6
Problems in Higher Dimensions

“Equations of such complexity as are the equations of the gravitational field can be
found only through the discovery of a logically simple mathematical condition that
determines the equations completely or at least almost completely.”

“What I have to say about this book can be found inside this book.” Albert
Einstein (1879-1955)

IN THIS CHAPTER WE WILL EXPLORE several examples of the solution of
initial-boundary value problems involving higher spatial dimensions. These
are described by higher dimensional partial differential equations, such as
the ones presented in Table 1.1 in Chapter 1. The spatial domains of the
problems span many different geometries, which will necessitate the use of
rectangular, polar, cylindrical, or spherical coordinates.

We will solve many of these problems using the method of separation of
variables, which we first saw in Chapter 1. Using separation of variables
will result in a system of ordinary differential equations for each problem.
Adding the boundary conditions, we will need to solve a variety of eigen-
value problems. The product solutions that result will involve trigonomet-
ric or some of the special functions that we had encountered in Chapter 5.
These methods are used in solving the hydrogen atom and other problems
in quantum mechanics and in electrostatic problems in electrodynamics.
We will bring to this discussion many of the tools from earlier in this book
showing how much of what we have seen can be used to solve some generic
partial differential equations which describe oscillation and diffusion type
problems.

As we proceed through the examples in this chapter, we will see some
common features. For example, the two key equations that we have stud-
ied are the heat equation and the wave equation. For higher dimensional
problems these take the form

u = kVu, (6.1)
up = V. (6.2)

We can separate out the time dependence in each equation. Inserting a
guess of u(r,t) = ¢(r)T(t) into the heat and wave equations, we obtain

T'p = kTV?¢, (6.3)
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The Helmholtz equation.

The Helmholtz equation is named af-
ter Hermann Ludwig Ferdinand von
Helmholtz (1821-1894). He was both a
physician and a physicist and made sig-
nificant contributions in physiology, op-
tics, acoustics, and electromagnetism.

"¢ = *TV?p. (6.4)

Dividing each equation by ¢(r)T(t), we can separate the time and space de-
pendence just as we had in Chapter ??. In each case we find that a function
of time equals a function of the spatial variables. Thus, these functions must
be constant functions. We set these equal to the constant —A and find the
respective equations

1T V%
17 V%
2T = 4 =\ (6.6)

The sign of A is chosen because we expect decaying solutions in time for the
heat equation and oscillations in time for the wave equation and will pick
A > 0.

The respective equations for the temporal functions T(t) are given by

T' = —AkT, (6.7)
T +*AT = 0. (6.8)

These are easily solved as we had seen in Chapter ??. We have

T(t) = T(0)e M, (6-9)
T(t) = acoswt+bsinwt, w=cVA, (6.10)

where T(0), a, and b are integration constants and w is the angular fre-
quency of vibration.
In both cases the spatial equation is of the same form,

V2 +A¢p = 0. (6.11)

This equation is called the Helmholtz equation. For one dimensional prob-
lems, which we have already solved, the Helmholtz equation takes the form
¢" + Ap = 0. We had to impose the boundary conditions and found that
there were a discrete set of eigenvalues, A, and associated eigenfunctions,
Pn-

In higher dimensional problems we need to further separate out the
spatial dependence. We will again use the boundary conditions to find
the eigenvalues, A, and eigenfunctions, ¢(r), for the Helmholtz equation,
though the eigenfunctions will be labeled with more than one index. The
resulting boundary value problems are often second order ordinary dif-
ferential equations, which can be set up as Sturm-Liouville problems. We
know from Chapter 5 that such problems possess an orthogonal set of eigen-
functions. These can then be used to construct a general solution from the
product solutions which may involve elementary, or special, functions, such
as Legendre polynomials and Bessel functions.

We will begin our study of higher dimensional problems by consider-
ing the vibrations of two dimensional membranes. First we will solve the
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problem of a vibrating rectangular membrane and then we will turn our
attention to a vibrating circular membrane. The rest of the chapter will be
devoted to the study of other two and three dimensional problems possess-
ing cylindrical or spherical symmetry.

6.1 Vibrations of Rectangular Membranes

OUR FIRST EXAMPLE WILL BE THE STUDY of the vibrations of a rectangular
membrane. You can think of this as a drumhead with a rectangular cross
section as shown in Figure 6.1. We stretch the membrane over the drumhead
and fasten the material to the boundary of the rectangle. The height of the
vibrating membrane is described by its height from equilibrium, u(x,y,t).
This problem is a much simpler example of higher dimensional vibrations
than that possessed by the oscillating electric and magnetic fields in the last
chapter.

Example 6.1. The vibrating rectangular membrane.
The problem is given by the two dimensional wave equation in
Cartesian coordinates,

s = 2 (uyy + uy), t>00<x<L0<y<H, (6.12)
a set of boundary conditions,
u(0,y,t) =0, u(Lyt)=0, t>0, 0<y<H,
u(x,0,.) =0, u(x,Ht)=0, t>0, 0<x<IL, (6.13)

and a pair of initial conditions (since the equation is second order in
time),

u(x,y,0) = f(x,y), wu(xy0)=g(xy). (6.14)

The first step is to separate the variables: u(x,y,t) = X(x)Y(y)T(¢). In-
serting the guess, u(x,y,t) into the wave equation, we have

X(@)YWT'(1) = & (X" ()Y T + X(x)Y"(y)T(1)).

Dividing by both u(x,y,t) and ¢?, we obtain

1 T// X// Y//
Cj? - Y + 7 = —A. (6.15)
N——" N—_——

Function of t  Function of x and y

We see that we have a function of ¢ equals a function of x and y. Thus,
both expressions are constant. We expect oscillations in time, so we choose
the constant A to be positive, A > 0. (Note: As usual, the primes mean
differentiation with respect to the specific dependent variable. So, there
should be no ambiguity.)

These lead to two equations:

T" + PAT =0, (6.16)

0 X
0 L

Figure 6.1: The rectangular membrane of
length L and width H. There are fixed
boundary conditions along the edges.
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and X/l Y//
We note that the spatial equation is just the separated form of Helmholtz’s
equation with ¢(x,y) = X(x)Y(y).

The first equation is easily solved. We have
T(t) = acoswt + bsinwt, (6.18)

where

w = cVA. (6.19)

This is the angular frequency in terms of the separation constant, or eigen-
value. It leads to the frequency of oscillations for the various harmonics of
the vibrating membrane as
w c
v=—=——VA. (6.20)
2 271
Once we know A, we can compute these frequencies.
Next we solve the spatial equation. We need carry out another separation
of variables. Rearranging the spatial equation, we have

X// Y”
Y = _7 — )\ = —‘u, (6.21)
S~~~ ——

Function of x  Function of y

Here we have a function of x equal to a function of y. So, the two expressions
are constant, which we indicate with a second separation constant, —p < 0.
We pick the sign in this way because we expect oscillatory solutions for
X(x). This leads to two equations:

X"+uX = 0,
Y'+(A—pu)Y=0. (6.22)

We now impose the boundary conditions. We have u(0,y,t) = 0 for all
t > 0and 0 < y < H. This implies that X(0)Y(y)T(¢t) = 0 for all + and
y in the domain. This is only true if X(0) = 0. Similarly, from the other
boundary conditions we find that X(L) = 0, Y(0) = 0, and Y(H) = 0. We
note that homogeneous boundary conditions are important in carrying out
this process. Nonhomogeneous boundary conditions could be imposed just
like we had in Section 1.7, but we still need the solutions for homogeneous
boundary conditions before tackling the more general problems.

In summary, the boundary value problems we need to solve are:

X"+uX=0, X(0)=0,X(L)=0.
Y'+(A—u)Y=0, Y(0)=0,Y(H)=0. (6.23)
We have seen boundary value problems of these forms in Chapter ??. The
solutions of the first eigenvalue problem are

nwx (nrc 2
A =

Xa(x) = sin ==, T) . n=1,23....
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The second eigenvalue problem is solved in the same manner. The dif-
ferences from the first problem are that the “eigenvalue” is A — p, the inde-
pendent variable is y, and the interval is [0, H]. Thus, we can quickly write
down the solutions as

M7TX
H

mrt

R - (—)2 m=1,23,....

Y (y) = sin i

At this point we need to be careful about the indexing of the separation
constants. So far, we have seen that ;1 depends on n and that the quantity
k& = A — u depends on m. Solving for A, we should write A, = py + %4, OF

Anm = (%)24—(%7[)2, nm=12,.... (6.24)

Since w = cﬂ, we have that the discrete frequencies of the harmonics are

Wym = C\/(nLﬂ)2 + (%)2, nm=12,.... (6.25)

We have successfully carried out the separation of variables for the wave

given by

equation for the vibrating rectangular membrane. The product solutions
can be written as

nx . mm
Upm = (4 oS Wyt + bsin wyyt) sin - sin Ty (6.26)
and the most general solution is written as a linear combination of the prod-

uct solutions,

. . NTX . mmy
Z(anm €08 Wymt + by SIN Wy ) SIN —— sin ——=.

t =
u(x/]// ) by L H

However, before we carry the general solution any further, we will first
concentrate on the two dimensional harmonics of this membrane.

For the vibrating string the nth harmonic corresponds to the function
sin 7% and several are shown in Figure 6.2. The various harmonics corre-
spond to the pure tones supported by the string. These then lead to the
corresponding frequencies that one would hear. The actual shapes of the
harmonics are sketched by locating the nodes, or places on the string that
do not move.

In the same way, we can explore the shapes of the harmonics of the vi-
brating membrane. These are given by the spatial functions

mry

nmx
¢Gnm(x,y) = sin - sin - (6.27)

Instead of nodes, we will look for the nodal curves, or nodal lines. These
are the points (x,y) at which ¢y, (x,y) = 0. Of course, these depend on the
indices, n and m.
For example, when n = 1 and m = 1, we have
Ty

sin T sin T =0.

The harmonics for the vibrating rectan-
gular membrane are given by

= ) ()

forn,m=1,2,....

Xq(x) = sin 5%

o
<
=

Xo(x) = sin 2%

h;>

X3(x) = sin 3%

Figure 6.2: The first harmonics of the vi-
brating string

A discussion of the nodal lines.
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Figure 6.3: The first few modes of the
vibrating rectangular membrane. The
dashed lines show the nodal lines indi-
cating the points that do not move for
the particular mode. Compare these the
nodal lines to the 3D view in Figure 6.1

The general solution for the vibrating
rectangular membrane.

n:l 1’122 Tl:3
y y Y
H H ‘ H ‘ ‘
m=1 | o
x 1 SO N x
L L L
y y y
H H I H I I
m=2  fo-oo. ] |- ]
x 1 x L x
L L L
y y y
H H ‘ H ‘ ‘
m=3 || | ]
x 1 x L x
L L L

These are zero when either
sin% =0, or sin% =0.
Of course, this can only happen for x = 0,L and y = 0, H. Thus, there are
no interior nodal lines.
Whenn =2 and m =1, we have y = 0, H and

27x
in— =0
sin 7 ,

or, x =0, %, L. Thus, there is one interior nodal line at x = % . These points
stay fixed during the oscillation and all other points oscillate on either side
of this line. A similar solution shape results for the (1,2)-mode; ie.,, n =1
and m = 2.

In Figure 6.3 we show the nodal lines for several modes for n,m = 1,2,3
with different columns corresponding to different n-values while the rows
are labeled with different m-values. The blocked regions appear to vibrate
independently. A better view is the three dimensional view depicted in
Figure 6.1 . The frequencies of vibration are easily computed using the
formula for wyy,.

For completeness, we now return to the general solution and apply the
initial conditions. The general solution is given by a linear superposition of
the product solutions. There are two indices to sum over. Thus, the general
solution is

R . . nmx . mm
u(x,y,t) = Z:l Zl(anm COS Wyt + by Sin wyyt) sin ——sin Yy, (6.28)
n=1m=
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n=1

n=2

n=23
where

o = ey () (1Y (6:29)

The first initial condition is u(x,y,0) = f(x,y). Setting t = 0 in the gen-
eral solution, we obtain

Z & . nmx . mm
flxy) = 2 2 Apm SIN —— SIN L4 (6.30)
n=1m=1 L H

This is a double Fourier sine series. The goal is to find the unknown coeffi-
cients a;;.

