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ODEs

Linear ODE:

a(t)y′′(t)+b(t)y′(t)+c(t)y(t) = f(t),

Sturm-Liouville Form:

L[y] =
d

dx

(
p(x)

dy(x)

dx

)
+q(x)y(x) = f(x),

p(x) = exp

[∫ x
b(ξ)

a(ξ)
dξ

]

Initial Value Green’s Function

y(0) = y0, y′(0) = v0,

y(t) = yh(t)+

∫ t

0

G(t, τ)f(τ) dτ,

G(t, τ) =
y1(τ)y2(t)− y1(t)y2(τ)

a(τ)W (τ)

y1, y2, yh = solutions of

a(t)y′′(t)+b(t)y′(t)+c(t)y(t) = 0,

y1(0) = 0, y2(0) 6= 0, y′1(0) 6= 0, y′2(0) = 0,

yh(0) = y0, y
′
h(0) = v0.

Boundary Value Green’s Function

L[y] = f, a < x < b, y(a) = 0, y(b) = 0.

y(x) =

∫ b

a

G(x, ξ)f(ξ) dξ,

G(x, ξ) =


y1(ξ)y2(x)

pW
, a ≤ ξ ≤ x,

y1(x)y2(ξ)

pW
, x ≤ ξ ≤ b,

L[y1] = 0, L[y2] = 0.
y1(a) = 0, y2(b) = 0
y1(b) 6= 0, y2(a) 6= 0.

W (y1, y2) =

∣∣∣ y1(x) y2(x)
y1′(x) y′2(x)

∣∣∣
= y1(x)y′2(x)− y′1(x)y2(x)

BVP Green’s Function Properties

∂

∂x

(
p(x)

∂G(x, ξ)

∂x

)
+q(x)G(x, ξ) = 0, x 6= ξ

G(x, ξ) satisfies homogeneous BCs.
G(x, ξ) = G(ξ, x)
G(ξ+, ξ) = G(ξ−, ξ)

∂G(x, ξ)

∂x

∣∣∣
ξ+
−
∂G(x, ξ)

∂x

∣∣∣
ξ−

=
1

p(ξ)

y(ξ) =

∫ b

a

f(x)G(x, ξ) dx

−
[
p(x)

(
y(x)

∂G

∂x
(x, ξ)−G(x, ξ)y′(x)

)]x=b
x=a

.

Series Representation

Eigenfunctions:

L[φn] = −λnσφn, n = 1, 2, . . .

G(x, ξ) =

∞∑
n=1

φn(x)φn(ξ)

−λnNn
.

Nn =
∫ b
a
φ2n(x) dx

if λk = 0 need a Generalized Green’s Function

PDEs

Heat Equation - Fixed BCs

ut = kuxx, 0 < t, 0 ≤ x ≤ L,
u(x, 0) = f(x), 0 < x < L,

u(0, t) = 0, t > 0,

u(L, t) = 0, t > 0.

u(x, t) =

∫ L

0

G(x, ξ; t, 0)f(ξ) dξ.

G(x, ξ; t, 0) =
2

L

∞∑
n=1

sin
nπx

L
sin

nπξ

L
eλnkt.

General GF: next page.

Wave Equation - Fixed BCs

utt = c2uxx, 0 < t, 0 ≤ x ≤ L,
u(0, t) = 0, u(L, 0) = 0, t > 0,

u(x, 0) = f(x), ut(x, 0) = g(x), 0 < x < L,

u(x, t) =

∫ L

0

Gc(x, ξ, t, 0)f(ξ) dξ+

∫ L

0

Gs(x, ξ, t, 0)g(ξ) dξ.

Gc(x, ξ, t, 0) =
2

L

∞∑
n=1

sin
nπx

L
sin

nπξ

L
cos

nπct

L
,

Gs(x, ξ, t, 0) =
2

L

∞∑
n=1

sin
nπx

L
sin

nπξ

L

sin nπct
L

nπc/L
.

Poisson’s Equation - Dirichlet BCs

∇2u = f, in D,

u = g, on C,

∇2G = δ(ξ − x, η − y), in D,

G ≡ 0, on C.

u(x, y) =

∫
D

G(x, y; ξ, η)f(ξ, η) dξdη

+

∫
C

(u∇r′G−G∇r′u) · ds′

Infinite Plane

G(x, y, ξ, η) =
1

4π
ln((ξ−x)2+(η−y)2).

Half Plane

G(x, y, ξ, η) =
1

4π
ln((ξ−x)2+(η−y)2)−

1

4π
ln((ξ−x)2+(η+y)2).

