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Second Order Partial Differential Equa-
tions

“Either mathematics is too big for the human mind or the human mind is more than
a machine.” - Kurt Godel (1906-1978)

1.1 Introduction

IN THIS CHAPTER WE WILL INTRODUCE several generic second order linear
partial differential equations and see how such equations lead naturally to
the study of boundary value problems for ordinary differential equations.
These generic differential equation occur in one to three spatial dimensions
and are all linear differential equations. A list is provided in Table 1.1. Here
we have introduced the Laplacian operator, V23U = Uy + Uyy + tzz. Depend-
ing on the types of boundary conditions imposed and on the geometry of
the system (rectangular, cylindrical, spherical, etc.), one encounters many
interesting boundary value problems.

Name 2 Vars 3D
Heat Equation Up = Klyy uy = kVZ2u
Wave Equation U = CClly uy = c2V2u
Laplace’s Equation Uxy +uyy =0 Viu=0
Poisson’s Equation Uy + uyy = F(x,y) V2u = F(x,y,2)
Schrodinger’s Equation | iuy =ty + F(x, H)u | iup = V2u + F(x,y,z,t)u

Let’s look at the heat equation in one dimension. This could describe the
heat conduction in a thin insulated rod of length L. It could also describe
the diffusion of pollutant in a long narrow stream, or the flow of traffic
down a road. In problems involving diffusion processes, one instead calls
this equation the diffusion equation. [See the derivation in Section 1.3.2.]

A typical initial-boundary value problem for the heat equation would
be that initially one has a temperature distribution u(x,0) = f(x). Placing
the bar in an ice bath and assuming the heat flow is only through the ends
of the bar, one has the boundary conditions #(0,t) = 0 and u(L,t) = 0. Of
course, we are dealing with Celsius temperatures and we assume there is

Table 1.1: List of generic partial differen-
tial equations.
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u(0,0) =0 u(L,0)=0

I
0 L

Figure 1.1: One dimensional heated rod
of length L.

u(x, t)
u(0,0) =0 u(L,0) =0
0 X

Figure 1.2: One dimensional string of
length L.

plenty of ice to keep that temperature fixed at each end for all time as seen
in Figure 1.1. So, the problem one would need to solve is given as [IC =
initial condition(s) and BC = boundary conditions.]

1D Heat Equation

PDE Uy = kityy, O0<t, 0<x<IL,

IC  u(x,0)=f(x), 0<x<L,

BC  u(0,t) =0, t>0,
u(L,t) =0, t>0,

(1.1)

Here, k is the heat conduction constant and is determined using proper-
ties of the bar.

Another problem that will come up in later discussions is that of the
vibrating string. A string of length L is stretched out horizontally with both
ends fixed such as a violin string as shown in Figure 1.2. Let u(x,t) be
the vertical displacement of the string at position x and time ¢t. The motion
of the string is governed by the one dimensional wave equation. [See the
derivation in Section 1.3.1.] The string might be plucked, giving the string
an initial profile, u(x,0) = f(x), and possibly each point on the string has
an initial velocity u;(x,0) = g(x). The initial-boundary value problem for
this problem is given below.

1D Wave Equation

PDE  uy =c*uyy 0<t 0<x<L

IC u(x,0) = f(x) 0<x<L
ui(x,0) = g(x) 0<x<L (1.2)
BC 1u(0,£) =0 t>0
u(L,t) =0 t>0

In this problem c is the wave speed in the string. It depends on the mass

per unit length of the string, u#, and the tension, 7, placed on the string.

There is a rich history on the study of these and other partial differential
equations and much of this involves trying to solve problems in physics.
Consider the one dimensional wave motion in the string. Physically, the
speed of these waves depends on the tension in the string and its mass
density. The frequencies we hear are then related to the string shape, or the
allowed wavelengths across the string. We will be interested the harmonics,
or pure sinusoidal waves, of the vibrating string and how a general wave
on the string can be represented as a sum over such harmonics. This will
take us into the field of spectral, or Fourier, analysis. The solution of the
heat equation also involves the use of Fourier analysis. However, in this
case there are no oscillations in time.

There are many applications that are studied using spectral analysis. At
the root of these studies is the belief that continuous waveforms are com-
prised of a number of harmonics. Such ideas stretch back to the Pythagore-
ans study of the vibrations of strings, which led to their program of a world
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of harmony. This idea was carried further by Johannes Kepler (1571-1630) in
his harmony of the spheres approach to planetary orbits. In the 1700’s oth-
ers worked on the superposition theory for vibrating waves on a stretched
spring, starting with the wave equation and leading to the superposition
of right and left traveling waves. This work was carried out by people
such as John Wallis (1616-1703), Brook Taylor (1685-1731) and Jean le Rond
d’Alembert (1717-1783).

In 1742 d’Alembert solved the wave equation

czaz—y — aiy =0
9x2  of? ’

where y is the string height and c is the wave speed. However, this solution
led him and others, like Leonhard Euler (1707-1783) and Daniel Bernoulli
(1700-1782), to investigate what "functions" could be the solutions of this
equation. In fact, this led to a more rigorous approach to the study of
analysis by first coming to grips with the concept of a function. For example,
in 1749 Euler sought the solution for a plucked string in which case the
initial condition y(x,0) = h(x) has a discontinuous derivative! (We will see
how this led to important questions in analysis.)

In 1753 Daniel Bernoulli viewed the solutions as a superposition of sim-
ple vibrations, or harmonics. Such superpositions amounted to looking at
solutions of the form

k ket
y(x,t) = ;ak sin % cos %,

where the string extends over the interval [0, L] with fixed ends at x = 0 and
x = L.
However, the initial profile for such superpositions is given by

. kmx
ap sin —.

y(x,0) = T

k
It was determined that many functions could not be represented by a finite
number of harmonics, even for the simply plucked string in Figure 1.4 given
by an initial condition of the form

(x,0) = Ax, 0<x<L/2
V=V AL —x), L/2<x<L

Thus, the solution consists generally of an infinite series of trigonometric
functions.

Such series expansions were also of importance in Joseph Fourier’s (1768-
1830) solution of the heat equation. The use of Fourier expansions has be-
come an important tool in the solution of linear partial differential equa-
tions, such as the wave equation and the heat equation. More generally,
using a technique called the Method of Separation of Variables, allowed
higher dimensional problems to be reduced to one dimensional boundary
value problems. However, these studies led to very important questions,
which in turn opened the doors to whole fields of analysis. Some of the
problems raised were

<

Figure 1.3: Plot of the second harmonic
of a vibrating string at different times.

o
NI+
-

Figure 1.4: Plot of an initial condition for
a plucked string.

The one dimensional version of the heat
equation is a partial differential equation
for u(x,t) of the form

P
ot " ox?’
Solutions satisfying boundary condi-
tions u(0,t) = 0 and u(L,t) = 0, are of
the form

oo
u(x,t) =Y bysin L7ere7nznzt/L2.
n=0

In this case, setting u(x,0) = f(x), one
has to satisfy the condition

f(x) =Y bysin nex.
n=0 L

This is another example leading to an in-
finite series of trigonometric functions.
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1. What functions can be represented as the sum of trigonometric
functions?

2. How can a function with discontinuous derivatives be represented
by a sum of smooth functions, such as the above sums of trigono-
metric functions?

3. Do such infinite sums of trigonometric functions actually converge
to the functions they represent?

There are many other systems for which it makes sense to interpret the
solutions as sums of sinusoids of particular frequencies. For example, we
can consider ocean waves. Ocean waves are affected by the gravitational
pull of the moon and the sun and other numerous forces. These lead to the
tides, which in turn have their own periods of motion. In an analysis of
wave heights, one can separate out the tidal components by making use of
Fourier analysis.

In the Section 1.4 we describe how to go about solving these equations
using the method of separation of variables. We will find that in order
to accommodate the initial conditions, we will need to introduce Fourier
series before we can complete the problems, which will be the subject of the
following chapter. However, we first derive the one-dimensional wave and
heat equations.

1.2 Boundary Value Problems

YOU MIGHT HAVE ONLY SOLVED INITIAL VALUE PROBLEMS in your under-
graduate differential equations class. For an initial value problem one has to
solve a differential equation subject to conditions on the unknown function
and its derivatives at one value of the independent variable. For example,
for x = x(t) we could have the initial value problem

+x=2, x(0)=1, x'(0)=0. (1.3)

Typically, initial value problems involve time dependent functions and
boundary value problems are spatial. So, with an initial value problem one
knows how a system evolves in terms of the differential equation and the
state of the system at some fixed time. Then one seeks to determine the
state of the system at a later time.

Example 1.1. Solve the initial value problem, x”” +4x = cost, x(0) =
1, x'(0)=0.

Note that the conditions are provided at one time, t = 0. Thus,
this an initial value problem. Recall from your course on differential
equations that we need to find the general solution and then apply the
initial conditions. Furthermore, this is a nonhomogeneous differential
equation, so the solution is a sum of a solution of the homogeneous
equation and a particular solution of the nonhomogeneous equation,
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x(t) = x5 (t) + xp(t). [See the ordinary differential equations review in
the Appendix.]
The solution of x4+ 4x = 0 is easily found as

xp(¢) = 1 cos2t 4 cp sin 2¢.