The coefficients a,,, can be found knowing what we already know about
Fourier sine series. We can write the initial condition as the single sum

= . nmx
floy) = Z An(y)sin A (6.31)
n=1
where -
An(y) = Y @ypsin mgy . (6.32)
m=1

These are two Fourier sine series. Recalling from Chapter ?? that the
coefficients of Fourier sine series can be computed as integrals, we have

2 L . onmx
Anly) = E/o f(x,y)sdex,

2 (H . mT
Apm = E/o Ay (y) sin Hy dy. (6.33)

Table 6.1: A three dimensional view of
the vibrating rectangular membrane for
the lowest modes. Compare these im-
ages with the nodal lines in Figure 6.3
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The Fourier coefficients for the double
Fourier sine series.

The full solution of the vibrating rectan-
gular membrane.

Figure 6.4: The circular membrane of ra-
dius a. A general point on the mem-
brane is given by the distance from the
center, v, and the angle, . There are fixed
boundary conditions along the edge at
r=a.

Inserting the integral for A,(y) into that for a,;,, we have an integral
representation for the Fourier coefficients in the double Fourier sine series,

nrx y
Anm = T / / f(x,y) sin 2% gin dxdy. (6.34)

We can carry out the same process for satisfying the second initial condi-
tion, us(x,y,0) = g(x,y) for the initial velocity of each point. Inserting the
general solution into this initial condition, we obtain

nix mrr
Z Z bpmwym sin — sin _1/ (6.35)
L H
n=1m=
Again, we have a double Fourier sine series. But, now we can quickly de-
termine the Fourier coefficients using the above expression for a,; to find
that

bum = wnmLH/ / (x,y sm%sm ydxdy (6.36)

This completes the full solution of the vibrating rectangular membrane
problem. Namely, we have obtained the solution

(x,y,t) Z E (anm coS Wpmt + by sin wypt) sin ? sin %,
n=1m=1
(6.37)
where

Ay = / / fx, smism ydxd (6.38)

mm T y Y 3

nx J

bym = wnmLH/ / (x,y) sin T sin dxdy, (6.39)

and the angular frequencies are given by

o = e (PZ) 4 (2, (6.40)

6.2 Vibrations of a Kettle Drum

IN THIS SECTION WE CONSIDER the vibrations of a circular membrane of
radius a as shown in Figure 6.4. Again we are looking for the harmonics
of the vibrating membrane, but with the membrane fixed around the cir-
cular boundary given by x? + y?> = a®. However, expressing the boundary
condition in Cartesian coordinates is awkward. Namely, we can only write
u(x,y,t) = 0 for x2 + y*> = a2. It is more natural to use polar coordinates
as indicated in Figure 6.4. Let the height of the membrane be given by
u = u(r,0,t) at time t and position (r,0). Now the boundary condition is
given as u(a,0,t) =0 forall t > 0and 0 € [0,27].

Before solving the initial-boundary value problem, we have to cast the
full problem in polar coordinates. This means that we need to rewrite the
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Laplacian in r and 6. To do so would require that we know how to transform
derivatives in x and y into derivatives with respect to r and 6. Using the re-
sults from Section ?? on curvilinear coordinates, we know that the Laplacian
can be written in polar coordinates. In fact, we could use the results from
Problem ?? in Chapter ?? for cylindrical coordinates for functions which are
z-independent, f = f(r,6). Then, we would have

2p_10 (0f\ 1f
vf_rar "or +72892'

We can obtain this result using a more direct approach, namely apply-
ing the Chain Rule in higher dimensions. First recall the transformations
between polar and Cartesian coordinates:

x =rcosf, y=rsind

r=4/x2+y% tanf = %

Now, consider a function f = f(x(r,0),y(r,0)) = g(r,0). (Technically, once

and

we transform a given function of Cartesian coordinates we obtain a new
function g of the polar coordinates. Many texts do not rigorously distin-
guish between the two functions.) Thinking of x = x(r,0) and y = y(r,0),
we have from the chain rule for functions of two variables:

of _ agor  ago0
ox  oJrodx 090 dx
agx 08y
orr 0072
_ dg sinfdg
= COs 95 — T% (641)
Here we have used
i x x

and 5
%:,iOmaz):;zﬁi:_z
dx  dx x 1+(2)2 r2’
X
Similarly,
of _ agar  agae
dy  ordy 0900y
Ry 98X
orr 90 r?
. ,0¢  cosfdg
= s1n9§+ 30" (6.42)

The 2D Laplacian can now be computed as

Rf 2f 3 (9f\ sinfd [of
aﬂ+@2_’mww<w)_r'%<w>

. .0 [df cosf 9 (of
Fsinfa, (ay)+ : ae(ay)

Derivation of Laplacian in polar coordi-
nates.
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' Here we state the problem of a vibrat-
ing circular membrane. We have chosen
—7 < 6§ < 7, but could have just as eas-
ily used 0 < 6 < 271. The symmetric in-
terval about 6 = 0 will make the use of
boundary conditions simpler.

_ 0 dg sinfdg
= c059§ (COSQar p 69)

s1r198<C Gagsmeag>

r o006 08 ar r 00
. .0 (. ,0g cosfadg
+sm9§ (star + . 89)

cos@ 0 (. _0g  cosBog
—i——r ag(smear—i- p 89>

B 0’¢ sinfdg sinf d%¢
= COSQ<C059672+ 2 90 7 81’39)

: 2 0092
_sm()(osgag _ sinfo%g i ag_COSGGg)

000r roo2 TM7% r 00

. . ,0%¢ cos® d’¢  cosfog
+sm6(sm68r2+ 900 2 89)

2 2 -
+cos€ (sin@ 0°g n cos b 0°¢ eag sm98g)

d000r r w—i—cos or r a0

?¢ 1a9g 13%
o2 ror  r2002
10 [ adg 1 9%g

v ar <r8r> 7 902"

(6.43)

The last form often occurs in texts because it is in the form of a Sturm-
Liouville operator. Also, it agrees with the result from using the Laplacian
written in cylindrical coordinates as given in Problem ?? of Chapter ?2.

Now that we have written the Laplacian in polar coordinates we can pose
the problem of a vibrating circular membrane.

Example 6.2. The vibrating circular membrane.
This problem is given by a partial differential equation,’

10 [/ du 1 0%u
Uy = C2 {rar <r87’> + 1"2892] ’ (644)

t>0, O<r<a, —-n<O<m,

the boundary condition,
u(a,0,t) =0, t>0, —-nm<O<m, (6.45)
and the initial conditions,

u(r,0,0) = f(r,0), 0<r<a-nm<O<m,
ui(r,0,0) = g(r,0),, 0<r<a-—-m<6<m (6.46)

Now we are ready to solve this problem using separation of variables. As
before, we can separate out the time dependence. Let u(r,0,t) = T(t)$(r,0).
As usual, T(t) can be written in terms of sines and cosines. This leads to
the Helmholtz equation,

V2 + A = 0.
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We now separate the Helmholtz equation by letting ¢(r,0) = R(r)®(0). This
gives

10 ( 9RO\  19°RO
Dividing by u = RO, as usual, leads to
1d [ dR 1 d°0

The last term is a constant. The first term is a function of . However, the
middle term involves both r and 6. This can be remedied by multiplying the
equation by 2. Rearranging the resulting equation, we can separate out the
f-dependence from the radial dependence. Letting u be another separation
constant, we have

rd [ dR , 140

This gives us two ordinary differential equations:

4’0
d [ dR ) B
e (rdr> + (A" —u)R = 0. (6.50)

Let’s consider the first of these equations. It should look familiar by now.
For u > 0, the general solution is

O(0) = acos /b + bsin \/ub.

The next step typically is to apply the boundary conditions in 6. However,
when we look at the given boundary conditions in the problem, we do not
see anything involving 6. This is a case for which the boundary conditions
that are needed are implied and not stated outright.

We can determine the hidden boundary conditions by making some ob-
servations. Let’s consider the solution corresponding to the endpoints 6 =
£7t. We note that at these 0-values we are at the same physical point for any
r < a. So, we would expect the solution to have the same value at § = —7 as
it has at 8 = 7t. Namely, the solution is continuous at these physical points.
Similarly, we expect the slope of the solution to be the same at these points.
This can be summarized using the boundary conditions

O(rn) =0(-mn), O'(m) =0 (-n).

Such boundary conditions are called periodic boundary conditions.

Let’s apply these conditions to the general solution for ©(6). First, we set
O(mr) = ©(—7) and use the symmetries of the sine and cosine functions to
obtain

acos /U + bsin \/um = acos \/um — bsin \/ur.
This implies that

sin \/ﬁn =0.

The boundary conditions in 6 are peri-
odic boundary conditions.
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This can only be true for \/u = m, for m = 0,1,2,3,.... Therefore, the
eigenfunctions are given by

O (0) =acosmf +bsinmb, m=0,1,2,3,....

For the other half of the periodic boundary conditions, ©'(7r) = @' (—mn),
we have that

—am sin m7t + bm cos mm = am sinm7t + bm cos mrt.

But, this gives no new information since this equation boils down to bm =
bm..

To summarize what we know at this point, we have found the general
solutions to the temporal and angular equations. The product solutions will
have various products of {coswt,sinwt} and {cosmb,sinmb} _,. We also
know that # = m? and w = cV/A.

We still need to solve the radial equation. Inserting u = m?, the radial
equation has the form

d ( dR 2 2\p
e (rdr> + (Ar —=m”)R = 0. (6.51)

Expanding the derivative term, we have
r?R"(r) +rR'(r) + (Ar* — m*)R(r) = 0. (6.52)

The reader should recognize this differential equation from Equation (5.66).
It is a Bessel equation with bounded solutions R(r) = ], (v/Ar).

Recall there are two linearly independent solutions of this second order
equation: J,,(v/Ar), the Bessel function of the first kind of order m, and
Nm(\/Xr), the Bessel function of the second kind of order m, or Neumann
functions. Plots of these functions are shown in Figures 5.8 and 5.9. So, we
have the general solution of the radial equation is

R(r) = c1]m(VAr) 4 caNu (VAT).

Now we are ready to apply the boundary conditions to the radial factor
in the product solutions. Looking at the original problem we find only
one condition: u(a,0,t) = 0 for t > 0 and —m < < 7. This implies that
R(a) = 0. But where is the second condition?

This is another unstated boundary condition. Look again at the plots
of the Bessel functions. Notice that the Neumann functions are not well
behaved at the origin. Do you expect that the solution will become infinite
at the center of the drum? No, the solutions should be finite at the center. So,
this observation leads to the second boundary condition. Namely, |R(0)| <
0. This implies that c; = 0.

Now we are left with

R(r) = Ju(VAr).

We have set ¢; = 1 for simplicity. We can apply the vanishing condition at
r = a. This gives

Jm(VAa) = 0.
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Looking again at the plots of ], (x), we see that there are an infinite number
of zeros, but they are not as easy as 7! In Table 6.2 we list the nth zeros of
Jm, which were first seen in Table 5.3.

nilm=0|\m=1 | m=2|m=3 | m=4|m=>5 Table 6.2: The zeros of Bessel Functions,
1| 2405 | 3.832 | 5.136 | 6.380 | 7.588 | 8.771 Jin (i) = 0.
2| 5520 | 7.016 | 8.417 | 9.761 | 11.065 | 12.339
3 | 8654 | 10.173 | 11.620 | 13.015 | 14.373 | 15.700
4 | 11.792 | 13.324 | 14.796 | 16.223 | 17.616 | 18.980
5 | 14.931 | 16.471 | 17.960 | 19.409 | 20.827 | 22.218
6 | 18.071 | 19.616 | 21.117 | 22.583 | 24.019 | 25.430
7 | 21.212 | 22.760 | 24.270 | 25.748 | 27.199 | 28.627
8 | 24.352 | 25.904 | 27.421 | 28.908 | 30.371 | 31.812
9 | 27-493 | 29.047 | 30.569 | 32.065 | 33.537 | 34.989
Let’s denote the nth zero of [, (x) by jmn. Then, the boundary condition
tells us that
VAa=jun, m=0,1,..., n=12,....
This gives us the eigenvalues as
. 2
Amn:(]”;"> , m=01,..., n=12,....
Thus, the radial function satisfying the boundary conditions is
Riyn (1) = Jm (]";nr> .
We are finally ready to write out the product solutions for the vibrating
circular membrane. They are given by Product solutions for the vibrating circu-
lar membrane.
COS Wyt cos mb Jmn
7 9/ t - . . —— . 6
u(r ) { sin wy,t } { sin m6 }]m( a r) (6.53)

Here we have indicated choices with the braces, leading to four different
types of product solutions. Also, the angular frequency depends on the
zeros of the Bessel functions,

mn
wmn:%c, m=20,1,..., n=1,2,....

