposed to get 2x, we have that ¢’(y) = 0. Thus, c(y) =
k is a constant.

323
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21

Z2

Figure 9.19: We would like to integrate a
complex function f(z) over the path I in
the complex plane.

(a) (b)
Figure 9.20: Examples of (a) a connected
set and (b) a disconnected set.

We have just shown that we get an infinite number of functions,
v(x,y) =2xy +k,

such that
f(z) = ¥ — ]/2 +i(2xy + k)

is differentiable. In fact, for k = 0 this is nothing other than f(z) = z2.

9.5 Complex Integration

WE HAVE INTRODUCED FUNCTIONS OF A COMPLEX VARIABLE. We also
established when functions are differentiable as complex functions, or holo-
morphic. In this chapter we will turn to integration in the complex plane.
We will learn how to compute complex path integrals, or contour integrals.
We will see that contour integral methods are also useful in the computa-
tion of some of the real integrals that we will face when exploring Fourier
transforms in the next chapter.

9.5.1  Complex Path Integrals

IN THIS SECTION WE WILL INVESTIGATE the computation of complex path
integrals. Given two points in the complex plane, connected by a path I as
shown in Figure 9.19, we would like to define the integral of f(z) along T,

/rf(z) dz.

A natural procedure would be to work in real variables, by writing

[ £z = [ nxy) +io(x )] (dx+idy),

since z = x 4 iy and dz = dx + idy.

In order to carry out the integration, we then have to find a parametriza-
tion of the path and use methods from a multivariate calculus class. Namely,
let u and v be continuous in domain D, and I a piecewise smooth curve in
D. Let (x(t),y(t)) be a parametrization of I for tp < t < t; and f(z) =
u(x,y) +iv(x,y) for z = x + iy. Then

Jofr = [ a0,y + (0, y(0)] (G + 1508 (92)

Here we have used

dz = dx + idy = (’Z +i’§z> dt.

Furthermore, a set D is called a domain if it is both open and connected.
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Before continuing, we first define open and connected. A set D is con-

Examples are shown in Figure 9.20

nected if and only if for all z1, and z; in D there exists a piecewise smooth
curve connecting z1 to z; and lying in D. Otherwise it is called disconnected.

.,

.

A set D is open if and only if for all zg in D there exists an open disk
|z —zp| < pin D. In Figure 9.21 we show a region with two disks.

™. o
Py

2y

For all points on the interior of the region one can find at least one disk Figure 9.21: Locations of open disks in-
contained entirely in the region. The closer one is to the boundary, the

smaller the radii of such disks. However, for a point on the boundary, every

such disk would contain points inside and outside the disk. Thus, an open

side and on the boundary of a region.
this works with a couple of examples.

set in the complex plane would not contain any of its boundary points.
We now have a prescription for computing path integrals. Let’s see how

Example 9.13. Evaluate [ z? dz, where C = the arc of the unit circle in
the first quadrant as shown in Figure 9.22.

Y
2i -
i A\\
There are two ways we could carry out the parametrization. First, % w %2 2
. o . -1 1
we note that the standard parametrization of the unit circle is
—q7 -
<x(6>’y(6)) = <COS 0, Sln@)’ 0<6<2m Figure 9.22: Contour for Example 9.13.
For a quarter circle in the first quadrant, 0 < 6 < %, we let z =
cos 0 + isin . Therefore, dz = (—sinf + icos ) df and the path inte-
gral becomes

/ 22 dz = /7(C0s9+isin9)2(—sin9+icos9) de.
C JO

We can expand the integrand and integrate, having to perform some
trigonometric integrations.

/ [sin® 6 — 3 cos? f'sin 6 + i(cos® 6 — 3 cos O sin® §)] db.
The reader should work out these trigonometric integrations and con-
firm the result. For example, you can use

sin® 6 = sinf(1 — cos>0))
to write the real part of the integrand as

sinf — 4 cos? § sin 6.
The resulting antiderivative becomes

4
—cosf + = cos® 6.

The imaginary integrand can be integrated in a similar fashion.
While this integral is doable, there is a simpler procedure. We first

note that z = ¢/ on C. So, dz = ie"df. The integration then becomes

/zzdz = /T(efe)%e“’de
C 0

325
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y
2i +
. 1+i
i
/}\’Yz
| 0L o | %
-1 Y 2 ¥
—l'**

Figure 9.23: Contour for Example 9.14

with T' = 1 U7p.

v
2i +
. 1+
il
T2
v
| 0 ‘ |
—1 Y 2 X

Figure 9.24: Contour for Example 9.15.

Z1

I

I

Z2

Figure 9.25: [ f(

z)dz = [, f(z)dz for

all paths from z; to z; when the integral
of f(z) is path independent.

X

— /7631'%9
JO
ie3i9
3i o
141
= ——5 (9.23)

/2

Example 9.14. Evaluate [;zdz, for the path I' = 7 U 92 shown in
Figure 9.23.

In this problem we have a path that is a piecewise smooth curve.
We can compute the path integral by computing the values along the
two segments of the path and adding the results. Let the two segments
be called 71 and 77 as shown in Figure 9.23 and parametrize each path
separately.

Over 77 we note that y = 0. Thus, z = x for x € [0,1]. It is natural
to take x as the parameter. So, we let dz = dx to find

1 1
/ zdz:/ xdx = =.
7 0 2

For path 7, we have that z = 1+1iy for y € [0,1] and dz = idy.
Inserting this parametrization into the integral, the integral becomes

1 1
P / iy — i L
/‘QZ z= 0(+1y)zy i—5

Combining the results for the paths 71 and 7,, we have [.zdz =

1 i1y —

2 H(i—3) =1

Example 9.15. Evaluate | v Z dz, where 73, is the path shown in Figure
9.24.

In this case we take a path from z = 0 to z = 1 4 i along a different
path than in the last example. Let 73 = {(x,y)|y = x%,x € [0,1]} =
{z|z = x +ix?,x € [0,1]}. Then, dz = (1 + 2ix) dx.

The integral becomes

/ zdz
Jrs

1
/ (x +ix?) (1 + 2ix) dx
Jo
1
= /(x+3ix2—2x3)dx:
Jo

1 1 ,°
= [x2 +ix® — xﬂ =1 (9.24)

2 2" |,

In the last case we found the same answer as we had obtained in Example

9.14. But we should not take this as a general rule for all complex path

integrals. In fact, it is not true that integrating over different paths always

yields the same results. However, when this is true, then we refer to this

property as path independence. In particular, the integral [ f(z)dz is path

independent if

/rlf(z)dz:/rzf(z)dz
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for all paths from z; to zp as shown in Figure 9.25.
We can show that if [ f(z)dz is path independent, then the integral of
f(z) over all closed loops is zero,

z)dz = 0.

/closed loopsf( )

A common notation for integrating over closed loops is §- f(z) dz. But first
we have to define what we mean by a closed loop. A simple closed contour
is a path satisfying

a The end point is the same as the beginning point. (This makes the
loop closed.)

b The are no self-intersections. (This makes the loop simple.)

A loop in the shape of a figure eight is closed, but it is not simple.

Now, consider an integral over the closed loop C shown in Figure 9.26.
We pick two points on the loop breaking it into two contours, C; and C,.
Then we make use of the path independence by defining C, to be the path
along C, but in the opposite direction. Then,

fred = [ fed [ fea
— le(z) dz — - f(z)dz. (9-25)

Assuming that the integrals from point 1 to point 2 are path independent,
then the integrals over C; and C; are equal. Therefore, we have §. f(z) dz =
0.

Example 9.16. Consider the integral ¢-zdz for C the closed contour
shown in Figure 9.24 starting at z = 0 following path -3, then 7, and
returning to z = 0. Based on the earlier examples and the fact that
going backwards on 73 introduces a negative sign, we have

%zdz:/zdz+ zdz—/ zdz:1+(i1>i:0.
JC M Jr2 Jys 2 2

9.5.2  Cauchy’s Theorem

NEXT WE WANT TO INVESTIGATE if we can determine that integrals over
simple closed contours vanish without doing all the work of parametrizing
the contour. First, we need to establish the direction about which we traverse
the contour. We can define the orientation of a curve by referring to the
normal of the curve.

Recall that the normal is a perpendicular to the curve. There are two such
perpendiculars. The above normal points outward and the other normal
points towards the interior of a closed curve. We will define a positively
oriented contour as one that is traversed with the outward normal pointing
to the right. As one follows loops, the interior would then be on the left.

A simple closed contour.

$c f(z) dz = 0 if the integral is path in-
dependent.

¥

Figure 9.26: The integral §.f(z)dz
around C is zero if the integral [ f(z) dz
is path independent.

A curve with  parametriza-

tion (x(t),y(t)) has a normal

¢ d
(”X/”y) = (_%/ ‘Tz)
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Figure 9.27: Region used in Green’s The-
orem.

Green’s Theorem in the Plane is one
of the major integral theorems of vec-
tor calculus. It was discovered by
George Green (1793-1841) and published
in 1828, about four years before he en-
tered Cambridge as an undergraduate.

We now consider §-(u + iv) dz over a simple closed contour. This can be
written in terms of two real integrals in the xy-plane.

f{:(unLiv)dz

/C(u +iv)(dx + i dy)

/udx—vdy+i/vdx+udy. (9.26)
C C

These integrals in the plane can be evaluated using Green’s Theorem in the
Plane. Recall this theorem from your last semester of calculus:

Green’s Theorem in the Plane.

Theorem 9.3. Let P(x,y) and Q(x,y) be continuously differentiable functions
on and inside the simple closed curve C as shown in Figure 9.27. Denoting the
enclosed region S, we have

/de—i—Qdy // (_) dxdy. (9-27)

Using Green’s Theorem to rewrite the first integral in (9.26), we have

/udx—vdy // <8?cv 8u> dxdy.

If u and v satisfy the Cauchy-Riemann equations (9.19), then the integrand

in the double integral vanishes. Therefore,

dx —vdy =0.
/Cux vdy

In a similar fashion, one can show that
/ vdx +udy = 0.
C

We have thus proven the following theorem:

Cauchy’s Theorem

Theorem 9.4. If u and v satisfy the Cauchy-Riemann equations (9.19) inside
and on the simple closed contour C, then

f(;(u +iv)dz = 0. (9.28)

Corollary ¢ f(z) dz = 0 when f is differentiable in domain D with C C D.

Either one of these is referred to as Cauchy’s Theorem.

Example 9.17. Evaluate f\z—l\:a z4dz.
Since f(z) = z* is differentiable inside the circle |z — 1| = 3, this
integral vanishes.

We can use Cauchy’s Theorem to show that we can deform one contour
into another, perhaps simpler, contour.
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Theorem 9. 5 If f(z) is holomorphic between two simple closed contours, C and

C’, then ¢ f(

z)dz = o f(

Proof. We consider the two curves C and C’ as shown in Figure 9.28. Con-

necting the two contours with contours I'y and I'; (as shown in the figure),

C is seen to split into contours C; and C, and C’ into contours Cj and C}.
Note that f(z) is differentiable inside the newly formed regions between the
curves. Also, the boundaries of these regions are now simple closed curves.

Therefore, Cauchy’s Theorem tells us that the integrals of f(z) over these

regions are zero.

Noting that integrations over contours opposite to the positive orienta-

tion are the negative of integrals that are positively oriented, we have from

Cauchy’s Theorem that

and

/le(z)dz+/rlf(z)dz—/qf(z)der/sz(z)dz:

/sz(Z)dz—/sz(z)dz—/céf(z)dz_ r1f<z>d2:

In the first integral we have traversed the contours in the following order:

C1, I'1, C] backwards, and I',. The second integral denotes the integration

over the lower region, but going backwards over all contours except for Cj.

Combining these results by adding the two equations above, we have

Noting that C = C; + C; and C' =

/clf(z>dz+/czf(z)dz—/qf(z)dz—/céf(Z)dz:O.

Cj + C}, we have

%:f(z)dz = fbf(z)dz

as was to be proven. O

Example 9.18. Compute §, % for R the rectangle [—2,2] x [—2i,2i].

We can compute this integral by looking at four separate integrals
over the sides of the rectangle in the complex plane. One simply
parametrizes each line segment, perform the integration and sum the
four separate results. From the last theorem, we can instead integrate
over a simpler contour by deforming the rectangle into a circle as long
as f(z) = % is differentiable in the region bounded by the rectangle
and the circle. So, using the unit circle, as shown in Figure 9.29, the
integration might be easier to perform.

More specifically, the last theorem tells us that

(A

One can deform contours into simpler
ones.

C1
' C
(&)

Figure 9.28: The contours needed to
prove that §. f(z) dz = §~ f(z) dz when
f(z) is holomorphlc between the con-
tours C and C'.

2i 3

\ AN

AR u}
P _1L¥i/1 2

\

—2i Ya
Figure 9. 29 The contours used to com-
pute §, . Note that to compute the in-
tegral around R we can deform the con-
tour to the circle C since f(z) is differ-
entiable in the region between the con-
tours.
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Y
2i 73
R N
Y i AT
} } %
-2 -1 1 2
—i4+
\
—2i A4

Figure 9.30: The contours used to com-
pute § Z. The added diagonals are
for the reader to easily see the argu-
ments used in the evaluation of the lim-
its when integrating over the segments

of the square R.

The latter integral can be computed using the parametrization z = ¢’

for 6 € [0,27]. Thus,

?{ dz /-Zﬁ ie" do
=1z  Jo e

27
= i ; df = 2mi. (9.29)
Therefore, we have found that fR % = 27i by deforming the original
simple closed contour.

For fun, let’s do this the long way to see how much effort was saved.
We will label the contour as shown in Figure 9.30. The lower segment,
74 of the square can be simple parametrized by noting that along this
segment z = x — 2i for x € [—2,2]. Then, we have

dz /2 dx
bz Jax—2i
2
= In ’x —21"
-2
= (ln(2\/§) - T) - (m(zx/i) - 34m>
- % (9-30)

We note that the arguments of the logarithms are determined from the
angles made by the diagonals provided in Figure 9.30.

Similarly, the integral along the top segment, z = x +2i, x € [-2,2],
is computed as

dz /—2 dx
vz o J2 x+2

- ln’x+2i’

-2
= (ln(Z\@): 3;”) - <1n(2\6) + T)
a % (9.31)

The integral over the right side, z =2 + iy, y € [-2,2], is
dz /2 idy
mz  Ja2+iy
2
= Inj2+i
nprisf

= (1n(2\/§) + Z’) — (m(zx/i) — Z’)

= % (9-32)

Finally, the integral over the left side, z = =2+ iy, y € [-2,2], is

dz /—2 idy
¥z Ja —2+iy
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= 1n‘—2+iy’2
-2
57ti 37ti
= 1n(2\f2)+T -~ 1n(2\/§)+7
7Tl
= 5 (9:33)
Therefore, we have that
dz dz dz dz dz
fz/f+/f+ 7+/7
R z 1 2 T2 2 13 2 T4 2
_omi i mi i
2 2 2 2
7Tl .
= 4 <2) = 271i. (9-34)

This gives the same answer we had found using a simple contour
deformation.

The converse of Cauchy’s Theorem is not true, namely §- f(z)dz = 0
does not always imply that f(z) is differentiable. What we do have is Mor-
era’s Theorem(Giacinto Morera, 1856-1909):

Theorem 9.6. Let f be continuous in a domain D. Suppose that for every simple
closed contour C in D, § f(z) dz = 0. Then f is differentiable in D.

The proof is a bit more detailed than we need to go into here. However,
this theorem is useful in the next section.

9.5.3 Analytic Functions and Cauchy’s Integral Formula

IN THE PREVIOUS SECTION WE sAw that Cauchy’s Theorem was useful for
computing particular integrals without having to parametrize the contours
or for deforming contours into simpler contours. The integrand needs to
possess certain differentiability properties. In this section, we will general-
ize the functions that we can integrate slightly so that we can integrate a
larger family of complex functions. This will lead us to the Cauchy’s Inte-
gral Formula, which extends Cauchy’s Theorem to functions analytic in an
annulus. However, first we need to explore the concept of analytic functions.

A function f(z) is analytic in domain D if for every open disk |z —zg| < p
lying in D, f(z) can be represented as a power series in zo. Namely,

f(z) = io enlz — 20)".

This series converges uniformly and absolutely inside the circle of conver-
gence, |z — 29| < R, with radius of convergence R. [See the Appendix for a
review of convergence.]

Since f(z) can be written as a uniformly convergent power series, we can
integrate it term by term over any simple closed contour in D containing z.
In particular, we have to compute integrals like §-(z — z9)" dz. As we will

Morera’s Theorem.

There are various types of complex-
valued functions.

A holomorphic function is (com-
plex) differentiable in a neighborhood of
every point in its domain.

An analytic function has a conver-
gent Taylor series expansion in a neigh-
borhood of each point in its domain. We
see here that analytic functions are holo-
morphic and vice versa.

If a function is holomorphic
throughout the complex plane, then it is
called an entire function.

Finally, a function which is holomor-
phic on all of its domain except at a set of
isolated poles (to be defined later), then
it is called a meromorphic function.



332 PARTIAL DIFFERENTIAL EQUATIONS

see in the homework exercises, these integrals evaluate to zero for most n.
Thus, we can show that for f(z) analytic in D and on any closed contour C
lying in D, ¢ f(z)dz = 0. Also, f is a uniformly convergent sum of con-
tinuous functlons, so f(z) is also continuous. Thus, by Morera’s Theorem,
we have that f(z) is differentiable if it is analytic. Often terms like analytic,
differentiable and holomorphic are used interchangeably, though there is a
subtle distinction due to their definitions.

As examples of series expansions about a given point, we will consider

1

series expansions and regions of convergence for f(z) = m

Example 9.19. Find the series expansion of f(z) = about zg = 0.

T
This case is simple. From Chapter 1 we recall that f(z) is the sum

of a geometric series for |z| < 1. We have

MS

fz) =

1+z

n=0

Thus, this series expansion converges inside the unit circle (|z| < 1) in
the complex plane.

Example 9.20. Find the series expansion of f(z) = about zp =

— I+z

We now look into an expansion about a different+p01nt. We could
compute the expansion coefficients using Taylor’s formula for the co-
efficients. However, we can also make use of the formula for geometric
series after rearranging the function. We seek an expansion in powers
of z — % So, we rewrite the function in a form that has is a function of
zZ— % Thus,

Flz) = 1 1 1

14z 14+(z-3+3) 3+E-1)

This is not quite in the form we need. It would be nice if the denom-
inator were of the form of one plus something. [Note: This is similar
to what we had seen in Example A.35.] We can get the denominator
into such a form by factoring out the 3. Then we would have

2 1

f@) = 53— —
314+2(z— 1)
The second factor now has the form %, which would be the sum
of a geometric series with first term a = 1 and ratio r = —%(z — %)
provided that Irl<1. Therefore, we have found that

2 &2 [ 2 1.1"

-3y |59

3, =1 3 2
f
or 1

2
- Hl <
’ 52 2)’<

This convergence interval can be rewritten as
=l <

which is a circle centered at z = i with radius %
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In Figure 9.31 we show the regions of convergence for the power series
expansions of f(z) = ﬁ about z = 0 and z = 3. We note that the first
expansion gives that f(z) is at least analytic inside the region |z| < 1. The
second expansion shows that f(z) is analytic in a larger region, |z — 3| < 3.
We will see later that there are expansions which converge outside of these
regions and that some yield expansions involving negative powers of z — zj.

We now present the main theorem of this section:

Cauchy Integral Formula

Theorem 9.7. Let f(z) be analytic in |z — zo| < p and let C be the boundary
(circle) of this disk. Then,

f(z0) = LG, (935)

27 Jez —zg

Proof. In order to prove this, we first make use of the analyticity of f(z). We
insert the power series expansion of f(z) about zj into the integrand. Then
we have

f(z) 1 [ °°

cn(z —zp)"
0

Z—2Zp zZ—2Z —
1 2
= [Co+C1(Z—Z0)+C2(Z—Zo) +}
Z—2Zp
C
= 0 +e1te(z—z0)+-.-. (9.36)
Z—2Zp

analytic function

As noted the integrand can be written as

f(z) _ e

P— —Z_Zo+h(z),

where h(z) is an analytic function, since h(z) is representable as a series
expansion about zg. We have already shown that analytic functions are dif-
ferentiable, so by Cauchy’s Theorem § h(z)dz = 0.

Noting also that ¢y = f(z¢) is the first term of a Taylor series expansion
about z = z, we have

Mdzzj{: {Cojth(z)} dz:f(Zo)fc

CcCZ—2 Z—2Zp

dz.
Z—20

We need only compute the integral §- ﬁ dz to finish the proof of Cauchy’s
Integral Formula. This is done by parametrizing the circle, |z — z9| = p, as
shown in Figure 9.32. This is simply done by letting

z —zg = pe'd.

(Note that this has the right complex modulus since |¢?®| = 1. Then dz =
ipe’?dd. Using this parametrization, we have

27T 5 pl0 27
7{ dz :/ ie™df _ . 7 o — o,
cz—2 o pet? 0

WARRY
R

—2i +

Figure 9.31: Regions of convergence for

expansions of f(z) = 1%2 about z = 0
and z = %
y
C

X

Figure 9.32: Circular contour used in
proving the Cauchy Integral Formula.
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Therefore,
flz) %
CZ_ZOdz—f(ZO) e dz—me(zO)
as was to be shown. O

Example 9.21. Compute 39‘2| 4 Z2 6z+5 dz.

In order to apply the Cauchy Integral Formula, we need to factor
the denominator, z> — 6z +5 = (z — 1)(z — 5). We next locate the zeros
of the denominator. In Figure 9.33 we show the contour and the points
z = 1 and z = 5. The only point inside the region bounded by the
contour is z = 1. Therefore, we can apply the Cauchy Integral Formula

for f(z) = $%Z to the integral

__cosz 4 &) o
/|z|:4(z—1)(z—5)d /\2\4( 1)d 27if(1).

Therefore, we have

cosz _ micos(1)
/|z|4(7~—1)(2—5)dz_ 2

We have shown that f(zo) has an integral representation for f(z) analytic
in |z —zg| < p. In fact, all derivatives of an analytic function have an integral
representation. This is given by

£ (z) = 22 74 &, (9-37)

2mi Je (z — zp)"t1

This can be proven following a derivation similar to that for the Cauchy
Integral Formula. Inserting the Taylor series expansion for f(z) into the

integral on the right hand side, we have

dz =

L cn
s dz
= Lon f e 939

Z _ Zo)n m+1"

Figure 9.33: Clrcular contour used in ?{ f (Z)
C

computing flz\ 2% dz (z — zg)nt1

Picking k = n — m, the integrals in the sum can be computed by using
the following result:

dz _ 0, k#0
%c (z—zg)F+1 { 27, k=0. (9:39)

The proof is left for the exercises.
(Z_dﬁ, occur whenk =n—m =

z0)
0, or m = n. Therefore, the series of integrals collapses to one term and we

f{; (f(z) dz = 27icy,.

7z — Zo)n+1

The only nonvanishing integrals, §-

have
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We finish the proof by recalling that the coefficients of the Taylor series
expansion for f(z) are given by

Then,
27 Ly,
foT = )

and the result follows.

9.5.4 Laurent Series

UNTIL THIS POINT WE HAVE ONLY TALKED about series whose terms have
nonnegative powers of z — zy. It is possible to have series representations in
which there are negative powers. In the last section we investigated expan-
sions of f(z) = m about z = 0 and z = 1 . The regions of convergence
for each series was shown in Figure 9.31. Let us reconsider each of these
expansions, but for values of z outside the region of convergence previously
found.

Example 9.22. f(z) = 1+z for |z| > 1.

As before, we make use of the geometric series . Since |z| > 1, we
instead rewrite the function as

111
f(z)_1+z_21+;

We now have the function in a form of the sum of a geometric series
with first term a = 1 and ratio r = — 2. We note that |z| > 1 implies

that |r| < 1. Thus, we have the geometnc series

1 [ee] n
e (1)
This can be re-indexed3 as

i n —n—1 i(—l)f_lz_j.

j=1
Note that this series, which converges outside the unit circle, |z| > 1,
has negative powers of z.

Example 9.23. f(z) =
As before, we express this in a form in which we can use a geomet-

1= for |z — 3| > 3
ric series expansion. We seek powers of z — % So, we add and subtract
% to the z to obtain:

1 1 1

f<z):1+z:1+(z—%+%) NS

3 Re-indexing a series is often useful in
series manipulations. In this case, we
have the series

Z(il)nz—n—l — Z—l _

n=0

27242734 .

The index is n. You can see that the in-
dex does not appear when the sum is
expanded showing the terms. The sum-
mation index is sometimes referred to
as a dummy index for this reason. Re-
indexing allows one to rewrite the short-
hand summation notation while captur-
ing the same terms. In this example, the
exponents are —n — 1. We can simplify
the notation by letting —n —1 = —j, or
j =mn+1. Noting that j = 1 whenn =0,
we get the sum Z}?';l(—l)j’lz’f.
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Instead of factoring out the % as we had done in Example 9.20, we

factor out the (z — 1) term. Then, we obtain

_ 1 _ 1 1
Tz e Dirge-b]

f(z)

Now we identify a = 1 and r = —3(z — 3)~!. This leads to the
series
o = 253 (-3
-1 &=\ 72772
3 3\ " < 1)711
= ] (z—5 : (9-40)
L) (-

This converges for |z — | > 3 and can also be re-indexed to verify

that this series involves negative powers of z — 1.
This leads to the following theorem:
Theorem 9.8. Let f(z) be analytic in an annulus, Ry < |z —zg| < Ry, with C a

positively oriented simple closed curve around zy and inside the annulus as shown
in Figure 9.34. Then,

f(z) = iaj(z — zo)j + i bj(z — zo)*]',

j=0 j=1
with . )
' z
ﬂ]‘ = ﬁ ﬁ 7(2 — Zo)j+1 dZ,
and

1 7%( flz)

I 2mi Je (z—z9) 1T
The above series can be written in the more compact form
[e9)

fl2) =Y ¢z~ =)

jzfoo

Such a series expansion is called a Laurent series expansion named after its
discoverer Pierre Alphonse Laurent (1813-1854).

Example 9.24. Expand f(z) = msz in the annulus 1 < |z] < 2.

Using partial fractions , we can write this as

nulus, Ry < |z —2zy| < Ry, with C a f(z):§ E‘l‘m
positively oriented simple closed curve
around zp and inside the annulus.

Figure 9.34: This figure shows an an- 1 l: 1 1 :|

We can expand the first fraction as an analytic function in the

1
71—z

region |z| > 1 and the second fraction as an analytic function in

1
7 ¥z
|z| < 2. This is done as follows. First, we write

1 1

2+z 2-(-%)] ;Z(](_;)
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Then, we write

Therefore, in the common region, 1 < |z| < 2, we have that
1 11 & AN |
(1-z)2+z) 3 [ZE (‘E) _EOZ”“]
- (71 n - (71) —-n
= z" + —z " (9.41)
Lo T L

We note that this is not a Taylor series expansion due to the existence

of terms with negative powers in the second sum.

Example 9.25. Find series representations of f(z) = 0

m through—

out the complex plane.
In the last example we found series representations of f(z) = m
in the annulus 1 < |z| < 2. However, we can also find expansions

which converge for other regions. We first write

17 1 1
f) "3 [1—z+2+z}
We then expand each term separately.

The first fraction, 1172, can be written as the sum of the geometric
series

1 [e9)
=) 7' |z] <L
—Z =0

This series converges inside the unit circle. We indicate this by region
1 in Figure 9.35.

In the last example, we showed that the second fraction
the series expansion

21222[1—1(—5 ;Z( )

which converges in the circle |z| < 2. This is labeled as region 2 in

1
. 375, has y

337

Figure 9.35.
Regions 1 and 2 intersect for |z| < 1, so, we can combine these two
series representations to obtain

1

1l& , 18 Z\"
— == 2"+ = —=) |, lzl<1
(1 — Z) (2 + Z) 3 LZO + 2 rg) ( 2) ‘| | | Figure 9.35: Regions of convergence for

Laurent expansions of f(z) = 1

In the annulus, 1 < |z] < 2, we had already seen in the last example
that we needed a different expansion for the fraction ;= . We looked
for an expansion in powers of 1/z which would converge for large
values of z. We had found that

-
R %El 2l > 1.
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Singularities of complex functions.

Classification of singularities.

This series converges in region 3 in Figure 9.35. Combining this series
with the one for the second fraction, we obtain a series representation
that converges in the overlap of regions 2 and 3. Thus, in the annulus
1 < |z| < 2 we have

1 12 © 1
u_@a+z=L§30) 1§ﬂﬂm

So far, we have series representations for |z| < 2. The only region
not covered yet is outside this disk, |z| > 2. In in Figure 9.35 we see
that series 3, which converges in region 3, will converge in the last
section of the complex plane. We just need one more series expansion
for 1/(2 + z) for large z. Factoring out a z in the denominator, we can
write this as a geometric series with r = 2/z,

Ziz:z[ _li< )n

This series converges for |z| > 2. Therefore, it converges in region 4

and the final series representation is

1 1|1 & 2\" > 1
(1z)(2+z):3[zz(_2) _Zz"“}'

n=0 n=0

9.5.5 Singularities and The Residue Theorem

IN THE LAST SECTION WE FOUND that we could integrate functions sat-
isfying some analyticity properties along contours without using detailed
parametrizations around the contours. We can deform contours if the func-
tion is analytic in the region between the original and new contour. In this
section we will extend our tools for performing contour integrals.