The particular solution is found using the Method of Undetermined
Coefficients. We guess a solution of the form

xp(t) = Acost+ Bsint.
Differentiating twice, we have

x,(t) = —(Acost+ Bsint).

So,
X, +4xp = —(Acost + Bsint) +4(Acost + Bsint).

Comparing the right hand side of this equation with cost in the
original problem, we are led to setting B = 0 and A = %cos t. Thus,
the general solution is

1
x(t) = 1 cos 2t + ¢y sin 2t + 3 cos £.

We now apply the initial conditions to find the particular solution.
The first condition, x(0) = 1, gives

1

1=c+ =

C1 + 3

Thus, ¢; = % Using this value for ¢1, the second condition, x'(0) = 0,
gives cp = 0. Therefore,

1
x(t) = 5(2 cos 2t 4 cos t).

For boundary values problems, one knows how each point responds to
its neighbors, but there are conditions that have to be satisfied at the end-
points. An example would be a horizontal beam supported at the ends, like
a bridge. The shape of the beam under the influence of gravity, or other
forces, would lead to a differential equation and the boundary conditions
at the beam ends would affect the solution of the problem. There are also
a variety of other types of boundary conditions. In the case of a beam, one
end could be fixed and the other end could be free to move. We will explore
the effects of different boundary conditions in our discussions and exercises.
But, we will first solve a simple boundary value problem which is a slight
modification of the above problem.

Example 1.2. Solve the boundary value problem, x”" +x =2, x(0) =
1, x(1)=0.

Note that the conditions at t = 0 and ¢t = 1 make this a boundary
value problem since the conditions are given at two different points.
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As with initial value problems, we need to find the general solution
and then apply any conditions that we may have. This is a nonhomo-
geneous differential equation, so the solution is a sum of a solution of
the homogeneous equation and a particular solution of the nonhomo-
geneous equation, x(t) = x;(t) + x,(t). The solution of x" 4 x = 0 is
easily found as

x,(t) = c1cost +cpsint.

The particular solution is found using the Method of Undetermined
Coefficients,

xp(t) = 2.
Thus, the general solution is
x(t) =2+ cicost+cpsint.

We now apply the boundary conditions and see if there are values
of ¢ and c; that yield a solution to this boundary value problem. The
first condition, x(0) = 0, gives

0=2+c.
Thus, ¢; = —2. Using this value for ¢1, the second condition, x(1) =1,
gives
0=2—-2cosl+cpsinl.
This yields
2(cos1—1)
)= —F]"
sin1

We have found that there is a solution to the boundary value prob-
lem and it is given by

x(t) =2 (1 —cost(ms,li_l) sint) :
sinl

Boundary value problems arise in many physical systems, just as the ini-
tial value problems we have seen earlier. We will see in the next sections that
boundary value problems for ordinary differential equations often appear
in the solutions of partial differential equations. However, there is no guar-
antee that we will have unique solutions of our boundary value problems
as we had found in the example above.

Now that we understand simple boundary value problems for ordinary
differential equations, we can turn to initial-boundary value problems for
partial differential equations. We will see that a common method for study-
ing these problems is to use the method of separation of variables. In this
method the problem of solving partial differential equations is to separate
the partial differential equation into several ordinary differential equations
of which several are boundary value problems of the sort seen in this sec-
tion.
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1.3 Derivation of Generic 1D Equations

1.3.1 Derivation of Wave Equation for String

THE WAVE EQUATION FOR A ONE DIMENSIONAL STRING is derived based
upon simply looking at Newton’s Second Law of Motion for a piece of the
string plus a few simple assumptions, such as small amplitude oscillations
and constant density.

We begin with F = ma. The mass of a piece of string of length ds is
m = p(x)ds. From Figure (1.5) an incremental length f the string is given by

As? = Ax* + AP
%u

E
We will assume that the main force acting on the string is that of tension.

The piece of string undergoes an acceleration of a =

Let T(x, t) be the magnitude of the tension acting on the left end of the piece
of string. Then, on the right end the tension is T'(x + Ax, t). At these points
the tension makes an angle to the horizontal of 6(x,t) and 6(x + Ax,t),
respectively.

Assuming that there is no horizontal acceleration, the x-component in the
second law, ma = F, for the string element is given by

0= T(x+ Ax,t)cosf(x + Ax,t) — T(x,t) cos 0(x, t).
The vertical component is given by
0%u . .
p(x)AsW =T(x+ Ax,t)sin@(x + Ax,t) — T(x,t)sinf(x, t)

The length of the piece of string can be written in terms of Ax,

2
As = VAX2 4+ AuZ = (/1 + (Au) Ax.

Ax

Figure 1.5: A small piece of string is un-
der tension.

The wave equation is derived from F =
ma.
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and the right hand sides of the component equation can be expanded about
Ax = 0, to obtain

T(x+ Ax,t)cosO(x + Ax,t) — T(x,t) cosO(x,t) =~ W(w)m
d(T'sinb)

T(x+ Ax,t)sin@(x + Ax,t) — T(x,t) sin6(x, t) o

(x,t)Ax.

%

Furthermore, we note that

tanf = lim % = a—u
T Ax—0Ax ox’

Now we can divide these component equations by Ax and let Ax — 0.
This gives the approximations

T(x+ Ax,t)cosO(x + Ax,t) — T(x,t) cos0(x, t)

Ax
o(T cosB
~ ATy
(x)aiu(sj _ T(x+Ax,t)sinf(x + Ax, t) — T(x,t) sinf(x, t)
P e ss ~ Ax
9u ou\? 9(Tsinf
p(x)ﬁ 1+ <8x> ~ %(x,t). (1.4)

We will assume a small angle approximation, giving

u
ox’

ou\?
()

Then, the horizontal component becomes

sinf ~ tanf =

cosf ~ 1, and

oT(x,t)
Fr 0.
Therefore, the magnitude of the tension T(x,t) = T(t) is at most time de-
pendent.
The vertical component equation is now
0%u d (du 0%u
— =Tt)=— (= | =Tt)=-
Px)5z = Tlhg, <8x> (B 5%

Assuming that p and T are constant and defining

we obtain the one dimensional wave equation,

u  ,0%u
= =C"—5.
ot2 dx?
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1.3.2  Derivation of 1D Heat Equation

CONSIDER A ONE DIMENSIONAL ROD of length L as shown in Figure 1.6.
It is heated and allowed to sit. The heat equation is the governing equation
which allows us to determine the temperature of the rod at a later time.

We begin with some simple thermodynamics. Recall that to raise the
temperature of a mass m by AT takes thermal energy given by

Q = mcAT,

assuming the mass does not go through a phase transition. Here c is the
specific heat capacity of the substance. So, we will begin with the heat
content of the rod as

Q = mcT(x,t)

and assume that m and c are constant.

We will also need Fourier’s law of heat transfer or heat conduction . This
law simply states that heat energy flows from warmer to cooler regions and
is written in terms of the heat energy flux, ¢(x,t). The heat energy flux, or
flux density, gives the rate of energy flow per area. Thus, the amount of
heat energy flowing over the left end of the region of cross section A in time
At is given ¢(x,t)AtA. The units of ¢(x,t) are then J/s/m? = W/m?.

Fourier’s law of heat conduction states that the flux density is propor-
tional to the gradient of the temperature,

oT
¢p=-K E
Here K is the thermal conductivity and the negative sign takes into account
the direction of flow from higher to lower temperatures.

Flux in oo Flux out
p(x,t) ——  —— ¢(x+ Ax, 1)

—_—>
0 Ax L x

Now we make use of the conservation of energy. Consider a small section
of the rod of width Ax as shown in Figure 1.7. The rate of change of the
energy through this section is due to energy flow through the ends. Namely,

Rate of change of heat energy = Heat in — Heat out.
The energy content of the small segment of the rod is given by
AQ = (pAAx)cT (x,t + At) — (0AAx)cT (x, t).
The flow rates across the boundaries are given by the flux.

(PAAX)CT (x, t 4+ At) — (0AAX)cT(x, t) = [¢p(x, 1) — p(x + Ax, t)|AtA.

1(0,0) =0 u(L,0) =0
I
0 L

Figure 1.6: One dimensional heated rod
of length L.

Figure 1.7: A one dimensional rod of
length L. Heat can flow through incre-
ment Ax.



10 PARTIAL DIFFERENTIAL EQUATIONS

Solution of the 1D heat equation using
the method of separation of variables.

Dividing by Ax and At and letting Ax, At — 0, we obtain
or  19¢

9t cpox’

Using Fourier’s law of heat conduction,

o _ 10 (o
ot  cpox \ ox)’
Assuming K, ¢, and p are constant, we have the one dimensional heat
equation as used in the text:

oT 9T
ot ox2’

_ k
where k = ik

1.4 Separation of Variables

SOLVING MANY OF THE LINEAR PARTIAL DIFFERENTIAL EQUATIONS pre-
sented in the first section can be reduced to solving ordinary differential
equations. We will demonstrate this by solving the initial-boundary value
problem for the heat equation as given in (1.1). We will employ a method
typically used in studying linear partial differential equations, called the
Method of Separation of Variables. In the next subsections we describe how
this method works for the one-dimensional heat equation, one-dimensional
wave equation, and the two-dimensional Laplace equation.

1.4.1 The 1D Heat Equation

WE WANT TO SOLVE THE HEAT EQUATION,
ur =kiyy, 0<t, 0<x<L.
subject to the boundary conditions
u(0,t) =0,u(L,t) =0, t>0,
and the initial condition
u(x,0) = f(x), 0<x<L.