As with the rectangular membrane, we are interested in the shapes of the
harmonics. So, we consider the spatial solution (t = 0)

¢(r,0) = (cosmb) ] (]}an> .

Including the solutions involving sinm@ will only rotate these modes. The
nodal curves are given by ¢(r,0) = 0. This can be satisfied if cosmf = 0,
or ]m(]'%r) = 0. The various nodal curves which result are shown in Figure

6.5.
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Figure 6.5: The first few modes of the vi-
brating circular membrane. The dashed
lines show the nodal lines indicating the
points that do not move for the partic-
ular mode. Compare these nodal lines
with the three dimensional images in
Figure 6.3.

n=1
n=2
n=>3

For the angular part, we easily see that the nodal curves are radial lines,
0 =const. For m = 0, there are no solutions, since cosmf = 1 for m = 0. in
Figure 6.5 this is seen by the absence of radial lines in the first column.

For m = 1, we have cos# = 0. This implies that = 7. These values
give the vertical line as shown in the second column in Figure 6.5. For
m = 2, cos 26 = 0 implies that § = %, %T”. This results in the two lines shown
in the last column of Figure 6.5.

We can also consider the nodal curves defined by the Bessel functions.
Jmn
a
in the interval [0, 4]. Thus, we have

We seek values of r for which 2r is a zero of the Bessel function and lies

Man:jmj/ 1§]Sn/

or )
r:],ﬂa, 1<j<n.

Jmn

These will give circles of these radii with jm]- < jmn,orj<n Form=20
and n = 1, there is only one zero and r = 4. In fact, for all # = 1 modes,
there is only one zero giving r = a. Thus, the first row in Figure 6.5 shows
no interior nodal circles.

For a three dimensional view, one can look at Figure 6.3. Imagine that
the various regions are oscillating independently and that the points on the
nodal curves are not moving.

We should note that the nodal circles are not evenly spaced and that the
radii can be computed relatively easily. For the n = 2 modes, we have two
circles, r = a and r = %a as shown in the second row of Figure 6.5. For



m=20
m=1
m=2
m=20,
2.405
r = ma ~ O4357a
for the inner circle. For m =1,
3.832
r = ma ~ 0546251,
and for m = 2,
5.136
r = mﬂ ~ 0.6102a.
For n = 3 we obtain circles of radii
r=a, r:],r”—lu, andr:]_lza.
Jm3 Jm3
Form =0,
5.520 2.405
r=a, ma ~ O6379a, mﬂ =~ 0.2779a.
Similarly, for m =1,
3.832 7.016
r=a, ma ~ 0376761, ma ~ 0689761,
and for m = 2,
5.136 8.417
r=a, ma ~ 0442061, ma ~ 0.7224a4.
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Table 6.3: A three dimensional view of
the vibrating circular membrane for the
lowest modes. Compare these images
with the nodal line plots in Figure 6.5.
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L]

Figure 6.6: An annular membrane with
radii @ and b > a. There are fixed bound-
ary conditions along the edges at r = a
and 7 = b.

Example 6.3. Vibrating Annulus

More complicated vibrations can be dreamt up for this geometry.
Consider an annulus in which the drum is formed from two concen-
tric circular cylinders and the membrane is stretch between the two
with an annular cross section as shown in Figure 6.6. The separation
would follow as before except now the boundary conditions are that
the membrane is fixed around the two circular boundaries. In this case
we cannot toss out the Neumann functions because the origin is not
part of the drum head.

The domain for this problem is shown in Figure 6.6 and the problem
is given by the partial differential equation

10 [/ du 1 9%u
Ut = 2 l:?’ai’ (7’ar> + 7’2892] , (6.54)

t>0, b<r<a, -n<O<m,

the boundary conditions,
u(b,0,t) =0, u(ab,t)=0 t>0 —-nw<O<m, (6.55)
and the initial conditions,

u(r,0,0) = f(r,0), b<r<a-n<O<m,
ui(r,0,0) = g(r,0),, b<r<a-—-m<0<m (6.56)

Since we cannot dispose of the Neumann functions, the product
solutions take the form

u(r, 0, t) _ { cos wt } { cos mf }Rm(r), 6.57)

sin wt sin m@

where

Ru(r) = c1]m(VAF) + caNw (VAr)
andw=cvA, m=0,1,....

For this problem the radial boundary conditions are that the mem-
brane is fixed at ¥ = a and r = b. Taking b < a, we then have to satisfy
the conditions

R(a) = c1]m(VAa) + caNiw (VA1) =0,
R(b) = c1Jm(VAb) 4+ caNw(VAb) = 0. (6.58)

This leads to two homogeneous equations for c; and c¢;. The co-

efficient determinant of this system has to vanish if there are to be
nontrivial solutions. This gives the eigenvalue equation for A :

Jn(VAG) Ny (VAD) = [ (VAD) Ny (VAa) = 0.
There are an infinite number of zeros of the function

F(A)=A: ]m(\/Xa)Nm(\/Xb) - ]m(\/Xb)Nm(\/Xa)‘
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In Figure 6.7 we show a plot of F(A) fora =4,b=2and m =0,1,2,3.
This eigenvalue equation needs to be solved numerically. Choosing
a = 2 and b = 4, we have for the first few modes

Amn 1.562,3.137,4.709, m =0
1.598,3.156,4.722, m =

1.703,3.214,4.761, m = 2. (6.59)

Q

R

Note, since Wy = cv/Amn, these numbers essentially give us the fre-
quencies of oscillation.

For these particular roots, we can solve for ¢; and c; up to a multi-
plicative constant. A simple solution is to set

1 = Nm(\/ /\mnb)/ Cr = ]m(\/ )\mnb)

This leads to the basic modes of vibration,

Ry (1)@ (8) = cos mb (Nm(\//\mnb) T (V/ Ag?) — ]m(\/}\mnb)Nm(\/)Lmnr)) )

form=20,1,...,andn =1,2,....In Figure 6.4 we show various modes
for the particular choice of annular membrane dimensions, 2 = 2 and
b=4.

6.3 Laplace’s Equation in 2D

ANOTHER OF THE GENERIC PARTIAL DIFFERENTIAL EQUATIONS is Laplace’s
equation, V?u = 0. This equation first appeared in the chapter on complex
variables when we discussed harmonic functions. Another example is the
electric potential for electrostatics. As we described Chapter ??, for static
electromagnetic fields,

V-E=p/eg, E=V¢.

In regions devoid of charge, these equations yield the Laplace equation
VZp = 0.

Figure 6.7: Plot of the function
F(A) = Jnu(VAa) Ny (VAD) = [ (VAb) Ny (V'Aa)
fora =4andb=2and m =0,1,2,3.
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Table 6.4: A three dimensional view of
the vibrating annular membrane for the

lowest modes.

Thermodynamic equilibrium, V2u = 0.

Incompressible, irrotational fluid flow,
V2¢ = 0, for velocity v = V.
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Another example comes from studying temperature distributions. Con-
sider a thin rectangular plate with the boundaries set at fixed temperatures.
Temperature changes of the plate are governed by the heat equation. The
solution of the heat equation subject to these boundary conditions is time
dependent. In fact, after a long period of time the plate will reach thermal
equilibrium. If the boundary temperature is zero, then the plate temperature
decays to zero across the plate. However, if the boundaries are maintained
at a fixed nonzero temperature, which means energy is being put into the
system to maintain the boundary conditions, the internal temperature may
reach a nonzero equilibrium temperature. Reaching thermal equilibrium
means that asymptotically in time the solution becomes time independent.
Thus, the equilibrium state is a solution of the time independent heat equa-
tion, which is another Laplace equation, V?u = 0.

As another example we could look at fluid flow. For an incompressible
flow, V - v = 0. If the flow is irrotational, then V x v = 0. We can introduce
a velocity potential, v = V¢. Thus, V x v vanishes by a vector identity and
V - v = 0 implies V2¢ = 0. So, once again we obtain Laplace’s equation.

In this section we will look at examples of Laplace’s equation in two
dimensions. The solutions in these examples could be examples from any
of the application in the above physical situations and the solutions can be
applied appropriately.

Example 6.4. Equilibrium Temperature Distribution for a Rectangular
Plate
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Let’s consider Laplace’s equation in Cartesian coordinates,

Uy +uyy =0, 0<x<L, 0<y<H

with the boundary conditions
u(0,y) =0,

u(L,y) =0, u(x,0) = f(x),

The boundary conditions are shown in Figure 6.8

u(x,H) = 0.

As with the heat and wave equations, we can solve this problem
using the method of separation of variables. Let u(x,y) = X(x)Y(y).
Then, Laplace’s equation becomes

X'Y+XY"=0

and we can separate the x and y dependent functions and introduce a
separation constant, A,

X// YH

e Y —A.

Thus, we are led to two differential equations,

X"+AX = 0,
Y'—AY = 0. (6.60)
From the boundary condition u(0,y) = 0,u(L,y) = 0, we have
X(0) = 0,X(L) = 0. So, we have the usual eigenvalue problem for
X(x),

X"4+AX =0, X(0)=0,X(L)=0.

The solutions to this problem are given by

nmx nm\2
X, (x) = sin 2% :(—) Con=12....
n(x) = sin T An T n

The general solution of the equation for Y(y) is given by
Y(y) = c1eVM 4 cpe VMY,

The boundary condition u(x, H) = 0 implies Y(H) = 0. So, we have

VAH —VAH _ .

c1e + coe

Thus,
2VAH

cp = —cpe .

Inserting this result into the expression for Y(y), we have
Vay _ clezﬁHe_‘/Xy

VAH (efﬁHe\/Xy _ eﬁHefﬁy)

Y(y) = cie

= (1€
e Cle\/XH (e_\/X(H_y) — e\/X(H_y))

= —2cleﬁH sinh VA(H — ). (6.61)

u(x,H) =0

T

u(0,y) =0 V2y =0 u(L,y)=0

0 x
0 L
u(x,0) = f(x)
Figure 6.8: In this figure we show the
domain and boundary conditions for the
example of determining the equilibrium

temperature distribution for a rectangu-
lar plate.

Note: Having carried out this compu-
tation, we can now see that it would
be better to guess this form in the fu-
ture. So, for Y(H) = 0, one would
guess a solution Y (y) = sinh VA(H — y).
For Y(0) = 0, one would guess a so-
lution Y(y) = sinh+/Ay. Similarly, if
Y'(H) = 0, one would guess a solution
Y(y) = cosh VA(H —y).
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u= f(x)

T <

u=g1(y) V2u =0 u=g(y)

0 x
0 L

u= fi(x)

Figure 6.9: In this figure we show the do-
main and general boundary conditions
for the example of determining the equi-
librium temperature distribution for a
rectangular plate.

Since we already know the values of the eigenvalues A, from the
eigenvalue problem for X(x), we have that the y-dependence is given
by

Ya(y) = sinh @

So, the product solutions are given by

H_
un(x,y) = sin mLTx sinh nr( I y),

n=12,....

These solutions satisfy Laplace’s equation and the three homogeneous
boundary conditions and in the problem.

The remaining boundary condition, u(x,0) = f(x), still needs to
be satisfied. Inserting y = 0 in the product solutions does not sat-
isfy the boundary condition unless f(x) is proportional to one of the
eigenfunctions X, (x). So, we first write down the general solution as
a linear combination of the product solutions,

n(H —y)

7 . (6.62)

u(x,y) =Y ansin n7LTx sinh
n=1

Now we apply the boundary condition, u(x,0) = f(x), to find that

ad H
f(x) = ,;_1 a, sinh % sin sz (6.63)
Defining b, = a, sinh ”7ZH , this becomes
ad . nmx
flx) = Z b, sin - (6.64)
n=1

We see that the determination of the unknown coefficients, b, is sim-
ply done by recognizing that this is a Fourier sine series. The Fourier
coefficients are easily found as

2 L . NTTX
bn_f/o f(x)sdex. (6.65)

Since a, = b,/ sinh ”EH, we can finish solving the problem. The

solution is

> . nmx . . nn(H—y)
u(x,y) = n;lan sin — sinh T , (6.66)
where L
2 nix
ay = —————— x) sin —— dx. 6.6
= LannE | fesin (6.:67)

Example 6.5. Equilibrium Temperature Distribution for a Rectangular
Plate for General Boundary Conditions

A more general problem is to seek solutions to Laplace’s equation
in Cartesian coordinates,

Uxx+uyy20, 0<X<L,O<y<H
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with non-zero boundary conditions on more than one side of the do-
main,

u@Oy) =a1(y), u(ly)=g(y), 0<y<H,
u(x,0) = f1(x), u(x,H)=fo(x), 0<x<L.