The integrand in the Cauchy Integral Formula was of the form g(z) =
[z

ZZO

larity of g(z), as g(z) is not defined there. More specifically, a singularity of

where f(z) is well behaved at zy. The point z = zj is called a singu-

f(z) is a point at which f(z) fails to be analytic.
We can also classify these singularities. Typically these are isolated sin-
gularities. As we saw from the proof of the Cauchy Integral Formula,

_ [

g(z) = =3, has a Laurent series expansion about z = z, given by

82) = 22 4 f1(a0) 4 2 o) a2
It is the nature of the first term that gives information about the type of
singularity that g(z) has. Namely, in order to classify the singularities of
f(z), we look at the principal part of the Laurent series of f(z) about z = z,
Y2y bj(z — z0)~/, which consists of the negative powers of z — zg.

There are three types of singularities, removable, poles, and essential
singularities. They are defined as follows:
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1. If f(z) is bounded near zy, then zj is a removable singularity.

2. If there are a finite number of terms in the principal part of the Lau-
rent series of f(z) about z = z, then zg is called a pole.

3. If there are an infinite number of terms in the principal part of the
Laurent series of f(z) about z = zp, then zj is called an essential
singularity.

Example 9.26. f(z) = S‘Zﬂ has a removable singularity at z = 0.
At first it looks like there is a possible singularity at z = 0, since
the denominator is zero at z = 0. However, we know from the first

sm z

semester of calculus that lim,_,( = 1. Furthermore, we can expand

sinz about z = 0 and see that
sinz 1 z3 z2
il O ol =1-=
z z( 3! te) = 3! T
Thus, there are only nonnegative powers in the series expansion. So,
z = (0 is a removable singularity
Example 9.27. f(z) = o 1),, has poles at z = 1 for n a positive integer.

For n = 1 we have f(z) = ﬁ
z = 1. The series expansion is found by expanding e* about z = 1:

. This function has a singularity at

_ € z—1 __
f(z)—z_le == 1+e+2'(

Note that the principal part of the Laurent series expansion about z =

z—1)+....

1 only has one term, ;. Therefore, z = 1 is a pole. Since the leading
term has an exponent of —1, z = 1 is called a pole of order one, or a
simple pole. Simple pole.
For n = 2 we have f(z) = # The series expansion is found
again by expanding ¢* about z = 1:
e e e e e

f(Z) = 7(2 — 1)262_1 = 7(2 — 1)2 + m + + 3'(2 — 1) +.

Note that the principal part of the Laurent series has two terms involv-
ing (z—1)"2 and (z —1)~L. Since the leading term has an exponent
of —2,z = 11is called a pole of order 2, or a double pole. Double pole.
Example 9.28. f(z) = e% has an essential singularity at z = 0.
In this case we have the series expansion about z = 0 given by

g:i(Z? :°° -

I’l'

=
=
OM

We see that there are an infinite number of terms in the principal part
of the Laurent series. So, this function has an essential singularity at
z=0.
In the above examples we have seen poles of order one (a simple pole) Poles of order k.
and two (a double pole). In general, we can say that f(z) has a pole of order
k at zg if and only if (z — z9)*f(z) has a removable singularity at zg, but
(z —29)*"1f(2) for k > 0 does not.
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Example 9.29. Determine the order of the pole of f(z) = cotzcscz at
z=0.
First we rewrite f(z) in terms of sines and cosines.

COos z
2

f(z) =cotzescz = ——.
sin” z
We note that the denominator vanishes at z = 0.

How do we know that the pole is not a simple pole? Well, we check

to see if (z — 0) f(z) has a removable singularity at z = 0:

. . ZCOSZ
lim(z - 0)f(z) = lim——
z—0 z—0 sin“ z
. z . Cosz
= lim — lim —
z—0 sinz z—0 sinz
cosz
= lim —. 42
z—0 sinz (9-42)

We see that this limit is undefined. So, now we check to see if (z —
0)2f(z) has a removable singularity at z = 0:

Z2 CcOoSs z

lim ——
z—0 sin“z

. z . Zcosz
= lim — im —
z—0 sinz z—0 sinz

lim ——— cos(0) = 1.
20 sinz

lim(z — 0)2f(2)

z—0

(9-43)

In this case, we have obtained a finite, nonzero, result. So, z = 0 is a
pole of order 2.

We could have also relied on series expansions. Expanding both the
sine and cosine functions in a Taylor series expansion, we have

cosz 1—%zz+...

sinz (z— 423 +...)%

f(2)

Factoring a z from the expansion in the denominator,

IR R
Z2(1-tz+..02 22

f) (1+0(),

we can see that the leading term will be a 1/z%, indicating a pole of
order 2.

We will see how knowledge of the poles of a function can aid in the
computation of contour integrals. We now show that if a function, f(z), has

Integral of a function with a simple pole
inside C.

a pole of order k, then

Residues of a function with poles of or-
der k.

fé F(2) dz = 27ti Res[f(2); zo],

where we have defined Res[f(z);zg] as the residue of f(z) at z = zp. In
particular, for a pole of order k the residue is given by
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Residues - Poles of order k

) 1 dkfl
Res(f(z);zo] = lim (e

Z—Z(

(2= 20)"£(2)]

- (9-44)

Proof. Let ¢(z)

(z — 20)¥f(z) be an analytic function. Then ¢(z) has a

Taylor series expansion about zp. As we had seen in the last section, we can

write the integral representation of any derivative of ¢ as

(k—1)t ¢(z)
753 (z —zo)*

27ti
Inserting the definition of ¢(z), we then have

(k—1)!
271

¢)(k71) (ZO) = dZ.

¢ (z9) =

]{:f(z) dz.

Solving for the integral, we have the result

]é;f(z) dz

2w gkl

WW [(Z - Zo)kf(z)}
27ti Res|f(z); zo]

Z=2Z)

(9-45)

Note: If zj is a simple pole, the residue is easily computed as

Res[f(z);zo] = lim (z — zp) f(2).

Z—Z0

In fact, one can show (Problem 18) that for g and & analytic functions at zo,

with g(z9) # 0, h(zg) =0, and h'(z9) # 0,

g(z). 1 _ 8(zo0)
Res (55 = iy
Example 9.30. Find the residues of f(z) = m.

The residue for a simple pole.

f(z) has poles at z = —1, z = 2i, and z = —2i. The pole at z = —1
is a double pole (pole of order 2). The other poles are simple poles.

We compute those residues first:

. . . z—1
Reslf(z);2i] = lim(z=20) 9y o0 — 20

- lim_—_Z2-1

A T+ 1)2(z 1 20)
2i—1 1 11 .
~ @i+12@&) 50 100" (9:46)
Res[f(z); —2i] = lim (z+ 2i) S 1, ,

22 (z+1)%(z +2i)(z — 2i)

- lim — >~ !
2—=—2i (z 4+ 1)2(z — 2i)

—2i—1 1 11 .

(—2i+1)2(—4i) 50 100" 947)

341
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The residue of f(z) at zg is the coefficient
of the (z — zp) ! term, c_; = by, of the
Laurent series expansion about zg.

Finding the residue at an essential sin-
gularity.

For the double pole, we have to do a little more work.
.od ] 2
Res[f(z);—1] = lim — [(z+1)

= lim 4 -72_1
 zs-1dz |22 +4

z—1
(z+1)%(22 +4)}

. d [P +4-22(z-1)
= lim —
——1dz | (22 +4)2
~ lim i'—zz+22+4
 zo-1dz | (22 +4)2
1
= 5 (9-48)

Example 9.31. Find the residue of f(z) = cotz atz = 0.
We write f(z) = cotz = £2Z and note that z = 0 is a simple pole.
Thus,

ZCO0Sz

Res[cotz;z = 0] = lim =cos(0) = 1.

z—0 sinz

Another way to find the residue of a function f(z) at a singularity zy is to
look at the Laurent series expansion about the singularity. This is because
the residue of f(z) at zg is the coefficient of the (z — zy) ™! term, or c_1 = b;.

Example 9.32. Find the residue of f(z) = ﬁ at z = 0 using a
Laurent series expansion.
First, we need the Laurent series expansion about z = 0 of the form

Y- " cnz". A partial fraction expansion gives

0= g =5 (2 s):

The first term is a power of z. The second term needs to be written as

a convergent series for small z. This is given by

1 1
3-z 3(1—-2/3)

= 3 i (g)n (9-49)

Thus, we have found

=3 (13 E6)).

The coefficient of z~! can be read off to give Res[f(z);z = 0] = 1.

Example 9.33. Find the residue of f(z) = zcosl at z = 0 using a
Laurent series expansion.

In this case z = 0 is an essential singularity. The only way to find
residues at essential singularities is to use Laurent series. Since

_ 1, 1,4, 15
cosz—l—iz —l—iz—az +...,
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then we have

f(z)

1 1 1 1
zZ _ﬁ—i_@_@_'—

11
21z 41z3 615

zZ— +.... (9.50)

From the second term we have that Res[f(z);z =0] = —31.
We are now ready to use residues in order to evaluate integrals.

Example 9.34. Evaluate f\z|:1 L

We begin by looking for the singularities of the integrand. These are
located at values of z for which sinz = 0. Thus, z = 0, &, +2m7, ...,
are the singularities. However, only z = 0 lies inside the contour, as

shown in Figure 9.36. We note further that z = 0 is a simple pole, since

=1

lim(z —0)—
20 sinz

Therefore, the residue is one and we have

dz .
7{ — = 271i.
|z|=1 sinz

In general, we could have several poles of different orders. For example,
we will be computing
j{ dz
=222 —1"

The integrand has singularities at z2 — 1 = 0, or z = +1. Both poles are
inside the contour, as seen in Figure 9.38. One could do a partial fraction
decomposition and have two integrals with one pole each integral. Then,
the result could be found by adding the residues from each pole.

In general, when there are several poles, we can use the Residue Theorem.

The Residue Theorem

Theorem 9.9. Let f(z) be a function which has poles zj, j = 1,..., N inside a
simple closed contour C and no other singularities in this region. Then,

N
%:f(z) dz =2mi ) Res[f(z);z], (9.51)
=1

where the residues are computed using Equation (9.44),

k—1
Res[f(z);zo) = Z1i_>nz10 (k—ll)'zzk_l [(z _Zo)kf(z)} .

The proof of this theorem is based upon the contours shown in Figure
9.37. One constructs a new contour C’ by encircling each pole, as show in
the figure. Then one connects a path from C to each circle. In the figure
two separated paths along the cut are shown only to indicate the direction
followed on the cut. The new contour is then obtained by following C and

Dy

Figure 9.36: Contour for computing

_dz_
|z|=1 sinz "

The Residue Theorem.

Figure 9.37: A depiction of how one
cuts out poles to prove that the inte-
gral around C is the sum of the integrals
around circles with the poles at the cen-
ter of each.
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Figure 9.38:

dz
lz|=2 z22-1*

Contour for computing

crossing each cut as it is encountered. Then one goes around a circle in the
negative sense and returns along the cut to proceed around C. The sum of
the contributions to the contour integration involve two integrals for each
cut, which will cancel due to the opposing directions. Thus, we are left with

ff@dz = f@)dz f f@)dz | fdz- ) fEaz=0

Of course, the sum is zero because f(z) is analytic in the enclosed region,
since all singularities have been cut out. Solving for §. f(z) dz, one has that
this integral is the sum of the integrals around the separate poles, which
can be evaluated with single residue computations. Thus, the result is that
$c f(z) dz is 27ti times the sum of the residues.

dz
z|=2 221"
We first note that there are two poles in this integral since

Example 9.35. Evaluate 55‘

1 1
2-1 (z—1(z+1)

In Figure 9.38 we plot the contour and the two poles, denoted by an

x.” Since both poles are inside the contour, we need to compute the
residues for each one. They are each simple poles, so we have

1 . 1
Res |:Zz—l;z = 1:| = lliq(z - 1)ﬁ
1 1
— 1' = — .
lim —— =7, (9-52)
and
1 . 1
Res [22_122 = —1} = fimGEtDag
1 1
= 1' = — . .
Mz o1 2 (9:53)
Then,
dz 1 1
" ori(= — ) = 0.
?Igzlzz 21 G5 =0
2
Example 9.36. Evaluate f‘z‘ﬂ % dz.

In this example there are two poles z = 1, —2 inside the contour.
[See Figure 9.39.] z = 1 is a second order pole and z = —2 is a
simple pole. Therefore, we need to compute the residues at each pole

of f(z) = ( 241 .

z—1)2(z+2)"
o dd, 2+l
— 1 22+47271
= (z+2)2
4

= 5 (9-54)
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241
Reslf(z);z= 2] = zli@z(Z +2) (z —Zl);_(z +2)
~ lim 2241
2 (z—1)2
5
= 5 (9.55)

The evaluation of the integral is found by computing 27ti times the
sum of the residues:

. 2
zc+1 (4 5 .
Az =2mi | -+ = | =2mi.
.}£|Z|:3 (z—1)%(z+2) (9 9)
Figure 9.39: Contour for computing

Example 9.37. Compute 5€|Z\:2 z3e%/% dz. =3 % dz.

In this case, z = 0 is an essential singularity and is inside the con-
tour. A Laurent series expansion about z = 0 gives

] 1 2 n
32/z _ 3 e
z°e z Zn! <z)

s 2, 4 8 16

= z+2—!z +§Z+4T+E+““ (9.56)
The residue is the coefficient of z71, or Res[z%%/%;z = 0] = — 4.

Therefore,

4

3.2/z :

74 z’e“’*dz = —7i.
|z|=2 15

do
2+cosf*

Here we have a real integral in which there are no signs of complex

Example 9.38. Evaluate fozn

functions. In fact, we could apply simpler methods from a calculus
course to do this integral, attempting to write 1 + cos = 2cos? %.
However, we do not get very far.

One trick, useful in computing integrals whose integrand is in the
form f(cosf,sinf), is to transform the integration to the complex
plane through the transformation z = ¢. Then,

e+ 1 1
cosfl = ——— = 5 z+ -1, Computation of integrals of functions of
z sines and cosines, f(cos6,sin6).
ei@ _ efi(? i 1
sinf = —_— = —=\zZz——].
2i 2 ( z)

Under this transformation, z = ¢, the integration now takes place
around the unit circle in the complex plane. Noting that dz = ie® d6 =
izdf, we have

2 4o _ f =
0 2+cost |z\:12+%(z+l)
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o 7{ dz
" Jiz|=1 Zz—i—% (z22+1)
|zl =1 dz
= g T .
EX % x 3 zj=12%2+4z+1 (9:57)
-4 -3 -2 -
w We can apply the Residue Theorem to the resulting integral. The
. . singularities occur at the roots of z2 + 4z + 1 = 0. Using the quadratic

Flzg;lre P Contour for computing formula, we have the roots z = —2 4 /3.

0 Bt The location of these poles are shown in Figure 9.40. Only z =
—2 + /3 lies inside the integration contour. We will therefore need
the residue of f(z) = 22;4221 T at this simple pole:

—2i
Res[f(z);z=—-2+V3] = lim (z—(-24V3))——n——
F(2) | = im (24 V)
. z—(—2+3)
= —2i lim
z——24+4/3 (Z — (—2 + \@))(Z — (—2 — \/5))
. 1
= -2 lim ——
252132 — (=2 —1/3)
B —2i
—243—(-2—-+/3)
i
V3
—i\@
= 3 (9:58)
Therefore, we have
2 df __21,?{ z ., —iv3\  2mV3 0.59)
0 2+cos® T ymZtdzr1 3 ) 3 0 9P
Before moving on to further applications, we note that there is another
way to compute the integral in the last example. Karl Theodor Wilhelm
Weierstrafs (1815-1897) introduced a substitution method for computing
integrals involving rational functions of sine and cosine. One makes the
substitution f = tan% and converts the integrand into a rational function of
The Weierstraf substitution method. t. One can show that this substitution implies that
: 2t 1—#
sinf = T e cosf = i
and odt
a0 = —.
1+t

The details are left for Problem 8 and apply the method. In order to see how
it works, we will redo the last problem.

Example 9.39. Apply the Weierstrafs substitution method to compute
27 dg
f 0 2+4cosf"

2 de _ /°° 1 2dt
24cos8  Jwno 1142
0 24 cosf 2+1T21+t
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9.5.6 Infinite Integrals

INFINITE INTEGRALS OF THE FORM [ f(x)dx occur often in physics.
They can represent wave packets, wave diffraction, Fourier transforms, and
arise in other applications. In this section we will see that such integrals
may be computed by extending the integration to a contour in the complex
plane.

Recall from your calculus experience that these integrals are improper
integrals and the way that one determines if improper integrals exist, or
converge, is to carefully compute these integrals using limits such as

"0 R
/_oo fx)dx = Jim /_R F(x) dox.
For example, we evaluate the integral of f(x) = x as

oo R 2 P2
/ xdx = lim xdx = lim R——< R) =0.
— 0 R—oo J_R Rooo \ 2 2

One might also be tempted to carry out this integration by splitting the
integration interval, (—oo,0] U [0,00). However, the integrals foooxdx and

/ Ew xdx do not exist. A simple computation confirms this.

o0 R RZ
/ xdx = lim xdx = lim () = 0.
0 2

R—00 /0 R—o0

Therefore, N i }
wa(x)dx:[wf(x)dx+/() f(x)dx

does not exist while limg . [ fR f(x) dx does exist. We will be interested in
computing the latter type of integral. Such an integral is called the Cauchy
Principal Value Integral and is denoted with either a P, PV, or a bar through
the integral:

P/_O:Of(x)dx:PV/_O;f(x)dx:]{if(x)dx: lim /j{f(x)dx. (9.61)

R—o0

If there is a discontinuity in the integral, one can further modify this
definition of principal value integral to bypass the singularity. For example,
if f(x) is continuous on a < x < b and not defined at x = x( € [a,b], then

/ub f(x)dx = ll_% (/ﬂxo€f(x) dx + x:+€f(x) dx> .

In our discussions we will be computing integrals over the real line in the
Cauchy principal value sense.

The Cauchy principal value integral.
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Computation of real integrals by embed-
ding the problem in the complex plane.

Figure 9.41: Contours for computing

P [® f(x)dx.

Example 9.40. Compute fil i—g in the Cauchy Principal Value sense.

In this case, f(x) = ;—3 is not defined at x = 0. So, we have

/1”3‘ ~ lim /7€d—x+/1d—x

1x3 e \Jo1 a8 Je a8
. 1 |—¢ 11

= tim (el al) 0 062

We now proceed to the evaluation of principal value integrals using

€

complex integration methods. We want to evaluate the integral [~ f(x) dx.
We will extend this into an integration in the complex plane. We extend f(x)
to f(z) and assume that f(z) is analytic in the upper half plane (Im(z) > 0)
except at isolated poles. We then consider the integral ffR f(x)dx as an
integral over the interval (—R,R). We view this interval as a piece of a
larger contour Cr obtained by completing the contour with a semicircle I'g
of radius R extending into the upper half plane as shown in Figure 9.41.
Note, a similar construction is sometimes needed extending the integration
into the lower half plane (Im(z) < 0) as we will later see.

The integral around the entire contour Cr can be computed using the
Residue Theorem and is related to integrations over the pieces of the contour

by
7§C fl2)dz= /r )zt /f 1; f(z) d. (9.63)

Taking the limit R — co and noting that the integral over (—R,R) is the
desired integral, we have

P /f 0:0 Flx)dx = ]fc fle)de— lim | f(z)ds, (9.64)

R—00

where we have identified C as the limiting contour as R gets large.

Now the key to carrying out the integration is that the second integral
vanishes in the limit. This is true if R|f(z)| — 0 along I'r as R — oco. This
can be seen by the following argument. We parametrize the contour I'g
using z = Re’?. Then, when |f(z)| < M(R),

- f(z)dz| = ‘/Omf(Reie)Reie dG’
R/OZTr [F(Re®)| do

< RM(R) /Ozn a6
= 27nRM(R). (9.65)

IN

So, if limg_co RM(R) = 0, then limg oo [1-, f(2) dz = 0.
We now demonstrate how to use complex integration methods in evalu-
ating integrals over real valued functions.

dx
1+x2°
We already know how to do this integral using calculus without

Example 9.41. Evaluate [*

complex analysis. We have that

[ = pm (2en R =2 () =
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We will apply the methods of this section and confirm this result.
The needed contours are shown in Figure 9.42 and the poles of the
integrand are at z = £i. We first write the integral over the bounded
contour Cr as the sum of an integral from —R to R along the real axis
plus the integral over the semicircular arc in the upper half complex

/ dz _/R dx n "~ dz
crl1+z2  Jr1+x2  Jrg 1422

Next, we let R get large.
We first note that f(z) = 1+17 goes to zero fast enough on I'g as R
gets large.

plane,

R B R
1+ R22° /1 +2R?cosf+ R*

Thus, as R — oo, R|f(z)| — 0 and Cg — C. So,

/°° dx _]{ dz
el 22 Jo14 227

We need only compute the residue at the enclosed pole, z = i.

R|f(2)]

. L1 1 1
Res[f(z)iz =i] =lim(z—i) 3 =lim == =5

Then, using the Residue Theorem, we have

/Oodix—Zm' l =7
Joow14+x2 2i)

Example 9.42. Evaluate P [ S0 gy,

X
For this example the integral is unbounded at z = 0. Constructing

the contours as before we are faced for the first time with a pole lying
on the contour. We cannot ignore this fact. We can proceed with the
computation by carefully going around the pole with a small semi-
circle of radius €, as shown in Figure 9.43. Then the principal value
integral computation becomes

(o) 3 —€ . R .
p / SINY iy = lim ( / SINX o+ / sin x dx) L (966)
—00 X €—0,R— o0 —R X € X

We will also need to rewrite the sine function in term of exponen-

tials in this integral. There are two approaches that we could take.
First, we could employ the definition of the sine function in terms of
complex exponentials. This gives two integrals to compute:

® ginx 1 [+ eix oo e*ix
P =—|P —dx—P . .
/foo X dx 2i < /foo X dx /700 X dx) (9 67)

The other approach would be to realize that the sine function is the

imaginary part of an exponential, Im e’ = sinx. Then, we would have

® ginx 0 pix
P/_oo . dx—Im(P/_ooxdx>. (9.68)

I'r

—i X

Figure 9.42: Contour for computing
dx

Jos

1+x2°
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Figure 9.43: Contour for computing
P f jooo % dx.

Note that we have not previously done
integrals in which a singularity lies on
the contour. One can show, as in this ex-
ample, that points on the contour can be
accounted for by using half of a residue
(times 27ti). For the semicircle C. you
can verify this. The negative sign comes
from going clockwise around the semi-
circle.

We first consider P [ % dx, which is common to both approaches.
We use the contour in Figure 9.43. Then we have

¢ fdz:/ Chrr [Tt fdz+/Rfdz.
Cr Z Tr Z R Z Ce Z e Z
The integral 3§CR % dz vanishes since there are no poles enclosed in the
contour! The sum of the second and fourth integrals gives the integral
we seek as € — 0 and R — oco. The integral over I'r will vanish as R
gets large according to Jordan’s Lemma.

Jordan’s Lemma give conditions as when integrals over I'r will van-

ish as R gets large. We state a version of Jordan’s Lemma here for
reference and give a proof is at the end of this chapter.

Jordan’s Lemma

If f(z) converges uniformly to zero as z — oo, then

lim f(z)e**dz =0

R—00 JCp

where k > 0 and Cg is the upper half of the circle |z| = R

A similar result applies for k < 0, but one closes the contour in the
lower half plane. [See Section 9.5.8 for the proof of Jordan’s Lemma.]

The remaining integral around the small semicircular arc has to be
done separately. We have

e’z exp(iee”) iee®) . . T, . ip
/(267 —/ il iee’ dG:—/O iexp(iee") do.

Taking the limit as € goes to zero, the integrand goes to i and we have

So far, we have that

00 ezx eiz
P/ —dx——hm —dz = .
e—=0JCc. 2z

At this point we can get the answer using the second approach in
Equation (9.68). Namely,

o 00 LHix
P/ 51;1x dx =Im <P/ - dx) = Im(mi) = 7. (9-69)

—0 X

It is instructive to carry out the first approach in Equation (9.67).

We will need to compute P [%_ ¢
the above computation, being careful with the sign changes due to the
orientations of the contours as shown in Figure 9.44.
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We note that the contour is closed in the lower half plane. This is
because k < 0 in the application of Jordan’s Lemma. One can under-
stand why this is the case from the following observation. Consider
the exponential in Jordan’s Lemma. Let z = zg + iz;. Then,

eikz _ eik(zR+iz;) _ esz;eisz.
As |z| gets large, the second factor just oscillates. The first factor would
go to zero if kz; > 0. So, if k > 0, we would close the contour in the
upper half plane. If k < 0, then we would close the contour in the
lower half plane. In the current computation, k = —1, so we use the
lower half plane.

Working out the details, we find the same value for

oo e*ix
P/ dx = rri.
—o00 X

Finally, we can compute the original integral as

00 Qi 00 LHiX 0o ,—ixX
P/ smxdx = 1<P/ e—dx—P/ ¢ dx)
—0 X 2i —0 X —c0 X

i + 778

5 (
= T (9-70)

This is the same result as we obtained using Equation(9.68).

Example 9.43. Evaluate f\2|:1 Zﬁjﬁ

In this example there are two simple poles, z = =+i lying on the
contour, as seen in Figure 9.45. This problem is similar to Problem 1c,
except we will do it using contour integration instead of a parametriza-
tion. We bypass the two poles by drawing small semicircles around
them. Since the poles are not included in the closed contour, then the
Residue Theorem tells us that the integral over the path vanishes. We
can write the full integration as a sum over three paths, C+ for the
semicircles and C for the original contour with the poles cut out. Then

we take the limit as the semicircle radii go to zero. So,

0— dz 4 / dz n / dz
CJe24+1 0 oo 2241 Joo 241
The integral over the semicircle around i can be done using the
parametrization z = i + ee?. Then 22 + 1 = 2iee'® + €2¢%?. This gives

dz - icet? 1 p-n -
7:hm/ %M:f/ do = ——.
./c+ 2241 e50Jo 2ieel® + 2620 2 Jo 5
As in the last example, we note that this is just 77 times the residue,

Res [ﬁ ;7 = z} = % Since the path is traced clockwise, we find the

contribution is —7tiRes = —%, which is what we obtained above. A

Similar computation will give the contribution from z = —i as 7.

Figure 9.44: Contour in the lower half

plane for computing P [ “;ix dx.

Figure 9.45: Example with poles on con-
tour.
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Y
=

Figure 9.46: Example using a rectangular
contour.

Adding these values gives the total contribution from C+ as zero. So,
the final result is that
: dz
i
.7{\2\:1 z22+1

Example 9.44. Evaluate [* 1i%dx, for0<a<1.

In dealing with integrals involving exponentials or hyperbolic func-
tions it is sometimes useful to use different types of contours. This ex-
ample is one such case. We will replace x with z and integrate over the
contour in Figure 9.46. Letting R — oo, the integral along the real axis
is the integral that we desire. The integral along the path for y = 27
leads to a multiple of this integral since z = x + 27t along this path.
Integration along the vertical paths vanish as R — co. This is captured
in the following integrals:

£02 ‘R pax 27 pa(R+iy)
-/ I 4
0

——dz = —d R
cg 1+ €2 z _rR1+4e¥ x—l—. 1+ eR+iy

—R  pa(x+2mi) 0 a(—R+iy)
+ /R 1 + ex+27'(i dx + AT[ 1 + €7R+i]/ dy (971)

We can now let R — co. For large R the second integral decays as

—aR

e(@ DR and the fourth integral decays as e~“R. Thus, we are left with

etz p , R e dx — (27 R e™ d
7{:1+ez 2= Rl—I>I;o</R1+ex e /,R1+ex x)

i 0o X
_ _ J2mia
= (1—e )/_oo 1+exdx. (9.72)

We need only evaluate the left contour integral using the Residue
Theorem. The poles are found from

1+ =0.

Within the contour, this is satisfied by z = ir. So,

eﬂZ eﬂZ
R 7; = / = 1‘ 1
e [1+ez z m} Yim (2 - im0

= —e

Applying the Residue Theorem, we have

i 0o QX .
(1—e™) / ——dx = —2mie!™.
J-o 14e*
Therefore, we have found that
0o X —27rieind T
—dx = — = — , O<a<1.
/700 146X 1—e27ia  gina

9.5.7 Integration Over Multivalued Functions

WE HAVE SEEN THAT SOME COMPLEX FUNCTIONS inherently possess mul-
tivaluedness; i.e., such “functions” do not evaluate to a single value, but
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have many values. The key examples were f(z) = z'/" and f(z) = Inz.
The nth roots have n distinct values and logarithms have an infinite num-
ber of values as determined by the range of the resulting arguments. We
mentioned that the way to handle multivaluedness is to assign different
branches to these functions, introduce a branch cut and glue them together
at the branch cuts to form Riemann surfaces. In this way we can draw con-
tinuous paths along the Riemann surfaces as we move from one Riemann
sheet to another.