We begin by assuming that u can be written as a product of single variable
functions of each independent variable,

u(x, t) = X(x)T(t).
Substituting this guess into the heat equation, we find that

XT =kX"T.
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The prime denotes differentiation with respect to the independent vari-
able and we will suppress the independent variable in the following unless
needed for emphasis.

Dividing both sides of this result by k and u = XT, yields

1 T/ X//
KT~ X
k We have separated the functions of time on one side and space on the
other side. The constant k could be on either side of this expression, but we
moved it to make later computations simpler.
The only way that a function of t equals a function of x is if the functions
are constant functions. Therefore, we set each function equal to a constant,

A : [For example, if Ae®! = ax? + b is possible for any x or ¢, then this is only
possibleif a =0,c=0and b = A.]

1 T/ X//
kT - x0T &
~ ~ constant
function of ¢  function of x
This leads to two equations:
T' = kAT, (1.5)
X" = AX. (1.6)

These are ordinary differential equations. The general solutions to these
constant coefficient equations are readily found as

T(t) = A, (1.7)

X(x) = creVM + eV, (1.8)

We need to be a little careful at this point. The aim is to force the final so-
lutions to satisfy both the boundary conditions and initial conditions. Also,
we should note that A is arbitrary and may be positive, zero, or negative.
We first look at how the boundary conditions on u(x,t) lead to conditions
on X(x).

The first boundary condition is #(0,t) = 0. This implies that

X(0)T(t) =0, forallt.

The only way that this is true is if X(0) = 0. Similarly, u(L,t) = 0 for all ¢
implies that X(L) = 0. So, we have to solve the boundary value problem

X"—AX =0, X(0)=0=X(L). (1.9)

An obvious solution is X = 0. However, this implies that u(x,t) = 0, which
is not an interesting solution. We call such solutions, X = 0, trivial solutions
and will seek nontrivial solution for these problems.

There are three cases to consider, depending on the sign of A.

11
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Case.A >0

In this case we have the exponential solutions
X(x) = cleﬁx + cze_ﬂx. (1.10)

For X(0) = 0, we have
0=rc1+co.

We will take ¢ = —cy. Then,
X(x) = (e\ﬁ‘x - e_ﬂx) = 2¢; sinh V/Ax.
Applying the second condition, X(L) = 0 yields
¢1 sinh VAL = 0.
This will be true only if c; = 0, since A > 0. Thus, the only solution in

this case is the trivial solution, X(x) = 0.

CaselIl.A =0

For this case it is easier to set A to zero in the differential equation. So,
X" = 0. Integrating twice, one finds

X(x) = c1x + cp.

Setting x = 0, we have ¢, = 0, leaving X(x) = c1x. Setting x = L,
we find ¢c;L = 0. So, ¢; = 0 and we are once again left with a trivial
solution.

CaselIll. A <0

In this case is would be simpler to write A = —u2. Then the differential
equation is
X"+ pu?X =0.

The general solution is

X(x) = c1 cos px + cp sin px.

At x = 0 we get 0 = ¢;. This leaves X(x) = 3 sin px.
At x =L, we find
0 =cosinplL.

So, either c; = 0 or sinuL = 0. ¢; = 0 leads to a trivial solution again.
But, there are cases when the sine is zero. Namely,

Note that n = 0 is not included since this leads to a trivial solution.
Also, negative values of n are redundant, since the sine function is an
odd function.
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In summary, we can find solutions to the boundary value problem (1.9)

for particular values of A. The solutions are
X, (x) = sin ”—Zx n=1,23...

for )
2 _ (Mt -
M=—h=— ("), n=123...
We should note that the boundary value problem in Equation (1.9) is an
eigenvalue problem. We can recast the differential equation as

LX = AX,
where
2 d?
L=D"= —
dx?

is a linear differential operator. The solutions, X, (x), are called eigenfunc-
tions and the A,,’s are the eigenvalues. We will elaborate more on this char-
acterization later in the next chapter.

We have found the product solutions of the heat equation (1.1) satisfying
the boundary conditions. These are

up(x,t) = &Mt gin fo, n=123.... (1.11)

However, these do not necessarily satisfy the initial condition u(x,0) = f(x).
What we do get is

un(x,0) = sin%, n=123....

So, if the initial condition is in one of these forms, we can pick out the right
value for n and we are done.

For other initial conditions, we have to do more work. Note, since the
heat equation is linear, the linear combination of the product solutions is
also a solution of the heat equation. The general solution satisfying the
given boundary conditions is given as

[ee]
u(x,t) = Y byt sin ?

n=1

(1.12)

The coefficients in the general solution are determined using the initial
condition. Namely, setting ¢t = 0 in the general solution, we have

nritx

x:ux,Ozoobnini.
F5) = u(x0) = 1 busin "]

So, if we know f(x), can we find the coefficients, b,? If we can, then we will
have the solution to the full initial-boundary value problem.

The expression for f(x) is a Fourier sine series. We will need to digress
into the study of Fourier series in order to see how one can find the Fourier
series coefficients given f(x). Before proceeding, we will show that this pro-
cess is not uncommon by applying the Method of Separation of Variables to
the wave equation in the next section.

Product solutions.

General solution.

13
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Solution of the 1D wave equation using
the Method of Separation of Variables.

1.4.2 The 1D Wave Equation

IN THIS SECTION WE WILL APPLY the Method of Separation of Variables to
the one dimensional wave equation, given by

Fu_ i

s =Cay 120 0<HL (1.13)

subject to the boundary conditions
u(0,t) =0,u(L,t) =0, t>0,
and the initial conditions
u(x,0) = f(x),u(x,0) =g(x), 0<x<L.

This problem applies to the propagation of waves on a string of length L
with both ends fixed so that they do not move. u(x, t) represents the vertical
displacement of the string over time. The derivation of the wave equation
assumes that the vertical displacement is small and the string is uniform.
The constant c is the wave speed, given by

where T is the tension in the string and y is the mass per unit length. We can
understand this in terms of string instruments. The tension can be adjusted
to produce different tones and the makeup of the string (nylon or steel, thick
or thin) also has an effect. In some cases the mass density is changed simply
by using thicker strings. Thus, the thicker strings in a piano produce lower
frequency notes.

The uy term gives the acceleration of a piece of the string. The uy, is the
concavity of the string. Thus, for a positive concavity the string is curved
upward near the point of interest. Thus, neighboring points tend to pull
upward towards the equilibrium position. If the concavity is negative, it
would cause a negative acceleration.

The solution of this problem is easily found using separation of variables.
We let u(x,t) = X(x)T(t). Then we find

XT' = *X"T
which can be rewritten as
1 T// X//
2T - X
Again, we have separated the functions of time on one side and space on
the other side. Therefore, we set each function equal to a constant, A.

1 T// X//

- — = — = A.

C2 T X N~~~
~—~— ~ constant

function of + function of x
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This leads to two equations:
T" = AT, (1.14)
"= AX. (1.15)
As before, we have the boundary conditions on X(x):
X(0)=0, and X(L)=0,

giving the solutions, as shown in Figure 1.8,

. nmx ny 2
Xn(x) = sm T, /\n = — <T) .

The main difference from the solution of the heat equation is the form of
the time function. Namely, from Equation (1.14) we have to solve

T + (%)%:0. (1.16)
This equation takes a familiar form. We let y
w, = "7
n — L ’ 0 i X
then we have X (x) = sin 2%
T" +wiT =0. y

This is the differential equation for simple harmonic motion and w, is the

angular frequency. The solutions are easily found as 0 \/ x

T(t) = A, coswyt + By sinwyt. (1.17) Xa(x) = sin 2%
Y
Therefore, we have found that the product solutions of the wave equation /\
take the forms sin 7% cos w,t and sin 7= sinw,t. The general solution, a 0 - x
L

superposition of all product solutions, is given by

o X3(x) = sin 3

nrect . nrmct| . nnx
u(x, t) = Z Ay cos + By sin —— | sin —. (1.18) Figure 1.8: The first three harmonics of
n=1 L L L the vibrating string.

. . . . . General solution.
This solution satisfies the wave equation and the boundary conditions.

We still need to satisfy the initial conditions. Note that there are two initial
conditions, since the wave equation is second order in time.
First, we have u(x,0) = f(x). Thus,

flx) = Z Ay sin @ (1.19)

In order to obtain the condition on the initial velocity, u;(x,0) = g(x), we
need to differentiate the general solution with respect to t:
nrtct nrtet | . N7X

2 nrmc
u(x,t) = Y —— | —Aysin —— + B, cos sin ——. (1.20)
T L L L
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Then, we have from the initial velocity

2 nc nrix

g(x) = u(x,0) = ;1;1 —Bnsin——. (1.21)

So, applying the two initial conditions, we have found that f(x) and g(x),
are represented as Fourier sine series. In order to complete the problem we
need to determine the coefficients A, and B, forn = 1,2,3,.... Once we
have these, we have the complete solution to the wave equation. We had
seen similar results for the heat equation. In the next chapter we will find
out how to determine these Fourier coefficients for such series of sinusoidal
functions.