These boundary conditions are shown in Figure 6.9

The problem with this example is that none of the boundary condi-
tions are homogeneous. This means that the corresponding eigenvalue
problems will not have the homogeneous boundary conditions which
Sturm-Liouville theory in Section 4 needs. However, we can express
this problem in terms of four different problems with nonhomoge-
neous boundary conditions on only one side of the rectangle.

uz=g1(y) | VZuz=0 | u3=01us =0 | V2uy =0 | us=g(y)

uy = fo(x)

y Ll1:0
H

u; =0 Vzulzo up =0up; =0 VzuzzO up, =0

0 X l 0 X

In Figure 6.10 we show how the problem can be broken up into
four separate problems for functions u;(x,y), i = 1,...,4. Since the
boundary conditions and Laplace’s equation are linear, the solution to
the general problem is simply the sum of the solutions to these four
problems,

u(x,y) = w(x,y) +uz(x,y) +us(x,y) + ua(x,y).
Then, this solution satisfies Laplace’s equation,
V2u(x,y) = Vui (x,y) + V2ua(x,y) + Vus(x,y) + Viu(x,y) =0,

and the boundary conditions. For example, using the boundary con-
ditions defined in Figure 6.10, we have for y = 0,

u(x,0) = uq(x,0) + uz(x,0) + us(x,0) + ug(x,0) = f1(x).

Figure 6.10: The general boundary value
problem for a rectangular plate can be
written as the sum of these four separate
problems.
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The other boundary conditions can also be shown to hold.

We can solve each of the problems in Figure 6.10 quickly based on
the solution we obtained in the last example. The solution for u;(x,y),
which satisfies the boundary conditions

u1(0,¥) =0, u(L,y)=0, 0<y<H,

up(x,0) = f1(x), wuj(x,H)=0, 0<x<L,

is the easiest to write down. It is given by

> . nnx . . nn(H—y)
up(x,y) = n; an Sin — sinh I . (6.68)
where ) .
. nmx
ay = m /0 fl (x) sim T dx. (669)

For the boundary conditions
u(0,y) =0, up(L,y)=0, 0<y<H,

uy(x,0) =0, up(x,H) = fo(x), 0<x<L.
the boundary conditions for X(x) are X(0) = 0 and X(L) = 0. So, we

get the same form for the eigenvalues and eigenfunctions as before:

nmx nm\2
X, (x) = sin 2% :(—) =12, ...
n(x) = sin T An T n

The remaining homogeneous boundary condition is now Y (0) = 0.
Recalling that the equation satisfied by Y (y) is

Y"—AY =0,
we can write the general solution as
Y(y) = 1 cosh VAy + ca sinh V/Ay.
Requiring Y (0) = 0, we have ¢; =0, or
Y(y) = ¢y sinh VAy.
Then, the general solution is

nrmy

uy(x,y) = Z by, sin ? sinh - (6.70)
n=1

We now force the nonhomogeneous boundary condition, u,(x, H) =
f2(x),
nmH
T

fa(x) =) _ bysin ? sinh (6.71)
n=1

Once again we have a Fourier sine series. The Fourier coefficients are
given by

2 L nmx
b :7/ x) sin —— dx. 6.72
n L51nh n7zH 0 f2( ) 1 L ( 7 )
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Next we turn to the problem with the boundary conditions

u3(0,y) =&1(y), us(Ly) =0, 0<y<H,
uz(x,0) =0, uz(x,H)=0, 0<x<L.
In this case the pair of homogeneous boundary conditions u3(x,0) =
0, u3(x,H) =0 lead to solutions

. nm nm\2
Yaly) =sin 2, A, =—(5F)7, n=12....

The condition u3(L,0) = 0 gives X(x) = sinh W
The general solution satisfying the homogeneous conditions is
(L — x)

chsm snh T

(6.73)

Applying the nonhomogeneous boundary condition, u3(0,y) = g1(y),
we obtain the Fourier sine series

nri nnL
21 ( 21 cp sin ?y sinh —— (6.74)
The Fourier coefficients are found as
2 H y
= ——— sm — 6.
" Heinh G /0 81(y) dy. (6.75)

Finally, we can find the solution

us(0,y) =0, us(Ly) = g(y), 0<y<H,
ug(x,0) =0, wuy(x,H)=0, 0<x<L.

Following the above analysis, we find the general solution
s . Ny . | NTX
= —_— h —_— .
uy(x,y) ;1;1 d, sin o sinh — (6.76)

The nonhomogeneous boundary condition, u(L,y) = g2(y), is satis-
fied if

nmy nnL
0 E dy sin i sinh —— (6.77)
The Fourier coefficients, d,, are given by
2 H . Ny
dn = m /0 4l (y) sin H dy. (6.78)

The solution to the general problem is given by the sum of these
four solutions.

u(x,y) = Z [(an sinh w + b, sinh = y) sin 2% L
n=1

nr(L —x . . nmXx
(>+dnsth> I—I]/:|

+ <cn sinh 7

(6.79)

where the coefficients are given by the above Fourier integrals.

171
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Figure 6.11: The disk of radius a with
boundary condition along the edge at
r=a.

Example 6.6. Laplace’s Equation on a Disk
We now turn to solving Laplace’s equation on a disk of radius a as
shown in Figure 6.11. Laplace’s equation in polar coordinates is given

by
10 [ du 1 0%u
rE)r<r8r>+728920' O<r<a -—-m<O<m (6.80)
The boundary conditions are given as
u(a,0)=f(»0), -nm<o<m, (6.81)

plus periodic boundary conditions in 6.
Separation of variable proceeds as usual. Let u(r,0) = R(r)®(0).

Then 5
10 [ o(RO) 1 0*(RO)
7 ar <r ar > T e (6.82)
or , ,
L ne oot "n_
®r (rR")" + 2 RO" =0. (6.83)

Dividing by u(r,0) = R(r)®(6), multiplying by r?, and rearranging,
we have

7 @//

R BCEE

Since this equation gives a function of r equal to a function of 6,

(rR') = A. (6.84)

we set the equation equal to a constant. Thus, we have obtained two
differential equations, which can be written as

r(rR’Y —AR = 0,
Q"+ 10

(6.85)
(6.86)

We can solve the second equation subject to the periodic boundary
conditions in the 0 variable. The reader should be able to confirm that

O(0) = apcosnb + b, sinnf, A= n,n=0,1,2,...

is the solution. Note that the n = 0 case just leads to a constant
solution.
Inserting A = n? into the radial equation, we find

R" +rR' — n’R = 0.

This is a Cauchy-Euler type of ordinary differential equation. Recall
that we solve such equations by guessing a solution of the form R(r) =

2 _ 42 = 0. Therefore,

™. This leads to the characteristic equation m
m = &£mn. So,

R(r) =1 4 cpr ™.
Since we expect finite solutions at the origin, r = 0, we can set c; = 0.
Thus, the general solution is

Y (ancosnf + by, sinnf) r".

n=1

u(r,0) = %0 + (6.87)
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Note that we have taken the constant term out of the sum and put it
into a familiar form.
Now we can impose the remaining boundary condition, u(a,6) =

f(9), or

e

f(6) =3+

5 (an cosnb + by, sinnb) a". (6.88)

n=1

This is a Fourier trigonometric series. The Fourier coefficients can be
determined using the results from Chapter 4:

1 7T

o= lnf(e)cosnede, n=0,1,..., (6.89)
1 _

b= — /_nf(G)sandG n=12.... (6.90)

6.3.1 Poisson Integral Formula

WE CAN PUT THE SOLUTION FROM THE LAST EXAMPLE in a more compact
form by inserting the Fourier coefficients into the general solution. Doing
this, we have

u(r,0) = azo—i-é(ancosnG—l—bnsinnG)r"
I GL
+711/_7;:1 [cos n¢p cos n6 + sin ng sin nf] (g)nf(fl’) d¢
- % B ;—i—)icosn(()—(p) Gﬂ F(¢) dg. (6.91)

The term in the brackets can be summed. We note that

cosn(f — ¢) (r>n = Re (ei”(ef‘/’) (f)n>

a a
= Re (geiw*‘l’))n . (6.92)

Therefore,
n;lcosn(Q —¢) (g)n = Re <nz_1 (;ei(9—¢))n> .

The right hand side of this equation is a geometric series with common ratio
of gei(e"i’), which is also the first term of the series. Since gei(g"i’) ’ =141,
the series converges. Summing the series, we obtain

o 16i(6-9)
-9\ _ _a®
n;(ae ) 1— Lei@—9)

rei(9_¢)

= 7 — 1ei0—9) (6.93)
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Poisson Integral Formula

We need to rewrite this result so that we can easily take the real part.
Thus, we multiply and divide by the complex conjugate of the denominator
to obtain

© . i(0-4) 5 _ ro—il0—9)
z 1(9_47) n . re a re
X ( ¢ ) 1 — 76 0—9) 7 — ro—i6—9)

are=i(0—¢) _ 42

T a2+ —2arcos(0—¢) (6.94)

The real part of the sum is given as

S (T g\ arcos(d —¢) —r?
Re(E (ae ) >_‘12+7’2—2111’C05(9—¢)'

n=1

Therefore, the factor in the brackets under the integral in Equation (6.91) is

1 & 1 arcos(0 — ¢) — 12
2+1§1cosn(9 ?) (a) B 2+a2+r2—2arcos(9—<p)
22

2(a? 412 —2arcos(60 — ¢))
(6-95)

Thus, we have shown that the solution of Laplace’s equation on a disk
of radius a with boundary condition u(a,0) = f(6) can be written in the
closed form

7T 2,2
u(r0) = - [ g @ 699)

J—m a? +r2 —2arcos(6 — ¢
This result is called the Poisson Integral Formula and
B 27
a2 4712 —2arcos(6 — ¢)

K(0,¢)

is called the Poisson kernel.

Example 6.7. Evaluate the solution (6.96) at the center of the disk.
We insert » = 0 into the solution (6.96) to obtain

0 L" d
u(©0,0) =5 [ f(g)dg.
Recalling that the average of a function g(x) on [4, b] is given by

1 b
Save = 7b / g(x) dx,

—al,
we see that the value of the solution u at the center of the disk is the
average of the boundary values. This is sometimes referred to as the
mean value theorem.
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6.4 Three Dimensional Cake Baking

IN THE REST OF THE CHAPTER WE WILL EXTEND our studies to three di-
mensional problems. In this section we will solve the heat equation as we
look at examples of baking cakes.

We consider cake batter, which is at room temperature of T; = 80°F. It is
placed into an oven, also at a fixed temperature, T, = 350°F. For simplicity,
we will assume that the thermal conductivity and cake density are constant.
Of course, this is not quite true. However, it is an approximation which
simplifies the model. We will consider two cases, one in which the cake is a
rectangular solid, such as baking it in a 13" x 9” x 2" baking pan. The other
case will lead to a cylindrical cake, such as you would obtain from a round
cake pan.

Assuming that the heat constant k is indeed constant and the temperature
is given by T'(r,t), we begin with the heat equation in three dimensions,

oT

i kV2T. (6.97)

We will need to specify initial and boundary conditions. Let T; be the initial
batter temperature, T(x,y,z,0) = T;.

We choose the boundary conditions to be fixed at the oven temperature
Ty. However, these boundary conditions are not homogeneous and would
lead to problems when carrying out separation of variables. This is easily
remedied by subtracting the oven temperature from all temperatures in-
volved and defining u(r,t) = T(r,t) — Tp. The heat equation then becomes

ou 2
5 kV<u (6.98)
with initial condition
u(r, 0) = Ti - Tb-

The boundary conditions are now homogeneous. We cannot be any more
specific than this until we specify the geometry.