Before we do examples of contour integration involving multivalued func-
tions, lets first try to get a handle on multivaluedness in a simple case. We
will consider the square root function,

w = z1/2 = p1/24i(3Hkm) = 0,1,

There are two branches, corresponding to each k value. If we follow a
path not containing the origin, then we stay in the same branch, so the final
argument (0) will be equal to the initial argument. However, if we follow a
path that encloses the origin, this will not be true. In particular, for an initial

i6y/2

point on the unit circle, zg = ¢, we have its image as wy = ¢ . However,

if we go around a full revolution, 6 = 6y + 27, then

7y = 6190+27Tl — 6190’
but

wy = e(i90+27ti)/2 _ eiGg/Zem' 7& wo.

Here we obtain a final argument (6) that is not equal to the initial argument!
Somewhere, we have crossed from one branch to another. Points, such as
the origin in this example, are called branch points. Actually, there are two
branch points, because we can view the closed path around the origin as
a closed path around complex infinity in the compactified complex plane.
However, we will not go into that at this time.

We can demonstrate this in the following figures. In Figure 9.47 we show
how the points A-E are mapped from the z-plane into the w-plane under
the square root function for the principal branch, k = 0. As we trace out the
unit circle in the z-plane, we only trace out a semicircle in the w-plane. If
we consider the branch k = 1, we then trace out a semicircle in the lower
half plane, as shown in Figure 9.48 following the points from F to J.

y Y
B /_\ C
D
B
A E
X X
C E A
D

Figure 9.47: In this figure we show how
points on the unit circle in the z-plane
are mapped to points in the w-plane un-
der the principal square root function.
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Figure 9.48: In this figure we show how y y
points on the unit circle in the z-plane
are mapped to points in the w-plane un- G /\
der the square root function for the sec-
ond branch, k = 1. H F
X X
J F J
G I
I H
Figure 9.49: In this figure we show the y
combined mapping using two branches
. B
of the square root function.
A
X
C E
D
Yy
G
F
X
H J
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We can combine these into one mapping depicting how the two complex
planes corresponding to each branch provide a mapping to the w-plane.
This is shown in Figure 9.49.

A common way to draw this domain, which looks like two separate com-
plex planes, would be to glue them together. Imagine cutting each plane
along the positive x-axis, extending between the two branch points, z = 0
and z = oco. As one approaches the cut on the principal branch, then one
can move onto the glued second branch. Then one continues around the
origin on this branch until one once again reaches the cut. This cut is glued
to the principal branch in such a way that the path returns to its starting
point. The resulting surface we obtain is the Riemann surface shown in
Figure 9.50. Note that there is nothing that forces us to place the branch
cut at a particular place. For example, the branch cut could be along the
positive real axis, the negative real axis, or any path connecting the origin

and complex infinity.

We now look at examples involving integrals of multivalued functions. Figure 9.50: Riemann surface for f(z) =

21/2.

Example 9.45. Evaluate fooo 11; dx. Y

We consider the contour integral §- lJFL;CIZ. Cr

The first thing we can see in this problem is the square root function ix
in the integrand. Being there is a multivalued function, we locate the Ceer] N
branch point and determine where to draw the branch cut. In Figure \
9.51 we show the contour that we will use in this problem. Note that i
we picked the branch cut along the positive x-axis.

We take the contour C to be positively oriented, being careful to
enclose the two poles and to hug the branch cut. It consists of two Figure 9.51: An example of a contour
circles. The outer circle Cg, is a circle of radius R and the inner circle C, which accounts for a branch cut.

will have a radius of €. The sought answer will be obtained by letting
R — oo and € — 0. On the large circle we have that the integrand
goes to zero fast enough as R — co. The integral around the small
circle vanishes as € — 0. We can see this by parametrizing the circle as
z =ee for 6 € [0,27] :

27T 6 .
j{ vz dz = / _ V€ et
ce 1422 0 1+ (ee?)?

. 3i0/2
- i€3/2/2” IS
0 1+ (227)

de. (9-73)

It should now be easy to see that as € — 0 this integral vanishes.

The integral above the branch cut is the one we are seeking, fooo VX dx.

) 142
The integral under the branch cut, where z = re?™m ig
/- vz 0 \/pe2nmi
dz = ——dr
J 1422 oo 141247
%) \/17
— d . .
/0 L (9-74)

We note that this is the same as that above the cut.
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4 This approach was originally published
in Neville, E. H., 1945, Indefinite integra-
tion by means of residues. The Mathemat-
ical Student, 13, 16-35, and discussed in
Duffy, D. G., Transform Methods for Solv-
ing Partial Differential Equations, 1994.

(@]

Flgure 9.52: Contour needed to compute
$c f(2) In(a — z) dz.

Up to this point, we have that the contour integral, as R — oo and

e —0is
% ﬁdz:Z/ fdx
C 0

1+22 1+ a2
In order to finish this problem, we need the residues at the two simple

poles.
z . i 2 .
Res {1_\(22;2—1] :%:%(1—#1),
vz oo ) _ Vi V2
Res {1—}—22';2__1] —5; 1 —(1—1).
So,
2/0°° 1\fxzdx:2m' (‘f(1+i)+\f(1—i)> = V2.

Finally, we have the value of the integral that we were seeking,

[
0

1+x2dx_ 2

Example 9.46. Compute | aoo f(x) dx using contour integration involv-
ing logarithms.4
In this example we will apply contour integration to the integral

fcf(z) In(a —z)dz

for the contour shown in Figure 9.52.

We will assume that f(z) is single valued and vanishes as |z| —
co. We will choose the branch cut to span from the origin along the
positive real axis. Employing the Residue Theorem and breaking up
the integrals over the pieces of the contour in Figure 9.52, we have
schematically that

2711 Y " Res[f(z) In(a — z)] (/C /C /C + C) z)In(a — z) dz.

First of all, we assume that f(z) is well behaved at z = a and van-
ishes fast enough as |z| = R — oo. Then, the integrals over C, and
C4 will vanish. For example, for the path C4, we let z = a + eel?,
0 < 0 < 2m. Then,

C. f(z)In(a — z)dz. = lim f(a + €e'?) In(ee® )iee™ do.

e—0

If f(a) is well behaved, then we only need to show that lim._,pelne =
0. This is left to the reader.
Similarly, we consider the integral over C; as R gets large,

[ f(@)ina~2)dz = Jim / F(Re®) In(Re!®)iRe™ dg.
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Thus, we need only require that

lim RInR|f(Re)| = 0.

R—o0

Next, we consider the two straight line pieces. For Cj, the integra-
tion along the real axis occurs for z = x, so

& f(z)In(a —z)dz = /aoof(x) In(a — x) dz.

However, integration over Cs requires noting that we need the branch
for the logarithm such that Inz = In(a — x) + 27i. Then,

/C f@)In(a - 2)dz = L F(x)[In(a — x) + 271] d.
Combining these results, we have
27i Y Res[f(z) In(a — 2)] = /:, F(x)In(a — x) dz
+ [ f)in(a — x) + 27 =
— o /a " f(x) dz. (9.75) y

Therefore,

/aoof(x) dx = =) Res[f(z)In(a — z)].

oo x{e x
1]
2 2
o
Example 9.47. Compute [, 4;%1'
We can apply the last example to this case. We see from Figure 9.53
that the two poles at z = :t% are inside contour C. So, we compute the
residues of h;g:’? at these poles and find that Figure 9.53: Contour needed to compute
1 42-1°
©  dx In1-2) 1 In(l—-z) 1
= _Res|—>—Z. 2| “Res|—s 2. =
/1 22 1 65{47.2—1 2] 65{422—1 2
In} In3 In3
- 2,72 _ -
= — 1 i (9.76)

9.5.8 Appendix: Jordan’s Lemma

FOR COMPLETENESS, WE PROVE JORDAN’S LEMMA.

Theorem 9.10. If f(z) converges uniformly to zero as z — oo, then

li ikzd _
Jlim CRf(z)e z=0

where k > 0 and Cg is the upper half of the circle |z| = R.

Proof. We consider the integral

= [ f(2)e*dz,
Cr
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1.5 %

0.5 |

o
ol
3

0
Figure 9.54: Plots of y = sinf and y =
%9 to show where sin6 > %9.

where k > 0 and Cg is the upper half of the circle |z| = R in the complex
plane. Let z = Re'® be a parametrization of C. Then,

Ip = /”f(Reie)eichose—aRsme iRet® 40,
0

Since
lim f(z) =0, O0<argz<m,

|z|—o0

then for large |R|, |f(z)| < € for some € > 0. Then,

| = /nf(ReiG)eichosé—uRsinGiRei€d9’
0
< /” ‘f(ReiG)‘ pikR cos 6 ‘e—aRsinf) ‘iReiG 10
0
n .
S ER/ efaRsm9d9
0
/2 .
= 2R /O e~ ™Rsinb g9 (9.77)

The last integral still cannot be computed, but we can get a bound on it
over the range 6 € [0, 71/2]. Note from Figure 9.54 that

2
sind > =0, 0 €[0,7/2].

Therefore, we have

2eR

/2
In| < 2eR —2aRO/T g = =
|Ir| < 2¢ /0 ¢ 2aR/m

(1— e R).

For large R we have
lim |Ig| < =€
R—o0 R = a’

So, as € — 0, the integral vanishes.

9.6 Laplace’s Equation in 2D, Revisited

HARMONIC FUNCTIONS ARE SOLUTIONS OF LAPLACE’s EQUATION. We
have seen that the real and imaginary parts of a holomorphic function are
harmonic. So, there must be a connection between complex functions and
solutions of the two-dimensional Laplace equation. In this section we will
describe how conformal mapping can be used to find solutions of Laplace’s
equation in two dimensional regions.

In Section 1.8 we had first seen applications in two-dimensional steady-
state heat flow (or, diffusion), electrostatics, and fluid flow. For example,
letting ¢(r) be the electric potential, one has for a static charge distribution,
o(r), that the electric field, E = V¢, satisfies

V-E =p/e.
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In regions devoid of charge, these equations yield the Laplace equation,
V2¢ = 0.

Similarly, we can derive Laplace’s equation for an incompressible, V - v =
0, irrotational, , V x v = 0, fluid flow. From well-known vector identities, we
know that V x V¢ = 0 for a scalar function, ¢. Therefore, we can introduce
a velocity potential, ¢, such that v = V¢. Thus, V - v = 0 implies V2</‘) =0.
So, the velocity potential satisfies Laplace’s equation.

Fluid flow is probably the simplest and most interesting application of
complex variable techniques for solving Laplace’s equation. So, we will
spend some time discussing how conformal mappings have been used to
study two-dimensional ideal fluid flow, leading to the study of airfoil de-
sign.

9.6.1  Fluid Flow

The study of fluid flow and conformal mappings dates back to Euler, Rie-
mann, and others.> The method was further elaborated upon by physicists
like Lord Rayleigh (1877) and applications to airfoil theory we presented in
papers by Kutta (1902) and Joukowski (1906) on later to be improved upon
by others.

The physics behind flight and the dynamics of wing theory relies on the
ideas of drag and lift. Namely, as the the cross section of a wing, the airfoil,
goes through the air, it will experience several forces. The air speed above
and belong the wing will differ due to the distance the air has to travel
across the top and bottom of the wing. According to Bernoulli’s Principle,
steady fluid flow satisfies the conservation of energy in the form

1
P+ Eplﬁ + pgh = constant

at points on either side of the wing profile. Here P is the pressure, p is the air
density, U is the fluid speed, & is a reference height, and g is the acceleration
due to gravity. The gravitational potential energy, pgh, is roughly constant
on either side of the wing. So, this reduces to

1
P+ Epllz = constant.

Therefore, if the speed of the air below the wing is lower that than above
the wing, the pressure below the wing will be higher, resulting in a net
upward pressure. Since the pressure is the force per area, this will result
in an upward force, a lift force, acting on the wing. This is the simplified
version for the lift force. There is also a drag force acting in the direction of
the flow. In general, we want to use complex variable methods to model the
streamlines of the airflow as the air flows around an airfoil.

We begin by considering the fluid flow across a curve, C as shown in
Figure 9.55. We assume that it is an ideal fluid with zero viscosity (i.e.,
does not flow like molasses) and is incompressible. It is a continuous, ho-
mogeneous flow with a constant thickness and represented by a velocity

5“On the Use of Conformal Mapping in
Shaping Wing Profiles,” MAA lecture by
R. S. Burington, 1939, published (1940)
in ... 362-373
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Figure 9.55: Fluid flow U across curve C
between the points A and B.

Figure 9.56: An amount of fluid crossing
curve c in unit time.

Streamline functions.

U = (u(x,y),v(x,y)), where u and v are the horizontal components of the
flow as shown in Figure 9.55.

We are interested in the flow of fluid across a given curve which crosses
several streamlines. The mass that flows over C per unit thickness in time
dt can be given by

dm = pU - v dAdt.

Here idA is the normal area to the flow and for unit thickness can be
written as AidA = idy — idx. Therefore, for a unit thickness the mass flow
rate is given by

dm
Fr p(udy —vdx).

Since the total mass flowing across ds in time dt is given by dm = pdV, for
constant density, this also gives the volume flow rate,

t%/ =udy—vdx,

over a section of the curve. The total volume flow over C is therefore

av
zhotal:/cudy—vdx.

If this flow is independent of the curve, i.e., the path, then we have

Ju Jv

x T oy

[This is just a consequence of Green’s Theorem in the Plane. See Equation
(9.3).] Another way to say this is that there exists a function, {(x,t), such
that dp = udy — vdx. Then,

B
udy —ovdx = / dy = —Pyq.
Judy [ = pw =y
However, from basic calculus of several variables, we know that

W e Y —way
dt,b—axdx+aydy—udy vdx.

Therefore,
NS )
ay ox
It follows that if ¢(x,y) has continuous second derivatives, then u, = —v,,.

This function is called the streamline function.
Furthermore, for constant density, we have

Jdu dv
V- (pU) = p(a;chay)

Py N _
P <ayax a axay> =0 ©.78)

This is the conservation of mass formula for constant density fluid flow.
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We can also assume that the flow is irrotational. This means that the
vorticity of the flow vanishes; i.e., V x U = 0. Since the curl of the velocity
field is zero, we can assume that the velocity is the gradient of a scalar
function, U = V¢. Then, a standard vector identity automatically gives

VxU=VxV¢=0.

For the two-dimensional flow with U = (u,v), we have

d d
NELTIN )
ox oy
This is the velocity potential function for the flow. Velocity potential curves.

Let’s place the two-dimensional flow in the complex plane. Let an arbi-
trary point be z = (x,y). Then, we have found two real-valued functions,
P(x,y) and P(x,y), satisfying the relations

_ 99 _ %
T o T oy
d d

v = £=—£ (9.79)

These are the Cauchy-Riemann relations for the real and imaginary parts of
a complex differentiable function,

F(z(x,y) = ¢(x,y) +ip(x,y).

From its form, %€

Furthermore, we have .
velocity and

dF_ d¢p  .0¢p ) flow speed.
E = a + la =u 10.

Integrating, we have
F = / u—iv)dz
C( )

(x.y)
/( " 4 y) dx + o(x,y) dy]

X0,40)

P(x,y) +ip(x,y)

(x,
+i/( Y [—ov(x,y)dx+u(x,y)dy]l. (9.80)

XO,]/O)

Therefore, the streamline and potential functions are given by the integral

forms
(xy)
oey) = [ ulny)dx+o(xy)dyl,
(x0.%0)
(xy)
ey = [ oty dr o+ uloy)dy) (981
(x0.90)

These integrals give the circulation [-Vsds = [-udx 4+ vdy and the fluid

361

, % is called the complex

%) = Vu? +v? is the

flow per time, f cv dx +udy. Streamline and potential curves are or-

The streamlines for the flow are given by the level curves ¢(x,y) = ¢1 thogonal families of curves.

and the potential lines are given by the level curves ¢(x,y) = ;. These are
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Figure 9.57: Plot of the orthogonal fam-
ilies ¢ = x> —y?> = ¢; (dashed) and

¢(x,y) = 2xy = ca.

two orthogonal families of curves; i.e., these families of curves intersect each
other orthogonally at each point as we will see in the examples. Note that
these families of curves also provide the field lines and equipotential curves
for electrostatic problems.

Example 9.48. Show that ¢(x,y) = ¢1 and ¢(x,y) = c, are an orthog-
onal family of curves when F(z) = ¢(x,y) + i(x, y) is holomorphic.

In order to show that these curves are orthogonal, we need to find
the slopes of the curves at an arbitrary point, (x,y). For ¢(x,y) = c1,
we recall from multivaribale calculus that

_9¢ 0 . _
d¢—$dx+@dy—0.

So, the slope is found as

F)
dy _ 5
dx 9

dy

Similarly, we have

F)
dy _ 5
dx o’

dy

Since F(z) is differentiable, we can use the Cauchy-Riemann equations
to find the product of the slopes satisfy

dp P W 3y
W W
99 Y oy Y )
dy dy dx dy

Therefore, ¢(x,y) = c1 and ¢(x,y) = ¢, form an orthogonal family of
curves.

\
<M
NS R \
BN
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As an example, consider F(z) = z2 = x? — y? + 2ixy. Then, ¢(x,y) =

x?> —y? and ¢(x,y) = 2xy. The slopes of the families of curves are

given by
p)
ay _
dx 9
dy
__2x X
-2y y
b
ay _ g
dx 9
ay
_ .y
= = (9.82)

The products of these slopes is —1. The orthogonal families are de-
picted in Figure 9.57.

We will now turn to some typical examples by writing down some dif-
ferentiable functions, F(z), and determining the types of flows that result
from these examples. We will then turn in the next section to using these
basic forms to solve problems in slightly different domains through the use
of conformal mappings.

Example 9.49. Describe the fluid flow associated with F(z) = Upe %z,
where Uy and « are real.
For this example, we have

dF —lx
E—er = Uu-—-10 \\ \\y\ N \\ 7 \
\ p \ \ p \ \
Thus, the velocity is constant, o LT K %
\ \ \ . \ \ ’ \
U = (Upcosw, Upsinw). ALK g
\ ) \\ \ ) \ \
Thus, the velocity is a uniform flow at an angle of «. <y A ; A~
Since N X N
. \ ) \ ) \ ) )
F(z) = Upe "z = Up(x cosa 4+ ysina) 4 illp(y cosa — xsina). AV XL X
\ A N
Figure 9.58: Stream lines (solid) and po-
Thus, we have tential lines (dashed) for uniform ﬂow at
an angle of w, given by F(z) = Upe "z.
¢(x,y) = Uo(xcosa+ysina),
P(x,y) = Up(ycosa —xsina). (9.83)
An example of this family of curves is shown in Figure 9.58.
—in
Example 9.50. Describe the flow given by F(z) = Liffz(] .
We write
U, e—ia
Fz) = ———
zZ—2Zp

- (XUE(;OO)SZN_,_jL(;Si_rI;O))z [(x = x0) —i(y — yo)]
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to [(x — xg) cosa + (y — yp) sin«]

T (x—x0)2F (y—w)?
+i to
(x = x0)2+ (¥ — vo

)2 [—(y —yo) cosa + (x — xp) sina].
(9-84)

The level curves become
[(x — xp) cosa + (y — yp) sina] = ¢y,

Up
X, =
Pl y) (x =x0)2+ (v — y0)?
Uy .
X, = — (¥ —Yp)cosa + (x — xp)SInk| = Ca.
¥(x,y) (x—x0)2+(y—y0)2[ (v —vo) ( ) sina]
(9-85)
Figure 9.59: Stream lines (solid) and po- y
tential lines (dashed) for the flow given - A _

,— I
e ™ fora = 0.

by F(z) = =

< \\\\\\\ iy X -
- \\\\\\\ s, 1 N
) v ~ Y -~ 4 \

-~ N V23 N \
N 1
y i < Z \
- ? 1
= 1

The level curves for the stream and potential functions satisfy equa-

tions of the form
Bi(Ax* + Ay?) — cos(a + 6;)Ax — sin(a + 6;)Ay = 0,
where Ax = x —xg9, Ay =y —1yp, Bi = N 0 =0,and 6, = 7w/2,,

These can be written in the more suggestive form
2 2
=7

(Ax — 7;cos(a — (5i))2 + (Ay — v;sin(a — 6;))
for v; = ZCTiO' i = 1,2. Thus, the stream and potential curves are circles
with varying radii (y;) and centers ((xg + 7; cos(a — &;), yo + i sin(a —
d;))). Examples of this family of curves is shown for « = 0 in in Figure

9.59 and for &« = 71/6 in in Figure 9.60.
The components of the velocity field for « = 0 are found from

o d (g
dz  dz\z—2
Up

- (z—=2)?
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~ Uo[(x —x0) —i(y — o))

[(x —x0)% + (¥ — v0)?]?
~ Uol(x — x0)* + (¥ — yo)* = 2i(x — x0) (¥ — vo)]
[(x —x0)2 + (y — y0)?]?
__ Wf(x—x)*+ (¥~ )2] Uo[2(x — x0) (v — v0)]
[(x —x0)>+ (y — yo) ]2 [(x —x0)? + (¥ — y0)?]?
_ Uy . Up[2(x — x0)(y — o))
B T VT R (CEr Y R TRy
Thus, we have
u = - o
[(x —x0)2+ (y — y0)?]’
o~ Wol(x—x0)(y —wo)] (0.87)

[(x = x0)* + (¥ — y0)*]?

Example 9.51. Describe the flow given by F(z) = 7% In(z — 2o).
We write F(z) in terms of its real and imaginary parts:

F(z) = %ln(z—zo)

_ m VRV N2 4 ieam—1 Y YO
= 5 [ln\/(x x0)?2 + (y — yo)? +itan x| (9.88)

The level curves become

Plxy) = ln\/ (x = x0)2+ (y —y0)* = 1,
_ ﬂ 1Y —Y _
P(x,y) = = tan F—— Co.
(9-89)
Rewriting these equations, we have
(x _ x0)2 + (]/ 7}/0)2 — e47tc1/m,

Figure 9.60: Stream lines (solid) and po-
tential lines (dashed) for the flow given

by F(z) = uoz;*‘“ fora = /6.
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Y=Y = (x—xo)tanT.
(9-90)

In Figure 9.61 we see that the stream lines are those for a source or
sink depending if m > 0 or m < 0, respectively.

Figure 9.61: Stream lines (solid) and po-
tential lines (dashed) for the flow given
by F(z) = 2% In(z — zo) for (x0,y0) =
(2,1).

Example 9.52. Describe the flow given by F(z) = — 4L In 2=
We write F(z) in terms of its real and imaginary parts:

il . z—2z
F(Z) = —ﬂln a

_ T x=x\*, (y=w)*, T 1y-w
= —zznln\/( p )+( p —|—Etan x_x0(9.91)

The level curves become

S S |
p(xy) = 2ntan 1

_ 2 _ 2
Y(x,y) = —Zl;fln\/<x ax0> —|—<y a}/o) =0y

(9-92)
Rewriting these equations, we have
27c
Yy—Yo = (x—xo)tanTl,
2 2
(x—xO> + (y_y0> — 6—27162/1”_
a a
(9-93)

In Figure 9.62 we see that the stream lines circles, indicating rotational
motion. Therefore, we have a vortex of counterclockwise, or clockwise
flow, depending if I' > 0 or I' < 0, respectively.



COMPLEX REPRESENTATIONS OF FUNCTIONS 367

Figure 9.62: Stream lines (solid) and po-
tential lines (dashed) for the flow given
by F(z) = 7% In(z — zo) for (x0,y0) =
(2,1).

Example 9.53. Flow around a cylinder, F(z) = Uy (z + “;) ,a,Up € R.
For this example, we have

F(z) = U <z+azz>

, a?
= U <x+zy+x+iy>

a2

a? . a?
= Uyx (1 =+ W) + 1oy (1 — W) . (9.94)

Figure 9.63: Stream lines for the flow
given by F(z) = Uy (Z + é) .

2
¢(x,y) = Uox (1+ x2+y2> =1,

2
y(xy) = Uy (1 - ij—y2> =Ca.
(9:95)

Note that for the streamlines when |z| is large, then ¢ ~ Vy, or hori-

zontal lines. For x? + y? = a2, we have ¢ = 0. This behavior is shown
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Figure 9.64: Stream lines for the flow
given by F(z) = Uy <z+ é) - % InZ.

in Figure 9.63 where we have graphed the solution for r > a.
The level curves in Figure 9.63 can be obtained using the implicit-
plot feature of Maple. An example is shown below:

restart: with(plots):

k0:=20:

for kK from 0 to kO do
P[k]:=implicitplot(sin(t)=*(r-1/r)*1=(k0/2-k)/20, r=1..5,
t=0..2%xPi, coords=polar,view=[-2..2, -1..1], axes=none,
grid=[150,150],color=black):
od:

display({seq(P[k],k=1..k0)},scaling=constrained);

A slight modification of the last example is if a circulation term is added:
2 .
a ir . r
F(z) = U, — | ——=In-.
(2) O<Z+z) 27Tna
The combination of the two terms gives the streamlines,
2
a r. r
) =Uyy |1 — 55— | —s=In—,
llJ(x }/) Oy( X2+y2> 2T na
which are seen in Figure 9.64. We can see interesting features in this flow
including what is called a stagnation point. A stagnation point is a point
dF
1 =0.
dz

where the flow speed,

Example 9.54. Find the stagnation point for the flow F(z) = (z + %) -
ilnz.
Since the flow speed vanishes at the stagnation points, we consider

dF 1 i
—=1-—=—--=0.

dz 2z
This can be rewritten as

2 —iz—1=0.
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The solutions are z = %(1 +1/3). Thus, there are two stagnation points
on the cylinder about which the flow is circulating. These are shown
in Figure 9.65.

Figure 9.65: Stagnation points (red) on

the cylinder are shown for the flow given
by F(z) = (Z + %) —ilnz.

Example 9.55. Consider the complex potentials F(z) = % In 2=, where
k = g and k = —ig for q real.
We first note that for z = x + iy,
z—a
lnz—b = Iny\/(x—a)?2+y>—In\/(x —a)?2+1?,
o1 Yy 1Y
+itan P itan P (9.96)

For k = g, we have

v(x,y) = zzr{ln\/(x—a)z—i- 2—ln\/(x—a)2+y2}=c1,

P(x,y) = % {tanl % —tan~! xzb} = Cp. (9:97)

The potential lines are circles and the streamlines are circular arcs
as shown in Figure 9.66. These correspond to a source at z = a and
a sink at z = b. One can also view these as the electric field lines and
equipotentials for an electric dipole consisting of two point charges of
opposite sign at the points z =a and z = b.

The equations for the curves are found from® 6The streamlines are found using the
identity
2, .2 2, .2
xX—a)+ = Ci[(x =b)"+v7], _
( ) ]/2 ! [( ) Y } tan ta —tan~! g = tan"? 1“ P .
(x=a)(x=b)+y" = GCyla—-b), (9.98) +ap

where these can be rewritten, respectively, in the more suggestive
forms

xia—bcl 2+ 2 _ Cl(a—b)2’
1-G (1-C1)?
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Figure 9.66:

The electric field lines

(solid) and equipotentials (dashed) for
a dipole given by the complex potential

F(z) = 5t In 24 for b = —a.

(o) e o) -

Note that the first family of curves are the potential curves and the
second give the streamlines.

1+3) (a;b)z- (9-99)

y

A

1 . = - ! N x
i = . I L4
\ AN
\\ (Y ¢// 41 TN N , ,/
\ > X~ a5 VW /
. O & SERTH % ,
\ Yo ~ " -7, [ SN
4 N& -7 N _\7 s
N - e // \ \\\ - e
In the case that k = —ig we have
—i zZ—a
F(z) = My
2m z—b
—iq 242 24,2
= Iny/(x—a)2+y?2—In\/(x —a)?+y?|,
27T
q -1 Y -1_ Y
+— |tan T —— —tan T ——| . .100
27 X—a x—>b © )

So, the roles of the streamlines and potential lines are reversed and
the corresponding plots give a flow for a pair of vortices as shown in
Figure 9.67.

9.6.2  Conformal Mappings

IT WOULD BE NICE IF THE COMPLEX POTENTIALS in the last section could
be mapped to a region of the complex plane such that the new stream func-
tions and velocity potentials represent new flows. In order for this to be
true, we would need the new families to once again be orthogonal fami-
lies of curves. Thus, the mappings we seek must preserve angles. Such
mappings are called conformal mappings.

We let w = f(z) map points in the z—plane, (x,y), to points in the w-
plane, (1,v) by f(x + iy) = u + iv. We have shown this in Figure 9.4.
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Example 9.56. Map lines in the z-plane to curves in the w-plane under
f(z) =22

We have seen how grid lines in the z-plane is mapped by f(z) = z2
into the w-plane in Figure 9.5, which is reproduced in Figure 9.68. The
horizontal line x = 1 is mapped to u(1,y) = 1 —y? and v(1,y) = 2.
Eliminating the “parameter” y between these two equations, we have
u = 1 —v%/4. This is a parabolic curve. Similarly, the horizontal line
y = 1 results in the curve u = v2/4 — 1. These curves intersect at
w = 21i.