1.5 d’Alembert’s Solution of the Wave Equation

A GENERAL SOLUTION OF THE ONE-DIMENSIONAL WAVE EQUATION can
be found. This solution was first Jean-Baptiste le Rond d’Alembert (1717-
1783) and is referred to as d’Alembert’s formula. In this section we will
derive d’Alembert’s formula and then use it to arrive at solutions to the
wave equation on infinite, semi-infinite, and finite intervals.

We consider the wave equation in the form us = c2ity, and introduce the
transformation

u(x,t) =U(G,n), where ¢=x+ctand 5 =x—ct.

Note that ¢, and # are the characteristics of the wave equation.
We also need to note how derivatives transform. For example

ou ou(g,n)
ox dx
BU(CIU)8£+8U(§,77)9J
o¢  ox oy ox
ou(&, i) , oU(S, 1)
¢ an

Therefore, as an operator, we have

(1.22)

a_0 2
ox o¢ on’
Similarly, one can show that
9 _9 .2
ot 9¢ oy’

Using these results, the wave equation becomes

0 = up— CPllyy

(PR L
- \ar " “a)"
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_ (9. 9\ (2 _, 9
= \or " %x ) \ar ~ax )

= ci—ciJrci+ci ci—ci—ci—ci u
N of  don 9 oy

—4c*— —U. (1.23)
Ul
Therefore, the wave equation has transformed into the simpler equation,
Uye = 0.

Not only is this simpler, but we see it is once again a confirmation that
the wave equation is a hyperbolic equation. Of course, it is also easy to

i (3¢) =0

= constant with respect to ¢ = I'(#).

integrate. Since

au
9

A further integration gives
n
U@ = [ T dy' + () = Gln) + F(y).
Therefore, we have as the general solution of the wave equation,
u(x,t) = F(x +ct) + G(x —ct), (1.24)

where F and G are two arbitrary, twice differentiable functions. As t is
increased, we see that F(x + ct) gets horizontally shifted to the left and
G(x — ct) gets horizontally shifted to the right. As a result, we conclude
that the solution of the wave equation can be seen as the sum of left and

17

right traveling waves. u(x,t) = sum of left and right traveling

Let’s use initial conditions to solve for the unknown functions. We let waves.

u(x,0) = fx), ur(x,0) = g(x), |x] <oo.
Applying this to the general solution, we have
f(x) = F(x)+G(x) (1.25)
gx) = c[F'(x) = G'(x)]. (1.26)

We need to solve for F(x) and G(x) in terms of f(x) and g(x). Integrating
Equation (1.26), we have

1/Oxg(s) ds = F(x) — G(x) — F(0) + G(0).

c

Adding this result to Equation (1.26), gives

F() = 3£(0) + 5 [ () ds+ 5 [F(0) - GO)].
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d’Alembert’s solution

Figure 1.9: The domain of dependence
of point P is red region. The point P de-
pends on the values of u and u; at points
inside the domain. The domain of influ-
ence of P is the blue region. The points
in the region are influenced by the val-
ues of u and u; at P.

Fixed end boundary condition

Subtracting from Equation (1.26), gives

G(x) = 5f(0) — 5z [ 85)ds = 5[F(0) ~ G(o)]

Now we can write out the solution u(x, ) = F(x + ct) + G(x — ct), yield-
ing d’Alembert’s solution

1

1 x+ct
u(x,t) = E[f(x +ct)+ f(x —ct)] + % /xﬁt g(s)ds. (1.27)

When f(x) and g(x) are defined for all x € R, the solution is well-defined.
However, there are problems on more restricted domains. In the next exam-
ples we will consider the semi-infinite and finite length string problems.In
each case we will need to consider the domain of dependence and the do-
main of influence of specific points. These concepts are shown in Figure 1.9.
The domain of dependence of point P is red region. The point P depends on
the values of u and u; at points inside the domain. The domain of influence
of P is the blue region. The points in the region are influenced by the values
of u and u; at P.

ta

Influence

Example 1.3. Use d”Alembert’s solution to solve
Upt = Cllyy, u(x,0) = f(x), wu(x,0)=g(x), 0<x<oo.

The d’Alembert solution is not well-defined for this problem be-
cause f(x — ct) is not defined for x — ct < 0 for ¢,t > 0. There are
similar problems for g¢(x). This can be seen by looking at the charac-
teristics in the xt-plane. In Figure 1.10 there are characteristics emanat-
ing from the points marked by 79 and ¢y that intersect in the domain
x > 0. The point of intersection of the blue lines have a domain of
dependence entirely in the region x,¢ > 0, however the domain of de-
pendence of point P reaches outside this region. Only characteristics
¢ = x + ct reach point P, but characteristics 7 = x — ct do not. But, we
need f(7) and g(x) for x < ct to form a solution.

This can be remedied if we specified boundary conditions at x = 0.
For example, we will assume the end x = 0 is fixed,

u(0,t) =0, +>0.

Imagine an infinite string with one end (at x = 0) tied to a pole.
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ta
P x =19+ ct
“’—’ S o
.- ST
—
0 o Go

Since u(x,t) = F(x + ct) + G(x — ct), we have
u(0,t) = F(ct) + G(—ct) = 0.

Letting { = —ct, this gives G({) = —F(—(),  <O0.

Note that
@) = @5 [ s
R0 = 05 [ s)ds

(1.28)

Comparing the expressions for G({) and —F(—{), we see that

Q) ==f(=0), 8(0) =—g(=0).

These relations imply that we can extend the functions into the re-
gion x < 0 if we make them odd functions, or what are called odd
extensions. An example is shown in Figure 1.11.

Another type of boundary condition is if the end x = 0 is free,

ux(0,t) =0, t>0.

In this case we could have an infinite string tied to a ring and that ring
is allowed to slide freely up and down a pole.
One can prove that this leads to

f(=0) = f(2D), &(=0) =g(D)

Thus, we can use an even extension of these function to produce solu-
tions.

Example 1.4. Solve the initial-boundary value problem

Uy = czuxx, 0<x<oo,t>0.
X, 0<x<1,
u(x,0) = 2—x, 1<x<2, 0<x<o
0, x> 2,
u(x,0) = 0, 0<x<o0.

u(0,t) = 0, t>0. (1.29)

Figure 1.10: The characteristics for the
semi-infinite string.

Free end boundary condition
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Figure 1.11: The initial condition and its
odd extension. The odd extension is ob-
tained through reflection of f(x) about
the origin.

This is a semi-infinite string with a fixed end. Initially it is plucked
to produce a nonzero triangular profile for 0 < x < 2. Since the ini-
tial velocity is zero, the general solution is found from d’Alembert’s
solution,

u(x, ) = %[fo(x tet)+ folx—cb)],

where f,(x) is the odd extension of f(x) = u(x,0). In Figure 1.11 we
show the initial condition and its odd extension. The odd extension is
obtained through reflection of f(x) about the origin.

(2PN

f(x) = u(x,0)

<
=

folx)

+
=

The next step is to look at the horizontal shifts of f,(x). Several
examples are shown in Figure 1.12.These show the left and right trav-
eling waves.

In Figure 1.13 we show superimposed plots of f,(x + ct) and f,(x —
ct) for given times. The initial profile in at the bottom. By the time ct =
2 the full traveling wave has emerged. The solution to the problem
emerges on the right side of the figure by averaging each plot.

Example 1.5. Use d’Alembert’s solution to solve
Upt = Cllyy, u(x,0) = f(x), wu(x,0)=g(x), 0<x<L
The general solution of the wave equation was found in the form
u(x,t) = F(x+ct) + G(x —ct).

However, for this problem we can only obtain information for values
of x and ¢t such that 0 < x+ ¢t < fand 0 < x —ct < {. In Figure
1.15 the characteristics x = {4+ ct and x = 7 —ct for 0 < ¢, <
£. The main (gray) triangle, which is the domain of dependence of
the point (¢,2,¢/2c), is the only region in which the solution can be
found based solely on the initial conditions. As with the previous
problem, boundary conditions will need to be given in order to extend
the domain of the solution.
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N fo(x+2)

\ fo(x+1)

v

. fo(x+0)

W

v

v

v

Figure 1.12: Examples of f,(x + ct) and
fo(x —ct).
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Figure 1.13: Superimposed plots of
fo(x+ct) and f,(x — ct) for given times.
The initial profile in at the bottom. By
the time ct = 2 the full traveling wave
has emerged.

folx 47\ | /\<— 2.5)
fo(x+2) o(x—2)
\/ Up
fo(x+1.5) o(x —1.5)

<
D

U 4

W

=
=
\i—
=

U,
fo(x+0

W

U 4

fo(¥

W

v
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¥
=

Figure 1.14: On the left is a plot of f(x +
ct), f(x — ct) from Figure 1.13 and the
average, u(x, t). On the right the solution
alone is shown for ct = 0 at bottom to
ct = 1 at top for the semi-infinite string
problem
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Figure 1.15: The characteristics emanat-
ing from the interval 0 < x < / for the
finite string problem.

In the last example we saw that a fixed boundary at x = 0 could be
satisfied when f(x) and g(x) are extended as odd functions. In Figure
1.16 we indicate how the characteristics are affected by drawing in the

new one as red dashed lines. This allows us to now construct solutions
based on the initial conditions under the line x = ¢ — ct for 0 < x < /.
The new region for which we can construct solutions from the initial

conditions is indicated in gray in Figure 1.16.

t 4
x=4¥{—ct

Figure 1.16: The red dashed lines are the
characteristics from the interval [—/,0]
from using the odd extension about x =
0.

t 4

Mo
AR,

\
S -

\
[ SR

We can add characteristics on the right by adding a boundary condi-

tion at x = ¢. Again, we could use fixed u(¢,t) = 0, or free, uy(¢,t) =0,

boundary conditions. This allows us to now construct solutions based
on the initial conditions for ¢ < x < 2/.