Example 6.8. Temperature of a Rectangular Cake

We will consider a rectangular cake with dimensions 0 < x < W,
0 <y <L and 0 < z < H as show in Figure 6.12. For this problem,
we seek solutions of the heat equation plus the conditions

u(x,y,z,0) = Ti—Ty,
u(0,y,z,t) =u(W,y,z,t) = 0,
u(x,0,z,t) =u(x,L,zt) = 0,
u(x,y,0,t) =u(x,y,Ht) = 0.

Using the method of separation of variables, we seek solutions of
the form

u(x,y,2,t) = X(x)Y(y) Z(2)G(h). (6.99)

This discussion of cake baking is
adapted from R. Wilkinson’s thesis
work. That in turn was inspired by work
done by Dr. Olszewski,(2006) From bak-
ing a cake to solving the diffusion equa-
tion. American Journal of Physics 74(6).

<

H

X
L

Figure 6.12: The dimensions of a rectan-
gular cake.
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Substituting this form into the heat equation, we get

1 G/ X// Y// Z//
EE = Y—’_?_._? (6.100)
Setting these expressions equal to —A, we get
1 G/ X// ‘Y// Z//
el —A and X + v + - = -\ (6.101)
Therefore, the equation for G(t) is given by
G'+kAG =0.

We further have to separate out the functions of x, y, and z. We
anticipate that the homogeneous boundary conditions will lead to os-
cillatory solutions in these variables. Therefore, we expect separation
of variables will lead to the eigenvalue problems

X"+ u?X = 0, X(0)=XW)=0,

Y'+12Y = 0, Y(0)=Y(L)=0,

7" +x*Z = 0, Z(0)=Z(H)=0. (6.102)
Noting that

X// 2 Y// ) Zill B ”

~ - — 7 -~ = V5,

x — My Z
we find from the heat equation that the separation constants are re-
lated,

A2 =2 402 K2
We could have gotten to this point quicker by writing the first sep-
arated equation labeled with the separation constants as

1GI X// YI/ Zl/
=S+ = +=.

kG X Y Z
N~ o N
A —u —v —K

Then, we can read off the eigenvalues problems and determine that
A% = y2—|—1/2+1<2.

From the boundary conditions, we get product solutions for u(x, y, z, t)
in the form

Upine (%X, Y, 2, 1) = SIN iy SiN vy sin Kz e~ Amnekt,
for
mrt 2 nimy 2 o\ ?
Al = My + Ve + 567 = <W) + (T) + <H> . omnl=1,2,....

The general solution is a linear combination of all of the product solu-
tions, summed over three different indices,

e

(0] (o)
u(x,y,z,t) = Z Z Z Ayl SIN P x sinvy,y sinkpz e~ Amnekt (6.103)
m=1n=1/(=1
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where the A,,,,¢’s are arbitrary constants.
We can use the initial condition u(x,y,z,0) = T; — T, to determine
the A,,;,,¢'s. We find

o 00 o0

T, — T, = Z Z Z A SIN Y X SIN VY SINKpZ. (6.104)
m=1n=1/¢(=1

This is a triple Fourier sine series.
We can determine these coefficients in a manner similar to how we
handled double Fourier sine series earlier in the chapter. Defining

[o0] o
by, z) = Z Z A1 Sinvyy sinkyz,
n=1{=1
we obtain a simple Fourier sine series:

T,— T, = Z b (y, z) sin py x. (6.105)

m=1

The Fourier coefficients can then be found as

2 (W .
by, z) = W/o (T; — Tp) sin pyx dx.

Using the same technique for the remaining sine series and noting
that T; — Ty, is constant, we can determine the general coefficients A,
by carrying out the needed integrations:

8 H L W . . .
Apnl = m./o /0/0 (T; — Tp) sin X sin v,y sin kyz dxdydz
8 [cos (57F*) w cos("—fy) t cos(%) "
= (T—-Ty) 7
s m 0 n
0 0
8 [cosmm —1] [cosnm—1] [coslmr—1
- @ [ [ [
— (T,-T,) i 0, for at least one m, n, { even,
TV YRS [32][2) [R], for myn, £ all odd.

Since only the odd multiples yield non-zero A,,,,, we let m = 2m’ —
1,n=2n"—1,and £ =20 — 1 for m’,n’, ¢’ =1,2,.... The expansion
coefficients can now be written in the simpler form

64(T, — T;)

Amnl = G Y (o =1 (20 = 1) 70

Substituting this result into general solution and dropping the primes,

we find
64(Tb — TZ) X X X sin HmX sin vnY sin Kyz ef/\mnfkt
u(x,y,z,t) = ———4 ,
! e m; ; z; (2m—1)(2n—1)(2¢ —1)
where

(B (B2 (2

L W Y
Figure 6.13: Rectangular cake showing a
vertical slice.
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Figure 6.14: Temperature evolution for
a 13" x 9" x 2" cake shown as vertical
slices at the indicated length in feet.

H

Figure 6.15: Geometry for a cylindrical
cake.

formn,t=1,2,....

Recalling that the solution to the physical problem is

T(x,y,2,t) = u(x,y,2,t) + Ty,

we have the final solution is given by

T( H=T,+ 64(T, — T;) i i i SN fl, x sin 0,y sin &gz e~ Amnckt
X Y,z,t) = 1p
—~ == em-1)(2n-1)(20-1)
Temperatures at 0.0625 of width Temperatures at 0.125 of width
0.16 30 0.16 30
0.14 300 014 300
0.12 0.12
01 250 g4 250
0.08 200 0.08 200
0.06 0.06
0.04 150 o4 150
0.02 0.02
100 100
0 0
0 0.2 0.4 0.6 0 0.2 04 0.6
Temperatures at 0.25 of width Temperatures at 0.5 of width

350

0.16
0.14 300

0.12
01 250
0.08 200

0.06
0.04 150

0.02
100

0

350

0.16
0.14 300

0.12
01 250
0.08 200

0.06
0.04 150

0.02
100

0

We show some ternperature dlstrlbutlons in Flgure 6. 14 Since we

cannot capture the entire cake, we show vertical slices such as depicted
in Figure 6.13. Vertical slices are taken at the positions and times indi-
cated for a 13" x 9" x 2" cake. Obviously, this is not accurate because
the cake consistency is changing and this will affect the parameter k.
A more realistic model would be to allow k = k(T (x,y,z,t)). However,
such problems are beyond the simple methods described in this book.

Example 6.9. Circular Cakes

In this case the geometry of the cake is cylindrical as show in Figure
6.15. Therefore, we need to express the boundary conditions and heat
equation in cylindrical coordinates. Also, we will assume that the
solution, u(r,z,t) = T(r,z,t) — Tp, is independent of 6 due to axial

symmetry. This gives the heat equation in f-independent cylindrical

(10 (o), P
ot \ror\ or 022 )7

coordinates as

(6.106)



PROBLEMS IN HIGHER DIMENSIONS

where 0 < r < gand 0 < z < Z. The initial condition is
u(r,z,0) =T; — Ty,

and the homogeneous boundary conditions on the side, top, and bot-
tom of the cake are

u(a,z,t) =0,
u(r,0,t) =u(r,Z,t) = 0.

Again, we seek solutions of the form u(r,z,t) = R(r)H(z)G(t). Sep-
aration of variables leads to

16 1d, ., H

T = Rar (rR') + T (6.107)
—~  ————

A 2 _2

Here we have indicated the separation constants, which lead to
three ordinary differential equations. These equations and the bound-
ary conditions are

G +kAG = 0,

% (rR') +p*rR = 0, R(a)=0, R(0)is finite,
H'+v*H = 0, H(0)=H(Z)=0. (6.108)
We further note that the separation constants are related by A = u? +
2
Ve

We can easily write down the solutions for G(t) and H(z),

G(t) = Ae
and
Hy(z) = sin%, n=1,23,...,
where v = . Recalling from the rectangular case that only odd

terms arise in the Fourier sine series coefficients for the constant initial
condition, we proceed by rewriting H(z) as

(2n—1) mz

Hy(z) = sin = , n=1,2,3,... (6.109)

withv = (2”21)71.

The radial equation can be written in the form
r*R” +rR' + p*r’R = 0.

This is a Bessel equation of the first kind of order zero which we had
seen in Section 5.5. Therefore, the general solution is a linear combi-
nation of Bessel functions of the first and second kind,

R(r) = c1Jo(pur) + c2No(pr). (6.110)

179
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Since R(r) is bounded at r = 0 and Ny(ur) is not well behaved at
r =0, we set c; = 0. Up to a constant factor, the solution becomes

R(r) = Jo(ur). (6.111)
The boundary condition R(a) = 0 gives the eigenvalues as
p =1, m=1,23,...,

where jo,, is the mt" roots of the zeroth-order Bessel function, Jy (jom) =
0.
Therefore, we have found the product solutions

Hy(2)Rm(r)G(t) = sin M]o ( ](Jm) Akt (6.112)

where m = 1,2,3,...,n = 1,2,.... Combining the product solutions,
the general solution is found as

2 & (2n—1) mz T, _
(r,z,t) 2 2 Apm sin 7)]0 (f]()m) g~ Mkt (6.113)
n=1m=1 Z a

(2n — 1)” 2 Jom 2
)\nm = - 7 + - 7
Z a
forn,m=1,2,3,....
Inserting the solution into the constant initial condition, we have

Ti_Tb:ii mSlnifo( ]Om)-

This is a double Fourier series but it involves a Fourier-Bessel expan-

with

sion. Writing
o0 r .
r) = Z Anm]o (*]Om) ,
m=1 a
the condition becomes

> . (2n—-1)mz

As seen previously, this is a Fourier sine series and the Fourier
coefficients are given by

ba(r) = %/OZ(TZ.—Tb)sdez
_ 2ATi—Ty) {_ z COS(Zn—l)nZ}Z
Z 2n—1)n Z 0
AT -Ty)
- (2n-1)m

We insert this result into the Fourier-Bessel series,

o = 3 A (Sion).
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and recall from Section 5.5 that we can determine the Fourier coeffi-
cients Ay, using the Fourier-Bessel series,

o0 . x
f(x) = Z Cn]p(]pn;)/ (6.114)
n=1
where the Fourier-Bessel coefficients are found as
Cn = —/ xf(x ];7 ]pn ) X. (6.115)
UPH ]rm

Comparing these series expansions, we have

2 AT,—T,)
azj%(jOm) (211 - 1

In order to evaluate [y Jo(pmr)r dr, we let y = p,,r and get

a Hma d
/O]o(llmf)fdr = /0 ]0(]/)]/ el

/ Jo(pmr)rdr. (6.116)

nm =

Wm Um
1 [Hma
=z, Jo(y)y dy
m
1 [#ma d
= 2 awh)

= yl%n(ym”)h(ﬂm”) = ]-(Tm]l(]'om)- (6.117)

Here we have made use of the identity % (xJ1(x)) = Jo(x) from Sec-
tion 5.5.

Substituting the result of this integral computation into the expres-
sion for A, we find
8(T; — Tp) 1
(2n — 1) 7 jomJ1 (jom)

Substituting this result into the original expression for u(r, z,t), gives

Anm =

T (@2n—-1)mz 1)7‘[2 ] (gjOm)ef)\mnkt

M(I’,Z, i’) Tb i i sin

Therefore, T(r,z,t) is found as

”_1) jOm]l(jOm)

8(T, — Tb © o
T(r,z,t) =T + ——% ' :
ezt =T nglmgl (2n — 1) JomJ1 (om)

sin (2n 1)7‘[2 ] (gjOm)eiA”mkt

where

2 . 2
Ay = <(2”21)”> +<70a'"> , mm=1,23,....

We have therefore found the general solution for the three-dimensional
heat equation in cylindrical coordinates with constant diffusivity. Sim-
ilar to the solutions shown in Figure 6.14 of the previous section, we
show in Figure 6.17 the temperature evolution throughout a standard
9" round cake pan. These are vertical slices similar to what is depicted
in Figure 6.16.

T
(< > )

Figure 6.16: Depiction of a sideview of a
vertical slice of a circular cake.
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Figure 6.17: Temperature evolution for a
standard 9” cake shown as vertical slices
through the center.

u(r,0,¢) = g(6,¢)

Figure 6.18: A sphere of radius r with
the boundary condition u(r,6,¢) =

3(6,¢).

> The Laplacian in spherical coordinates
is given in Problem ?? in Chapter 8.

Again, one could generalize this example to considerations of other types
of cakes with cylindrical symmetry. For example, there are muffins, Boston
steamed bread which is steamed in tall cylindrical cans. One could also
consider an annular pan, such as a bundt cake pan. In fact, such problems
extend beyond baking cakes to possible heating molds in manufacturing.