The lines in the z-plane intersect at z = 1+ i at right angles. In
the w-plane we see that the curves u = 1 —v?/4 and u = v?/4 -1
intersect at w = 2i. The slopes of the tangent lines at (0,2) are —1 and

1, respectively, as shown in Figure 9.69.
In general, if two curves in the z-plane intersect orthogonally at z = z
and the corresponding curves in the w-plane under the mapping w = f(z)
are orthogonal at wy = f(zp), then the mapping is conformal. As we have

Figure 9.67: The streamlines (solid) and
potentials (dashed) for a pair of vortices
given by the complex potential F(z) =

q z—a _
o5 In 2= for b = —a.

Figure 9.68: 2D plot showing how the
function f(z) = z? maps the lines x = 1
and y = 1 in the z-plane into parabolae
in the w-plane.

Figure 9.69: The tangents to the images
of x = 1and y = 1 under f(z) = z? are
orthogonal.
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Holomorphic functions are conformal at
points where f’(z) # 0.

Figure 9.70: The inversion, f(z) = %,

maps the interior of a unit circle to the
external of a unit circle. Also, segments
of aline through the origin, y = 2x, are
mapped to the line u = —20.

seen, holomorphic functions are conformal, but only at points where f'(z) #

0.

Example 9.57. Images of the real and imaginary axes under f(z) = z2.

2 = —y? and the line z = x maps

The line z = iy maps to w = z
to w = z> = x2. The point of intersection zg = 0 maps to wy = 0.
However, the image lines are the same line, the real axis in the w-
plane. Obviously, the image lines are not orthogonal at the origin.

Note that f/(0) = 0.

One special mapping is the inversion mapping, which is given by

This mapping maps the interior of the unit circle to the exterior of the unit
circle in the w-plane as shown in Figure 9.70.
Let z = x + iy, where x> + > < 1. Then,

1 X _ y
Coxtiy x24y2 X2y
Thus, u = ﬁ and v = _nyTyZ’ and
2 2
2, .2 _ [_x ¥y
wre = (x2+y2) +( x2+y2>
X2+ y? 1

= 122 =2 L (9.101)

Thus, for x2 + yz < 1, u?> + U? > 1. Furthermore, for x2 + y2 >1,u?+U% <
1, and forxz—i-y2 =1,u24+U?=1.

Yy y

A LT
< —

In fact, an inversion maps circles into circles. Namely, for z = zg + e,

we have
1
w o= —
zg + ret
I+ re— 10
|zo + reff |2

wo + Re . (9.102)
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Also, lines through the origin in the z-plane map into lines through the
origin in the w-plane. Let z = x + imx. This corresponds to a line with slope
m in the z-plane, y = mx. It maps to

1
flz) = Z
1
x +imx
X — imx

= m (9.103)

So,u = —2,—and v = — "2
(14m?)x (1+m?)x
in the w-plane with slope —m. This is shown in Figure 9.70 Note how the

= —mu. This is a line through the origin

potion of the line y = 2x that is inside the unit disk maps to the outside of
the disk in the w-plane.

Another interesting class of transformation, of which the inversion is con-
tained, is the bilinear transformation. The bilinear transformation is given
by

w=f(z) = ZI;, ad —bc # 0,
where 4, b, ¢, and d are complex constants. These transformations were

studied by mappings was studied by August Ferdinand Mobius (1790-1868)
and are also called Mobius transformations, or linear fractional transforma-
tions. We further note that if ad — bc = 0, then the transformation reduces
to the constat function.

We can seek to invert the transformation. Namely, solving for z, we have

_ —dw+Db a
— 1 — Z
z= f (ZU) cw—a ;W 7é C‘
Since f~!(w) is not defined for w # 2, we can say that w # ¢ maps to the
point at infinity, or f~! (£) = co. Similarly, we can let z — oo to obtain

fleo) = lim f(z) = 2.

n—oo c

Thus, we have that the bilinear transformation is a one-to-one mapping of
the extended complex z-plane to the extended complex w-plane.

If c = 0, f(z) is easily seen to be a linear transformation. Linear transfor-
mations transform lines into lines and circles into circles.

When ¢ # 0, we can write

) = az+b

cz+d

c(az+Db)

c(cz+d)

acz 4 ad — ad + be
c(cz+4d)

a(cz+d) —ad + be
c(cz+4d)

a bc—ad 1

- E+ c cz+d (9:104)

The bilinear transformation.

The extended complex plane is the
union of the complex plane plus the
point at infinity. This is usually de-
scribed in more detail using stereo-
graphic projection, which we will not re-
view here.
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We note that if bc —ad = 0, then f(z) = % is a constant, as noted above. The
new form for f(z) shows that it is the composition of a linear function { =
cz +d, an inversion, ¢({) = %, and another linear transformation, h({) =
2+ @é . Since linear transformations and inversions transform the set of
circles and lines in the extended complex plane into circles and lines in the
extended complex plane, then a bilinear does so as well.

What is important in out applications of complex analysis to the solution
of Laplace’s equation in the transformation of regions of the complex plane
into other regions of the complex plane. Needed transformations can be
found using the following property of bilinear transformations:

A given set of three points in the z-plane can be transformed into a given set of
points in the w-plane using a bilinear transformation.

This statement is based on the following observation: There are three
independent numbers that determine a bilinear transformation. If a # 0,

then
az+b
f&) = cz+d
_ ozt
- d
2t
ozt
= Bty (9.105)
For w = /fzi“v, we have
z+uo
Bz+
w(pz+y) = z+a
—a+wzp+wy = z (9.106)

Now, let w; = f(z;), i = 1,2,3. This gives three equations for the three
unknowns «, B, and 7. Namely,

—a+wiz1f+wy = zi,
—a+wrzof+wry = 2z,
—a+wszzfptwzy = zs. (9.107)

This systems of linear equation can be put into matrix form as

-1 wiz; wi o Z1
—1 WoZy Wy ,B = Zy
-1 wszz ws Y z3

It is only a matter of solving this system for (a,B,7)T in order to find the
bilinear transformation.
A quicker method is to use the implicit form of the transformation,

(z—z)(z2—23) _ (w—wy)(wy —ws3)

(z—z3)(z2—2z1) (w—ws3)(wz—wy)
Note that this implicit relation works upon insertion of the values w;, z;, for
i=1,2,3.
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Example 9.58. Find the bilinear transformation that maps the points
—1, 1, 1 to the points —1, 0, 1.
The implicit form of the transformation becomes

(z+1)(i-1) _ (@+1)(0-1)
(z—=1)(i+1) (w—1)(0+1)

z4+11i—1 w+1

—1it1l ©  w-1 (9:108)

Solving for w, we have

(i—Dz+1+i

w=f@) = T —1

We can use the transformation in the last example to map the unit disk
containing the points —1, i, and 1 to the half plane w > 0. We see that the
unit circle gets mapped to the real axis with z = —i mapped to the point at
infinity. The point z = 0 gets mapped to

1+ 1+i -1—-i 2

s wru e D

Thus, interior points of the unit disk get mapped to the upper half plane.
This is shown in Figure 9.71.

C(i—D)z 41+
f@ =G —1+i
y
-1 ! 1 » —1 0 1 &
Problems

1. Write the following in standard form.
a. (4+5i)(2-3i).

b. (1+1i)3.

543i
C- 17_1‘-
2. Write the following in polar form, z = re'®.

Figure 9.71: The bilinear transformation

f(z) = E’lllliiﬂii maps the unit disk to

the upper half plane.
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Figure 9.72: Flow about an elliptical y
cylinder.

3
7

1 \
=

“
N

c. V/3+3i.

3. Write the following in rectangular form, z = a + ib.

a. 4eim/6,

b. ﬁESin/él.

e (1—i)1o,

4. Find all z such that z* = 16i. Write the solutions in rectangular form,
z = a + ib, with no decimal approximation or trig functions.

5. Show that sin(x + iy) = sinx coshy + i cos x sinh y using trigonometric
identities and the exponential forms of these functions.

6. Find all z such that cosz = 2, or explain why there are none. You will
need to consider cos(x + iy) and equate real and imaginary parts of the
resulting expression similar to problem 5.

7. Find the principal value of i'. Rewrite the base, i, as an exponential first.
8. Consider the circle |z — 1| = 1.

a. Rewrite the equation in rectangular coordinates by setting z =
X+ 1y.
b. Sketch the resulting circle using part a.

c. Consider the image of the circle under the mapping f(z) = 2?2,

given by [z — 1| = 1.
i. By inserting z = re® = r(cos 6 + isin0), find the equation of the
image curve in polar coordinates.

ii. Sketch the image curve. You may need to refer to your Calculus
II text for polar plots. [Maple might help.]

9. Find the real and imaginary parts of the functions:
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a. f(z) =725
b. f(z) = sinh(z).
c. f(z) =cosz.

10. Find the derivative of each function in Problem 9 when the derivative
exists. Otherwise, show that the derivative does not exist.

11. Let f(z) = u + iv be differentiable. Consider the vector field given by
F = vi + uj. Show that the equations V- F = 0 and V x F = 0 are equivalent
to the Cauchy-Riemann equations. [You will need to recall from multivari-
able calculus the del operator, V = i% + ]% + k%.]

12. What parametric curve is described by the function
() = (t=3) +i(2t +1),

0 <t < 2? [Hint: What would you do if you were instead considering the
parametric equations x =t — 3 and y = 2f 4+ 1?]

13. Write the equation that describes the circle of radius 3 which is centered
atz = 2 —iin a) Cartesian form (in terms of x and y); b) polar form (in terms
of 8 and r); ¢) complex form (in terms of z, r, and e'?).

14. Consider the function u(x,y) = x> — 3xy>.

a. Show that u(x,y) is harmonigc; i.e., VZu = 0.
b. Find its harmonic conjugate, v(x, y).

c. Find a differentiable function, f(z), for which u(x,y) is the real
part.

d. Determine f(z) for the function in part c. [Use f'(z) = 9% +i%
and rewrite your answer as a function of z.]

15. Evaluate the following integrals:

a. [-Zdz, where C is the parabola y = x?fromz=0toz=1+i.

b. [-f(z)dz, where f(z) = 2z —Z and C is the path from z = 0 to
z = 2 4 i consisting of two line segments from z = 0 to z = 2 and
thenz=2toz=2+1.

c Jc ﬁ dz for C the positively oriented circle, |z| = 2. [Hint: Parametrize

the circle as z = 2¢/, multiply numerator and denominator by e,

and put in trigonometric form.]

16. Let C be the positively oriented ellipse 3x> + > = 9. Define

z2 +2z
F(zo):/C —— dz.

Find F(2i) and F(2). [Hint: Sketch the ellipse in the complex plane. Use the
Cauchy Integral Theorem with an appropriate f(z), or Cauchy’s Theorem if
zg is outside the contour.]

377
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17. Show that
/‘ dz _ 0, n#0,
c(z—1—=i)mtt ) 2mi, n=0,
for C the boundary of the square 0 < x < 2,0 < y < 2 taken counterclock-
wise. [Hint: Use the fact that contours can be deformed into simpler shapes

(like a circle) as long as the integrand is analytic in the region between them.
After picking a simpler contour, integrate using parametrization.]

18. Show that for ¢ and / analytic functions at zg, with g(zg) # 0, h(z9) =0,
and h'(zg) # 0,

8(z) 8(20)
Res | 22570 | = :

=[] -
19. For the following determine if the given point is a removable singularity,

an essential singularity, or a pole (indicate its order).

a. 71_;’52, z=0.

b. sz, z=0.

2
z-—1 _
¢ o 2S 1.

d. zel/z, z=0.

7T —
e cosz’—, Z=TL.

20. Find the Laurent series expansion for f(z) = SHZ‘% about z = 0. [Hint:
You need to first do a MacLaurin series expansion for the hyperbolic sine.]

21. Find series representations for all indicated regions.

a. f(z) =35, |z| <1, |z| > 1.
b. f(z) = Mw lz| < 1,1 < |z| <2, |z| > 2. [Hint: Use partial
fractions to write this as a sum of two functions first.]

22. Find the residues at the given points:

a. atz=1.

22243z
z—1
b. M atz=0.

Cosz

4
C. P atz = 5.

23. Consider the integral fozn 5_4’%.

a. Evaluate this integral by making the substitution 2cosf = z + %,
z = €% and using complex integration methods.

b. In the 1800’s Weierstrass introduced a method for computing in-
tegrals involving rational functions of sine and cosine. One makes
the substitution t = tan% and converts the integrand into a ratio-
nal function of t. Note that the integration around the unit circle
corresponds to t € (—0co,00).

i. Show that
1—12

, cosf = .
A

sinf =

142
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ii. Show that
2dt

BTN
iii. Use the Weierstrass substitution to compute the above integral.

de

24. Do the following integrals.

a. .
4
- dz.
f[iz—i\=3 22 + 2
b.
z22 —3z+44
j{ N 2
|Z—1‘:3 ze — 4Z + 3
C.

/°° sin x dx
—eo X244

. .. ) ix
[Hint: This is Im [~ o dx]

25. Evaluate the integral [;° (ﬂf()zz dx.

[Hint: Replace x with z = ¢ and use the rectangular contour in Figure
9.73 with R — o0.]

26. Do the following integrals for fun!

a. For C the boundary of the square |x| <2, |y| <2,

dz
fé z(z—1)(z = 3)%

b.
/” sin? 6 0
0o 13—12cosf
c.
/°° dx
—o X2+ 5x+6
d. - -
cos
Jo Toox2
e.
/°° dx
0 (x249)(1—x)%
f. Jx
oo X
— __dx.
/0 (14 x)? *
g.

/O""(\/de.

14 x)2

27. Let f(z) = u(x,y) +iv(x,y) be analytic in domain D. Prove that the
Jacobian of the transformation from the xy-plane to the uv-plave is given by

—R+2mi , R+2mi
h)
Y
B
> X

—R ’ R
Figure 9.73: Rectangular contour for
Problem 25.
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28. Find the bilinear transformation which maps the points 1+, i, 2 — i
of the z-plane into the points 0,1, of the w-plane. Sketch the region in the
w-plane to which the triangle formed by the points in the z-plane is mapped.

29. Find stream functions and potential functions for the following fluid
motions. Describe the fluid flow from each.

. F(z)=2*+z

30. Create a flow function which has two sources at z = +a and one sink

at z = 0 of equal magnitude strength. Verify your choice by finding and
plotting the families of steam functions and potential functions.



10
Integral Transforms

“There is no branch of mathematics, however abstract, which may not some day be
applied to phenomena of the real world.”, Nikolai Lobatchevsky (1792-1856)

10.1 Introduction

SOME OF THE MOST POWERFUL TOOLS for solving problems in physics are
transform methods. The idea is that one can transform the problem at hand
to a new problem in a different space, hoping that the problem in the new
space is easier to solve. Such transforms appear in many forms.

As we had seen in Chapter 1 and will see later in the book, the solutions
of linear partial differential equations can be found by using the method
of separation of variables to reduce solving partial differential equations
(PDEs) to solving ordinary differential equations (ODEs). We can also use
transform methods to transform the given PDE into ODEs or algebraic equa-
tions. Solving these equations, we then construct solutions of the PDE (or,
the ODE) using an inverse transform. A schematic of these processes is
shown below and we will describe in this chapter how one can use Fourier
and Laplace transforms to this effect.

Transforms

In this chapter we will explore the use
of integral transforms. Given a function
f(x), we define an integral transform to
a new function F(k) as

F(k) = /ﬂ ! F)K(x k) dx.

Here K(x,k) is called the kernel of the
transform. We will concentrate specifi-
cally on Fourier transforms,

0 = [ e ar,

and Laplace transforms

F(s) = ./Ooof(t)e’“ dt.

Figure 10.1: Schematic indicating that
PDEs and ODEs can be transformed to
simpler problems, solved in the new
space and transformed back to the origi-
nal space.
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The nonlinear counterpart to this equa-
tion is the Korteweg-de Vries (KdV)
equation: u; + 6uuy + tyyy = 0. This
equation was derived by Diederik Jo-
hannes Korteweg (1848-1941) and his
student Gustav de Vries (1866-1934).
This equation governs the propagation
of traveling waves called solitons. These
were first observed by John Scott Rus-
sell (1808-1882) and were the source of
a long debate on the existence of such
waves. The history of this debate is in-
teresting and the KdV turned up as a
generic equation in many other fields in
the latter part of the last century leading
to many papers on nonlinear evolution
equations.

A dispersion relation is an expression
giving the angular frequency as a func-
tion of the wave number, w = w(k).

10.1.1 Example 1 - The Linearized KAV Equation

As A RELATIVELY SIMPLE EXAMPLE, we consider the linearized Korteweg-
de Vries (KdV) equation:

U+ cuy + Py =0, —o0o < x < o0, (10.1)

This equation governs the propagation of some small amplitude water waves.
Its nonlinear counterpart has been at the center of attention in the last 40
years as a generic nonlinear wave equation.
We seek solutions that oscillate in space. So, we assume a solution of the
form
u(x, t) = A(t)e'*~. (10.2)

Such behavior was seen in Chapters 3 and 6 for the wave equation for vi-
brating strings. In that case, we found plane wave solutions of the form

ek(xEet) which we could write as ef(F¥£w!)

by defining w = kc. We further
note that one often seeks complex solutions as a linear combination of such
forms and then takes the real part in order to obtain physical solutions. In
this case, we will find plane wave solutions for which the angular frequency
w = w(k) is a function of the wavenumber.
Inserting the guess (10.2) into the linearized KdV equation, we find that
‘;—f +i(ck — BK*)A = 0. (10.3)
Thus, we have converted the problem of seeking a solution of the partial dif-
ferential equation into seeking a solution to an ordinary differential equa-
tion. This new problem is easier to solve. In fact, given an initial value,
A(0), we have
A(l) = A(O)e*i(Ckfﬁks)t. (10.4)

Therefore, the solution of the partial differential equation is
u(x, t) = A(O)e"k(x*(cfﬁk%t). (10.5)
We note that this solution takes the form e/**~®!) where
w = ck — BK°.

In general, the equation w = w(k) gives the angular frequency as a
function of the wave number, k, and is called a dispersion relation. For
B = 0, we see that c is nothing but the wave speed. For B # 0, the wave
speed is given as

v = % =c— Bk
This suggests that waves with different wave numbers will travel at different
speeds. Recalling that wave numbers are related to wavelengths, k = 27",
this means that waves with different wavelengths will travel at different

speeds. For example, an initial localized wave packet will not maintain its



shape. It is said to disperse, as the component waves of differing wave-
lengths will tend to part company.

For a general initial condition, we write the solutions to the linearized
KdV as a superposition of plane waves. We can do this since the partial
differential equation is linear. This should remind you of what we had done
when using separation of variables. We first sought product solutions and
then took a linear combination of the product solutions to obtain the general
solution.

For this problem, we will sum over all wave numbers. The wave numbers
are not restricted to discrete values. We instead have a continuous range of
values. Thus, “summing” over k means that we have to integrate over the
wave numbers. Thus, we have the general solution®

u(x, t) = % /:: A(k,O)eik(x*(CfﬁkZ)t) dk. (10.6)

Note that we have indicated that A is a function of k. This is similar to
introducing the A,’s and B,,’s in the series solution for waves on a string.

How do we determine the A(k,0)’s? We introduce as an initial condition
the initial wave profile u(x,0) = f(x). Then, we have

Flx) = u(x,0) = 5 [~ Alk0)E dk (107)

Thus, given f(x), we seek A(k,0). In this chapter we will see that

A(k,0) = /_°° F(x)e ™ dx.

This is what is called the Fourier transform of f(x). It is just one of the
so-called integral transforms that we will consider in this chapter.

In Figure 10.2 we summarize the transform scheme. One can use methods
like separation of variables to solve the partial differential equation directly,
evolving the initial condition u(x,0) into the solution u(x, t) at a later time.

Fourier Transform

u(x,O) A(k,O)
PDE i ODE
u(;, t) A(k, t)

Inverse Fourier Transform

The transform method works as follows. Starting with the initial condi-
tion, one computes its Fourier Transform (FT) as®

A(k,0) = /_O:of(x)e*ikx dx.
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*The extra 27t has been introduced to
be consistent with the definition of the
Fourier transform which is given later in
the chapter.

Figure 10.2: Schematic of using Fourier
transforms to solve a linear evolution
equation.

>Note: The Fourier transform as used
in this section and the next section are
defined slightly differently than how we
will define them later. The sign of the
exponentials has been reversed.
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The one dimensional time dependent
Schrodinger equation.

Applying the transform on the partial differential equation, one obtains an
ordinary differential equation satisfied by A(k, t) which is simpler to solve
than the original partial differential equation. Once A(k, t) has been found,
then one applies the Inverse Fourier Transform (IFT) to A(k,t) in order to
get the desired solution:

u(x, ) = i/w Ak, e dk

_ / x=(c=BR)) g (10.8)
2
10.1.2 Example 2 - The Free Particle Wave Function

A MORE FAMILIAR EXAMPLE IN PHYSICS comes from quantum mechanics.
The Schrodinger equation gives the wave function ¥ (x, t) for a particle un-
der the influence of forces, represented through the corresponding potential
function V(x). The one dimensional time dependent Schrodinger equation

is given by )
, h
ihY; = —%‘i’xx + VY. (10.9)

We consider the case of a free particle in which there are no forces, V = 0.
Then we have
. "
ihY; = —%‘I’xx. (10.10)
Taking a hint from the study of the linearized KdV equation, we will
assume that solutions of Equation (10.10) take the form

Y¥(x,t) = % /_0; ok, t)e'*™ dk.

[Here we have opted to use the more traditional notation, ¢(k, t) instead of
A(k, t) as above.]
Inserting the expression for ¥ (x, t) into (10.10), we have

2 e .
Zh/ dQD k t ok g — 7;17"1 ¢(k,f)(ik)2€lkx dk.

Since this is true for all t, we can equate the integrands, giving

dp(k,t)  h2k>

i = Sk, ).

As with the last example, we have obtained a simple ordinary differential
equation. The solution of this equation is given by

ok 1) = p(k,0)e B,

Applying the inverse Fourier transform, the general solution to the time
dependent problem for a free particle is found as

(x,1) 7/ kG~ 50) g



We note that this takes the familiar form

[e9)

_ i i(kx—wt)
F(xt) = 5 /_ (k0 dk,

where the dispersion relation is found as

_me

S 2m’

The wave speed is given as

w _ Ik
k— 2m’

As a special note, we see that this is not the particle velocity! Recall that the

momentum is given as p = fik.3 So, this wave speed is v = 5, which is only
half the classical particle velocity! A simple manipulation of this result will
clarify the “problem.”

We assume that particles can be represented by a localized wave function.
This is the case if the major contributions to the integral are centered about
a central wave number, kq. Thus, we can expand w(k) about ko:

w(k) = wy + w(k — ko)t + ... (10.11)

Here wy = w(ky) and wj) = (ko). Inserting this expression into the inte-
gral representation for ¥(x, ), we have

Y(x,t) = % /_0; 4)(](,O)Ei(k"_wot—w(/}(k—ko)f—m) dk,

We now make the change of variables, s = k — k¢, and rearrange the result-
ing factors to find

Y(xt) = %Lw¢(ko+s,O)ei((k(]“)x*(“’ﬁwéS)f) ds

— 2iel‘(—(4_}01‘-‘y-](()(d(/)i‘) /00 ¢(k0+s,0)ei(k0+s)(x_w6t) dS
7T —o0

_ ei(—w0t+kow6t)111(x — wpt,0). (10.12)

Summarizing, for an initially localized wave packet, ¥(x,0) with wave
numbers grouped around ky the wave function,¥(x, t), is a translated ver-
sion of the initial wave function up to a phase factor. In quantum mechanics
we are more interested in the probability density for locating a particle, so
from

¥ (x,£)[2 = [¥(x — i, 0) 2

we see that the “velocity of the wave packet” is found to be

o Tk
07 dik =k,  m"
This corresponds to the classical velocity of the particle (vpart = p/m).

Thus, one usually defines wj, to be the group velocity,

dw
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3Since p = hk, we also see that the dis-
persion relation is given by

fik? p? E
W= —= -— = —.
2m  2mh h
Group and phase velocities, v, = f[;—‘;’,

—w
Up—k.
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Figure 10.3: The scheme for solving
the Schrodinger equation using Fourier
transforms. The goal is to solve for
¥ (x,t) given ¥(x,0). Instead of a direct
solution in coordinate space (on the left
side), one can first transform the initial
condition obtaining ¢(k, 0) in wave num-
ber space. The governing equation in the
new space is found by transforming the
PDE to get an ODE. This simpler equa-
tion is solved to obtain ¢(k,t). Then an
inverse transform yields the solution of
the original equation.

Figure 10.4: This shows the scheme for
solving the linear system of ODEs x =
Ax. One finds a transformation between
x and y of the form x = Sy which diago-
nalizes the system. The resulting system
is easier to solve for y. Then, one uses
the inverse transformation to obtain the
solution to the original problem.

and the former velocity as the phase velocity,

’l)p:*.

10.1.3 Transform Schemes

THESE EXAMPLES HAVE ILLUSTRATED one of the features of transform the-
ory. Given a partial differential equation, we can transform the equation
from spatial variables to wave number space, or time variables to frequency
space. In the new space the time evolution is simpler. In these cases, the
evolution was governed by an ordinary differential equation. One solves the
problem in the new space and then transforms back to the original space.
This is depicted in Figure 10.3 for the Schrodinger equation and was shown
in Figure 10.2 for the linearized KdV equation.

Fourier Transform

¥ (x,0) ¢(k,0)
Schrodinger |
Equation : OD: { or
for ¥(x,t) | 9k 1)
¥(x,t) ¢k, t)

Inverse Fourier Transform

This is similar to the solution of the system of ordinary differential equa-
tions in Chapter 3, x = Ax. In that case we diagonalized the system using
the transformation x = Sy. This lead to a simpler system y = Ay, where
A = S71AS. Solving for y, we inverted the solution to obtain x. Similarly,
one can apply this diagonalization to the solution of linear algebraic systems
of equations. The general scheme is shown in Figure 10.4.

Transform: x = Sy, A = STLAS

Inverse Transform: x = Sy

Similar transform constructions occur for many other type of problems.
We will end this chapter with a study of Laplace transforms, which are



useful in the study of initial value problems, particularly for linear ordinary
differential equations with constant coefficients. A similar scheme for using
Laplace transforms is depicted in Figure 10.30.

In this chapter we will begin with the study of Fourier transforms. These
will provide an integral representation of functions defined on the real line.
Such functions can also represent analog signals. Analog signals are con-
tinuous signals which can be represented as a sum over a continuous set of
frequencies, as opposed to the sum over discrete frequencies, which Fourier
series were used to represent in an earlier chapter. We will then investi-
gate a related transform, the Laplace transform, which is useful in solving
initial value problems such as those encountered in ordinary differential
equations.

10.2  Complex Exponential Fourier Series

BEFORE DERIVING THE FOURIER TRANSFORM, we will need to rewrite
the trigonometric Fourier series representation as a complex exponential
Fourier series. We first recall from Chapter 2 the trigonometric Fourier se-
ries representation of a function defined on [—7, 1] with period 2. The
Fourier series is given by

[ee]
?0 Z ay cosnx + by, sinnx), (10.13)
where the Fourier coefficients were found as
1 T
a, = —/ f(x)cosnxdx, n=0,1,...,
T J—m
1 T
b, = ;/ f(x)sinnxdx, n=1,2,.... (10.14)
—T7T

In order to derive the exponential Fourier series, we replace the trigono-
metric functions with exponential functions and collect like exponential
terms. This gives

O 00 einx + efinx einx _ efinx
fx) ~ 5 ; {“” ( 2 + bn 2
ap ad ay — lbn inx ad a, + lbn —inx
= 3_1-2 e +3) — ) (10.15)

n=1 n=1

The coefficients of the complex exponentials can be rewritten by defining

1
Cn = E(gn +iby), n=12,.... (10.16)
This implies that
C_n == %(an - ibl’l)/ n= 1/ 2/ e (10'17)

So far the representation is rewritten as

[e9)

f(x) ~ % + Y e+ Y cpe
n=1

n=1
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Re-indexing the first sum, by introducing k = —#n, we can write
ag —o0 " 00 .
x)~ =+ e ™4 ) cpe M
f<) 2 kzgl ¢ 2; !

Since k is a dummy index, we replace it with a new n as

fx) ~ 5>t Yo cueT ™4 Y e
n=-1 n=1
We can now combine all of the terms into a simple sum. We first define
cy for negative n’s by

Cn =C—p, N= _1/ _21

Letting co = 3, we can write the complex exponential Fourier series repre-
sentation as

f(x) ~ Z cne” ™, (10.18)
n=—oco
where

1 .

cn = E(un—l—zbn), n=1,2,...
1

cp = E(a_ —ib_y), n=-1,-2,...

o = Lg) (10.19)

Given such a representation, we would like to write out the integral forms
of the coefficients, c;. So, we replace the a,’s and by,’s with their integral
representations and replace the trigonometric functions with complex expo-
nential functions. Doing this, we have forn =1,2,....