Poisson Integral
Formula

u(r, θ) =
1

2π

∫ π

−π

a2 − r2

a2 + r2 − 2ar cos(θ − φ)
f(φ) dφ

General GF:

G(x, y; ξ, η) =
1

2π
ln

r

r′ρ
=

1

4π
ln

ρ2 + ρ′2 − 2ρρ′ cos(θ′ − θ)
1 + ρ2ρ′2 − 2ρρ′ cos(θ′ − θ)

ρ =
√
x2 + y2, ρ′ =

√
ξ2 + η2



Identities

Lagrange’s Identity

uL[v]−vL[u] = p[uv′−u′v]

Green’s Identity∫ b

a

[uL[v]− vL[u]] dx = p[uv′−u′v]ba

Green’s 1st Theorem∮
S

ϕ∇χ·n̂ dS =

∫
V

(∇ϕ·∇χ+ϕ∇2χ) dV.

Green’s 2nd Theorem∫
V

(ϕ∇2χ−χ∇2ϕ) dV =

∮
S

(ϕ∇χ−χ∇ϕ)·n̂ dS.

Laplace’s Equation

∇2ψ = 0.
Boundary Conditions
Dirichlet: ψ given on S.

Neumann: ∂ψ
∂n

given S.
If Neumann on all S,
need∫

∂ψ

∂n
dS = 0.

Dirichlet conditions

∇2gD(~r,~r′) = 0,

gD(~rs,~r
′
s) = δ(2)(~rs−~r′s),

ψ(~r) =

∫
gD(~r,~r′s)ψ(~r′s) dS

′.

Neumann conditions

∇2gN (~r,~r′) = 0,

∂gN

∂n
(~rs,~r

′
s) = δ(2)(~rs−~r′s),

ψ(~r) =

∫
gN (~r,~r′s)

∂ψ

∂n
(~r′s) dS

′.

Eigenfunction Expansions

ut = kuxx +Q(x, t), 0 < x < L, t > 0,

u(0, t) = 0, u(L, t) = 0, t > 0,

u(x, 0) = f(x), 0 < x < L.

u(x, t) =

∞∑
n=1

an(t)φn(x)

f(x) =

∞∑
n=1

an(0)φn(x),

Q(x, t) =

∞∑
n=1

qn(t)φn(x).

u(x, t) =

∞∑
n=1

an(t)φn(x)

=

∞∑
n=1

[
an(0)e−kλnt +

∫ t

0

qn(τ)e−kλn(t−τ) dτ

]
φn(x).

Forced Vibrating Membrane

utt = c2∇2u+Q(r, t), r ∈ D, t > 0,

u(r, t) = 0, r ∈ ∂D, t > 0,

u(r, 0) = f(r), ut(r, 0) = g(r), r ∈ D.

u(r, t) =
∑
α∈J

aα(t)φα(r),

Q(r, t) =
∑
α∈J

qα(t)φα(r).

f(r) =
∑
α∈J

aα(0)φα(r),

g(r) =
∑
α∈J

ȧα(0)φα(r).

äα(t)+c2λαaα(t) = qα(t),

given aα(0), ȧα(0)
May lead to resonance.

General Green’s Function
Nonhomogeneous Heat
Equation

u(x, t) =

∫ L

0

G(x, t; ξ, 0)f(ξ) dξ

+

∫ t

0

∫ L

0

G(x, t; ξ, τ)Q(ξ, τ) dξ dτ.

G(x, t; ξ, τ) =

∞∑
n=1

φn(x)φn(ξ)e−kλn(t−τ)

‖φn‖2
,

Plus Nonhomogeneous
Boundary Conditions

u(0, t) = α(t), u(L, t) = β(t).

u(x, t) =

∫ t

0

∫ L

0

G(x, t; ξ, τ)Q(ξ, τ) dξ dτ

+

∫ L

0

G(x, t; ξ, 0)f(ξ) dξ

+k

∫ t

0

[
α(τ)

∂G

∂ξ
(x, 0; t, τ)− β(τ)

∂G

∂ξ
(x, L; t, τ)

]
dτ.

ODE Examples

y′′ = f(x), y(0) = 0 = y(1)

G(x, ξ) =

{
−ξ(1− x), 0 ≤ ξ ≤ x,
−x(1− ξ), x ≤ ξ ≤ 1.

y′′ + ω2y = f(x), y(0) = 0 = y(1)

G(x, ξ) =

 −
sinω(1− ξ) sinωx

ω sinω
, 0 ≤ x ≤ ξ,

−
sinω(1− x) sinωξ

ω sinω
, ξ ≤ x ≤ 1.

y′′ + ω2y = f(x), y(0) = 0 = y′(1)

G(x, ξ) =

 −
cosω(1− ξ) sinωx

ω cosω
, 0 ≤ x ≤ ξ,

−
sinω(1− x) cosωξ

ω cosω
, ξ ≤ x ≤ 1.
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