Temperatures for t = 15 min

-0.2 0 0.2

Temperatures for t = 25 min

0.16
0.14
0.12
0.1
0.08
0.06
0.04
0.02
0
-0.2 0 0.2
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0.12

01 250

008 200

0.06

0.04 150

0.02
100

0

350

300

250

200

150

Temperatures for t = 20 min
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0.14 300
0.12
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Temperatures for t = 30 min

350

0.16
0.14 300

0.12
01 250
0.08 200

0.06
0.04 150

0.02
100

0

-0.2 0 0.2

6.5 Laplace’s Equation and Spherical Symmetry

WE HAVE SEEN THAT LAPLACE’S EQUATION, V2u = 0, arises in electro-
statics as an equation for electric potential outside a charge distribution and
it occurs as the equation governing equilibrium temperature distributions.
As we had seen in the last chapter, Laplace’s equation generally occurs in
the study of potential theory, which also includes the study of gravitational
and fluid potentials. The equation is named after Pierre-Simon Laplace
(1749-1827) who had studied the properties of this equation. Solutions of
Laplace’s equation are called harmonic functions.

Example 6.10. Solve Laplace’s equation in spherical coordinates.

We seek solutions of this equation inside a sphere of radius r sub-
ject to the boundary condition as shown in Figure 6.18. The problem
is given by Laplace’s equation Laplace’s equation in spherical coordi-
nates®

1 0%u

19 [ ,0u 1 o (. .du -
E% (p $> + (mﬁ (Slﬂ@g) + me =0, (6.118)
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where u = u(p, 6, $).
The boundary conditions are given by

0<O<m,

u(r,0,¢) =g(6,¢), 0<¢<2m,

and the periodic boundary conditions

u(p,0,0) = u(p,0,2m), up(p,0,0) = uy(p,0,2m7),

where 0 < p <oo,and 0<6 <.

As before, we perform a separation of variables by seeking product so-
lutions of the form u(p,0,$) = R(p)O(0)P(¢). Inserting this form into the
Laplace equation, we obtain

O d [ HdR\
o7 dp \* dp

Multiplying this equation by p? and dividing by RO®, yields

Rdp \" dp) " sin0® a0 a0 ) " sinZod dg?

2
R® d ( d@) RO 4@ —0.  (6.119)

pzsinG% Smgdj +pzsin29W

(6.120)

Note that the first term is the only term depending upon p. Thus, we can
separate out the radial part. However, there is still more work to do on the
other two terms, which give the angular dependence. Thus, we have

Rdp \" dp) ~ sin0® do a6 ) " sinZod dpr 7

where we have introduced the first separation constant. This leads to two

(6.121)

equations:
d 2dR
% <p dp) —AR=0 (6.122)
and )
1 d . dO 1 dd

The final separation can be performed by multiplying the last equation by
sin? §, rearranging the terms, and introducing a second separation constant:

sin @ d . d@ 20
o 70 <51n9d0> Asin“ 0 =

1d%®

_EW = (6.124)

From this expression we can determine the differential equations satisfied
by ©(0) and P(¢):

. ad (. dO .2 B
s1n9% <sm9dg) + (Asin“0 — u)® =0, (6.125)
and )
d£ +ud =0. (6.126)

d¢?

Figure 6.19: Definition of spherical coor-
dinates (p, 6, ¢). Note that there are dif-
ferent conventions for labeling spherical
coordinates. This labeling is used often
in physics.

Equation (6.123) is a key equation which
occurs when studying problems possess-
ing spherical symmetry. It is an eigen-
value problem for Y(6,¢) = ©(0)D(¢),
LY = —AY, where

Le L2 (e l) 4 L2
T sin000 \"" 30 " sin?p 9g?
The eigenfunctions of this operator are
referred to as spherical harmonics.
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We now have three ordinary differential equations to solve. These are the
radial equation (6.122) and the two angular equations (6.125)-(6.126). We
note that all three are in Sturm-Liouville form. We will solve each eigen-
value problem subject to appropriate boundary conditions.

The simplest of these differential equations is Equation (6.126) for ®(¢).
We have seen equations of this form many times and the general solution
is a linear combination of sines and cosines. Furthermore, in this problem

u(p, 0, ¢) is periodic in ¢,
u(p,0,0) = u(p,0,2m), up(p,6,0) = uy(p,0,2m).

Since these conditions hold for all p and 6, we must require that ®(¢) satisfy
the periodic boundary conditions

®(0) = ®(27), P'(0) = P'(2n).
The eigenfunctions and eigenvalues for Equation (6.126) are then found as
®(p) = {cosm¢,sinm¢p}, p=m?> m=0,1,.... (6.127)

Next we turn to solving equation, (6.125). We first transform this equation
in order to identify the solutions. Let x = cosf. Then the derivatives with
respect to 6 transform as

4 _ded a4
a0 dodx | Oy

Letting y(x) = ©(6) and noting that sin?# = 1 — x?, Equation (6.125) be-

d d 2
P ((1 - xz)dZ) + <A - 1Tx2> y=0. (6.128)

We further note that x € [—1,1], as can be easily confirmed by the reader.

comes

This is a Sturm-Liouville eigenvalue problem. The solutions consist of a
set of orthogonal eigenfunctions. For the special case that m = 0 Equation
(6.128) becomes

d d
Tx <(1 - xz)di) + Ay =0. (6.129)

In a course in differential equations one learns to seek solutions of this
equation in the form

[ee)
y(x) =Y aux"
n=0
This leads to the recursion relation

b nn+1)—A .

T )
Setting n = 0 and seeking a series solution, one finds that the resulting series
does not converge for x = +1. This is remedied by choosing A = ¢(¢ + 1)
for ¢ =0,1,..., leading to the differential equation

d 2\ 4y —
T ((1—x )dx> +4(l+1)y=0. (6.130)
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We saw this equation in Chapter 5 in the form

(1—x2)y" —2xy + (L +1)y = 0.

The solutions of this differential equation are Legendre polynomials, de-
noted by Py(x).

For the more general case, m # 0, the differential equation (6.128) with
A =£(£+1) becomes

ddx ((1—x )ZZ) + <€(€+1)— 17112x2>y—0.

The solutions of this equation are called the associated Legendre functions.

(6.131)

The two linearly independent solutions are denoted by P;"(x) and Q}'(x).
The latter functions are not well behaved at x = %1, corresponding to the
north and south poles of the original problem. So, we can throw out these
solutions in many physical cases, leaving

O(#) = P/ (cos )

as the needed solutions. In Table 6.5 we list a few of these.

P (x) P"(cos0)
Py (x) 1 1
PY(x) x cos 6
Pl(x) —(1- xZ)% —sind
PY(x) 1(3x2-1) 1(3cos?6—1)
P} (x) —3x(1—x2)2 —3cosfsinf
P2(x) 3(1—x2) 3sin? 0
PY(x) 1(5x% - 3x) $(5c0s®0 — 3 cos0)
Pl(x) | =3(5x2 —1)(1—x2)2 | —3(5c0826 — 1) sinf
P2(x) 15x(1 — x?) 15 cos 0 sin 6
P3(x) —15(1 — x2)3 —15sin® 6

The associated Legendre functions are related to the Legendre polynomi-
als by3

x )m/2 ar

P (x) = (—1)"(1 = 22T (), (6132)

for ¥ =0,1,2,,...and m = 0,1, ...,£. We further note that Pg(x) = Py(x),
as one can see in the table. Since Py(x) is a polynomial of degree ¢, then for
m> 0,4 dxm Py(x) = 0and P}'(x) = 0.
Furthermore, since the differential equation only depends on m?, P, ™ (x)
is proportional to P} (x). One normalization is given by
P () = (-1 e x)

The associated Legendre functions also satisfy the orthogonality condi-
tion

associated Legendre functions

185

Table 6.5: Associated Legendre Func-

tions, P (x).

3The factor of (—

1)™ is known as the

Condon-Shortley phase and is useful in
quantum mechanics in the treatment of
agular momentum. It is sometimes omit-

ted by some

Orthogonality relation.
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When seeking solutions outside the
sphere, one considers the boundary con-
dition R(p) — 0 as p — oo. In this case,
R(p) = p~ (1.

+While this appears to be a complex-
valued solution, it can be rewritten as
a sum over real functions. The inner
sum contains terms for both m = k and
m = —k. Adding these contributions, we
have that

ago" P¥(cos 0)e*? + ug(,k)p[P[k(cos 0)e~ ¢
can be rewritten as

(Agi coskg + By sinkep) o’ Pf (cos 6).

1 2 (L+m)!
n " = = /. .
/71Pé (x)PZ/(x)dx—2€+1(€_m)!(54g (6.133)
The last differential equation we need to solve is the radial equation. With
A=/{({+1),¢=0,1,2,..., the radial equation (6.122) can be written as

p?R" +2pR" — £(£+1)R = 0. (6.134)

The radial equation is a Cauchy-Euler type of equation. So, we can guess
the form of the solution to be R(p) = p°, where s is a yet to be determined
constant. Inserting this guess into the radial equation, we obtain the char-
acteristic equation

s(s+1)=£4(0+1).
Solving for s, we have

s=4L,—((+1).

Thus, the general solution of the radial equation is
R(p) = ap’ +bp~ "+, (6.135)

We would normally apply boundary conditions at this point. The bound-
ary condition u(r,6,¢) = g(6, ¢) is not a homogeneous boundary condition,
so we will need to hold off using it until we have the general solution to the
three dimensional problem. However, we do have a hidden condition. Since
we are interested in solutions inside the sphere, we need to consider what
happens at p = 0. Note that p~(“*1) is not defined at the origin. Since the
solution is expected to be bounded at the origin, we can set b = 0. So, in the
current problem we have established that

R(p) = ap".

We have carried out the full separation of Laplace’s equation in spherical
coordinates. The product solutions consist of the forms

u(p,8,¢) = p' Pl (cos §) cos m¢

and
u(p,8,¢) = p'P"(cos ) sin m¢

for{ =0,1,2,...and m = 0,%£1,,...,+¢. These solutions can be combined
to give a complex representation of the product solutions as

u(p,0,¢) = pKPg” (cos)e™?.

The general solution is then given as a linear combination of these product
solutions. As there are two indices, we have a double sum:4

) 4 .
u(p,0,9) =Y ) ugmpfpg”(cos 0)e™?. (6.136)
{=0m=—1
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Example 6.11. Laplace’s Equation with Azimuthal Symmetry
As a simple example we consider the solution of Laplace’s equation
in which there is azimuthal symmetry. Let

u(r,0,¢) = g(0) =1 — cos26.

This function is zero at the poles and has a maximum at the equator.
So, this could be a crude model of the temperature distribution of the
Earth with zero temperature at the poles and a maximum near the
equator.

In problems in which there is no ¢-dependence, only the m = 0
terms of the general solution survives. Thus, we have that

u(p,6,¢) = Y- agp'Pr(cos). (6.137)
(=0
Here we have used the fact that P?(x) = Py(x). We just need to deter-
mine the unknown expansion coefficients, a,. Imposing the boundary
condition at p =, we are lead to

e
g0) =Y aor'Py(cosh). (6.138)
(=0
This is a Fourier-Legendre series representation of g(6). Since the
Legendre polynomials are an orthogonal set of eigenfunctions, we can
extract the coefficients.
In Chapter 5 we had proven that

s 1 2
/0 P, (cos6) Py, (cosh)sinfdf = /_1 Py (x)Pyy(x)dx = ménm.
So, multiplying the expression for g(6) by Py, (cos 6) sin 6 and integrat-
ing, we obtain the expansion coefficients:

21
U= o0

/Ong(Q)Pg(cos 6) sin 6 d6. (6.139)

Sometimes it is easier to rewrite g(#) as a polynomial in cos 6 and
avoid the integration. For this example we see that

(@) = 1-—cos26
= 2sin’6
= 2—2cos?b. (6.140)

Thus, setting x = cos§ and G(x) = g(#(x)), we have G(x) =2 — 2x2%.
We seek the form

G(x) = coPo(x) +c1Pi(x) + c2P2(x),
where Py(x) = 1, P(x) = x, and P»(x) = 3(3x% — 1). Since G(x) =
2 — 2x2 does not have any x terms, we know that c; = 0. So,
1

1 3
2 —2x% =co(1) + 025(3x2 —1)=1¢y— 562 + Eczxz.

u(r,0,¢) =1— cos20

Figure 6.20: A sphere of radius r with
the boundary condition

u(r,0,¢) =1 — cos26.
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Y (6,¢), are the spherical harmonics.
Spherical harmonics are important in
applications from atomic electron con-
figurations to gravitational fields, plane-
tary magnetic fields, and the cosmic mi-
crowave background radiation.