—

Cn — 7(&71 + lbn)

= 5 {71_[/” f(x)cosnxdx—i—i/f f(x)sinnxdx]

il (IM_W)d [ ( e_znx>dx

= E/_ﬂf(x)ei”xdx. (10.20)

_= N

It is a simple matter to determine the c,,’s for other values of n. Forn =0,

_‘LO_L/”
=5 =5- _ﬂf(x)dx

Forn = —1,-2,..., we find that

C. mx j— mx
=0y 27[/ f(x)e=m¥dx = o / f(x dx.

Therefore, we have obtained the complex exponential Fourier series coeffi-

we have that

ﬁ

cients for all n. Now we can define the complex exponential Fourier series
for the function f(x) defined on [—7t, 7r] as shown below.



Complex Exponential Series for f(x) defined on [—7, 77].
2 cpe ¥, (10.21)
n=—oo
Cy = 1 /n f(x)e™ dx (10.22)
" 27 —7T ’ ’

We can easily extend the above analysis to other intervals. For example,
for x € [—L, L] the Fourier trigonometric series is

N\O

i(ancos T —l—bnsm?)

with Fourier coefficients

L
:%/ f(x)cosn—gxdx, n=20,1,...,
-L

1 (L . nmx
bn—Z/_Lf(x)sdeX, n=12,....

This can be rewritten as an exponential Fourier series of the form

Complex Exponential Series for f(x) defined on [—L, L].
Z cye /L (10.23)
n=—oo
_ 1 L inmtx/L
Cn = 57 /7L f(x)e dx. (10.24)

We can now use this complex exponential Fourier series for function de-
fined on [—L, L] to derive the Fourier transform by letting L get large. This
will lead to a sum over a continuous set of frequencies, as opposed to the
sum over discrete frequencies, which Fourier series represent.

10.3 Exponential Fourier Transform

BOTH THE TRIGONOMETRIC AND COMPLEX EXPONENTIAL Fourier series
provide us with representations of a class of functions of finite period in
terms of sums over a discrete set of frequencies. In particular, for functions
defined on x € [—L, L], the period of the Fourier series representation is
2L. We can write the arguments in the exponentials, e ="/, in terms of
the angular frequency, w, = nn/L, as e~ iwnX We note that the frequencies,
vy, are then defined through w, = 2mv, = % Therefore, the complex
exponential series is seen to be a sum over a discrete, or countable, set of
frequencies.

We would now like to extend the finite interval to an infinite interval,

x € (—o0,00), and to extend the discrete set of (angular) frequencies to a
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Definitions of the Fourier transform and
the inverse Fourier transform.

continuous range of frequencies, w € (—o0,00). One can do this rigorously.
It amounts to letting L and 1 get large and keeping 7 fixed.

We first define Aw = T, so that w, = nAw. Inserting the Fourier coeffi-
cients (10.24) into Equation (10.23), we have

f(x) ~ Z Cnefinnx/L
0 L . .
—_ Z <21L /7Lf(§>€mr[§/L dé) efmnx/L
© L . .

Now, we let L get large, so that Aw becomes small and w; approaches
the angular frequency w. Then,

o)~ tm L V([ s@eae) e

Aw—0,L—00 27T | &=
= %/ (/ f(&)elws d@) e ey, (10.26)

Looking at this last result, we formally arrive at the definition of the
Fourier transform. It is embodied in the inner integral and can be written
as

FIfl = flw) = [ fx)erax (10.27)

This is a generalization of the Fourier coefficients (10.24).

Once we know the Fourier transform, f(w), then we can reconstruct the
original function, f(x), using the inverse Fourier transform, which is given
by the outer integration,

A

Flfl = f(x) = % /j:o Flw)e ™ dw. (10.28)

We note that it can be proven that the Fourier transform exists when f(x) is
absolutely integrable, i.e.,

/°° IF(x)|dx < co.

—00

Such functions are said to be L;.

We combine these results below, defining the Fourier and inverse Fourier
transforms and indicating that they are inverse operations of each other. We
will then prove the first of the equations, (10.31). [The second equation,
(10.32), follows in a similar way.]
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The Fourier transform and inverse Fourier transform are inverse opera-
tions. Defining the Fourier transform as

FIfl = flw) = [ foerdx (10:29)
and the inverse Fourier transform as
FUA = () = 5 [ flw)e @ do. (1030)
then
FFIST] = £(x) (10.31)
and
FIFT'[f]] = f(w). (10.32)

Proof. The proof is carried out by inserting the definition of the Fourier
transform, (10.29), into the inverse transform definition, (10.30), and then
interchanging the orders of integration. Thus, we have

FUFA = 5o [ Flfle @ de
= gL
[
— %/jo :/O:oei‘”@_x) dw: f(¢)de. (10.33)

In order to complete the proof, we need to evaluate the inside integral,
which does not depend upon f(x). This is an improper integral, so we first

define
(O Y
Dq(x) = / e dw 8
-0
and compute the inner integral as
e8] .
/ ¢“C*) dw = lim Dq (¢ — x).
—00 O—c0
We can compute D (x). A simple evaluation yields
X
( ) Q iwx d - >
Dq(x) = / e dw
o) |4 az C

plwx Q

= - Figure 10.5: A plot of the function D (x)
X |_q for O =4.
eixQ _ efixﬂ

- 2ix
2sin x()

= P (10.34)

A plot of this function is in Figure 10.5 for () = 4. For large () the peak
grows and the values of D (x) for x # 0 tend to zero as shown in Figure
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80

Figure 10.6: A plot of the function Dg(x)
for () = 40.

Figure 10.7: A plot of the functions f; (x)
forn =2,4,8.

10.6. In fact, as x approaches 0, D (x) approaches 2Q). For x # 0, the D (x)
function tends to zero.
We further note that

lim Dq(x) =0, x#0,
O—oc0

and limq_,o D (x) is infinite at x = 0. However, the area is constant for
each ). In fact,

/0o Dq(x)dx = 2m.

—00

We can show this by recalling the computation in Example 9.42,

o o

sin x

/ dx = .
—c0 X

Then,

/ Dqa(x)dx = / de

oo —o X
® _siny
= 2—=d
/foo y Y
= 27 (10.35)

Another way to look at Dn(x) is to consider the sequence of functions
fu(x) = Si;‘t%, n = 1,2,.... Then we have shown that this sequence of
functions satisfies the two properties,

lim fu(x) =0, x#0,

n—00

/::fn(x) dx = 1.

This is a key representation of such generalized functions. The limiting
value vanishes at all but one point, but the area is finite.

Such behavior can be seen for the limit of other sequences of functions.
For example, consider the sequence of functions

x> 1
fn(x):{ v >

%, x| << fracln.

This is a sequence of functions as shown in Figure 10.7. As n — oo, we find
the limit is zero for x # 0 and is infinite for x = 0. However, the area under
each member of the sequences is one. Thus, the limiting function is zero at
most points but has area one.

The limit is not really a function. It is a generalized function. It is called
the Dirac delta function, which is defined by

1. 6(x) =0 for x # 0.
2. [T 5(x)dx =1.



Before returning to the proof that the inverse Fourier transform of the
Fourier transform is the identity, we state one more property of the Dirac
delta function, which we will prove in the next section. Namely, we will
show that

/°° 5(x —a)f(x) dx = f(a).

—00

Returning to the proof, we now have that
/ ¢“€=%) dw = lim Dq(¢ — x) = 2m8(¢ — x).
—00 O—o0

Inserting this into (10.33), we have

PR = g [ | e ao] e
= o [ 2me - s
= fx). (10.36)

Thus, we have proven that the inverse transform of the Fourier transform of

fis f. O

10.4 The Dirac Delta Function

IN THE LAST SECTION WE INTRODUCED the Dirac delta function, &(x).
As noted above, this is one example of what is known as a generalized
function, or a distribution. Dirac had introduced this function in the 1930’s
in his study of quantum mechanics as a useful tool. It was later studied
in a general theory of distributions and found to be more than a simple
tool used by physicists. The Dirac delta function, as any distribution, only
makes sense under an integral.

Two properties were used in the last section. First one has that the area
under the delta function is one,

[e9)
/ d(x)dx =1.
—o0
Integration over more general intervals gives

b )1, 0€lab],
/u 3(x) dx—{ 0, 0¢]abl. (10.37)

The other property that was used was the sifting property:

[ éx—a)f(x)dx = fla).
This can be seen by noting that the delta function is zero everywhere except
at x = a. Therefore, the integrand is zero everywhere and the only contribu-
tion from f(x) will be from x = a. So, we can replace f(x) with f(a) under
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P. A. M. Dirac (1902-1984) introduced
the ¢ function in his book, The Principles
of Quantum Mechanics, 4th Ed., Oxford
University Press, 1958, originally pub-
lished in 1930, as part of his orthogonal-
ity statement for a basis of functions in
a Hilbert space, < ¢'|¢" >= c6(¢' — ¢")
in the same way we introduced discrete
orthogonality using the Kronecker delta.
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Properties of the Dirac J-function:

(For n simple roots.)
These and other properties are often
written outside the integral:

5(ax) = %lfsm.

5(—x) = 6(x).

60 —a) +8(x — )]

S((x—a)(r—t)) = L=
w0 —x)
0N = L
for f(x;) =0, f'(xj) #0.

the integral. Since f(a) is a constant, we have that
/::5(:: —a)f(x)dx = Lié(x —a)f(a)dx
— f@) [ dx-a)dx = f).

Another property results from using a scaled argument, ax. In this case
we show that

(10.38)

5(ax) = la| 15 (x). (1039)
As usual, this only has meaning under an integral sign. So, we place é(ax)
inside an integral and make a substitution y = ax:

oo L
/ S(ax)dx = lim S(ax) dx
J—o0 L—oo )L
li L 6(y)d
= Jlim -/ (y)dy. (10.40)
If a > 0 then - 1 oo
/ d(ax)dx = E/ o(y) dy

However, if a < 0 then
[e9) 1 —00 1 ~ 00
/_mé(ax)dxza/m 5(y)dy=—; /_mé(y)dy.
The overall difference in a multiplicative minus sign can be absorbed into
one expression by changing the factor 1/a to 1/|a|. Thus,

(10.41)

/oo S(ax)dx = i /_0; o(y) dy.

—00

Example 10.1. Evaluate [~ (5x +1)6(4(x —2))dx. This is a straight
forward integration:

[" e st —2)ydx =1 [ e -2)dr =1

The first strep is to write 6(4(x —2)) = 36(x — 2). Then, the final
evaluation is given by

%/_Z(5x+1)5(x—2)dx _ %(5(2) +1) = %

Even more general than d(ax) is the delta function 6(f(x)). The integral
of 5(f(x)) can be evaluated depending upon the number of zeros of f(x). If
there is only one zero, f(x1) = 0, then one has that

/°° 5(f(x)) dx = /jo Ma(x ~ ) dx.

—00

This can be proven using the substitution y = f(x) and is left as an exercise
for the reader. This result is often written as
1
O(f(x)) = ——d(x —x1),
(F3)) = gyex =)
again keeping in mind that this only has meaning when placed under an
integral.
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Example 10.2. Evaluate [ §(3x —2)x%dx.
This is not a simple é(x —a). So, we need to find the zeros of
f(x) = 3x — 2. There is only one, x = 3. Also, |f'(x)| = 3. Therefore,

we have

0 © 1 2 1/2\* 4
/_00(5(33( 2)x*dx /_oo 3(5(x 3)x dx 3 (3> 5

Note that this integral can be evaluated the long way by using the
substitution y = 3x — 2. Then, dy = 3dx and x = (y + 2) /3. This gives

°° a2, L y+22_1%_i
/7005(3x 2)x dx3/005(y)( 3 ) dyf3 5) = 57

More generally, one can show that when f(x;) = 0 and f'(x;) # 0 for
j=1,2,...,n, (i.e; when one has n simple zeros), then

I(f(x)) = Z mfs(x - xj)-

Example 10.3. Evaluate fozn cos x §(x% — 71%) dx.

In this case the argument of the delta function has two simple roots.
Namely, f(x) = x> — 72 = 0 when x = 4. Furthermore, f'(x) = 2x.
Therefore, |f/'(+7)| = 27. This gives

5(x2 — ) = %[m — )+ 0(x+ 7).

Inserting this expression into the integral and noting that x = —7 is
not in the integration interval, we have

27 1 27
2 2 _ L _
/0 cos x 8(x” — %) dx 271/0 cosx [6(x — 1) +6(x + )] dx H()
1 1 1;
= 5 COSTT = T (10.42) :
; R
Example 10.4. Show H'(x) = 6(x), where the Heaviside function (or, 0 ’
step function) is defined as Figure 10.8: The Heaviside step function,
H(x).
H(x) = { 0, x<0
1, x>0

and is shown in Figure 10.8.

Looking at the plot, it is easy to see that H'(x) = 0 for x # 0. In
order to check that this gives the delta function, we need to compute
the area integral. Therefore, we have

/oo H'(x)dx

—co —oco

I
=
=
S~—
I
—_
\
]
I
—_

Thus, H'(x) satisfies the two properties of the Dirac delta function.
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10.5 Properties of the Fourier Transform

WE NOW RETURN TO THE FOURIER TRANSFORM. Before actually comput-
ing the Fourier transform of some functions, we prove a few of the proper-
ties of the Fourier transform.

First we note that there are several forms that one may encounter for the
Fourier transform. In applications functions can either be functions of time,
f(t), or space, f(x). The corresponding Fourier transforms are then written
as

flw)= [ fetar (1043)

0 = [ feax. (10.44)

w is called the angular frequency and is related to the frequency v by w =
27tv. The units of frequency are typically given in Hertz (Hz). Sometimes
the frequency is denoted by f when there is no confusion. k is called the
wavenumber. It has units of inverse length and is related to the wavelength,
A by k= 27”

We explore a few basic properties of the Fourier transform and use them
in examples in the next section.

1. Linearity: For any functions f(x) and g(x) for which the Fourier
transform exists and constant a, we have

F[f + 8] = Ff] + F[g]

and
Flaf] = aF[f).

These simply follow from the properties of integration and establish
the linearity of the Fourier transform.
d PN
2. Transform of a Derivative: F {dﬁ] = —ikf (k)
Here we compute the Fourier transform (10.29) of the derivative by
inserting the derivative in the Fourier integral and using integration
by parts.

F[df} = /oo ﬂeikxdx

dx —o dx

= lim [f(x)eik"]iL —ik /jof(x)eikx dx.

L—o0

(10.45)

The limit will vanish if we assume that limy_,+« f(x) = 0. The last
integral is recognized as the Fourier transform of f, proving the given

property.



Yl
3. Higher Order Derivatives: F {d {:] (—ik)" f (k)

The proof of this property follows from the last result, or doing several
integration by parts. We will consider the case when n = 2. Noting
that the second derivative is the derivative of f’(x) and applying the
last result, we have

2l - ]

— _ikF {df } (—ik2f (k). (10.46)
This result will be true if
Jim /) =0and_ i f') =

The generalization to the transform of the nth derivative easily fol-
lows.
. Multiplication by x: F [xf(x)] = —i & f(k)

This property can be shown by using the fact that %eik"

= ixe'™ and
the ability to differentiate an integral with respect to a parameter.

Flef()] = [ (e ax

:/f dk< >dx

= _lﬁ 7mf(x)eikxdx
d
= S f). (1047)

This result can be generalized to F [x" f(x)] as an exercise.

. Shifting Properties: For constant a, we have the following shifting
properties:

f(x —a) & e f(k), (10.48)

fx)e™™ & fk —a). (10.49)

Here we have denoted the Fourier transform pairs using a double

arrow as f(x) < f(k). These are easily proven by inserting the desired

forms into the definition of the Fourier transform (10.29), or inverse

Fourier transform (10.30). The first shift property (10.48) is shown by
the following argument. We evaluate the Fourier transform.

F[f(x —a)] / f(x — a)e™ dx.

Now perform the substitution y = x — a. Then,
Fif(x—a)] = / Fly)eto d

= e [ fyelvay
= eik”f(k). (10.50)
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Figure 10.9: Plots of the Gaussian func-
tion f(x) = e=%/2 for g = 1,2,3.

6.

10.5.1

The second shift property (10.49) follows in a similar way.

Convolution of Functions: We define the convolution of two func-
tions f(x) and g(x) as
(Fr9)x) = [ f)glx—1)dx. (10.51)

Then, the Fourier transform of the convolution is the product of the
Fourier transforms of the individual functions:

F[f 8] = f(k)§ (k).

We will return to the proof of this property in Section 10.6.

(10.52)

Fourier Transform Examples

IN THIS SECTION WE WILL COMPUTE the Fourier transforms of several func-

tions.

Example 10.5. Find the Fourier transform of a Gaussian, f(x) = e /2,

This function, shown in Figure 10.9 is called the Gaussian func-
tion. It has many applications in areas such as quantum mechanics,
molecular theory, probability and heat diffusion. We will compute the
Fourier transform of this function and show that the Fourier transform
of a Gaussian is a Gaussian. In the derivation we will introduce classic
techniques for computing such integrals.

We begin by applying the definition of the Fourier transform,

) = [ petrar= [ ewrain gy, (10.53)

[e9)

The first step in computing this integral is to complete the square
in the argument of the exponential. Our goal is to rewrite this integral
so that a simple substitution will lead to a classic integral of the form
[, ePV? dy, which we can integrate. The completion of the square
follows as usual:

—%xz +ikx =

(10.54)

We now put this expression into the integral and make the substi-
tutions y = x — % and = 3.

R



2 oo )2
= e_% e %(xf%) dx
— 00
ik
R G 2
= e_ﬂ/ aik e PV dy. (10.55)
—co—ik

One would be tempted to absorb the —% terms in the limits of
integration. However, we know from our previous study that the in-
tegration takes place over a contour in the complex plane as shown in
Figure 10.10.

In this case we can deform this horizontal contour to a contour
along the real axis since we will not cross any singularities of the inte-
grand. So, we now safely write

. 2 oo
fk)= e_%/ e PV dy.

The resulting integral is a classic integral and can be performed
using a standard trick. Define I by*

I:/ e PV dy.

?= /Oo e PV dy /w e P dx.

Note that we needed to change the integration variable so that we can

Then,

write this product as a double integral:

/ / ) dxdy.

This is an integral over the entire xy-plane. We now transform to polar
coordinates to obtain

27 poo
? = / / e P rdrde
0o Jo
Zn/ e P vy
0

_% [e—ﬁrz}:’ — % (10.56)

The final result is gotten by taking the square root, yielding

zzﬁ.

We can now insert this result to give the Fourier transform of the

iy = [Tk o

Therefore, we have shown that the Fourier transform of a Gaussian is

Gaussian function:

a Gaussian.
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Figure 10.10: Simple horizontal contour.

4+ Here we show

” e P dy = \/?
/W Y=\B

Note that we solved the B = 1 case in
Example 5.11, so a simple variable trans-
formation z = /By is all that is needed
to get the answer. However, it cannot
hurt to see this classic derivation again.

The Fourier transform of a Gaussian is a
Gaussian.
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«
—a a 4

Figure 10.11: A plot of the box function
in Example 10.6.

-20 -10

x
O 10 20
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Figure 10.12: A plot of the Fourier trans-
form of the box function in Example
10.6. This is the general shape of the sinc
function.

Example 10.6. Find the Fourier transform of the Box, or Gate, Func-

f<x>={ o=

0, |x|>a

tion,

This function is called the box function, or gate function. It is shown
in Figure 10.11. The Fourier transform of the box function is relatively
easy to compute. It is given by

f0) = [ flaeax

a .
= be'* dx
—a
— 2 ikx|®
ik —a
2b
= % sin ka. (10.58)
We can rewrite this as
f(k) = 2ab sinka = 2absinc ka.

Here we introduced the sinc function,

. sin x
sinc x = .
X

A plot of this function is shown in Figure 10.12. This function appears
often in signal analysis and it plays a role in the study of diffraction.

We will now consider special limiting values for the box function
and its transform. This will lead us to the Uncertainty Principle for
signals, connecting the relationship between the localization proper-
ties of a signal and its transform.

. a — oo and b fixed.

In this case, as a gets large the box function approaches the constant
function f(x) = b. At the same time, we see that the Fourier transform
approaches a Dirac delta function. We had seen this function earlier
when we first defined the Dirac delta function. Compare Figure 10.12
with Figure 10.5. In fact, f(k) = bD,(k). [Recall the definition of
Dq(x) in Equation (10.34).] So, in the limit we obtain f(k) = 27tbé (k).
This limit implies fact that the Fourier transform of f(x) = 11is f(k) =
27t6(k). As the width of the box becomes wider, the Fourier transform
becomes more localized. In fact, we have arrived at the important
result that

/ " ek — 278 (k). (10.59)
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2. b—o00,a—0,and 2ab = 1.

In this case the box narrows and becomes steeper while maintaining a
constant area of one. This is the way we had found a representation of
the Dirac delta function previously. The Fourier transform approaches
a constant in this limit. As a approaches zero, the sinc function ap-
proaches one, leaving f (k) — 2ab = 1. Thus, the Fourier transform of
the Dirac delta function is one. Namely, we have

/oo 5(x)e** = 1. (10.60)
J—oo
In this case we have that the more localized the function f(x) is, the
more spread out the Fourier transform, f(k), is. We will summarize
these notions in the next item by relating the widths of the function
and its Fourier transform.

3. The Uncertainty Principle, AxAk = 4.

The widths of the box function and its Fourier transform are related
as we have seen in the last two limiting cases. It is natural to define
the width, Ax of the box function as

Ax = 2a.

The width of the Fourier transform is a little trickier. This function
actually extends along the entire k-axis. However, as f(k) became
more localized, the central peak in Figure 10.12 became narrower. So,
we define the width of this function, Ak as the distance between the

. . . . . . Y
first zeros on either side of the main lobe as shown in Figure 10.13. 2ab
This gives
2r
Ak = —.
a
X
Combining these two relations, we find that s 7T
a a
AxAk = 477 Figure 10.13: The width of the function

Zab% is defined as the distance be-
tween the smallest magnitude zeros.
Thus, the more localized a signal, the less localized its transform and

vice versa. This notion is referred to as the Uncertainty Principle.
For general signals, one needs to define the effective widths more
carefully, but the main idea holds:

More formally, the uncertainty principle
for signals is about the relation between

Axtk z ¢ > 0. duration and bandwidth, which are de-
fined by At = % and Aw = ”“I‘}f‘"HZ, re-
2

spectively, where |fll. = [, |[f(H)|>dt

and [fll2 = 2 [, |f(w)]*dw. Under

We now turn to other examples of Fourier transforms. appropriate conditions, one can prove
Cx that AtAw > % Equality holds for Gaus-

. . e, x>0 sian signals. Werner Heisenberg (1901-

Example 10.7. Find the Fourier transform of f(x) = , . . .

0, x <0 1976) introduced the uncertainty princi-

ple into quantum physics in 1926, relat-
ing uncertainties in the position (Ax) and
momentum (Apy) of particles. In this
case, AxApy > %h Here, the uncertain-
ties are defined as the positive square
roots of the quantum mechanical vari-
ances of the position and momentum.

a> 0.
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The Fourier transform of this function is
f = [ fe

— / eikxfax dx
0

1
= (10.61)

Next, we will compute the inverse Fourier transform of this result
and recover the original function.

1
a—ik"

Example 10.8. Find the inverse Fourier transform of f(k) =
The inverse Fourier transform of this function is

IS e—ikx

Flx) = % /_0:0 Flk)e ™ dk — %/ dk

—o a — ik '

This integral can be evaluated using contour integral methods. We
evaluate the integral

=",
—o A — 12
using Jordan’s Lemma from Section 9.5.8. According to Jordan’s Lemma,
we need to enclose the contour with a semicircle in the upper half
plane for x < 0 and in the lower half plane for x > 0 as shown in
Figure 10.14.
The integrations along the semicircles will vanish and we will have

¥
1 © e—ikx
xX) = — dk
Cx fx) 2n /_oo a— ik
1 e—ixz
= +— j{ —dz
2t Jca—iz
3 B 0, x <0
-k R —5-27i Res [z = —ia), x>0
—ia X 0 x < 0
= ! 10.62
{ e™, x>0 ( )
y
Note that without paying careful attention to Jordan’s Lemma one
might not retrieve the function from the last example.
-R . . . 2
> R 3 Example 10.9. Find the inverse Fourier transform of f(w) = mé(w +
wp) + 6 (w — wp).
—ia X We would like to find the inverse Fourier transform of this func-
tion. Instead of carrying out any integration, we will make use of the
Cr properties of Fourier transforms. Since the transforms of sums are

the sums of transforms, we can look at each term individually. Con-
Figure 10.14: Contours for inverting

k) = 1 sider 6(w — wy). This is a shifted function. From the shift theorems in
— a—ik’

Equations (10.48)-(10.49) we have the Fourier transform pair

SO f(t) & flw = wo).



Recalling from Example 10.6 that
/ e“tdt = 2mé(w),
we have from the shift property that

Flé(w—wp)] = %e*i“’ot.

The second term can be transformed similarly. Therefore, we have
-1 Lot 1 iyt
Fmd(w + wp) + md(w — wp| = 7€+ e = cos wot.

Example 10.10. Find the Fourier transform of the finite wave train.

£(t) = { coswot, |t <a

0, [t| > a

For the last example, we consider the finite wave train, which will
reappear in the last chapter on signal analysis. In Figure 10.15 we
show a plot of this function.

A straight forward computation gives

flw) = [ fmetar

= /[Cosw0t+isinwot]eiwtdt
—a

a a
= /Coswotcoswtdt+i/ sin wyt sin wt dt
—a —a
a

- 1 [cos((w + wp)t) + cos((w — wp)t)] dt

2J)
_ sin((w +wp)a) | sin((w — wp)a)
= AR, + 0 0o . (10.63)

10.6 The Convolution Operation

IN THE LIST OF PROPERTIES OF THE FOURIER TRANSFORM, we defined the
convolution of two functions, f(x) and g(x) to be the integral

(Fre)x) = [ f)glx—p)a (1069

In some sense one is looking at a sum of the overlaps of one of the functions
and all of the shifted versions of the other function. The German word
for convolution is faltung, which means “folding” and in old texts this is
referred to as the Faltung Theorem. In this section we will look into the
convolution operation and its Fourier transform.

Before we get too involved with the convolution operation, it should be
noted that there are really two things you need to take away from this dis-
cussion. The rest is detail. First, the convolution of two functions is a new
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Figure 10.15: A plot of the finite wave
train.
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functions as defined by 10.64 when dealing wit the Fourier transform. The
second and most relevant is that the Fourier transform of the convolution of
two functions is the product of the transforms of each function. The rest is
all about the use and consequences of these two statements. In this section
we will show how the convolution works and how it is useful.

First, we note that the convolution is commutative: f * ¢ = ¢ * f. This is
easily shown by replacing x — t with a new variable, y = x — t and dy = —dt.

(<N = [ gOftx—na
= —/_wg(x—y)f(y)dy

oo

L o; fy)g(x—y)dy
(f *g)(x). (10.65)

The convolution is commutative.
The best way to understand the folding of the functions in the convolu-
tion is to take two functions and convolve them. The next example gives
a graphical rendition followed by a direct computation of the convolution.
The reader is encouraged to carry out these analyses for other functions.

Example 10.11. Graphical Convolution of the box function and a tri-
angle function.
In order to understand the convolution operation, we need to apply

f(x) it to specific functions. We will first do this graphically for the box
I function
‘ I 1 x| <1
1 ‘ fay=4 b st
% | 0, |x|]>1
X
-1 1
and the triangular function
8(x)
1+ (x)— x, 0<x<1,
3 8 0, otherwise
I |
-1 1 ¥ as shown in Figure 10.16.
Figure 10.16: A plot of the box function Next, we determine the contributions to the integrand. We consider
f(x) and the triangle function g(x). the shifted and reflected function g(t — x) in Equation 10.64 for various
g1 values of t. For t = 0, we have g(x —0) = g(—x). This function is a
1 reflection of the triangle function, g(x), as shown in Figure 10.17.

We then translate the triangle function performing horizontal shifts

; % by t. In Figure 10.18 we show such a shifted and reflected g(x) for

t
-1 1 t=2,o0rg(2—x).
Figure 10.17: A plot of the reflected tri-

angle function, g(— 1) In Figure 10.18 we show several plots of other shifts, ¢(x — t), su-

perimposed on f(x).

§(2-1) The integrand is the product of f(t) and g(x — t) and the integral
1 ‘ of the product f(t)g(x —t) is given by the sum of the shaded areas for
\ each value of x.
I |

w w w In the first plot of Figure 10.19 the area is zero, as there is no overlap
-1 1 2 !

Figure 10.18: A plot of the reflected tri-
angle function shifted by 2 units, g(2 —

b).

of the functions. Intermediate shift values are displayed in the other
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plots in Figure 10.19. The value of the convolution at x is shown by
the area under the product of the two functions for each value of x.