Let’s consider a fixed boundary condition at x = ¢. Then, the solu-

tion must satisfy

u(l,t) =F(l+ct)+ Gl —ct)=0.

To see what this means, let { = ¢ + ct. Then, this condition gives (since

ct=7—10)

F(g) = -G(20-7),

(<7<

Note that G(2¢ — ) is defined for 0 < 2¢ — ¢ < /. Therefore, this is a
well-defined extension of the domain of F(x).
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g(s)ds

1 1
—5fet-0) -5 ["gt-0)do

g(0) = —g(2t 7).

(1.30)
Comparing the expressions for G({) and —G(2¢ — (), we see that

These relations imply that we can extend the functions into the region

x > ( if we consider an odd extension of f(x) and g(x) about x

¢.. This will give the blue dashed characteristics in Figure 1.17 and a

larger gray region to construct the solution.

t

’
\
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’
’
’
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So far we have extended f(x) and g(x) to the interval —¢ < x < 2/ in
order to determine the solution over a larger xt-domain. For example, the

function f(x) has been extended to

fext(x) =

—f(—=x), —{<x<0,
f(x), 0<x<d,
—f2l—x), CL<x<24.

A similar extension is needed for g(x). Inserting these extended functions

into d’Alembert’s solution, we can determine u(x, t) in the region indicated

in Figure 1.17.

Even though the original region has been expanded, we have not deter-

mined how to find the solution throughout the entire strip, [0, ¢] x [0, o).

This is accomplished by periodically repeating these extended functions
with period 2/. This can be shown from the two conditions

f(x) = =f(=x),
flx) = —f(2t - x),

— <x <0,
< x <2/

(1.31)

Figure 1.17: The red dashed lines are the
characteristics from the interval [—/,0]
from using the odd extension about x =
0 and the blue dashed lines are the char-
acteristics from the interval [¢,2(] from
using the odd extension about x = /.
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Now, consider

Flx+20) = —f(20— (x—20))

= f(x). (1.32)

This shows that f(x) is periodic with period 2. Since g(x) satisfies the same
conditions, then it is as well.

In Figure 1.18 we show how the characteristics are extended throughout
the domain strip using the periodicity of the extended initial conditions. The
characteristics from the interval endpoints zig zag throughout the domain,
filling it up. In the next example we show how to construct the odd periodic
extension of a specific function.

Figure 1.18: Extending the characteris- ta
tics throughout the domain strip.

~E-=-eaa

> X
"y, 0 20 3¢
u(x,O)T
> X
"y, —7\/(|) ¢ 20 3¢

Example 1.6. Construct the periodic extension of the plucked string
initial profile given by

X, 0<x<
f(x)—{ e texs

~ NS

satisfying fixed boundary conditions at x = 0 and x = /.

We first take the solution and add the odd extension about x = 0.
Then we add an extension beyond x = /. This process is shown in

Figure 1.19.
Figure 1.19: Construction of odd peri- (a) u
odic extension for (a) The initial profile, T/\
f(x). (b) Make f(x) an odd function on | > X
[—¢, ). (c) Make the odd function peri- (b)
odic with period 2¢. u
1 "
() u
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We can use the odd periodic function to construct solutions. In this case
we use the result from the last example for obtaining the solution of the
problem in which the initial velocity is zero, u(x,t) = 3[f(x +ct) + f(x —
ct)]. Translations of the odd periodic extension are shown in Figure 1.20.
In Figure 1.21 we show superimposed plots of f(x + ct) and f(x — ct) for
different values of ct. A box is shown inside which the physical wave can
be constructed. The solution is an average of these odd periodic extensions
within this box. This is displayed in Figure 1.22.
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1.6  Classification of Second Order PDEs

WE HAVE STUDIED SEVERAL EXAMPLES of partial differential equations, the
heat equation, the wave equation, and Laplace’s equation. These equations
are examples of parabolic, hyperbolic, and elliptic equations, respectively.
Given a general second order linear partial differential equation, how can
we tell what type it is? This is known as the classification of second order
PDEs.

Let u = u(x,y). Then, the general form of a linear second order partial
differential equation is given by

a(x,y)uxy +2b(x, y)thxy +c(x,y)uyy +d(x, y)ux +e(x, y)uy + f(x,y)u = g(x,y).

(1.33)
In this section we will show that this equation can be transformed into one

of three types of second order partial differential equations.

Figure 1.20: Translations of the odd pe-
riodic extension.
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Figure 1.21: Superimposed translations

of the odd periodic extension.
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Figure 1.22: On the left is a plot of f(x +
ct), f(x —ct) from Figure 1.21 and the
average, u(x, t). On the right the solution

alone is shown for ¢t =0 to ¢t = 1.
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Let x = x(¢,n) and y = y¢,n) be an invertible transformation from co-

ordinates (¢, 7) to coordinates (x,y). Furthermore, let u(x(&,%),y(&, 1)) =

U(¢, 7). How does the partial differential equation (1.33) transform?

We first need to transform the derivatives of u(x, t). We have

Uy -

My =

Uxx =

Uyy =

uxy —

uijgx + Uytx,

UzGy + Uyy,

0

a(uc:gx‘f‘ Uy1x),

uﬁ@(’;i + zugquﬂx + um]ﬁ;zc + u@éxx + urﬂ?xx/
d

@(uégy + Uyiry),

UggGy + 2Ugy &ytty + Uity + UeGyy + Uyyy,

d
ay(uggx + Uynx),

Ugg(’fxéfy + u§,7§x77y + Ug;;é(yﬂx + U;7;777x77y + ug‘:xy + u;yﬂxy'
(1.34)

Inserting these derivatives into Equation (1.33), we have

g—fu

= Auyy + 2buyy + cuyy + duy +euy

= a (Ugg@ + 2UgyGatrs + Uy + Uplex + Uil )
+2b (UgexCy + UgyCatty + UgyCytix
+ Upyt1atly + Uelay + Uplay)
+c (Ugcé‘ﬁ + 2Ugy Eytty + Upyty + Uglyy + Urﬂ?w)
+d (Uglx + Uytyx)
+e (Ugly + Uyiy)

= (a3 +2bx8y + ciy)Ust
+(2a8x11x + 2b8xiy + 208 y11x + 20817y ) Ugy
+(anz + 201y + CW;)UM
+(alxx +2bCxy + cCyy +dCx + ey ) Uz
+(anxx 4 2b1xy + cipyy + di +enpy ) Uy

= Al +2BUg; + CUyy + DUz + EUy,. (1.35)

Picking the right transformation, we can eliminate some of the second

order derivative terms depending on the type of differential equation. This

leads to three types: elliptic, hyperbolic, or parabolic.

For example, if transformations can be found to make A = 0 and C =0,

then the equation reduces to

qu = lower order terms.

Such an equation is called hyperbolic. A generic example of a hyperbolic

equation is the wave equation. Hyperbolic case.

29
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The conditions that A = 0 and C = 0 give the conditions

agy +2b8 8y + &y = 0.
an? + 2bmiyy + cnﬁ = 0 (1.36)
We seek ¢ and # satisfying these two equations, which are of the same

form. Let’s assume that { = ¢(x,y) is a constant curve in the xy-plane.
Furthermore, if this curve is the graph of a function, y = y(x), then

g dy . _
Ix —gx"‘a‘fy =0.
Then

dy _ &«

dx &,
Inserting this expression in A = 0, we have

A = agl+2b5dy + ot
&\ Cx
= @’5 <a <@> —|—2bgy—|—c>
2
& <a (Zi/c) - zb% + c> =0. (1.37)

This equation is satisfied if y(x) satisfies the differential equation
dy _bEVb?—ac
dx a '
So, for A = 0, we choose ¢ and 7 to be constant on these characteristic
curves.

Example 1.7. Show that uyy — uy, = 0 is hyperbolic.

In this case we have s = 1 = —c and b = 0. Then,
dy
< = 41.
dx

This gives y(x) = £x + ¢. So, we choose ¢ and # constant on these
characteristic curves. Therefore, welet{ =x—y, 5 =x+y.

Let’s see if this transformation transforms the differential equation
into a canonical form. Let u(x,y) = U(¢, ). Then, the needed deriva-
tives become

Uy - ué’gx“‘u;?nx = u§+u;7.
0

= UggCx + Ugyifx + Uyela + Uyytx
= Ugg + 2U€;7 + U,7,7.
0
uy = —(—Us+Uy)
vy dy ¢ Ul
= —Ugely — Ugyty + Uyely + Uyyily
= UC('; - 2u§,7 + U,M. (1.38)



SECOND ORDER PARTIAL DIFFERENTIAL EQUATIONS

Inserting these derivatives into the differential equation, we have
0=ty —tyy = 4U§,].

Thus, the transformed equation is Uz, = 0. Thus, showing it is a
hyperbolic equation.