QI

By observation we have ¢, = —% and thus, ¢g = 2 + %cz =
Therefore, G(x) = 2Py(x) — %Pz(x).
We have found the expansion of g(6) in terms of Legendre polyno-

mials,
8(6) = %PO(COS 0) — %Pz(cos 0). (6.141)
Therefore, the nonzero coefficients in the general solution become
4 41
W=3 23

and the rest of the coefficients are zero. Inserting these into the general
solution, we have the final solution

u(p,0,¢) = %Po(cose) - % (§)2P2(cos9)
- % - % (‘;’)2 (3cos20—1). (6.142)

6.5.1 Spherical Harmonics

THE SOLUTIONS OF THE ANGULAR PARTS OF THE PROBLEM are often com-
bined into one function of two variables, as problems with spherical sym-
metry arise often, leaving the main differences between such problems con-
fined to the radial equation. These functions are referred to as spherical
harmonics, Yy,,(6,¢), which are defined with a special normalization as

V4 {—m)! .
Vin(8,9) = (1" |2 ooy (6:143)

These satisfy the simple orthogonality relation

T 27
/0 /0 Yo (0, 0) Y50 (0,8) N0 dp d0 = 806 .

As seen earlier in the chapter, the spherical harmonics are eigenfunctions

of the eigenvalue problem LY = —AY, where
L0 (ge?) . L
" sin@ 90 d0 sin2 6 84)2 '

This operator appears in many problems in which there is spherical sym-

metry, such as obtaining the solution of Schrédinger’s equation for the hy-
drogen atom as we will see later. Therefore, it is customary to plot spherical
harmonics. Because the Y,,’s are complex functions, one typically plots ei-
ther the real part or the modulus squared. One rendition of |Y;,, (0, ¢)|?* is
shown in Figure 6.6 for {,m =0,1,2,3.

We could also look for the nodal curves of the spherical harmonics like
we had for vibrating membranes. Such surface plots on a sphere are shown
in Figure 6.7. The colors provide for the amplitude of the |Y;,, (6, ¢)|>. We
can match these with the shapes in Figure 6.6 by coloring the plots with
some of the same colors as shown in Figure 6.7. However, by plotting just
the sign of the spherical harmonics, as in Figure 6.8, we can pick out the
nodal curves much easier.
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Table 6.6: The first few spherical har-
monics, |Yy,, (8, ¢)|?

3
I
o
3
I
—_
3
I
N
3
I
(O8]

Table 6.7: Spherical harmonic contours
for \Yem(9r¢)|2-

eeee
eee

3
Il
o
3
Il
3
Il
N
3
Il
w

Table 6.8: In these figures we show
the nodal curves of |Y,(6,¢)|> Along
the first column (m = 0) are the zonal
harmonics seen as ¢ horizontal circles.
Along the top diagonal (m = /) are
the sectional harmonics. These look like
orange sections formed from m vertical
circles. The remaining harmonics are
tesseral harmonics. They look like a
checkerboard pattern formed from inter-
sections of £ — m horizontal circles and m
vertical circles.

eECe
oo
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' v Spherical, or surface, harmonics can be further grouped into zonal, sec-
toral, and tesseral harmonics. Zonal harmonics correspond to the m = 0
Figure 6.21: Zonal harmonics, ¢ = 1,

o modes. In this case, one seeks nodal curves for which P(cos@) = 0. So-

lutions of this equation lead to constant 6 values such that cos @ is a zero
of the Legendre polynomial, P;(x). The zonal harmonics correspond to the
first column in Figure 6.8. Since Py(x) is a polynomial of degree ¢, the zonal
harmonics consist of ¢ latitudinal circles.

Sectoral, or meridional, harmonics result for the case that m = 4. For
Figure 6.22: Zonal harmonics, ¢ = 2,

e this case, we note that Peﬂ(x) o« (1 —x%)™/2, This function vanishes for

x = 1, or 8 = 0, 7t. Therefore, the spherical harmonics can only produce

4 nodal curves for ¢™® = 0. Thus, one obtains the meridians satisfying the

% condition A cos m¢ + B sinm¢ = 0. Solutions of this equation are of the form

Figure 6.23: Sectoral harmonics, ¢ = 2, ¢ = constant. T.hese modgs can be s?en in Figure 6.8 in the top d-iago-nal

m=2. and can be described as m circles passing through the poles, or longitudinal
circles.

" Tesseral harmonics consist of the rest of the modes, which typically look

like a checker board glued to the surface of a sphere. Examples can be

seen in the pictures of nodal curves, such as Figure 6.8. Looking in Figure

Figure 6.24: Tesseral harmnics, v ' 3, 6.8 along the diagonals going downward from left to right, one can see the

m=1. same number of latitudinal circles. In fact, there are ¢ — m latitudinal nodal
curves in these figures

In summary, the spherical harmonics have several representations, as

y show in Figures 6.7-6.8. Note that there are ¢ nodal lines, m meridional

m { D> curves, and ¢ — m horizontal curves in these figures. The plots in Figure 6.6

are the typical plots shown in physics for discussion of the wavefunctions

fnigur; 6.25: Sectoral harmonics, £ = 3, of the hydrogen atom. Those in 6.7 are useful for describing gravitational

’ or electric potential functions, temperature distributions, or wave modes

on a spherical surface. The relationships between these pictures and the

nodal curves can be better understood by comparing respective plots. Sev-

eral modes were separated out in Figures 6.21-6.26 to make this comparison

easier.

Figure 6.26: Tesseral harmonics, ¢ = 4,

m=3. . . . .
6.6  Spherically Symmetric Vibrations
Y
ANOTHER APPLICATION OF SPHERICAL HARMONICS IS A VIBRATING SPHER-
/ ICAL MEMBRANE, such as a balloon. Just as for the two-dimensional mem-

g branes encountered earlier, we let u(6, ¢, t) represent the vibrations of the
surface about a fixed radius obeying the wave equation, uy; = c2V2u, and
satisfying the initial conditions

Figure 6.27: A vibrating sphere of radius u(9, ¢, O) = f(el 4))' Ut (9, ¢, O) = g(e, 4))

r with the initial conditions
u(®,¢,0) = £(0,¢),

_ 2/ 1 o (. ou 1 0%u
ut(9,¢/0) 7g(9/4)) U = r—z (5111989 <Sln989> + SH-IZQW> ’ (6144)

In spherical coordinates, we have (for p = r = constant.)
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where u = u(6, ¢, t).
The boundary conditions are given by the periodic boundary conditions

u(0,0,t) = u(6,2m,t), up(6,0,t) = uyp(6,2m,t),

where 0 < f,and 0 < 0 < 7, and that u = u(6,¢,t) should remain
bounded.

Noting that the wave equation takes the form
2
2

uy = —Lu, where LYy, = —€(£+ 1)ng

for the spherical harmonics Yy, (6,¢) = PJ*(cos6)e™?, then we can seek
product solutions of the form

Upm (9’ ¢, t) = T(t)ng(e, 47)

Inserting this form into the wave equation in spherical coordinates, we find

2
C
T = =5 T(H(E+1) o,
or
CZ
T +0(0+ 1)r—2T(t).

The solutions of this equation are easily found as
T(t) = Acoswyt + Bsinwyt, wy=+/L(£+ 1);
Therefore, the product solutions are given by
U (0,¢,t) = [Acoswyt + Bsinwyt] Yy, (6, ¢)

for/=0,1,..., m=—¥4,—¢+1,...,¢
In Figure 6.28 we show several solutions for r = c =1 at ¢ = 10.

b @
&

The general solution is found as

[e9)

/
u(e,¢,t) = Z Z [Ay cos wyt + By, sinwpt] Yy, (6, ¢).
(=0m=—/

Figure 6.28: Modes for a vibrating spher-
ical membrane:

Row 1: (1,0),(1,1);

Row 2: (2,0),(2,1),(2,2);

Row 3 (3,0),(3,1),(3,2),(3,3).



192 PARTIAL DIFFERENTIAL EQUATIONS

Soluton att = 0.06 An interesting problem is to consider hitting the balloon with a velocity
impulse while at rest. An example of such a solution is shown in Figure
6.29. In this images several modes are excited after the impulse.

6.7 Baking a Spherical Turkey

During one year as this course was being taught, an instructor returned
from the American holiday of Thanksgiving, where it is customary to cook a

turkey. Such a turkey is shown in Figure 6.30. This reminded the instructor

Figure 6.20: A moment captured from a of a typical problem, such as in Weinberger, (1995, p. 92.), where one is

simulation of a spherical membrane af- given a roast of a certain volume and one is asked to find the time it takes

ter hit with a velocity impulse. to cook one double the size. In this section, we explore a similar problem

for cooking a turkey.

Figure 6.30: A 12-lb turkey leaving the
oven.

Often during this time of the year, November, articles appear with some
scientific evidence as to how to gauge how long it takes to cook a turkey of a
given weight. Inevitably it refers to the story, as told in http://today.slac.
stanford.edu/a/2008/11-26.htmhttp:/ /today.slac.stanford.edu/a/2008/11-
26.htm that Pief Panofsky, a former SLAC Director, was determined to find a
nonlinear equation for determining cooking times instead of using the rule
of thumb of 30 minutes per pound of turkey. He had arrived at the form,

W2/3
‘TS
where t is the cooking time and W is the weight of the turkey in pounds.
Nowadays, one can go to Wolframalpha.com and enter the question "how
long should you cook a turkey" and get results based on a similar formula.
Before turning to the solution of the heat equation for a turkey, let’s con-
sider a simpler problem.

Example 6.12. If it takes 4 hours to cook a 10 pound turkey in a 350°
F oven, then how long would it take to cook a 20 pound turkey at the
same conditions?

In all of our analysis, we will consider a spherical turkey. While the
turkey in Figure 6.30 is not quite spherical, we are free to approximate
the turkey as such. If you prefer, we could imagine a spherical turkey
like the one shown in Figure 6.31.


http://today.slac.stanford.edu/a/2008/11-26.htm
http://today.slac.stanford.edu/a/2008/11-26.htm
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This problem is one of scaling. Thinking of the turkey as being
spherically symmetric, then the baking follows the heat equation in

the form
b kD (0
T \Uor )

We can rescale the variables from coordinates (7,t) to (o, T) as r =
Bo, and t = at. Then the derivatives transform as

9 _ 99 _19
or  9rdp PBop’
0 oT 9 10
% ~ ot xar (6-145)

turkey.

Inserting these transformations into the heat equation, we have

b ko H0u
e \Pa)

To keep conditions the same, then we need a = B2. So, the transfor-
mation that keeps the form of the heat equation the same, or makes it
invariant, is r = Bp, and t = B?. This is also known as a self-similarity
transformation.

So, if the radius increases by a factor of 8, then the time to cook the
turkey (reaching a given temperature, u), would increase by B2. Re-
turning to the problem, if the weight of the doubles, then the volume
doubles, assuming that the density is held constant. However, the vol-
ume is proportional to 73. So, r increases by a factor of 2!/3. Therefore,
the time increases by a factor of 22/3 =~ 1.587. This give the time for
cooking a 20 Ib turkey as t = 4(22/3) = 28/3 ~ 6.35 hours.

The previous example shows the power of using similarity transforma-
tions to get general information about solutions of differential equations.
However, we have focussed on using the method of separation of variables
for most of the book so far. We should be able to find a solution to the
spherical turkey model using these methods as well. This will be shown in
the next example.

193

Figure 6.31: The depiction of a spherical
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5 The radial equation almost looks famil-
iar when it is multiplied by p :
0?R" +20R’ + Ap*R = 0.

If it were not for the "2/, it would be the
zeroth order Bessel equation. This is ac-
tually the zeroth order spherical Bessel
equation. In general, the spherical Bessel
functions, j,(x) and y,(x), satisfy

2y’ 4 2xy’ + [¥* —n(n+1)]y = 0.