Plots of the areas of the convolution of the box and triangle func-
tions for several values of x are given in Figure 10.18. We see that the
value of the convolution integral builds up and then quickly drops
to zero as a function of x. In Figure 10.20 the values of these areas is
shown as a function of x.

y y y

t t t
¥ Y y

t t t
y Yy y

t t t

Figure 10.19: A plot of the box and trian-
gle functions with the overlap indicated

The plot of the convolution in Figure 10.20 is not easily determined using by the shaded area.
the graphical method. However, we can directly compute the convolution (F+ 9)(x)
* ¢)(x

as shown in the next example. 8

0.5
Example 10.12. Analytically find the convolution of the box function
and the triangle function.

The nonvanishing contributions to the convolution integral are when -1 1 2

both f(t) and g(x —t) do not vanish. f(t) is nonzero for |f| < 1, Figure 10.20: A plot of the convolution
or -1 <t < 1. g(x—t) is nonzero for 0 < x —t < 1, or x —1 < of the box and triangle functions.

t < x. These two regions are shown in Figure 10.21. On this region,

fOglx—H=x—t.

Figure 10.21: Intersection of the support
of g(x) and f(x).

Isolating the intersection in Figure 10.22, we see in Figure 10.22 that
there are three regions as shown by different shadings. These regions
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lead to a piecewise defined function with three different branches of
nonzero values for -1 < x<0,0<x<1l,and 1< x < 2.

Figure 10.22: Intersection of the support t
of g(x) and f(x) showing the integration
regions. 2+
f(x)
1+
8(x)
f f X
-1 1 2

The values of the convolution can be determined through careful
integration. The resulting integrals are given as

(Fr)x) = [ fge—na
[fix=tdt, -1<x<0

- [ (x=t)dt, 0<x<1
fxlfl(x—t)dt, 1<x<2
x+1)?, -1<x<0
= 'y 0<x<1 (10.66)

Tl-(x-1? 1<x<2

A plot of this function is shown in Figure 10.20.

10.6.1  Convolution Theorem for Fourier Transforms

IN THIS SECTION WE COMPUTE the Fourier transform of the convolution in-
tegral and show that the Fourier transform of the convolution is the product
of the transforms of each function,

Flf 8] = f(k)g(k). (10.67)

First, we use the definitions of the Fourier transform and the convolution
to write the transform as

| (Fr)meax
_[iUimm%ﬂ@MWx

= /_o:o (/_oog(x — t)elkx dx) f(t)dt. (10.68)

Ff = g]



We now substitute y = x — t on the inside integral and separate the integrals:

Rresl = [0 ([0 st near) s

—00

= ([ st ay) sy a
= /f o; ( l o; gy)e™ dy) F(£)e dt.
- (Foa)([oms). o

We see that the two integrals are just the Fourier transforms of f and g.
Therefore, the Fourier transform of a convolution is the product of the
Fourier transforms of the functions involved:

F[f = g] = f(k)§(k).

Example 10.13. Compute the convolution of the box function of height
one and width two with itself.

Let f(k) be the Fourier transform of f(x). Then, the Convolution
Theorem says that F[f * f](k) = f2(k), or

(f = f)(x) = F (k).

For the box function, we have already found that

fk) = % sink.

So, we need to compute
1,4
(FxN() = F s’k

= %/ (:251n k) —ik gk, (10.70)

One way to compute this integral is to extend the computation into
the complex k-plane. We first need to rewrite the integrand. Thus,

1 © 4 : —ikx
(fxf)lx) = ﬂlmkiSIHZke k> dk

= l/ kl—z[lfcosZk]e_ikxdk

= —/ [1—elk+el)}e_ikxdk

_ 7/00 k12 [e’k" ;(ei(lk)_i_ei(lJFk))] dk. (10.71)

We can compute the above integrals if we know how to compute

1 o) e*iky
= [

the integral
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e

Ce

<

I'g

\

4

_R —€

€

4

R X

Figure 10.23: Contour for computing

P, e gy,

nz2

Then, the result can be found in terms of I(y) as

(F* F)(x) = I(x) = 110~ K) + I(1 +K)]

We consider the integral

e~ iyz
7{ 5 dz
C 7z

over the contour in Figure 10.23. We can see that there is a double pole

at z = 0. The pole is on the real axis. So, we will need to cut out the
pole as we seek the value of the principal value integral.
Recall from Chapter g that

e~z e~z —€ p—iyz e~z R p—iyz
dz = dz + dz + dz+ | —dz.
2 2 2 2 2
R TTZ g 712 —R T7Z C. Tz e Tz

. —iyz . . .
The integral fCR 7 dz vanishes since there are no poles enclosed in

the contour! The sum of the second and fourth integrals gives the
integral we seek as € — 0 and R — oco. The integral over I'z will
vanish as R gets large according to Jordan’s Lemma provided y < 0.
That leaves the integral over the small semicircle.

As before, we can show that

lim [ f(z)dz = —miRes[f(z);z=10].

e—0.JCe

Therefore, we find

=r/"

A simple computation of the reside gives I(y) = —y, for y < 0.

e~ lyz ) e~z
2dz:mRes —5z2=0].
TZ tZ

When y > 0, we need to close the contour in the lower half plane
in order to apply Jordan’s Lemma. Carrying out the computation, one
finds I(y) =y, for y > 0. Thus,

I(y) = { v v>0 (10.72)

y, y<o0,

We are now ready to finish the computation of the convolution.
We have to combine the integrals I(y), I(y + 1), and I(y — 1), since
(f % f)(x) = I(x) — L[I(1 — k) + I(1 + k)]. This gives different results
in four intervals:

(fxf)x) =

x—%[(x—2)+(x+2)] =0, x<-=2

= rl-2) - (x+2)]=24x —2<x<0,
= =) - (x4 =2-% 0<x<2,
— fxf%[f(xfz)f(wz)]:o, x> 2. (10.73)
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A plot of this solution is the triangle function,

0, x < =2
24+x, —2<x<0
2—x, O<x<2

0, x> 2,

(f+f)(x) = (10.74)

which was shown in the last example.

Example 10.14. Find the convolution of the box function of height one
and width two with itself using a direct computation of the convolu-
tion integral.

The nonvanishing contributions to the convolution integral are when
both f(t) and f(x —t) do not vanish. f(t) is nonzero for |t| < 1, or
-1 <t <1 f(x—t)is nonzero for [x —t| < 1l,orx—1 < t <
x + 1. These two regions are shown in Figure 10.25. On this region,

fH)glx—1t) =1

Figure 10.24: Plot of the regions of sup-
port for f(t) and f(x —t)..

Thus, the nonzero contributions to the convolution are

[Ldt, —2<x<0, | 2-x —2<x<0.

x—17""

“dt, 0<x<2 {2+x, 0<x<2,

(f+f)(x) = {

Once again, we arrive at the triangle function.

In the last section we showed the graphical convolution. For complete-
ness, we do the same for this example. In figure 10.25 we show the results.
We see that the convolution of two box functions is a triangle function.

Example 10.15. Show the graphical convolution of the box function of
height one and width two with itself.
Let’s consider a slightly more complicated example, the convolution of
two Gaussian functions.
Example 10.16. Convolution of two Gaussian functions f(x) = e 0%’
In this example we will compute the convolution of two Gaussian
functions with different widths. Let f(x) = e~% and g(x) = et A
direct evaluation of the integral would be to compute

(Feg)) = [ finge—nar= [~ o ttiar

—00
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i B I _mil

I mm "=l

N | I Sl
(f;g)(x)

Figure 10.25: A plot of the convolution
of a box function with itself. The areas
of the overlaps of as f(x — t) is translated
across f(t) are shown as well. The result
is the triangular function.

This integral can be rewritten as

_ b [T —(a+b)242bxt
(fxg)(x)=e /_ooe (a-+b) dt.
One could proceed to complete the square and finish carrying out
the integration. However, we will use the Convolution Theorem to
evaluate the convolution and leave the evaluation of this integral to
Problem 12.
Recalling the Fourier transform of a Gaussian from Example 10.5,

k) = Fle) = [T (1075)

80 = Flet?) = [Tk,

Denoting the convolution function by h(x) = (f * ¢)(x), the Convolu-
tion Theorem gives

we have

and

N S 7T 2 2
k) = F(K)6(k) = ——_p— Kk /4a,—k*/4b
(k) = f()8(k) = —=
This is another Gaussian function, as seen by rewriting the Fourier
transform of h(x) as

~ 7T 101,12 7T a+tb 2
h(k) = —=e 1GH)R = -k (10.76)
v ab vVab
In order to complete the evaluation of the convolution of these two
Gaussian functions, we need to find the inverse transform of the Gaus-

sian in Equation (10.76). We can do this by looking at Equation (10.75).

We have first that
Ffl |: nek2/4a:| _ efaxz‘
V a



Moving the constants, we then obtain

Ffl [€7k2/4a] — / ﬁefaxz_
7T

We now make the substitution & = 4171,

1 2
Pfl —ak? _ —X /404_
e } 4mxe
This is in the form needed to invert (10.76). Thus, for & = % we find

(f *8)(x) = h(x) = | Zpeme™.

10.6.2  Application to Signal Analysis

THERE ARE MANY APPLICATIONS of the convolution operation. One of
these areas is the study of analog signals. An analog signal is a continuous
signal and may contain either a finite, or continuous, set of frequencies.
Fourier transforms can be used to represent such signals as a sum over the
frequency content of these signals. In this section we will describe how
convolutions can be used in studying signal analysis.

The first application is filtering. For a given signal there might be some
noise in the signal, or some undesirable high frequencies. For example, a
device used for recording an analog signal might naturally not be able to
record high frequencies. Let f(t) denote the amplitude of a given analog
signal and f(w) be the Fourier transform of this signal such the example
provided in Figure 10.26. Recall that the Fourier transform gives the fre-
quency content of the signal.

There are many ways to filter out unwanted frequencies. The simplest
would be to just drop all of the high (angular) frequencies. For example,
for some cutoff frequency wy frequencies |w| > wy will be removed. The
Fourier transform of the filtered signal would then be zero for |w| > wy.
This could be accomplished by multiplying the Fourier transform of the
signal by a function that vanishes for |w| > wy. For example, we could use

L |wl<wp
w) = , 10.
pwo( ) {O, |(U| > wp ( 77)

the gate function

as shown in Figure 10.27.
In general, we multiply the Fourier transform of the signal by some fil-
tering function /1(t) to get the Fourier transform of the filtered signal,

§(w) = f(w)h(w).
The new signal, g(t) is then the inverse Fourier transform of this product,
giving the new signal as a convolution:

) = Ff@h(@)] = [ _nt-mf@dr. Gogd)

—00
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Figure 10.26: Schematic plot of a signal
f(t) and its Fourier transform f(w).

Filtering signals.

@) flw)
w
(b) Pay (W)
—
e % w
(©) &(w)
w

Figure 10.27: (a) Plot of the Fourier
transform f(w) of a signal. (b) The gate
function p, (w) used to filter out high
frequencies. (c) The product of the func-
tions, §(w) = f(w)puw,(w), in (a) and (b)
shows how the filters cuts out high fre-
quencies, |w| > wy.
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Windowing signals.

Figure 10.28: A plot of the finite wave
train.

The convolution in spectral space is de-
fined with an extra factor of 1/27 so
as to preserve the idea that the inverse
Fourier transform of a convolution is the
product of the corresponding signals.

Such processes occur often in systems theory as well. One thinks of
f(t) as the input signal into some filtering device which in turn produces
the output, g(t). The function h(t) is called the impulse response. This is
because it is a response to the impulse function, 4(t). In this case, one has

/°° h(t — 7)8(t) dt = h(t).

—00

Another application of the convolution is in windowing. This represents
what happens when one measures a real signal. Real signals cannot be
recorded for all values of time. Instead data is collected over a finite time
interval. If the length of time the data is collected is T, then the resulting
signal is zero outside this time interval. This can be modeled in the same
way as with filtering, except the new signal will be the product of the old
signal with the windowing function. The resulting Fourier transform of the
new signal will be a convolution of the Fourier transforms of the original
signal and the windowing function.

Example 10.17. Finite Wave Train, Revisited.
We return to the finite wave train in Example 10.10 given by

t t <
h(t) = coswot, |t <a
0, |t| >a

We can view this as a windowed version of f(t) = cos wyt obtained
by multiplying f(t) by the gate function

1, x| <La
gﬂ(t) - { 0, |X| >a . (1079)

This is shown in Figure 10.28. Then, the Fourier transform is given as
a convolution,

hw) = (f*8)(w)
1 /> 4
= 5 /_oo flw—v)8.(v)dv. (10.80)
Note that the convolution in frequency space requires the extra factor
of 1/(2m).
We need the Fourier transforms of f and g, in order to finish the

computation. The Fourier transform of the box function was found in
Example 10.6 as

Go(w) = = s
Sa = sinwa.

The Fourier transform of the cosine function, f(t) = cos wyt, is

oo

flw) / cos(wot)e'“t dt

—0o0

/oo 1 (eiwgt + efiw0t> eiwt At
—o0 2

1/00 (ei(erwo)t_._ei(wfwo)t) dt
2 /-

= n[6(w+ wy) +6(w —wp)]. (10.81)



Note that we had earlier computed the inverse Fourier transform of
this function in Example 10.9.
Inserting these results in the convolution integral, we have

@) = o [ flo-vgw)d

1 oo 2
— E/_oon[é(“’_v"‘w())"‘5(“’—’/—(410)];smvadv
_ s1n(w+w0)a+sm(w—wo)a. (1052

This is the same result we had obtained in Example 10.10.

10.6.3 Parseval’s Equality

AS ANOTHER EXAMPLE OF THE CONVOLUTION THEOREM, we derive Par-
seval’s Equality (named after Marc-Antoine Parseval (1755-1836)):

/j:o F())2dt = % /j:o |f(w)? dw. (10.83)

This equality has a physical meaning for signals. The integral on the left
side is a measure of the energy content of the signal in the time domain.
The right side provides a measure of the energy content of the transform
of the signal. Parseval’s equality, is simply a statement that the energy is
invariant under the Fourier transform. Parseval’s equality is a special case
of Plancherel’s formula (named after Michel Plancherel, 1885-1967).

Let’s rewrite the Convolution Theorem in its inverse form

FUF(R)g(k)] = (f = &)(b). (10.84)
Then, by the definition of the inverse Fourier transform, we have
[ st —wgwyan = - [” fopg@)e do.
Setting t = 0,

[” fuswydn= o [ fwpgrdo. (o8

Now, let g(t) = f(—t), or f(—t) = g(f). We note that the Fourier transform
of g(t) is related to the Fourier transform of f(t) :

fw) = [ FEneta
= —/_oomefi‘”dr

_ /_ °; F(r)eiwt dt = f(w). (10.86)

So, inserting this result into Equation (10.85), we find that

[ rwiEmdn = o [ )P e
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The integral/sum of the (modulus)
square of a function is the integral /sum
of the (modulus) square of the trans-
form.
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The Laplace transform is named af-
ter Pierre-Simon de Laplace (1749-1827).
Laplace made major contributions, espe-
cially to celestial mechanics, tidal analy-
sis, and probability.

Integral transform on [a, b] with respect
to the integral kernel, K(x, k).

Table 10.1: A table of common integral
transforms.

which yields Parseval’s Equality in the form (10.83) after substituting t =
—u on the left.

As noted above, the forms in Equations (10.83) and (10.85) are often re-
ferred to as the Plancherel formula or Parseval formula. A more commonly
defined Parseval equation is that given for Fourier series. For example, for a
function f(x) defined on [, 7|, which has a Fourier series representation,

we have
7T

e 1
+ L@ i) = [ lar

—7T

a

N‘om

In general, there is a Parseval identity for functions that can be expanded
in a complete sets of orthonormal functions, {¢,(x)}, n =1,2,..., which is
given by

[e.9)

Y < figu == fI%

n=1
Here ||f||> =< f,f > . The Fourier series example is just a special case of
this formula.

10.7 The Laplace Transform

UP TO THIS POINT WE HAVE ONLY EXPLORED Fourier exponential trans-
forms as one type of integral transform. The Fourier transform is useful
on infinite domains. However, students are often introduced to another
integral transform, called the Laplace transform, in their introductory dif-
ferential equations class. These transforms are defined over semi-infinite
domains and are useful for solving initial value problems for ordinary dif-
ferential equations.

The Fourier and Laplace transforms are examples of a broader class of
transforms known as integral transforms . For a function f(x) defined on
an interval (a,b), we define the integral transform

F(k) = /a " K(x ) f(x) dx,

where K(x, k) is a specified kernel of the transform. Looking at the Fourier
transform, we see that the interval is stretched over the entire real axis and
the kernel is of the form, K(x,k) = ¢/**. In Table 10.1 we show several types
of integral transforms.

Laplace Transform F(s) = [y e **f(x)dx
Fourier Transform F(k) = [7, e f(x)dx
Fourier Cosine Transform | F(k) = [, cos(kx)f(x)dx
Fourier Sine Transform | F(k) = [;° sin(kx)f(x) dx
d

Mellin Transform F(k) = [;° x*1f(x)dx
Hankel Transform F(k) = [3° xJu(kx)f(x) dx




It should be noted that these integral transforms inherit the linearity of
integration. Namely. let (x) = af(x) + Bg(x), where a and B are constants.
Then,

H(k) = /abK(x,k)h(x)dx,
= [ KGR f o+ pg()

b b
— / K(x, k) f(x) dx + / K(x,K)g(x) dx,
aF(x) 4+ BG(x). (10.87)

Therefore, we have shown linearity of the integral transforms. We have seen
the linearity property used for Fourier transforms and we will use linearity
in the study of Laplace transforms.

We now turn to Laplace transforms. The Laplace transform of a function
f(t) is defined as

F(s) = L[f](s) = / f(t)e stdt, s>0. (10.88)
0
This is an improper integral and one needs

: —st
tlgglo f(t)e =0
to guarantee convergence.

Laplace transforms also have proven useful in engineering for solving cir-
cuit problems and doing systems analysis. In Figure 10.29 it is shown that
a signal x(t) is provided as input to a linear system, indicated by h(t). One
is interested in the system output, y(t), which is given by a convolution
of the input and system functions. By considering the transforms of x(t)
and h(t), the transform of the output is given as a product of the Laplace
transforms in the s-domain. In order to obtain the output, one needs to
compute a convolution product for Laplace transforms similar to the convo-
lution operation we had seen for Fourier transforms earlier in the chapter.
Of course, for us to do this in practice, we have to know how to compute
Laplace transforms.

Laplace Inverse Laplace
Transform Transform
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The Laplace transform of f, F = L[f].

Figure 10.29: A schematic depicting the
use of Laplace transforms in systems
theory.
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Table 10.2: Table of selected Laplace

transform pairs.

10.7.1 Properties and Examples of Laplace Transforms

IT IS TYPICAL THAT ONE MAKES USE of Laplace transforms by referring to
a Table of transform pairs. A sample of such pairs is given in Table 10.2.
Combining some of these simple Laplace transforms with the properties of
the Laplace transform, as shown in Table 10.3, we can deal with many ap-
plications of the Laplace transform. We will first prove a few of the given
Laplace transforms and show how they can be used to obtain new trans-
form pairs. In the next section we will show how these transforms can be
used to sum infinite series and to solve initial value problems for ordinary
differential equations.

f(t) F(s) f(t) F(s)
c at 1
c e e , s>a
;S s—a i
n n. n at :
sin wt _w e sin wt —
s2 4+ w? (s—a)2+w?
cos wt L e cos wt _s-e
2 + w? (s —a)?+w?
tsin wt 2ws t cos wt s —
(52 + w?)? (52 + w?)?
a s
sinh at o cosh at g
—as
H(t—a) es , s>01| o6(t—a) | e, a>0,s>0

We begin with some simple transforms. These are found by simply using
the definition of the Laplace transform.
Example 10.18. Show that £[1] = 1.
For this example, we insert f(f) = 1 into the definition of the
Laplace transform:

cn :/oo st gt
="

This is an improper integral and the computation is understood by
introducing an upper limit of a and then letting a — oo. We will not
always write this limit, but it will be understood that this is how one
computes such improper integrals. Proceeding with the computation,

/ et dt
0

a
= lim e st dt
a=c0 Jo

1 a
= lim <e_5t)
a—oc0 s 0

= lim <—1e5“ + 1) = % (10.89)

we have

L[]

a—00 s
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Thus, we have found that the Laplace transform of 1 is % This result
can be extended to any constant ¢, using the linearity of the transform,

L[c] = cL[1]. Therefore,

Example 10.19. Show that L[e"] = L for s > a.
For this example, we can easily compute the transform. Again, we

only need to compute the integral of an exponential function.

Lle"] = / e"e st dt
0
A
0

— ( 1 e(a—s)t)
a—Ss 0
1

1 1
= 1. (a_s)t —_—— . .
e —s. a—s s—a (10.90)

Note that the last limit was computed as lim;eo el@=5)t — 0. This
is only true if a —s < 0, or s > a. [Actually, a could be complex. In
this case we would only need s to be greater than the real part of a,
s > Re(a).]

Example 10.20. Show that L[cosat] = 57 and L[sinat] = 5.

For these examples, we could again insert the trigonometric func-
tions directly into the transform and integrate. For example,

[e0]
L[cos at] :/ e St cosat dt.
0

Recall how one evaluates integrals involving the product of a trigono-
metric function and the exponential function. One integrates by parts
two times and then obtains an integral of the original unknown in-
tegral. Rearranging the resulting integral expressions, one arrives at
the desired result. However, there is a much simpler way to compute
these transforms.

Recall that ¢ = cos at + i sin at. Making use of the linearity of the
Laplace transform, we have

L[] = L[cosat] + iL[sin at].

Thus, transforming this complex exponential will simultaneously pro-
vide the Laplace transforms for the sine and cosine functions!
The transform is simply computed as

1
s—ia’

E[Eim} _ /oo elato=st gy — /oo ef(sfia)t dt —
0 0

Note that we could easily have used the result for the transform of an
exponential, which was already proven. In this case s > Re(ia) = 0.
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5> This integral can just as easily be done
using differentiation. We note that

d n o co
<——> / e Stdr = / et dt.
ds ) Jo Jo
Since
i —st 1
/ e Stdt = —,
0 s
n

© d
n ,—st _(_"
./0 the dt—< ds)

We compute [;°t"e~5!dt by turning it
into an initial value problem for a first
order difference equation and finding
the solution using an iterative method.

We now extract the real and imaginary parts of the result using the
complex conjugate of the denominator:

1 1 s+ia S +ia

s—ia  s—ias+ia  s2+a2
Reading off the real and imaginary parts, we find the sought trans-
forms,

s
L t] = ——
[cos at] o
. a
L[sinat] = ot (10.91)

Example 10.21. Show that L[t] = le
For this example we evaluate

L[t] :/ te~st dt.
0

This integral can be evaluated using the method of integration by
parts:

/ te=Stdr = —t=e St 4= / e st dt
0 S 0 S Jo

= Z (10.92)

Example 10.22. Show that L[t"] = s’ﬂl for nonnegative integer n.
We have seen the n = 0 and n = 1 cases: £[1] = 1 and L[t] =

1
§2°
We now generalize these results to nonnegative integer powers, n > 1,

of t. We consider the integral
L[] = / the~stdt.
0
Following the previous example, we again integrate by parts:°

[ee] n (e}
+7/ t oSt 4t
0 S Jo
n

f/ t e~ dt. (10.93)
s Jo

o 1
/ tnefst dt = _t”,E*St
0 S

We could continue to integrate by parts until the final integral is
computed. However, look at the integral that resulted after one inte-
gration by parts. It is just the Laplace transform of #"~1. So, we can

write the result as

L[t = gc[ n-1j,

This is an example of a recursive definition of a sequence. In this
case we have a sequence of integrals. Denoting

I, = L[t"] = / the st dt
0

and noting that Iy = L[1] = 1, we have the following:

n 1

I, = ST-1 Iy = 3 (10.94)



This is also what is called a difference equation. It is a first order
difference equation with an “initial condition,” Iy. The next step is to
solve this difference equation.

Finding the solution of this first order difference equation is easy to
do using simple iteration. Note that replacing n with n — 1, we have

n—1
L1 = L2
S

Repeating the process, we find

L = —Iy

n(n-—1
S S

n(n—1)
= T2 D

— Wﬂh& (10.95)

We can repeat this process until we get to Iy, which we know. We
have to carefully count the number of iterations. We do this by iter-
ating k times and then figure out how many steps will get us to the
known initial value. A list of iterates is easily written out:

n
In = glnfl
nn—1
_onnn,
nn—1)(n—2)
= 3 In73

_ n(n—1)(n—zs>k...(n—k+1)1n_k, (10.96)

Since we know Iy = 1, we choose to stop at k = n obtaining

nn—1)(n—-2)...(2)(1 n!
LU s ) PR

Therefore, we have shown that L[t"] = s;l‘}'l .
Such iterative techniques are useful in obtaining a variety of inte-

2
grals, such as I, = [© x2"e™* dx.

As a final note, one can extend this result to cases when n is not an
integer. To do this, we use the Gamma function, which was discussed in
Section 5.4. Recall that the Gamma function is the generalization of the
factorial function and is defined as

I'(x)= /(;oo ~le=tdt., (10.97)

Note the similarity to the Laplace transform of +*~! :

L[ :/ et dt.
0
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For x — 1 an integer and s = 1, we have that

I'(x)=(x—1).

Thus, the Gamma function can be viewed as a generalization of the factorial

and we have shown that

I'(p+1)

L[] = op+1

for p > —1.
Now we are ready to introduce additional properties of the Laplace trans-

form in Table 10.3. We have already discussed the first property, which is a

consequence of linearity of the integral transforms. We will prove the other

properties in this and the following sections.

Table 10.3: Table of selected Laplace
transform properties.

Laplace Transform Properties
Llaf(t) +bg(t)] = 05(5) +bG(s)
LIF()] = —4-F(5)
c| %] =t - o)
£[%L] = ) 570~ £10)

dt?
L[e"f ()] = F(s —a)
£[H(t—a f(t—a)] = e "F(s)

/ft—u u)du] = F(s)G(s)

Example 10.23. Show that £ [%} = sF(s) — f(0).
We have to compute

<[4]-

LI(f

df —st
dt dt.

We can move the derivative off f by integrating by parts. This is sim-
ilar to what we had done when finding the Fourier transform of the
derivative of a function. Letting u = ¢~* and v = f(t), we have

c[g] - [ e

f(t)e ™t :+s/0°°f(t)e*st dt
—£(0) +sF(s).

(10.98)

Here we have assumed that f(t)e !

The final result is that

vanishes for large .

c| %] =sr) - o

Example 6: Show that £ {dtﬂ = s?F(s) —sf(0) — £'(0).



We can compute this Laplace transform using two integrations by
parts, or we could make use of the last result. Letting g(t) = %(tt), we

have

c {ﬁﬂ y [”jﬂ — $G(s) — g(0) = sG(s) — £(0).
- G(s) = £ Bﬂ — sE(s) — £(0).
So,

2
c[‘fﬁ{] — G(s) - £(0)
— S[sE(s) - £(0)] - £(0)
= §F(s) —sf(0) — £(0). (10.99)

We will return to the other properties in Table 10.3 after looking at a few
applications.

10.8 Applications of Laplace Transforms

ALTHOUGH THE LAPLACE TRANSFORM IS A VERY USEFUL TRANSFORM, it
is often encountered only as a method for solving initial value problems
in introductory differential equations. In this section we will show how to
solve simple differential equations. Along the way we will introduce step
and impulse functions and show how the Convolution Theorem for Laplace
transforms plays a role in finding solutions. However, we will first explore
an unrelated application of Laplace transforms. We will see that the Laplace
transform is useful in finding sums of infinite series.

10.8.1 Series Summation Using Laplace Transforms

WE saw IN CHAPTER 2 THAT FOURIER SERIES can be used to sum series.
For example, in Problem 2.13, one proves that
i 1
Rt
n=1" 6

In this section we will show how Laplace transforms can be used to sum
series.® There is an interesting history of using integral transforms to sum
series. For example, Richard Feynman? (1918-1988) described how one can
use the convolution theorem for Laplace transforms to sum series with de-
nominators that involved products. We will describe this and simpler sums
in this section.

We begin by considering the Laplace transform of a known function,

F(s) = /wa(t)efsf dt.
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¢ Albert D. Wheelon, Tables of Summable
Series and Integrals Involving Bessel Func-
tions, Holden-Day, 1968.

7R. P. Feynman, 1949, Phys. Rev. 76, p.
769
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8 A translation of Riemann, Bernhard
(1859), “Uber die Anzahl der Primzahlen
unter einer gegebenen Grosse” is in H.
M. Edwards (1974). Riemann’s Zeta Func-
tion. Academic Press. Riemann had
shown that the Riemann zeta function
can be obtained through contour in-
tegral representatlon 2sin(ns)IC(s) =

i fc e* T dx for a specific contour C.