We have seen that A and C vanish for ¢(x,y) and #(x,y) constant along

dy b+ Vb?—ac

dx a

the characteristics

for second order hyperbolic equations. This is possible when b? —ac > 0
since this leads to two characteristics.
In general, if we consider the second order operator

L{u] = a(x,y)uxx + Zb(x,y)uxy + c(x,y)uyy,
then this operator can be transformed to the new form
L'[u] = BUgy,

if b> — ac > 0. An example of a hyperbolic equation is the wave equation,

U = Uxx.
When b? — ac = 0, then there is only one characteristic solution, % = %
This is the parabolic case. But, % = —%. So, Parabolic case.
b_ &
a &
or
agx +bgy = 0.

Also, b2 —ac =0 implies that c = b%/a.
Inserting these expression into coefficient B, we have

B = 2a8xnx + 2bCx1y + 2b8y 1y + 20y 1y
2(adx + bgy)nx + 2(bGx + cGy) iy

b
ZE(H(_::X + bgy)rly =0. (139)

Therefore, in the parabolic case, A = 0 and B = 0, and L[u] transforms to

when b? — ac = 0. This is the canonical form for a parabolic operator. An
example of a parabolic equation is the heat equation, u; = 11y,.
Finally, when b? — ac < 0, we have the elliptic case. In this case we Elliptic case.
cannot force A = 0 or C = 0. However, in this case we can force B = 0. As
we just showed, we can write

B = 2(agx + bgy)nx + 2(b8x + cCy)1y-
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Letting 77, = 0, we can choose ¢ to satisfy bly + cC, = 0.

ac — b?
&

A = al% +2b8:8y + c&y = agy — gy = _

C= a;y,% + 2bnyny + 6775 = 0175

Furthermore, setting @@% = c;yf, we can make A = C and L[u| trans-
forms to

when b? — ac < 0. This is the canonical form for an elliptic operator. An
example of an elliptic equation is Laplace’s equation, tyy + 1y = 0.

Classification of Second Order PDEs
The second order differential operator

L{u] = a(x,y)uxx +2b(x, y)tixy + c(x,y)uyy,
can be transformed to one of the following forms:
 b*—ac > 0. Hyperbolic: L[u] = B(x, )y,

* b2 —ac = 0. Parabolic: L[u] = C(x, y)uyy

o b*—ac < 0. Elliptic: L[u] = A(x,y) [txx + 1tyy]

As a final note, the terminology used in this classification is borrowed
from the general theory of quadratic equations which are the equations for
translated and rotated conics. Recall that the general quadratic equation in
two variable takes the form

ax* + 2bxy + cy? +dx +ey + f = 0. (1.40)
One can complete the squares in x and y to obtain the new form
a(x —h)?+2bxy +c(y —k)>+ f =0.

So, translating points (x,y) using the transformations x’ = x —h and ' =
y —k, we find the simpler form

ax? + 2bxy + cy* + f = 0.

Here we dropped all primes.
We can also introduce transformations to simplify the quadratic terms.
Consider a rotation of the coordinate axes by 6,

x' = xcosf+ysinf

Yy = —xsinf+ycosb, (1.41)
or

x = x'cosf—y'sind

y = x'sinf+y coso. (1.42)
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The resulting equation takes the form

Ax?+2Bx'y +Cy?+D =0,

where
A = acos®0+2bsinfcosb + csin® 6.
B = (c—a)sinfcosf+ b(cos? 6 —sin?).
C = asin?0 —2bsinfcosb + ccos? 6. (1.43)

We can eliminate the x'y’ term by forcing B = 0. Since cos?§ — sin?§ =
cos 26 and sin 6 cos 0 = % sin 26, we have

B = (CEJ sin26 + bcos 20 = 0.
Therefore, the condition for eliminating the x'y’ term is

cot(20) = %.

Furthermore, one can show that b — ac = B2 — AC. From the form Ax? +

2Bx'y" + C]/2 + D = 0, the resulting quadratic equation takes one of the
following forms:

e 1% —ac > 0. Hyperbolic: Ax?> — Cy?> +D = 0.
e b? —ac = 0. Parabolic: Ax?>+ By+ D =0.
e b? —ac < 0. Elliptic: Ax?> +Cy?>+ D =0.

Thus, one can see the connection between the classification of quadratic
equations and second order partial differential equations in two indepen-
dent variables.

1.7 The Nonhomogeneous Heat Equation

IN THIS SECTION WE DISCUSS nonhomogeneous initial-boundary value
problems in the form of the nonhomogeneous heat equation. Eitehr the par-
tial differential equation is nonhomogeneous, or the boundary conditions
are nonhomogeneous. This will lead to the notion of a Green’s function. As
with the earlier solutions of the heat and wave equations, we will come to
a point where will will need to determine some Fourier coefficients, which
we study in the next chapter.

1.7.1  Nonhomogeneous Time Independent Boundary Conditions

Consider the nonhomogeneous heat equation with nonhomogeneous bound-
ary conditions:

ur —kuyy = h(x), 0<x<L, t>0,
u(0,t) = a, u(Lt)=0,
u(x,0) = f(x). (1.44)
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The steady state solution, w(t), satisfies
a nonhomogeneous differential equation
with nonhomogeneous boundary condi-
tions. The transient solution, v(t), sat-
isfies the homogeneous heat equation
with homogeneous boundary conditions
and satisfies a modified initial condition.

The transient solution satisfies

v(x,0) = f(x) —w(x).

We are interested in finding a particular solution to this initial-boundary
value problem. In fact, we can represent the solution to the general nonho-
mogeneous heat equation as the sum of two solutions that solve different
problems.

First, we let v(x, t) satisfy the homogeneous problem

v —kvyy = 0, 0<x<L, t>0,
v(0,t) = 0, ov(Lt)=0,
v(x,0) = g(x), (1.45)

which has homogeneous boundary conditions.

We will also need a steady state solution to the original problem. A
steady state solution is one that satisfies u; = 0. Let w(x) be the steady state
solution. It satisfies the problem

—kwyy = h(x), 0<x<L.

w(0,t) = a, w(Lt)=0>. (1.46)

Now consider u(x,t) = w(x) + v(x,t), the sum of the steady state so-
lution, w(x), and the transient solution, v(x,t). We first note that u(x,t)
satisfies the nonhomogeneous heat equation,

up—kuyy = (w+0)— (W+0)xy

= U — kvyy — kwyx = h(x). (1.47)

The boundary conditions are also satisfied. Evaluating, u(x,t) at x = 0
and x = L, we have

u(0,t) = w(0)+v(0,t) =a,
u(L,t) = w(L)+o(L,t)=0. (1.48)

Finally, the initial condition gives
u(x,0) = w(x) +v(x,0) =w(x)+g(x).

Thus, if we set g(x) = f(x) —w(x), then u(x, t) = w(x) + v(x, t) will be the
solution of the nonhomogeneous boundary value problem. We all ready
know how to solve the homogeneous problem to obtain v(x, t). So, we only
need to find the steady state solution, w(x).

There are several methods we could use to solve Equation (1.46) for the
steady state solution. One is the Method of Variation of Parameters, which
is closely related to the Green’s function method for boundary value prob-
lems which we described in the last several sections. However, we will just
integrate the differential equation for the steady state solution directly to
find the solution. From this solution we will be able to read off the Green’s
function.

Integrating the steady state equation (1.46) once, yields

dw 1 rx
= i h(z)dz+ A,
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where we have been careful to include the integration constant, A = w'(0).
Integrating again, we obtain

w(x) = —% Ox (/Oyh(z)dz> dy+ Ax+ B,

where a second integration constant has been introduced. This gives the
general solution for Equation (1.46).

The boundary conditions can now be used to determine the constants. It
is clear that B = a for the condition at x = 0 to be satisfied. The second
condition gives

b=w(l) = —% OL (/Oyh(z)dz) dy+ AL + a.

Solving for A, we have

1 L/ b—a
A—k—L/O </0 h(z)dz)dy—i— T

Inserting the integration constants, the solution of the boundary value

problem for the steady state solution is then

w(x) = —% Ox </Oyh(z)dz> dy+ o OL (/Oyh(z)dz) dy+b2“x+a.

This is sufficient for an answer, but it can be written in a more compact

form. In fact, we will show that the solution can be written in a way that a
Green'’s function can be identified.

First, we rewrite the double integrals as single integrals. We can do this
using integration by parts. Consider integral in the first term of the solution,

I:/Ox (/Oyh(z)dz> dy.

Setting u = [Yh(z)dz and dv = dy in the standard integration by parts
g 0 Y g y p

I = /Ox (/Oyh(z)dz) dy

yh()d‘x—/x h(y)d
z)dz

yo 0 Oyy y
X

= [ =y dy. (1.49)

formula, we obtain

Thus, the double integral has now collapsed to a single integral. Replac-
ing the integral in the solution, the steady state solution becomes

o) =1 [y dy+ 3y [yt dy+

X+ a.

We can make a further simplification by combining these integrals. This
can be done if the integration range, [0, L], in the second integral is split into

The steady state solution.
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two pieces, [0, x] and [x, L]. Writing the second integral as two integrals over
these subintervals, we obtain

1 X X X
w(x) = i (x =y)h(y) dy + 7 (L —y)h(y)dy
b
kL/ (L—y)h(y)dy + “x+a (1.50)
Next, we rewrite the integrands,
_ _1 *Lx—y) L x(L-y),
wx) = - k / (v)dy
k/ L y )dy+ "y +a. (1.51)

It can now be seen how we can combine the first two integrals:

/y —) d+k/ MWy ay 4 2

The resulting integrals now take on a similar form and this solution can

a
X+ a.

be written compactly as

L 1 b—a
w(x) = = [ "Gl y) - gh)]dy + x4
where
M, 0<x<y,
G(x,y) = y(LL, x)
1 ysxs L,
The Green’s function for the steady state is the Green’s function for this problem.

problem.