Inserting this expression into the sum Y, F(n) and interchanging the sum
and integral, we find

3 n) = 5 [~ e "td
YEn) = L[ e

I
-
=

-
N—
1§ agk:
—
W\
—
=
QU
~

= / f(t) t. (10.100)

The last step was obtained using the sum of a geometric series. The key is
being able to carry out the final integral as we show in the next example.
( 1);1+1

Example 10.24. Evaluate the sum ),

Since, L[1] = 1/s, we have
) n+1 o) ©
Z — Z / (_1>n+l€7nt dt
n=1 n=1"70
00 e—t
B ./0 1+et at
2 du

=1In2. (10.101)

1

Example 10.25. Evaluate the sum } ;> ; nl—z

This is a special case of the Riemann zeta function
o
1
— 10.102
=L (10102)

The Riemann zeta function® is important in the study of prime num-
bers and more recently has seen applications in the study of dynamical
systems. The series in this example is {(2). We have already seen in
2.13 that

Using Laplace transforms, we can provide an integral representation
of (2).

The first step is to find the correct Laplace transform pair. The sum
involves the function F(n) = 1/n%. So, we look for a function f(t)
whose Laplace transform is F(s) = 1/s>. We know by now that the
inverse Laplace transform of F(s) = 1/s? is f(t) = t. As before, we
replace each term in the series by a Laplace transform, exchange the
summation and integration, and sum the resulting geometric series:

o 1 - /oo —nt
- = te” ™ dt
n;liﬂ Vgl 0

ot
= /0 ] dt. (10.103)

So, we have that

© ©
/Oe_ldtzzﬁ:g(z).

n=1
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Integrals of this type occur often in statistical mechanics in the form
of Bose-Einstein integrals. These are of the form

) XM -1
Gu(z) = /0 ] dx.
Note that G, (1) = T'(n)g(n).
In general the Riemann zeta function has to be tabulated through other
means. In some special cases, one can closed form expressions. For exam-

ple,
22n -1 71.211

g(zn) = (21’1)!

where the B;,’s are the Bernoulli numbers. Bernoulli numbers are defined

Bnr

through the Maclaurin series expansion

g(z):?/ @(4)2%, C(6):%.

We can extend this method of using Laplace transforms to summing se-
ries whose terms take special general forms. For example, from Feynman’s
1949 paper we note that

1 0 [® _ilatbh
7(61—}—1711)2 — _$/0 e s(a+bn) ds.

This identity can be shown easily by first noting
/oo p—sla+bn) g5 _ _es(a+bn)] 1
0

a+bn Ca+bn
Now, differentiate the result with respect to 2 and the result follows.

The latter identity can be generalized further as

1 _ (_1)k o e 7s(u+bn)d
(@t on)1 ~ K adkJo © >

In Feynman’s 1949 paper, he develops methods for handling several other
general sums using the convolution theorem. Wheelon gives more examples
of these. We will just provide one such result and an example. First, we note
that

1 /1 du
ab  Jo [a(1—u)+bu)?’
However,

[(l_u +bu / teft a(1— u+bu}dt

1 / du/ te—t a(1—u)+bu| dt.
ab

We see in the next example how this representation can be useful.

So, we have

423
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Example 10.26. Evaluate } ;. , m

We sum this series by first letting 4 = 2n + 1 and b = 2n + 2 in the
formula for 1/ab. Collecting the n-dependent terms, we can sum the
series leaving a double integral computation in ut-space. The details

are as follows:

=
Lr7e

1 - du
2n+1)2n+2) / (2n+1)(1—u) + (2n+2)ul?

Z/ du/oo to—t@n+1+u) g4
— Jo 0

/ du/ —t 1+u i —Zm‘dt

/1—6‘”/ e dudt

temt 1—e"
= _— dt
/0 1—e2t ¢t
00 eft
- — it
/0 1+et d
= —In(1+eh) ‘0 =In2. (10.104)

10.8.2  Solution of ODEs Using Laplace Transforms

ONE OF THE TYPICAL APPLICATIONS OF LAPLACE TRANSFORMS is the so-

lution of nonhomogeneous linear constant coefficient differential equations.

In the following examples we will show how this works.

The general idea is that one transforms the equation for an unknown

function y(t) into an algebraic equation for its transform, Y (). Typically,

the algebraic equation is easy to solve for Y(s) as a function of s. Then,

one transforms back into t-space using Laplace transform tables and the

properties of Laplace transforms. The scheme is shown in Figure 10.30.

Figure 10.30: The scheme for solving
an ordinary differential equation using
Laplace transforms. One transforms the
initial value problem for y(t) and obtains
an algebraic equation for Y(s). Solve for
Y(s) and the inverse transform give the
solution to the initial value problem.

Laplace Transform

Llyl=g F(Y)=G
ove | A
fory(®) Yo
y(t) Y(s)

Inverse Laplace Transform

Example 10.27. Solve the initial value problem y’ + 3y = ¢*, y(0) = 1.

The first step is to perform a Laplace transform of the initial value



problem. The transform of the left side of the equation is
Lly +3y] =sY —y(0)+3Y =(s+3)Y — 1.

Transforming the right hand side, we have

1
2t
Lle™] = Rt
Combining these two results, we obtain
(s+3)Y—-1= 1
52

The next step is to solve for Y(s) :

1 1
Yo = s T o)

Now, we need to find the inverse Laplace transform. Namely, we

need to figure out what function has a Laplace transform of the above
form. We will use the tables of Laplace transform pairs. Later we
will show that there are other methods for carrying out the Laplace
transform inversion.

The inverse transform of the first term is e3¢

. However, we have not
seen anything that looks like the second form in the table of transforms
that we have compiled; but, we can rewrite the second term by using
a partial fraction decomposition. Let’s recall how to do this.

The goal is to find constants, A and B, such that

! _ A + B (10.105)
5-2)(s+3) s-2 s+3 10

We picked this form because we know that recombining the two terms
into one term will have the same denominator. We just need to make
sure the numerators agree afterwards. So, adding the two terms, we
have

1 _ A(s+3)+B(s—2)

(s—2)(s+3) (s—2)(s+3)
Equating numerators,

1=A(s+3)+B(s—2).
There are several ways to proceed at this point.

. Method 1.

We can rewrite the equation by gathering terms with common powers
of s, we have
(A+B)s+3A—-2B=1.

The only way that this can be true for all s is that the coefficients of the
different powers of s agree on both sides. This leads to two equations
for A and B:
A+B=0
3A—-2B=1. (10.106)
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This is an example of carrying out a par-
tial fraction decomposition.
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b
8,
y(t)
6,
4,
5] C
t

1 2
Figure 10.31: A plot of the solution to
Example 10.27.

The first equation gives A = —B, so the second equation becomes
—5B = 1. The solution is then A = —B = %

. Method 2.
Since the equation (S_sz = % + s% is true for all s, we can pick
specific values. For s = 2, we find 1 = 5A, or A = % Fors = —3, we
find1 = —-5B,or B = —%. Thus, we obtain the same result as Method

1, but much quicker.

. Method 3.

We could just inspect the original partial fraction problem. Since the
numerator has no s terms, we might guess the form

1 1 1

(s—2)(s+3) s—2 543

But, recombining the terms on the right hand side, we see that

11 5
s—2 s+3 (s—2)(s+3)’

Since we were off by 5, we divide the partial fractions by 5 to obtain

1 1 [ 11 ]
(s—2)(s+3) 5|s—2 s+3]’
which once again gives the desired form.
Returning to the problem, we have found that
1 1 1 1
Y(s) = s+3+g (5—2 B s+3)'
We can now see that the function with this Laplace transform is given

by

1 1 1 1 1
_r-1 1 _ N v
y(h) = £ [s+3+5(s—2 s+3)] ¢ +5(6 ¢ )

works. Simplifying, we have the solution of the initial value problem

B O TR .
y(t)—5e +5e .

We can verify that we have solved the initial value problem.

2 12 1 4
Y +3y = gezt _ €673t +3(562t+ 567315) 2

andy(0) =1+32=1

Example 10.28. Solve the initial value problem y” + 4y =0, y(0) =1,
y'(0) =3.

We can probably solve this without Laplace transforms, but it is a
simple exercise. Transforming the equation, we have

0 = s*Y —sy(0) —y'(0) +4Y
= (s*4+4)Y—s5-3. (10.107)
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Solving for Y, we have

s+3
Y(s) = 5.
(®) s2 44
We now ask if we recognize the transform pair needed. The denom-
inator looks like the type needed for the transform of a sine or cosine.
We just need to play with the numerator. Splitting the expression into
two terms, we have

__5 ., 3
T 244 2447

Y(s)

The first term is now recognizable as the transform of cos2t. The
second term is not the transform of sin 2¢. It would be if the numerator
were a 2. This can be corrected by multiplying and dividing by 2:

3 _3(_ 2
2+4 2\s2+4)°

The solution is then found as

s L3 2\ 3
y(t) =L {52—1-4 + > <52+4)] = cos 2t + 2s1n21f.

> 1y(t)

The reader can verify that this is the solution of the initial value prob-

t
lem. The solution is shown in Figure 10.32. \2/ 4 \/é \8

10.8.3 Step and Impulse Functions —2]

Figure 10.32: A plot of the solution to
Example 10.28.

OFTEN THE INITIAL VALUE PROBLEMS THAT ONE FACES in differential
equations courses can be solved using either the Method of Undetermined
Coefficients or the Method of Variation of Parameters. However, using the
latter can be messy and involves some skill with integration. Many circuit
designs can be modeled with systems of differential equations using Kir-
choff’s Rules. Such systems can get fairly complicated. However, Laplace
transforms can be used to solve such systems and electrical engineers have
long used such methods in circuit analysis.

In this section we add a couple of more transform pairs and transform
properties that are useful in accounting for things like turning on a driving
force, using periodic functions like a square wave, or introducing impulse

forces.
We first recall the Heaviside step function, given by
H(t—a)
0, t<0,
H(t) = { L >0 (10.108) 1 —

1
1
1
A more general version of the step function is the horizontally shifted ‘ : !

step function, H(t — a). This function is shown in Figure 10.33. The Laplace
Figure 10.33: A shifted Heaviside func-

transform of this function is found for a > 0 as tion, H(t — a).

CIH(t—a)] = /0°o H(t — a)e" dt
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The Shift Theorems.

Figure 10.34: The box function, H(t) —
H(t —a).

|

|

|
0 a
Figure 10.35: Formation of a piecewise
function, f(t)[H(t) — H(t — a)].

= . (10.109)

Just like the Fourier transform, the Laplace transform has two shift the-
orems involving the multiplication of the function, f(t), or its transform,
F(s), by exponentials. The first and second shifting properties/theorems
are given by

Lle"f(t)] = F(s—a)
Lf(t—a)H(t—a)] = e “F(s).

(10.110)

(10.111)

We prove the First Shift Theorem and leave the other proof as an exercise
for the reader. Namely,

LI"F(H)] = /Oooe”tf(t)e’“dt
= /O.oof(t)e_(s_”)tdt = F(s —a).

(10.112)

—t gin wt.

Example 10.29. Compute the Laplace transform of e

This function arises as the solution of the underdamped harmonic
oscillator. We first note that the exponential multiplies a sine function.
The shift theorem tells us that we first need the transform of the sine

function. So, for f(t) = sinwt, we have

F(s)

Using this transform, we can obtain the solution to this problem as

L w
s2 4+ w?’

w

—at g =F = .
Le™" sin wt] (s+a) Craita?

More interesting examples can be found using piecewise defined func-
tions. First we consider the function H(t) — H(t — a). For t < 0 both terms
are zero. In the interval [0, ] the function H(t) = 1 and H(t —a) = 0. There-
fore, H(t) — H(t —a) = 1 for t € [0,a]. Finally, for t > a, both functions are
one and therefore the difference is zero. The graph of H(t) — H(t —a) is
shown in Figure 10.34.

We now consider the piecewise defined function

ﬂw:{fm,ogtgm

0, t<0,t>a.

This function can be rewritten in terms of step functions. We only need to
multiply f(t) by the above box function,

We depict this in Figure 10.35.



Even more complicated functions can be written in terms of step func-
tions. We only need to look at sums of functions of the form f(¢)[H(t —
a) — H(t — b)] for b > a. This is similar to a box function. It is nonzero
between a and b and has height f(t).

We show as an example the square wave function in Figure 10.36. It can
be represented as a sum of an infinite number of boxes,

o

f(t)y="Y [H(t—2na)—H(t— (2n+1)a)],

n=-—oo

fora > 0.

Example 10.30. Find the Laplace Transform of a square wave “turned
on”att=0..

f(t) = i[H(t—Zna) —H(t—(2n+1)a)], a>0.

Using the properties of the Heaviside function, we have

LIfH)] = io[ﬁ[H(t—Zm)}—E[H(t—(2n+1)ﬂ)]]
o | ,—2nas  ,—(2n+1)as
D
1—e % 1
- s <1—ezﬂ5>
1—e %
= m. (10.113)

Note that the third line in the derivation is a geometric series. We
summed this series to get the answer in a compact form since e~2% <
1.

Other interesting examples are provided by the delta function. The Dirac
delta function can be used to represent a unit impulse. Summing over a
number of impulses, or point sources, we can describe a general function as
shown in Figure 10.37. The sum of impulses located at points a;,i =1,...,n
with strengths f(a;) would be given by
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Figure 10.36: A square wave, f(f) =
Yo oo H(t —2na) — H(t — (2n +1)a)].

LTt et

ai a as a4 as ae Az ag ag Ao

Figure 10.37: Plot representing im-
pulse forces of height f(a;). The sum
Y1 f(ai)d(x — a;) describes a general
impulse function.
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A continuous sum could be written as

o= [ @ -g)de.

This is simply an application of the sifting property of the delta function.

We will investigate a case when one would use a single impulse. While a

mass on a spring is undergoing simple harmonic motion, we hit it for an

instant at time ¢+ = a. In such a case, we could represent the force as a
L[5(t—a)] = e . multiple of 6(t — a).
One would then need the Laplace transform of the delta function to solve

the associated initial value problem. Inserting the delta function into the

Laplace transform, we find that for a > 0

L(t—a)] = /0°° 5(t—a)e st dt
= /oQ 5(t —a)e st dt
= e ™. (10.114)

Example 10.31. Solve the initial value problem y” + 472y = 5(t — 2),
y(0) = y'(0) = 0.

This initial value problem models a spring oscillation with an im-
pulse force. Without the forcing term, given by the delta function, this
spring is initially at rest and not stretched. The delta function models
a unit impulse at t = 2. Of course, we anticipate that at this time the
spring will begin to oscillate. We will solve this problem using Laplace
transforms.

First, we transform the differential equation:

$2Y —sy(0) — ' (0) + 472y = e~ 2.
Inserting the initial conditions, we have
(s2 4+ 4m2)Y = e %,

Solving for Y(s), we obtain

6725

Y(s) = Zraa

We now seek the function for which this is the Laplace transform.
The form of this function is an exponential times some Laplace trans-
form, F(s). Thus, we need the Second Shift Theorem since the solution

is of the form Y (s) = e 2F(s) for
Fs) = 5

T sZyAn?
We need to find the corresponding f(t) of the Laplace transform
pair. The denominator in F(s) suggests a sine or cosine. Since the
numerator is constant, we pick sine. From the tables of transforms, we

have
27
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So, we write
1 27

Fs) = 2782+ 4m2’
This gives f(t) = (271)~!sin27tt.
We now apply the Second Shift Theorem, L[f(t —a)H(t —a)] =
e "F(s), or

y(t) = L7 [ E(s)]
= H(t-2)f(t—2)
1

= 27_(H(t —2)sin27(t — 2). (10.115) NS0
This solution tells us that the mass is at rest until ¢ = 2 and then begins
to oscillate at its natural frequency. A plot of this solution is shown in ,

Figure 10.38 ‘ ]‘O 5 20
Example 10.32. Solve the initial value problem

1" / _02 1
y'+y=f1), y(0)=0y(0)=0, 02
Figure 10.38: A plot of the solution to
where Example 10.31 in which a spring at rest
costt, 0<t<?2 experiences an impulse force at t = 2.
t — 7 - —_ 7
) 0, otherwise.

We need the Laplace transform of f(t). This function can be writ-
ten in terms of a Heaviside function, f(t) = costtH(t —2). In or-
der to apply the Second Shift Theorem, we need a shifted version
of the cosine function. We find the shifted version by noting that
cos 7t(t — 2) = cos 7tt. Thus, we have

f(t) = cosmt[H(t) — H(t —2)]
= cosmt—cosm(t—2)H(t—2), t>0. (10.116)

The Laplace transform of this driving term is

s
s2 4+ 2’

F(s) = (1—e %)L[cosmtt] = (1 —e %)
Now we can proceed to solve the initial value problem. The Laplace
transform of the initial value problem yields

s
s2 + 2’

(s24+1)Y(s) = (1 —e™ %)

Therefore,

S

Y(s)=(1-e) 2+ ) (2 +1)

We can retrieve the solution to the initial value problem using the
Second Shift Theorem. The solution is of the form Y(s) = (1 —
e~ 2)G(s) for

S
E+ @1

G(s) =
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041

0.2+

—0.2 +

—04 +

\/5 10

Figure 10.39: A plot of the solution to
Example 10.32 in which a spring at rest
experiences an piecewise defined force.

The convolution is commutative.

Then, the final solution takes the form

y(t) = g(t) —g(t —2)H(t - 2).

We only need to find g(t) in order to finish the problem. This is
easily done by using the partial fraction decomposition

G(s) = s _ 1 s s .
(s2+m)(s*+1) m?—1|s?+1 s>+
Then,
| S o 1
gt)y=L (s2+7'£2)(52+1)} =37 (cost — cos 7tt) .

The final solution is then given by

y(t) = ﬁ [cos t — cos it — H(t — 2)(cos(t —2) — cos 7tt)].

A plot of this solution is shown in Figure 10.39

10.9 The Convolution Theorem

FINALLY, WE CONSIDER THE CONVOLUTION of two functions. Often we
are faced with having the product of two Laplace transforms that we know
and we seek the inverse transform of the product. For example, let’s say
we have obtained Y(s) = m
problem. In this case we could find a partial fraction decomposition. But,

while trying to solve an initial value

are other ways to find the inverse transform, especially if we cannot perform
a partial fraction decomposition. We could use the Convolution Theorem for
Laplace transforms or we could compute the inverse transform directly. We
will look into these methods in the next two sections.We begin with defining
the convolution.

We define the convolution of two functions defined on [0, c0) much the
same way as we had done for the Fourier transform. The convolution f * g
is defined as

(Fr0)0) = [ gl —wan (t0117)

Note that the convolution integral has finite limits as opposed to the Fourier
transform case.
The convolution operation has two important properties:

1. The convolution is commutative: f x g = g* f

Proof. The key is to make a substitution y =  — u in the integral. This
makes f a simple function of the integration variable.

A0 = [ gGf(t-u)du
= —[%@—wﬂw@
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:/f

= g)(t) (10.118)

O

The Convolution Theorem for Laplace

; . . transf .
2. The Convolution Theorem: The Laplace transform of a convolution is ransiorms

the product of the Laplace transforms of the individual functions:

L[f xg] = F(s)G(s)

Proof. Proving this theorem takes a bit more work. We will make
some assumptions that will work in many cases. First, we assume that
the functions are causal, f(t) = 0 and g(t) = 0 for t < 0. Secondly,
we will assume that we can interchange integrals, which needs more
rigorous attention than will be provided here. The first assumption
will allow us to write the finite integral as an infinite integral. Then
a change of variables will allow us to split the integral into the prod-
uct of two integrals that are recognized as a product of two Laplace
transforms.
Carrying out the computation, we have

Lifxg = / (/ f (t—u) er—“w
- / (/ flu t—utM)@”dt
= [Tre ([Tst-wetar) au o

Now, make the substitution T = t — u. We note that

int§ f(u) (/:og( u)e _Stdt> du —/ flu (/o: (T)es(THu) dT) du

However, since g(7) is a causal function, we have that it vanishes for
T < 0 and we can change the integration interval to [0, c0). So, after a
little rearranging, we can proceed to the result.

/(;oof(u) (/Ooog(r)e_s(””) dT) du
_ AwaOeS“(AwghyzndT>du
_ (Awaksﬁm)(Awgﬁksﬂh>

= F(s)G(s). (10.120)

L[f gl

O

We make use of the Convolution Theorem to do the following examples.
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Example 10.33. Find y(t) = £! [m] .
We note that this is a product of two functions

1 11
(s—1)(s—2) s—1s-2

Y(s) = = F(s)G(s).

We know the inverse transforms of the factors: f(t) = ¢! and g(t) =
et

Using the Convolution Theorem, we find y(t) = (f * g)(t). We com-
pute the convolution:

w0 = [ fgte—wan

= / e e?(t=1) gy
0

t
= eZt/ e "“du
0

= et +1]=e . (10.121)

One can also confirm this by carrying out a partial fraction decompo-
sition.
Example 10.34. Consider the initial value problem, y”" + 9y = 2sin 3¢,

y(0) =1,y(0) = 0.
The Laplace transform of this problem is given by

6
s249°

(s> +9)Y —s=

Solving for Y(s), we obtain

6 s
Y(s) = .
(s) (§+%2+§+9

The inverse Laplace transform of the second term is easily found as
cos(3t); however, the first term is more complicated.

We can use the Convolution Theorem to find the Laplace transform
of the first term. We note that

6
(s249)2

3 3
(s2+49) (s2+9)

_2
e

is a product of two Laplace transforms (up to the constant factor).
Thus,

£ [(524_69)2] = %(f*g)(t),

where f(t) = g(t) = sin3t. Evaluating this convolution product, we
have

£t ] = 300

t
= E/ sin3usin3(t — u) du
3 Jo
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t
/0 [cos3(2u — t) — cos 3t] du
t 5 (b

W= W=

1
[ sin(6u — 3t) — u cos 3t
6 O /\
! N
= —sin3t— ~tcos3t. (10.122) ; ; ; R
? 3 \J2 W v $

Combining this with the inverse transform of the second term of

Y (s), the solution to the initial value problem is ol

1 1 . _ . :
y(t) — —Z=tcos3t + = sin 3t + cos 3t. Figure 10.40: Plot. of the solution to Ex
3 9 ample 10.34 showing a resonance.
Note that the amplitude of the solution will grow in time from the first
term. You can see this in Figure 10.40. This is known as a resonance.

Example 10.35. Find E’l[ﬁ] using partial fraction decomposi-

tion.
If we look at Table 10.2, we see that the Laplace transform pairs

with the denominator (s> + w?)? are

. 2ws
E[tSInwt} = m,
and ) )
§T—w
t t| = —5—.
L[t cos wt] 1wl

So, we might consider rewriting a partial fraction decomposition as

6 Abs B(s*>—-9) Cs+D

(2192 (2192 (2192 249"

Combining the terms on the right over a common denominator, we
find
6 = 6As + B(s*> —9) + (Cs + D)(s* +9).

Collecting like powers of s, we have
Cs®+ (D + B)s* + 6As + (D — B) = 6.

Therefore, C=0,A=0,D+B=0,and D — B = % Solving the last
two equations, we find D = —B = %
Using these results, we find

6 1(s2-9) 1 1

(2492 3(219)2 352+9

This is the result we had obtained in the last example using the Con-
volution Theorem.

10.10 The Inverse Laplace Transform

UNTIL THIS POINT WE HAVE SEEN that the inverse Laplace transform can be
found by making use of Laplace transform tables and properties of Laplace
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A function f(t) is said to be of exponen-
tial order if )~ |f(t)]e dt < oo

9 Closing the contour to the left of the
contour can be reasoned in a manner
similar to what we saw in Jordan’s
Lemma. Write the exponential as e =
eGRFBIE = ¢SrEeHSIt, The second factor is
an oscillating factor and the growth in
the exponential can only come from the
first factor. In order for the exponential
to decay as the radius of the semicircle
grows, sgt < 0. Since t > 0, we need
s < 0 which is done by closing the con-
tour to the left. If t < 0, then the contour
to the right would enclose no singulari-
ties and preserve the causality of f(¢).

y
/—c+iR
Cr
I~
X%
) c X
I~ ir

Figure 10.41: The contour used for ap-
plying the Bromwich integral to the

Laplace transform F(s) = ﬁ

transforms. This is typically the way Laplace transforms are taught and
used in a differential equations course. One can do the same for Fourier
transforms. However, in the case of Fourier transforms we introduced an
inverse transform in the form of an integral. Does such an inverse integral
transform exist for the Laplace transform? Yes, it does! In this section we
will derive the inverse Laplace transform integral and show how it is used.

We begin by considering a causal function f(t) which vanishes for t < 0
and define the function g(t) = f(t)e " with ¢ > 0. For g(t) absolutely
integrable,

| 1swlde= [T ioleat < o,

we can write the Fourier transform,

¢(w) = /°° g(t)ei‘”tdt _ /Ooof(t)eiwt—ctdt

—00

and the inverse Fourier transform,

g(t) = f(t)e " = % /OO $(w)e ™ dew.

J —00

Multiplying by ¢ and inserting ¢(w) into the integral for g(t), we find

f(t) = % /OO /O'OOf(T)e(i“’_C)TdTe_(i“’_C)tdw.

Letting s = ¢ — iw (so dw = ids), we have

c—ioo

ft) = i /Hm /O.oo f(t)e sTdre ds.

Note that the inside integral is simply F(s). So, we have

F(t) = - / I p(s)et ds.

" 270 Jeioo (10.123)

The integral in the last equation is the inverse Laplace transform, called
the Bromwich integral and is named after Thomas John I’Anson Bromwich
(1875-1929) . This inverse transform is not usually covered in differen-
tial equations courses because the integration takes place in the complex
plane. This integral is evaluated along a path in the complex plane called
the Bromwich contour. The typical way to compute this integral is to first
chose ¢ so that all poles are to the left of the contour. This guarantees that
f(¢) is of exponential type. The contour is closed a semicircle enclosing all
of the poles. One then relies on a generalization of Jordan’s lemma to the
second and third quadrants.?

1

Example 10.36. Find the inverse Laplace transform of F(s) =

s(s+1)°
The integral we have to compute is
1 ~C+i00 eSl‘
t) = ~— ————ds.
) 27ti ,/Cfioo s(s+1) °
This integral has poles at s = 0 and s = —1. The contour we will use

is shown in Figure 10.41. We enclose the contour with a semicircle



to the left of the path in the complex s-plane. One has to verify that
the integral over the semicircle vanishes as the radius goes to infinity.
Assuming that we have done this, then the result is simply obtained
as 27ti times the sum of the residues. The residues in this case are:

zt ezt
Res | ———;z=0| =lim— =1
z(z+1) z—0 (z+1)
and , t
Z v4
Res 67;2 =—-1| = lim S —e t,
z(z+1) 251 2
Therefore, we have
F() = 270 | —— (1) + ——(—e )| = 1=
o 277i 27ti a '

We can verify this result using the Convolution Theorem or using a
partial fraction decomposition. The latter method is simplest. We note

that
1 1 1

s(s+1) s s+1°

The first term leads to an inverse transform of 1 and the second term
gives e !. So,

Thus, we have verified the result from doing contour integration.

1
s(1+e)”

Example 10.37. Find the inverse Laplace transform of F(s) =
In this case, we need to compute

1 c+ico eSt p
)= — LY
£t 27ti /Cfioo s(1+e9) ;

This integral has poles at complex values of s such that 1 +¢° = 0, or
e’ = —1. Letting s = x + iy, we see that

8 ="t = ¢*(cosy +isiny) = —1.
We see x = 0 and y satisfies cosy = —1 and siny = 0. Therefore,
y = nm for n an odd integer. Therefore, the integrand has an infinite
number of simple poles at s = nmi, n = £1,43,.... It also has a
simple pole at s = 0.

In Figure 10.42 we indicate the poles. We need to compute the
resides at each pole. At s = ni we have

ESt est
Res | ——;s=nmi| = lim (s—nmi)———
s(1+e5)’ sﬁnm‘( )S(1+€S)
. st
= Ilim —
s—ni Se’
ennit
= — , nodd. (10.124)

nIti
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Figure 10.42: The contour used for ap-
plying the Bromwich integral to the
Laplace transform F(s) = pi—eg
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At s = 0, the residue is

est est 1
Res | ——=;s=0| =i =-.
© [s(l—i—es) ° ] s0l+e 2

Summing the residues and noting the exponentials for +n can be
combined to form sine functions, we arrive at the inverse transform.

1 enit
fit) = 2 nri
n odd
1 2 sin (2k — 1) 7t
= -—-2)Y — (10.125)
2 k; 2k—1)m
Figure 10.43: Plot of the square wave re- - I AUI NW“”“M”“”‘
sult as the inverse Laplace transform of
F(s) = ﬁ with 50 terms. 0.8+
0.6
0.4
0.2+
oy 4 Jﬁf N

The series in this example might look familiar. It is a Fourier sine
series with odd harmonics whose amplitudes decay like 1/n. It is a
vertically shifted square wave. In fact, we had computed the Laplace
transform of a general square wave in Example 10.30.

In that example we found

0 1 —e 88
c nZ::O[H(t—Zna)fH(tf(ZnJrl)a)] - ﬁ
1
= A e (10.126)

In this example, one can show that

[e)

f(t)y= Y [H(t—2n+1) — H(t —2n)].

n=0

The reader should verify that this result is indeed the square wave
shown in Figure 10.43.

10.11 Transforms and Partial Differential Equations

As ANOTHER APPLICATION OF THE TRANSFORMS, we will see that we
can use transforms to solve some linear partial differential equations. We
will first solve the one dimensional heat equation and the two dimensional
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Laplace equations using Fourier transforms. The transforms of the partial
differential equations lead to ordinary differential equations which are eas-
ier to solve. The final solutions are then obtained using inverse transforms.

We could go further by applying a Fourier transform in space and a
Laplace transform in time to convert the heat equation into an algebraic
equation. We will also show that we can use a finite sine transform to
solve nonhomogeneous problems on finite intervals. Along the way we will
identify several Green’s functions.

10.11.1  Fourier Transform and the Heat Equation

WE WILL FIRST CONSIDER THE SOLUTION OF THE HEAT EQUATION On
an infinite interval using Fourier transforms. The basic scheme has been
discussed earlier and is outlined in Figure 10.44.

Fourier Transform Figure 10.44: Using Fourier transforms
" to solve a linear partial differential equa-
u(x,0) i(k,0) o P d
!
!
|
Ut =10txx iy = —ak?i
|
!
~
u(x, t) i(k,t)

Inverse Fourier Transform

Consider the heat equation on the infinite line,
Up = QlUyy, —00 < x <oo,t>0.
u(x,0) = f(x), —o0<x< o0, (10.127)

We can Fourier transform the heat equation using the Fourier transform of
u(x,t),
Flu(x, )] = a(k,t) = / u(x, £)e dx.
—00

We need to transform the derivatives in the equation. First we note that

Flu] = /700 78”(;;'7})61“ dx
— ikx
= at/ (x, )" dx
on(k, t)
= o (10.128)

Assuming that lim|,|_, u(x,#) = 0 and lim|y| . ux(x,t) = 0, then we
also have that
© u(x,t) ;
]:[uxx] = ./_oo %elkx dx
= —K*a(k,t). (10.129)
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The transformed heat equation.

Therefore, the heat equation becomes

an(k, t)
ot

This is a first order differential equation which is readily solved as

= —ak?0(k,t).

ik, t) = A(k)e**,

where A(k) is an arbitrary function of k. The inverse Fourier transform is

u(xt) = % | atne i ar
_ Lok —ikx
= 5 ./_oo A(k)e e " dk. (10.130)

We can determine A(k) using the initial condition. Note that

Flu(x,0)] = (k,0) = /_ ¥ f(x)e dx.

But we also have from the solution,

u(x,0) = % [ Awge i ar.

Comparing these two expressions for i1(k,0), we see that

We note that iI(k, t) is given by the product of two Fourier transforms,
ik, t) = A(k)e’“kzt. So, by the Convolution Theorem, we expect that u(x, t)
is the convolution of the inverse transforms,

ut) = (F9)(wt) = 5= [ FE N85 0)de,

where
glx,t)=F1! [e*”‘kzt].

In order to determine g(x,t), we need only recall example 10.5. In that
example we saw that the Fourier transform of a Gaussian is a Gaussian.

]:[efuxz/2] — ,2—7[67]{2/2”,
a

-1 21 —k2/2a —ax2/2

F e |=e .

Applying this to the current problem, we have

Namely, we found that

or,

g(x) = F e = | [ R/,

Finally, we can write down the solution to the problem:
e~ (x—&)2/4t

u(et) = (Fr)et) = [ fEn* i

Aot



The function in the integrand,

efx2/4t
K(x,t) =

4ot

is called the heat kernel.

10.11.2 Laplace’s Equation on the Half Plane

WE CONSIDER A STEADY STATE SOLUTION in two dimensions. In particular,
we look for the steady state solution, u(x, y), satisfying the two-dimensional
Laplace equation on a semi-infinite slab with given boundary conditions as
shown in Figure 10.45. The boundary value problem is given as

Uyy + Uy =0, —oco<x<oo, y>0,

u(x,0) = f(x),
lim u(x,y) =0,

Yy—0

—00 < x < 00

lim u(x,y) = 0. (10.131)
|x]| =00

This problem can be solved using a Fourier transform of u(x,y) with

respect to x. The transform scheme for doing this is shown in Figure 10.46.
We begin by defining the Fourier transform

i(k,y) = Flu) = [

—00

(o]

u(x,y)e*™ dx.

We can transform Laplace’s equation. We first note from the properties
of Fourier transforms that

o’u 2.
F |:ax2:| = —k u(k,y),
if im0 u(x,y) = 0 and lim}y|_,, ux(x,y) = 0. Also,

r {azu] B 8212(k,y)

oy2 ay?

Thus, the transform of Laplace’s equation gives i, = k1.

Fourier Transform

u(x,0) i1(k,0)
Uxy _|": uyy = O ﬁyy - kzﬁ
u(x,y) ik, y)

Inverse Fourier Transform

This is a simple ordinary differential equation. We can solve this equation
using the boundary conditions. The general solution is
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K(x, t) is called the heat kernel.

V2 =0

u(x,0) = f(x) X

Figure 10.45: This is the domain
for a semi-infinite slab with boundary
value u(x,0) = f(x) and governed by
Laplace’s equation.

Figure 10.46: The transform scheme
used to convert Laplace’s equation to an
ordinary differential equation which is
easier to solve.

The transformed Laplace equation.
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The Green’s function for the Laplace
equation.

ia(k,y) = a(k)ek + b(k)e ™
Since limy .o u(x,y) = 0 and k can be positive or negative, we have that
a(k,y) = a(k)e IKl¥. The coefficient a(k) can be determined using the re-
maining boundary condition, u(x,0) = f(x). We find that a(k) = f(k) since
a(k) = a(k,0) = / u(x,0)e dx = / F(x)e* dx = f(k).

—00

[e9)

We have found that #(k, y) = f(k)e~*I¥. We can obtain the solution using
the inverse Fourier transform,

u(x,t) = FHf(k)e k).

We note that this is a product of Fourier transforms and use the Convolution
Theorem for Fourier transforms. Namely, we have that a(k) = F[f] and
e My = Flg] for g(x,y) =
Problem 6.

Then, the Convolution Theorem gives the solution

uwy) = o /°° f(é)g(x—é)dé

= 27r/ f(e +y 5 dC. (10.132)

2y
W This last result is essentially proven in

We note for future use, that this solution is in the form

uxy) = [ F@GG Ty, 04,

where

2
G(x,&y,0) = ((x — gy)z +?)

is the Green’s function for this problem.

10.11.3 Heat Equation on Infinite Interval, Revisited

WE WILL RECONSIDER THE INITIAL VALUE PROBLEM for the heat equation
on an infinite interval,

Ut = Uyy, —0<x<00, >0,

u(x,0) = f(x), —oo<x < oco. (10.133)

We can apply both a Fourier and a Laplace transform to convert this to an
algebraic problem. The general solution will then be written in terms of an
initial value Green’s function as
u(ot) = [ Glx6E,0)/(@)de.
For the time dependence we can use the Laplace transform and for the
spatial dependence we use the Fourier transform. These combined trans-
forms lead us to define

i(k,s) = F[L[u]] = /_o; /Ooo u(x, t)e~ste®™ dtdx.



Applying this to the terms in the heat equation, we have

FlLlug]] = si(k,s)— Flu(x,0)]
— silks) - f(K)
FlLluw]] = —k*a(k,s). (10.134)

Here we have assumed that

lim u(x,t)e™ =0, lim u(x,t) =0, Lm uy(x,t)=0.
t—o0 [x]—00 |x|—o00

Therefore, the heat equation can be turned into an algebraic equation for
the transformed solution,

or

The solution to the heat equation is obtained using the inverse transforms
for both the Fourier and Laplace transform. Thus, we have

u(xt) = F e
1 /oo ( 1 /C+°° S (k) esfds> e *dk.  (10.135)

Since the inside integral has a simple pole at s = —k?, we can compute
the Bromwich integral by choosing ¢ > —k?. Thus,

~

1 ere f(k) o
—_— ds = Ri
27Ti /cfioo s+ 2t % ©s

f(k) St e
s—l—kze ,S——kzl_ekf(k)_

Inserting this result into the solution, we have
u(x, ) = FHLT )]
= % /_O:o f(k)e_kzte_ik" dk. (10.136)
This solution is of the form
u(x,t) = Ffg)

for §(k) = e ¥**. So, by the Convolution Theorem for Fourier transforms,the
solution is a convolution,

uGot) = [ f@glx-g)de.

All we need is the inverse transform of ¢ (k).
We note that ¢(k) = e~¥! is a Gaussian. Since the Fourier transform of a
Gaussian is a Gaussian, we need only recall Example 10.5,

Fle /2] = |/ 2771:@”‘2/2”.
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444 PARTIAL DIFFERENTIAL EQUATIONS

The initial value Green’s function for the
heat equation.

Setting a = 1/2t, this becomes
]_—[efo/4t] = Varte Ft,
So,
g0 = F e = ——

Inserting g(x) into the solution, we have

uwt) = o [ f@e e g
- [ cxng0s@ e (10.137)

Here we have identified the initial value Green’s function

1
Ol 8,0) = Lot/

10.11.4 Nonhomogeneous Heat Equation

WE NOW CONSIDER THE NONHOMOGENEOUS HEAT EQUATION with homo-
geneous boundary conditions defined on a finite interval.

—kuyy =h(x,t), 0<x<L, t>0.
u(0,t) =0, wu(Lt)=0, t>0,
u(x,0) = f(x), 0<x<. (10.138)

We know that when & (x,t) = 0 the solution takes the form

u(x,t) =Y bysin n—:x
n=1

So, when h(x,t) # 0, we might assume that the solution takes the form
Z by (t) sin @

where the b,,’s are the finite Fourier sine transform of the desired solution,

2 L . nmx
ba(t) = Fulu] = Z/0 u(x, 1) sin 2 dx

Note that the finite Fourier sine transform is essentially the Fourier sine
transform which we encountered in Section 2.4.

The idea behind using the finite Fourier Sine Transform is to solve the
given heat equation by transforming the heat equation to a simpler equation
for the transform, by(t), solve for bn(t), and then do an inverse transform,
i.e., insert the b, (t)’s back into the series representation. This is depicted
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Finite Fourier Sine Transform Figure 10.47: Using finite Fourier trans-
u(x0) AK0) e T
\
|
Uy — uxxi: h(x, t) db” + w2by |= By (t)
|
:
u ( X, t) A (k , t)

Inverse Finite Fourier Sine Transform

in Figure 10.47. Note that we had explored similar diagram earlier when
discussing the use of transforms to solve differential equations.

First, we need to transform the partial differential equation. The finite
transforms of the derivative terms are given by

Fslug] = L/ (x,t) sdex
2 (L nr
= = ( / u(x,t) s1nde)
= % (10.139)
L 92y . N7X
Fsluxy] = s ﬁ(x,t)sdex
nrx1l  snmy 2 [Lou nmx
= [uxsm—L }0_(T)Z/o $<x’t)C057L dx
nr nxl  /nmN\22 (L . N7X
= —[Tueos | - (7)) weensin == dx
. onn nmw\2 ,
= I —[u(0,t) — u(L,0) cosnm] — (T) b;
= 2p2 (10.140)

where w, = .

Furthermore, we define
2 L . nmx
Hy(t) = Fulh] = Z/0 h(z, ) sin 2 dx.

Then, the heat equation is transformed to

dby +wiby = Hy(t), n=1,23,....
dt
This is a simple linear first order differential equation. We can supple-

ment this equation with the initial condition

L
b (0) = % /0 u(x,0)sin 7 dx.

The differential equation for b, is easily solved using the integrating factor,
u(t) = et Thus,
d wﬁt _ wﬁt
= (e bn(t)) = Hy(t)e
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and the solution is
2 t 2
b(t) = by (0)e @it 4 / H,(t)e”“ntt=7) 4,
0

The final step is to insert these coefficients (finite Fourier sine transform)
into the series expansion (inverse finite Fourier sine transform) for u(x,t).
The result is

Zb wit sm i [/ Hy(t e wn (=) gr sm—

This solution can be written in a more compact form in order to identify
the Green’s function. We insert the expressions for b, (0) and H,(t) in terms
of the initial profile and source term and interchange sums and integrals.
This leads to

e}

u(x,t) =Y <E/OL u(g, 0)sm§d§> w smmLIx

n=1

_|_ni;1 [/ot (i/L (&, T)sm éd@‘) —wi(t= T)dr] smn—zx
= [0 |F E e
—|—/Ot /OLh(é T li i s1n@s1 n:ée_wg(t_r)]

n=1

L
- /()u(ﬁ,O)G(x,é‘,t,O)d§+/()/() (&, T)G(x, & t, T) didr,
(10.141)

Here we have defined the Green’s function

2 o0
G(x,&t, 1) = I n; sin ? sin nfﬁ —wi(t=1),
We note that G(x, &;t,0) gives the initial value Green’s function.
Note thatatt =1,
(o]

2 . nmx . nmng
G(x,&tt) == ) sin—sin —=.
L= L L

This is actually the series representation of the Dirac delta function. The
Fourier sine transform of the delta function is

L
fs[é(x—g)]:%/o 5(x—29) smn—zxdx—%smn—zg

Then, the representation becomes

2 [e 0]
S(x—¢) = I Zsinn—zxsinnTng.

n=1

Also, we note that



Therefore, G; = Gy at least for T # t and ¢ # x.
We can modify this problem by adding nonhomogeneous boundary con-
ditions.

—kuyy =h(x,t), 0<x<L, t>0,
u(0,£) = A, u(L,t)=B, t>0,
u(x,0) = f(x), 0<x<L. (10.142)
One way to treat these conditions is to assume u(x, t) = w(x) + v(x, t) where

— kvyy = h(x,t) and wyy = 0. Then, u(x,t) = w(x) + v(x,t) satisfies the
original nonhomogeneous heat equation.

If v(x, t) satisfies v(0,t) = v(L,t) = 0 and w(x) satisfies w(0) = nd
w(L) = B, then u(0,t) = w(0) +v(0,t) = A u(L,t) = w(L) + v(L, )
Finally, we note that
v(x,0) = u(x,0) —w(x) = f(x) —w(x).
Therefore, u(x,t) = w(x) + v(x, t) satisfies the original problem if
— kv =h(x,t), 0<x<L, t>0,
v(0,£) =0, ov(Lt)=0, t>0,
0(x,0) = f(x) ~w(x), 0<x<L (10.143)
and
Wxx = 0, 0 X S L
w(0) = A, w(L)=B. (10.144)

We can solve the last problem to obtain w(x) = A + 274x. The solution
to the problem for v(x,t) is simply the problem we had solved already in

terms of Green’s functions with the new initial condition, f(x) — A — %x.

10.11.5 Solution of the 3D Poisson Equation

WE RECALL FROM ELECTROSTATICS THAT THE GRADIENT OF THE ELEC-
TRIC POTENTIAL gives the electric field, E = —V¢. However, we also have
from Gauss’ Law for electric fields V - E = e%, where p(r) is the charge dis-
tribution at position r. Combining these equations, we arrive at Poisson’s
equation for the electric potential,

24— _ P
Vip=—L.

We note that Poisson’s equation also arises in Newton’s theory of gravitation
for the gravitational potential in the form V2¢ = —47wGp where p is the
matter density.
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Poisson’s equation for the electric poten-
tial.

Poisson’s equation for the gravitational
potential.
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Three dimensional Fourier transform.

The three dimensional Dirac delta func-
tion, 63(r — 1g).

We consider Poisson’s equation in the form

V2p(x) = —dnf(r)

for r defined throughout all space. We will seek a solution for the potential
function using a three dimensional Fourier transform. In the electrostatic
problem f = p(r)/4mep and the gravitational problem has f = Gp(r)

The Fourier transform can be generalized to three dimensions as

H(k) = /ch(r)eik»r By,

where the integration is over all space, V, dr = dxdydz, and k is a three di-
mensional wavenumber, k = kyi + k;j + k;k. The inverse Fourier transform
can then be written as

0(6) = g [, $00e "

where d°k = dkydkydk; and Vj is all of k-space.

The Fourier transform of the Laplacian follows from computing Fourier
transforms of any derivatives that are present. Assuming that ¢ and its
gradient vanish for large distances, then

FIV2p) = = (k3 + kg + K2)p (k).

Defining k* = k2 + k% + k2, then Poisson’s equation becomes the algebraic
equation

~ N

(k) = 4rf (k).
Solving for ¢(k), we have

4m
p(k) = =/ (k).
The solution to Poisson’s equation is then determined from the inverse
Fourier transform,

R —ik-r
¢(r) = (;17;7;3, /ka(k)eki2 d*k. (10.145)

First we will consider an example of a point charge (or mass in the grav-
itational case) at the origin. We will set f(r) = fyd°(r) in order to represent
a point source. For a unit point charge, fo = 1/4ey.

Here we have introduced the three dimensional Dirac delta function
which, like the one dimensional case, vanishes outside the origin and satis-
fies a unit volume condition,

/‘/(53(r) dr=1.

Also, there is a sifting property, which takes the form

/V§3(r—ro)f(r) Pr = f(ro).



In Cartesian coordinates,

5%(x) = 6(x)d ()5 (2),

/53( r—/ / / 0(z) dxdydz =1,

/ I [ s x0)a(y — yo)o(z — 20)f(x,,2) dvdyaz = F(xo,y0, ).

One can define similar delta functions operating in two dimensions and n
dimensions.

We can also transform the Cartesian form into curvilinear coordinates.
From Section 6.9 we have that the volume element in curvilinear coordinates
is

d*r = dxdydz = hyhohsduydusdus,

where .
This gives
/ 5 (r) Pr = / 83(2) huhohsdirdusdus = 1.
v v
Therefore,
53(1.) — 5(”1) ( )5(;‘ )
|8ul| |Bu2| |T|
1
= W‘S(ul)fs(”z)‘s(%)‘ (10.146)

So, for cylindrical coordinates,
3 1
&(r) = ;5(r)5(9)5(z).

Example 10.38. Find the solution of Poisson’s equation for a point
source of the form f(r) = fo0°(r).

The solution is found by inserting the Fourier transform of this
source into Equation (10.145) and carrying out the integration. The
transform of f(r) is found as

- /V fo®(x)e* dPr = f.

Inserting f(k) into the inverse transform in Equation (10.145) and
carrying out the integration using spherical coordinates in k-space, we
find

4 —ik-r
o) = ”3/foek2 &k

21 ooefzkxcose
- / / | K2 sin 0 dkdodgp
- b I e”k“"sesinGdde
7T Jo JOo

fo /00 /l —ikxy
= = dkdy, = cos 0,
7)o Ja e v y cos

2fy [®sinz fo
— - [ d = —, .
TTr /0 z T (10147)
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If the last example is applied to a unit point charge, then fy = 1/4mey.
So, the electric potential outside a unit point charge located at the origin

becomes 1

4dregr’

¢(r) =

This is the form familiar from introductory physics.
Also, by setting fo = 1, we have also shown in the last example that

& (i) = —47153(r).

Since V (%) = — 713, then we have also shown that

V- (;3) = 4715%().

Problems

1. In this problem you will show that the sequence of functions

fu(x) = % (1+1n2x2)

approaches 6(x) as n — co. Use the following to support your argument:

a. Show that limy,_,« fu(x) = 0 for x # 0.
b. Show that the area under each function is one.

2. Verify that the sequence of functions {f,(x)}_;, defined by f,(x) =
1e=n1x| approaches a delta function.

3. Evaluate the following integrals:

a. [y sinxé (x — %) dx.

b. [T 6 (%52e*) (3x2 = 7x +2) dx.

Jo a6 (x+ F) dx.

d. [5 e *5(x* — 5x + 6) dx. [See Problem 4.]

e. [ (x*—2x+3)6(x* —9)dx. [See Problem 4.]

0

4. For the case that a function has multiple roots, f(x;) =0,i=1,2,..., it
i X — xl
=)l

Use this result to evaluate [~ _d(x? — 5x — 6)(3x% — 7x + 2) dx.

can be shown that

5. Find a Fourier series representation of the Dirac delta function, é(x), on
[—L,L].

6. For a > 0, find the Fourier transform, f(k), of f(x) = e~1.

7. Use the result from the last problem plus properties of the Fourier trans-
form to find the Fourier transform, of f(x) = x%~?*! for a > 0.



8. Find the Fourier transform, f(k), of f(x) = e 2Hx,

9. Prove the second shift property in the form
Fe#f(x)] = fk+p).
10. A damped harmonic oscillator is given by

Ae—lxteinf, > 0,
t) = -
f(t) { 0, t <O0.

a. Find f(w) and
b. the frequency distribution | f(w)|?.
c. Sketch the frequency distribution.

11. Show that the convolution operation is associative: (f % (g h))(t) =

((f *&) 1) (8).

12. In this problem you will directly compute the convolution of two Gaus-
sian functions in two steps.

a. Use completing the square to evaluate

® 2
/ o2 Bt g4

b. Use the result from part a to directly compute the convolution in
example 10.16:

(fg)(x) =e /°° o (a+b)242bxt gy

—00

13. You will compute the (Fourier) convolution of two box functions of the
same width. Recall the box function is given by

fa(x) = { L l<a

0, |x|>a.

Consider (f, * fz)(x) for different intervals of x. A few preliminary sketches
would help. In Figure 10.48 the factors in the convolution integrand are
show for one value of x. The integrand is the product of the first two func-
tions. The convolution at x is the area of the overlap in the third figure.
Think about how these pictures change as you vary x. Plot the resulting
areas as a function of x. This is the graph of the desired convolution.

14. Define the integrals I, = [ X2~ x, Noting that Iy = /7,

a. Find a recursive relation between I, and I,,_1.
b. Use this relation to determine Iy, I, and Is.

c. Find an expression in terms of n for ;.
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Figure 10.48: Sketch used to compute the f : (t)
convolution of the box function with it-
self. In the top figure is the box function. b
The second figure shows the box shifted
by x. The last figure indicates the over-
lap of the functions. \
—a a I
! !
! !
| |
" fa (x—1) !
| S P X
| &
! — b
| |
| |
| | \
—a+x a+x

a. f(t)y=9-7
b () =50

c. f(t) = cos7t

d. f(t) = e*sin2t

._,._
-
~~
-
=
Il
-
N
X
-
|
—_
S~—

g f(t) =

h f(t) = f5(t —u)?sinudu.
i. f(t) = (t+5)?+ te* cos3t and write the answer in the simplest
form.

sint, t < 4r,
sint +cost, t>4rmr

16. Find the inverse Laplace transform of the following functions using the
properties of Laplace transforms and the table of Laplace transform pairs.

18 7
1 2
b ) =57y
s+1
C. F(S):m
3
d F) = am5s
1
e.

F(s) = m
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¢ 6735
F(s) = &
(s) o
1
g F(s)= 145
s+3
h. F ==\
()= 2 gt 17

17. Compute the convolution (f * ¢) () (in the Laplace transform sense) and
its corresponding Laplace transform L[f * g| for the following functions:

a. f(t)= ,g(t) =1

b. f(t) = ( ) = cos2t.

c. f(t): —2t+1,g(t) = e 3
d. f(t)=6(t—F), g(t) =sin5t.

18. For the following problems draw the given function and find the Laplace
transform in closed form.

t) =14+ (=) H(t —n).

(
f(t) Yn—olH(t —2n+1) — H(t —2n)].

(t) =Y o(t—2n)[H(t—2n)—H(t—2n—1)]+ (2n+2—t)[H(t —
2n—1) — H(t —2n —2)].

19. Use the convolution theorem to compute the inverse transform of the

following:
2
a. F(S) - m.
e~
1
c. F(s)= NE R

20. Find the inverse Laplace transform two different ways: i) Use Tables.
ii) Use the Bromwich Integral.

a. F(s) = 53(514)2

b F(5) = s

c. F(s) = %

d. F(s) = (S;;M

e. F(s) = (52 +S;++8i)zsz+1)'

21. Use Laplace transforms to solve the following initial value problems.
Where possible, describe the solution behavior in terms of oscillation and
decay.
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a. y' =5y +6y=0,y(0)=2y(0)=0.
b. ¥’ —y=te*, y(0) =0,y'(0) = 1.
c y'+4y=46(t—1),y(0) =3,y'(0) =0.
d. y'+6y +18y =2H(w —1t),y(0) =0,y (0) = 0.
22. Use Laplace transforms to convert the following system of differential

equations into an algebraic system and find the solution of the differential
equations.

" = 3x—6y, x(0)

/!

y' = x+y,  y0)=

1, %/(0)=0,

, ¥(0)=0.

23. Use Laplace transforms to convert the following nonhomogeneous sys-
tems of differential equations into an algebraic system and find the solutions
of the differential equations.

a.
x' = 2x+3y+2sin2t, x(0) =1,
y = —-3x+2, y(0)=0.
b.
X = —dx—y+e!, x(0)=2
Yy = x—2y+2 %, y(0)=-1
c.
L R ¢ x' = x—y+2cost, x(0)=3,
Yy = x+4y-—3sint, y(0)=2

vt
24. Consider the series circuit in Problem 2.20 and in Figure 10.49 with
Figure 10.49: Series LRC Circuit. L=100H,R=1.00x1020Q,C=1.00x10"*F and V; = 1.00 x 103 V.

a. Write the second order differential equation for this circuit.

b. Suppose that no charge is present and no current is flowing at
time t = 0 when V} is applied. Use Laplace transforms to find the
current and the charge on the capacitor as functions of time.

b. Replace the battery with the alternating source V() = Vsin2mft
with Vp = 1.00 x 10° V and f = 150Hz. Again, suppose that no
charge is present and no current is flowing at time t = 0 when the
AC source is applied. Use Laplace transforms to find the current
and the charge on the capacitor as functions of time.

d. Plot your solutions and describe how the system behaves over
time.

25. Use Laplace transforms to sum the following series.
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26. Use Laplace transforms to prove

1 1 /1u“—ubdu
‘(n+a)(n+b) b—alo 1—u

agk

n

Use this result to evaluate the sums

> 1
a. n;lin(n—i-l)'
d 1
b. n; (n+2)(n+3)°

27. Do the following.
a. Find the first four nonvanishing terms of the Maclaurin series ex-
x
ex—1"
b. Use the result in part a. to determine the first four nonvanishing
Bernoulli numbers, B,.

pansion of f(x) =

c. Use these results to compute {(2n) forn =1,2,3,4.

28. Given the following Laplace transforms, F(s), find the function f(t).
Note that in each case there are an infinite number of poles, resulting in an
infinite series representation.

1
() = 55—
a. F(s) A e
1
b. F(s) = .
(5) ssinhs
sinh s
. F(s) = 5——.
¢ F(s) s% coshs
d. F(s) = Snh(pVsY)
ssinh(B+/sL)
29. Consider the initial boundary value problem for the heat equation:
U = 2Uyy, 0<t, 0<x<1,
u(x,0) =x(1—x), 0<x<l,
u(0,t) =0, t>0,

u(1,t) =0, t > 0.
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Use the finite transform method to solve this problem. Namely, assume
that the solution takes the form u(x,t) = Y_»° ; b, (t) sinnmx and obtain an
ordinary differential equation for b, and solve for the b,’s for each n.

30. The telegraph equation is given by
Uy + 2Bu + au = iy, |x| < o0,t > 0.

Use the Fourier transform to solve this problem for a = p?, satisfying the
initial conditions u(x,0) = f(x) and u(x,0) = 0.

31. Use Fourier transforms to express the solution of the following problem
as a simple integral involving the initial condition.
U = Py, |x| < o0, >0,
u(x,0) = f(x), |x] < oo

32. Consider the linear first order problem
ur+uy+u=0 x,t>0
with the conditions u(0,¢) =0, t > 0, and u(x,0) = sinx, x > 0.

a. Solve this problem using the Laplace transform U(x,s) = Llu(x,t)].

b. In Example 1.2 we used the Method of Characteristics to solve a
similar problem. By modifying that example, show that the general
solution is given by u(x,y) = G(y — x)e~*. Use this solution to find
the particular solution satisfying the given conditions. Show that
these solutions are the same.

33. The wave equation for a flat profile, semi-infinite string that is at rest is
given by

Ut = Uxy, O<x<oo, t>0,

u(x,0) =0, u(x,0) = 0.

Now, send a pulse down the string by imposing the time dependent bound-
ary condition (t > 0)

sint, 0<t<rm
u(0,t) = -
(0.4) { 0, otherwise.

Assuming that the solution remains bounded, use Laplace transforms to
find the solution. For ¢ = 1, plot the solution at several times to show the
evolution of the pulse.

34. Simultaneously apply the Fourier and Laplace transforms to solve the
inhomogeneous heat equation

ur — kuyy = f(x)0(t), |x| <oo,t>0,



with the boundary conditions u(x,0) = 0, |x| < oo, and lim|,_,q u(x,t) = 0.
First obtain an algebraic equation for

H(k,s):// u(x, t)e*=st dxdt.
0 —0

Solve for ﬁ(k,s), and invert the transform of the solution, using the Con-
volution Theorem for Fourier transforms, to obtain a solution in a form in
which one can identify a Green’s function.
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