The full solution to the original problem can be found by adding to this
steady state solution a solution of the homogeneous problem,

_kuxx - 0, OSXSL, t>0,
u(0,t) = 0, u(Lt)=0,
u(x,0) = f(x)—w(x). (1.52)
Example 1.8. Solve the nonhomogeneous problem,
Uy — Uy = 10, 0<x<1, t>0,
u(0,t) = 20, u(1,t)=0,
u(x,0) = 2x(1-—x). (1.53)

In this problem we have a rod initially at a temperature of u(x,0) =
2x(1 — x). The ends of the rod are maintained at fixed temperatures
and the bar is continually heated at a constant temperature, repre-
sented by the source term, 10.

First, we find the steady state temperature, w(x), satisfying

—Wy = 10, 0<x<1.
w(0,t) = 20, w(l,t)=0. (1.54)



SECOND ORDER PARTIAL DIFFERENTIAL EQUATIONS

Using the general solution, we have

1
w(x) = /0 10G(x,y) dy — 20x + 20,

where
x(1—y), 0<x<y,
Glr,y) = 4 X1=Y) v
y(l-x), y<x<1,
we compute the solution
x 1
w(x) = / 10y(1 — x) dy + / 10x(1 — y) dy — 20x + 20
0 x
= 5(x —x%) — 20x + 20,
= 20— 15x — 5x°. (1.55)

Checking this solution, it satisfies both the steady state equation and
boundary conditions.
The transient solution satisfies

Uy —Uxx = 0, 0<x<1, t>0,
v(0,t) = 0, v(1,t)=0,
v(x,0) = x(1—x)-10. (1.56)

Recall, that we have determined the solution of this problem as

o0
2.2, .
o(x,t) = Y bye " sinnmx,
n=1
where the Fourier coefficients, b, are given in terms of the initial tem-
perature distribution. In the next chapter we will see that these are
given by

1
bn:2/ [x(1—x)—10]sinnmtxdx, n=1,2,....
0

Therefore, the full solution is
> 2.2
u(x,t) = Y bye " ™ 'sinnmx + 20 — 15x — 5x%.
n=1
Note that for large t, the transient solution tends to zero and we are
left with the steady state solution as expected.

1.7.2  Time Dependent Boundary Conditions

In the last section we solved problems with time independent boundary con-
ditions using equilibrium solutions satisfying the steady state heat equation
sand nonhomogeneous boundary conditions. When the boundary condi-
tions are time dependent, we can also convert the problem to an auxiliary
problem with homogeneous boundary conditions.
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Consider the problem

up —kuyy = h(x), 0<x<L, t>0,
u(0,t) = a(t), u(Lt)=0b(t), t>0,
u(x,0) = f(x), 0<x<L. (1.57)

We define u(x,t) = v(x,t) + w(x, t), where w(x,t) is a modified form of
the steady state solution from the last section,

t) —a(t
w(x, t) =a(t) + Mx.
Noting that
w o= vta+ il
t = Ut I v
Uxx =  Oxx, (1.58)

we find that v(x, t) is a solution of the problem

v —kvy = h(x)— [d(t) + b(t)zd(t)x} , 0<x<L, t>0,
v(0,t) = 0, o(Lt)=0, t>0,
v(x,0) = f(x)— {a(O) + b(O)za(O)x} , 0<x<L (1.59)

Thus, we have converted the original problem into a nonhomogeneous heat
equation with homogeneous boundary conditions and a new source term
and new initial condition.

Example 1.9. Solve the problem

Ut — Uyy = X, 0<x<1, t>0,
u(0,t) = 2, u(Lt)=t t>0
u(x,0) = 3sin2mx+2(1—x), 0<x<1 (1.60)

We first define
u(x,t) =v(x,t)+2+ (t —2)x.

Then, v(x,t) satisfies the problem

U —Uyx = 0, 0<x<1, t>0,
v(0,t) = 0, o(Lt)=0 t>0,
v(x,0) = 3sin2mx, 0<x<1. (1.61)

This problem is easily solved. The general solution is given by

o(x,t) =Y by sinnmxe 7,
n=1
Since v(x,0) = 3sin27mx, the b)s all vanish except for b, = 3. This
gives v(x,t) = 3sin Drrxe 4, Therefore, we have found the solution

u(x,t) = 3sin 2mxe Yt 42 4 (t—2)x.
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1.7.3 Duhamel’s Principle

THE IDEA THAT ONE CAN SOLVE A NONHOMOGENEOUS partial differential
equation by relating it to a related homogeneous problem with nonhomoge-
neous initial conditions is know as Duhamel’s Principle named after Jean-
Marie Constant Duhamel (1797-1872). We apply this principle to the heat
equation.

Recall the heated rod in Section 1.3.2 where we derived the heat equation
without a heat source. When there is a heat source, the one-dimensional
heat equation with homogeneous boundary conditions becomes

ur—kuyy = Q(x,t), 0<x<L, t>0,
u(0,£) = 0, u(Lt)=0, t>0,
u(x,0) = f(x), 0<x<L. (1.62)

Let us consider a rod at initially zero temperature, f(x) = 0. We apply a
source of heat energy Q(x,0) to the rod at t = 0. The temperature is then
approximately Q(x,0) ds. At a later time the temperature is (x, t) ds, where

O = kU, 0<x<L,  t>0,
50,) = 0, o(Lt)=0, t>0,
9(x,0) = Q(x,0), 0<x<L. (1.63)

Now we consider what happens when the source is turned on at time
t = s — és and turned off at t = s. This leads to a new solution, 7(x, t),
which satisfies

O = kU, 0<x<L, t>0,
7(0,t;s) = 0, o(Lts)=0, t>0,
o(x,s;8) = Qx,s), 0<x<L. (1.64)

Here we are given Q(x, -) as the initial condition at t = s.

The relation between the solutions of the last two problems is 4(x, t;s) ~
o(x,t —s;s). Therefore, 7(x,0;s) = Q(x,s). The total solution over time is
the obtained by integrating over time,

-t
u(x,t) = / 0(x,t—s;s)ds.
J0
Proof. Differentiating this solution with respect to ¢, we have
-t
u(x,t) = 9(x,0;t) + / Oy(x, t —s;8)ds
J0

= t tfc t—s;s)d
= Q(x,t)+ /o Vxx (X, t —s;8)ds
= Q(x/ t) + kuxx(x/ t)' (1.65)
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We see that the solution of a problem with a source can be converted to
a related homogeneous differential equation with an initial condition. This
is the essence of Duhamel’s Principle. We demonstrate this in the following
example.

Example 1.10. Use Duhamel’s Principle to solve the initial-boundary
value problem

Uy — kiyy = tsinx, 0<x<m t>0,
u(0,t) = 0, u(mt)=0 t>0,
u(x,00 = 0, 0<x<m (1.66)

We first need to solve the related problem,
O = kiUyx, 0<x<m t>0,
9(0,t) = 0, 9(mt)=0 >0,
9(x,0)

ssinx, 0<x <. (1.67)

One can show that the series solution is given by

[0}

b(x,t;s) = Z bne*”Ztsin nx.
n=1
Setting t =0,
(e}
b(x,0;s) = Z b, sinnx = ssinx.
n=1

We can see that all of the b,,’s vanish except that n = 1 case. Therefore,
the solution is 7(x,0) = se(—kt) sin x.

The final solution to the given problem is found through integra-
tion:

t
u(x,t) = /Oﬁ(x,t—s;s)ds

t
/ se k(=) gin x ds
0
ekt 1\ .
= (k - k2> sin x. (1.68)

1.8 Laplace’s Equation in 2D

ANOTHER GENERIC PARTIAL DIFFERENTIAL EQUATION is Laplace’s equa-
tion, V2u = 0. Laplace’s equation arises in many applications. As an exam-
ple, consider a thin rectangular plate with boundaries set at fixed tempera-
tures. Assume that any temperature changes of the plate are governed by
the heat equation, u; = kV?u, subject to these boundary conditions. How-
ever, after a long period of time the plate may reach thermal equilibrium.
If the boundary temperature is zero, then the plate temperature decays to
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zero across the plate. However, if the boundaries are maintained at a fixed
nonzero temperature, which means energy is being put into the system to
maintain the boundary conditions, the internal temperature may reach a
nonzero equilibrium temperature. Reaching thermal equilibrium means
that asymptotically in time the solution becomes time independent. Thus,
the equilibrium state is a solution of the time independent heat equation,
V2u = 0.

A second example comes from electrostatics. Letting ¢(r) be the electric
potential, one has for a static charge distribution, p(r), that the electric field,
E = V¢, satisfies one of Maxwell’s equations, V- E = p/ep. In regions
devoid of charge, p(r) = 0, the electric potential satisfies Laplace’s equation,
V2¢ = 0.

As a final example, Laplace’s equation appears in two-dimensional fluid
flow. For an incompressible flow, V - v = 0. If the flow is irrotational, then
V x v = 0. We can introduce a velocity potential, v = V¢. Thus, V x v
vanishes by a vector identity and V - v = 0 implies V¢ = 0. So, once again
we obtain Laplace’s equation.

Solutions of Laplace’s equation are called harmonic functions and we will
encounter these in Chapter ?? on complex variables and in Section 1.8 we
will apply complex variable techniques to solve the two-dimensional Laplace
equation. In this section we use the Method of Separation of Variables to
solve simple examples of Laplace’s equation in two dimensions. Three-
dimensional problems will studied in Chapter 6.

Example 1.11. Equilibrium Temperature Distribution for a Rectangu-
lar Plate
Let’s consider Laplace’s equation in Cartesian coordinates,

uxx+uyy:0, 0<x<L, O<y<H
with the boundary conditions
u(0,y) =0, u(L,y)=0, u(x,0)=f(x), u(x,H)=0.

The boundary conditions are shown in Figure 6.8

As with the heat and wave equations, we can solve this problem
using the method of separation of variables. Let u(x,y) = X(x)Y(y).
Then, Laplace’s equation becomes

X"Y+XY"=0
and we can separate the x and y dependent functions and introduce a
separation constant, A,
X// Y//
— =——==-A
X Y
Thus, we are led to two differential equations,
X"+AX = 0,
Y'—AY = 0. (1.69)

Thermodynamic equilibrium, VZu = 0.

Incompressible, irrotational fluid flow,
V2¢ = 0, for velocity v = V¢. See more
in Section 1.8.

u(x,H) =0

T

u(0,y)=0 | v2u=0| u(Ly) =0

O0 T x
u(x,0) = f(x)

Figure 1.23: In this figure we show the
domain and boundary conditions for the
example of determining the equilibrium
temperature distribution for a rectangu-
lar plate.
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Note: Having carried out this compu-
tation, we can now see that it would
be better to guess this form in the fu-
ture. So, for Y(H) = 0, one would
guess a solution Y (y) = sinh vA(H —y).
For Y(0) = 0, one would guess a so-
lution Y(y) = sinh\/Ay. Similarly, if
Y'(H) = 0, one would guess a solution
Y(y) = coshvA(H —y).

From the boundary condition u(0,y) = 0,u(L,y) = 0, we have
X(0) = 0,X(L) = 0. So, we have the usual eigenvalue problem for
X(x),

X' 4+AX =0, X(0)=0,X(L)=0.
The solutions to this problem are given by
. NTX nr\2
Xy (x) = sin ——, Ay = (T) , n=12,....

The general solution of the equation for Y (y) is given by
Y(y) = c1eV M 4 cpe VWY

The boundary condition u(x, H) = 0 implies Y(H) = 0. So, we have

VAH

cie + cze*ﬂH =0.

Thus,
2VAH

) = —cqe .

Inserting this result into the expression for Y(y), we have
Y(y) = cleﬁy — clezﬂHe*ﬂy

VAH (E—ﬁHE\/Xy _ e\/XHef\/Xy)

= (1€

— Cle\/XH (eiﬁ(ny) — e\/X(ny))
= —2cle‘/XH sinh VA(H — y). (1.70)

Since we already know the values of the eigenvalues A, from the
eigenvalue problem for X(x), we have that the y-dependence is given
by
nn(H —vy)

L
So, the product solutions are given by

Y, (y) = sinh

un(x,y) = sin WLTX sinh nn(I—i— y),

These solutions satisfy Laplace’s equation and the three homogeneous

n=12,....

boundary conditions and in the problem.

The remaining boundary condition, u(x,0) = f(x), still needs to
be satisfied. Inserting ¥ = 0 in the product solutions does not sat-
isfy the boundary condition unless f(x) is proportional to one of the
eigenfunctions X, (x). So, we first write down the general solution as
a linear combination of the product solutions,

n(H —y)

ad nix
= i inh . .
u(x,y) ng:l ay sin —— si I (1.71)

Now we apply the boundary condition, u(x,0) = f(x), to find that

e8]
H
flx) = 2 a, sinh % sin n—zx (1.72)
n=1



SECOND ORDER PARTIAL DIFFERENTIAL EQUATIONS 43

Defining b, = a, sinh ’”EH, this becomes

nritx

f(x) = Y busin ™7 (@.73)
n=1

We see that the determination of the unknown coefficients, b, is sim-
ply done by recognizing that this is a Fourier sine series. We now
move on to the study of Fourier series and provide more complete
answers in Chapter 6.

Problems

1. Solve the following initial value problems.
a. x"+x=0, x(0)=2, x'(0)=0.
b. y'+2y-8y=0, y(0)=1 v(0)=2
c x%y —2xy' —4y=0, y(1)=1, y'(1)=0.
2. Solve the following boundary value problems directly, when possible.
a. xX"+x=2, x(0)=0, x'(1)=0.
b. y"+2y/-8y=0, y(0)=1 y(1)=0.
c y¥+y=0 y0)=1 y(r)=0.

3. Consider the boundary value problem for the deflection of a horizontal
beam fixed at one end,

d4
DYy =0, YO =0, y'(L)=0, y"(L)=0

Solve this problem assuming that C is a constant.
4. Find the product solutions, u(x,t) = T(t)X(x), to the heat equation,

uy — uxxy = 0, on [0, 7t] satisfying the boundary conditions u,(0,¢) = 0 and
u(rm, t) = 0.

5. Find the product solutions, u(x,t) = T(t)X(x), to the wave equation
Uy = 2y, on [0,271] satisfying the boundary conditions #(0,¢) = 0 and
uy(2m,t) = 0.

6. Find product solutions, u(x, ) = X(x)Y(y), to Laplace’s equation, uyy +
uyy = 0, on the unit square satisfying the boundary conditions u(0,y) = 0,
u(l,y) =g(y), u(x,0) =0, and u(x,1) = 0.

7. Consider the following boundary value problems. Determine the eigen-
values, A, and eigenfunctions, y(x) for each problem.

a. Yy +Ay=0, y(0)=0, y'(1)=0.
b. y'—Ay=0, y(-mn)=0, y(m)=0.
c ¥y +xy+Ay=0, y(1)=0, y(2)=0.

In problem d you will not get exact
eigenvalues. Show that you obtain a
transcendental equation for the eigenval-
ues in the form tanz = 2z. Find the first
three eigenvalues numerically.
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d. (®y) +Ay=0, y(1)=0, y'(e)=0.

8. Classify the following equations as either hyperbolic, parabolic, or ellip-

tic.
a. uyy + qu + Uyxy = 0.
b. 3uxx + zuxy + 5uyy = 0
. XPyy + 2xYtiyy + yPuuyy = 0.
d. Y2y 4 2xyugy + (2 + 4x*)u,, = 0.

9. Use d’Alembert’s solution to prove

f(=0) =£(©@), &(=0)=g(0)
for the semi-infinite string satisfying the free end condition u,(0,¢) = 0.

10. Derive a solution similar to d’Alembert’s solution for the equation u +
2uy —3u = 0.

11. Construct the appropriate periodic extension of the plucked string ini-
tial profile given by

satisfying the boundary conditions at u(0,t) = 0 and uy(¢,t) = 0 for t > 0.

12. Find and sketch the solution of the problem

Uy = Uy, 0<x<1,t>0
{0,0<x<L
u(x,0) = 1, le <x< %,
0, 3<x<1,
u(x,0) = 0,
u(0,t 0, t>0,
u(l,t) 0, t>0,

13. Find the solution to the heat equation:

PDE: ;= 2uyy, 0 < x <1, > 0.
BC: u(0,t) = —1, ux(1,t) = 1.
IC: u(x,0) = x +sin 32* — 1.

14. Find the solution to the heat equation:
PDE: u; = 5uyy, 0 < x <10,¢ > 0.
BC: 1,(0,1) = 2, ux(10,¢) = 3.
IC: u(x,0) = % + 2x + cos 7x.

15. Use Duhamel’s Principle to find the solution to the nonhomogeneous
heat equation:
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PDE: u; —uyy =tsinx, 0 < x <, t > 0.
BC: u(0,t) =0, u(m,t) =0.
IC: u(x,0) = 0.
16. Find the solution to the nonhomogeneous heat equation:
PDE: u; — tyy = t(sin27tx +2x), 0 < x <1, ¢ > 0.
BC: u(0,t) =1, u(1,t) = .
IC: u(x,0) =1+sin3x —x.
17. The nonhomogeneous problem for the wave equation,
PDE: uy — utyy = h(x,t), —00 < x < 00, t >0,
IC: u(x,0) =0, u;(x,0) =0,

can be solved using Duhamel’s Principle for the wave equation. Namely,
one solves the problem

PDE: 0y — ¢*0xy =0, —00 < x < 00, >0,
IC: 9(x,0;s5) =0, 3:(x,0;s) = h(x,s),

and the solution to the nonhomogeneous equation is given by

u(x, t) = /Otﬁ(x,t— s;s) ds.
Verify that this is the solution.
18. Solve the initial value problem:
PDE: uy —uyy =x—1t, —oco < x <oo,t>0,

IC: u(x,0) = x%, us(x,0) = sinx.

Hint: Split the problem into two terms, one for which you can use
Duhamel’s Principle from the previous problem and the other which
can be solved using d’Alembert’s solution.
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