So, the radial solution of the turkey
problem is

sinﬂp
Vaip

R(p) = ju(VAp) =
We further note that

() = \/ 3= 1 ()

Example 6.13. Find the temperature, T(p, ) inside a spherical turkey,
initially at 40°, which is F placed in a 350° F. Assume that the turkey is
of constant density and that the surface of the turkey is maintained at
the oven temperature. [We will also neglect convection and radaition
processes inside the oven.]

The problem can be formulated as a heat equation problem for

T(p,t):

ko [,0T
Tt — ﬂar(”ar)’ 0<p<11,t>0,
T(a,t) = 350, T(p,t) finiteatp=0, t>0,
T(p,0) = 40. (6.146)

We note that the boundary condition is not homogeneous. How-
ever, we can fix that by introducing the auxiliary function (the differ-
ence between the turkey and oven temperatures) u(p,t) = T(p,t) — Ty,
where T, = 350. Then, the problem to be solved becomes

k o [ ,0u
ut — ]/‘za}"<rar>’ O<p<a,t>0,
u(a,t) = 0, u(p,t) finiteatp=0, t>0,
u(p,0) = T,i— T, =-310, (6.147)

where T; = 40.
We can now employ the method of separation of variables. Let
u(p,t) = R(p)G(t). Inserting into the heat equation for u, we have

!
1G _1<R//+§R/) :_/\.

kG R
This give the two ordinary differential equations, the temporal equa-
tion,
G' = —kAG, (6.148)
and the radial equation,
pR"” +2R"+ ApR = 0. (6.149)

The temporal equation is easy to solve,
G(t) = Goe ™M,

However, the radial equation is slightly more difficult. But, making the
substitution R(p) = y(p)/p, it is readily transformed into a simpler
form:>

vy +Ay=0.

The boundary conditions on u(p, t) = R(p)G(t) transfer to R(a) =0
and R(p) finite at the origin. In turn, this means that y(a) = 0 and y(p)
has to vanish near the origin. If y(p) does not vanish near the origin,
then R(p) is not finite as p — 0.
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So, we need to solve the boundary value problem
y'+Ay=0, y(0)=0, y(a)=0.

This gives the well-known set of eigenfunctions

. nmp _(nm\2 B
y(p) =sinF, A, =(=5)7, n=123,....
Therefore, we have found

. nrt,
sin 228

R(p) = — =, An:(%)z, n=1,23,....

The general solution to the auxiliary problem is
H=y 4,0 o /0K
= — e .
— "0

This gives the general solution for the temperature as

nr,

1) s TP
T(p; t) =T,+ Z Ay 517np g e—(?’ln’/ﬂ)zkt‘
n=1

All that remains is to find the solution satisfying the initial condi-
tion, T(p,0) = 40. Inserting t = 0, we have

nrt,
sin 7‘0

Ti—T, = 2 An
This is almost a Fourier sine series. Multiplying by p, we have
d . N7
(T; = To)p = ) _ Aysin Tp.
n=1

Now, we can solve for the coefficients,

2 4 . N7
Ay = E/O(Ti—Tu)pﬁnTpdp
2a
= —(Ti-Ta)(- 1)L, (6.150)

This gives the final solution,

)”H sin nnp

o

e (nr[/a)zkt.

T(o,t) = T, + 22T Ta Z

For generality, the ambient and initial temperature were left in terms
of T, and T;, respectively.

It is interesting to use the above solution to compare roasting different
turkeys. We take the same conditions as above. Let the radius of the spheri-
cal turkey be six inches. We will assume that such a turkey takes four hours
to cook, i.e., reach a temperature of 180° F. Plotting the solution with 400
terms, one finds that k ~ 0.000089. This gives a “baking time” of t1 = 239.63.

195
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Figure 6.32: The temperature at the cen-
ter of a turkey with radius 2 = 0.5 ft and
k ~ 0.000089.
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A plot of the temperature at the center point (0 = a/2) of the bird is in Fig-
ure 6.32.

Using the same constants, but increasing the radius of a turkey to a =
0.5(21/3) ft, we obtain the temperature plot in Figure 6.33. This radius cor-
responds to doubling the volume of the turkey. Solving for the time at which
the center temperature (at p = a/2) reaches 180° F, we obtained 2 = 380.38.
Comparing the two temperatures, we find the ratio (using the full compu-
tation of the solution in Maple)

2 380.3813709

A= 2396250478 ~ 1.587401054.

The compares well to
22/3 ~ 1.587401052.

Of course, the temperature is not quite the center of the spherical turkey.
The reader can work out the details for other locations. Perhaps other in-
teresting models would be a spherical shell of turkey with a corse of bread
stuffing. Or, one might consider an ellipsoidal geometry.

6.8 Schrodinger Equation in Spherical Coordinates

ANOTHER IMPORTANT EIGENVALUE PROBLEM IN PHYSICS is the Schrodinger
equation. The time-dependent Schrédinger equation is given by
Y

ih—

T o2
Fri ZmV Y+ VY. (6.151)

Here ¥(r,t) is the wave function, which determines the quantum state of
a particle of mass m subject to a (time independent) potential, V(r). From
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Planck’s constant, &, one defines 71 = % The probability of finding the
particle in an infinitesimal volume, dV, is given by |¥(r,t)|>dV, assuming
the wave function is normalized,
/ ¥ (x, 1) 2dV = 1.
all space

One can separate out the time dependence by assuming a special form,
Y(r,t) = p(r)e”E/", where E is the energy of the particular stationary state
solution, or product solution. Inserting this form into the time-dependent
equation, one finds that ¢(r) satisfies the time-independent Schrodinger
equation,

hZ
—%VZIP + Vi = Ey. (6.152)

Assuming that the potential depends only on the distance from the ori-
gin, V = V(p), we can further separate out the radial part of this solution
using spherical coordinates. Recall that the Laplacian in spherical coordi-
nates is given by

p_lo(,0) 1 o/, . 0) 1 &
V= 2o \Fap) tpremoan 0% ) T pranzgage 6159

Then, the time-independent Schrédinger equation can be written as

10 [ ,0p 1 9 (. oy 1 Py
- 2m L’Zap (p 8p> " p?sin6 96 (Sm639> " p2sin29W]
= [E=V(o)]y. (6.154)

Let’s continue with the separation of variables. Assuming that the wave
function takes the form (p, 0, ¢) = R(p)Y (6, ¢), we obtain

2m | p%dp P dp p%sin6 90 d0 02 sin? 6 02

Figure 6.33: The temperature at the cen-
ter of a turkey with radius a = 0.5(21/3)
ft and k = 0.000089.
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Solution of the hydrogen problem.

— RY[E-V(p)lp. (6.155)
Dividing by i = RY, multiplying by — 2';:—52, and rearranging, we have

1d [ ,dRY 2mp? 1

Rdp (P dp) Y [V(p) — E] = ?LY,

where

p= L2 (nel) s L&
" sin@ 96 d0 sin2 6 84)2.
We have a function of p equal to a function of the angular variables. So,

we set each side equal to a constant. We will judiciously write the separation
constant as ¢(¢ + 1). The resulting equations are then

d [ ,dR\ 2mp? B

¥ (p dp) -2 V(o) - EJR = e+ DR, (6.156)
1 9 (. 9Y 1 2%

a0 (5750 ) * o = ~(CFDY 6a)

The second of these equations should look familiar from the last section.
This is the equation for spherical harmonics,

Yl0) = | 25

P,Z’leimqi’. (6.158)

So, any further analysis of the problem depends upon the choice of po-
tential, V(p), and the solution of the radial equation. For this, we turn to the
determination of the wave function for an electron in orbit about a proton.

Example 6.14. The Hydrogen Atom - / = 0 States

Historically, the first test of the Schrodinger equation was the deter-
mination of the energy levels in a hydrogen atom. This is modeled by
an electron orbiting a proton. The potential energy is provided by the
Coulomb potential,

2

Vip) = _4m—:0p'

Thus, the radial equation becomes

d [ ,dR\ 2mp* [ é? B
PR (p dp) + = {47(60(7 +E|R=/{({+1)R. (6.159)

Before looking for solutions, we need to simplify the equation by

absorbing some of the constants. One way to do this is to make an
appropriate change of variables. Let p = ar. Then, by the Chain Rule

we have
d _drd 1d

dp " dpdr adr
Under this transformation, the radial equation becomes

d [ ,du 2ma’r? e? .
i (P )+ 5 g | =t (6-160)
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where u(r) = R(p). Expanding the second term,

2

mae 2mEa? ,
= il 1| u
2meph T

7

2ma’r? 2 E
K2 4reqar

we see that we can define

2
_ 27;5;;, (6.161)
_ 2mEad?
€ = — Py
2%2
- ere)T (6.162)
me

Using these constants, the radial equation becomes

d ( ,du 2
o (r dr) +ru—L(L+1)u = eru. (6.163)

Expanding the derivative and dividing by 2,

2

2yl et
p

" Zu— = €u. 6.16
u+ru 3 u=€u (6.164)

The first two terms in this differential equation came from the Lapla-
cian. The third term came from the Coulomb potential. The fourth
term can be thought to contribute to the potential and is attributed to
angular momentum. Thus, ¢ is called the angular momentum quan-
tum number. This is an eigenvalue problem for the radial eigenfunc-
tions u(r) and energy eigenvalues €.

The solutions of this equation are determined in a quantum me-
chanics course. In order to get a feeling for the solutions, we will
consider the zero angular momentum case, £ =0 :

2 1
u” + ;u’ + ;u = €U. (6.165)

Even this equation is one we have not encountered in this book. Let’s
see if we can find some of the solutions.

First, we consider the behavior of the solutions for large r. For large
r the second and third terms on the left hand side of the equation are
negligible. So, we have the approximate equation

u” —eu=0. (6.166)

Therefore, the solutions behave like u(r) = e*Ve’ for large r. For
bounded solutions, we choose the decaying solution.

This suggests that solutions take the form u(r) = ov(r)e” Ve’ for
some unknown function, v(r). Inserting this guess into Equation (6.165),
gives an equation for v(r) :

1" +2(1—+er)o' + (1 -2ve)v=0. (6.167)

199
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Next we seek a series solution to this equation. Let
(e
o(r) = Y o,
k=0

Inserting this series into Equation (6.167), we have

o)

2 [k(k—1) + Zk]ckrk*1 + i 1—2ve(k+ 1)}ckrk =0.
k=1 k=1

We can re-index the dummy variable in each sum. Let k = m in the
first sum and k = m — 1 in the second sum. We then find that

Y [m(m+1)em + (1 —2mv/e)ey_1] r™ 1 = 0.
k=1
Since this has to hold for all m > 1,

_ 2my/e—1

Cm = m(m+1) Cm—1-

Further analysis indicates that the resulting series leads to unbounded
solutions unless the series terminates. This is only possible if the nu-
merator, 2m+/€ — 1, vanishes for m =n,n =1,2.... Thus,

1
C4n?
Since € is related to the energy eigenvalue, E, we have

me*

Ep=-— " _ |
" 2(47eg)2h*n2

Inserting the values for the constants, this gives

13.6 eV
E, = — -
n
Energy levels for the hydrogen atom. This is the well known set of energy levels for the hydrogen atom.

The corresponding eigenfunctions are polynomials, since the infi-
nite series was forced to terminate. We could obtain these polynomi-
als by iterating the recursion equation for the c;,’s. However, we will
instead rewrite the radial equation (6.167).

Let x = 24/er and define y(x) = v(r). Then

d d
o= Ve

This gives
2Vexy" + (2= x)2vey' + (1 -2Ve)y = 0.

Rearranging, we have

1
/! _ !/ - _ _
xy' + 2—x)y' + \/E(l 2y/e)y =0.
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Noting that 2\/e = %, this equation becomes

xy' +(2-x)y +(n—1)y=0. (6.168)
The resulting equation is well known. It takes the form
xy’ +(a+1—x)y +ny=0. (6.169)

Solutions of this equation are the associated Laguerre polynomials.
The solutions are denoted by L#(x). They can be defined in terms of
the Laguerre polynomials,

d n
Ly(x) =¢* (dx) (e *x™).
The associated Laguerre polynomials are defined as

L () = (—1)" (d‘i)mu(x).

Note: The Laguerre polynomials were first encountered in Problem
2 in Chapter 5 as an example of a classical orthogonal polynomial
defined on [0, o) with weight w(x) = e~ *. Some of these polynomials
are listed in Table 6.9 and several Laguerre polynomials are shown in
Figure 6.34.

Comparing Equation (6.168) with Equation (6.169), we find that

y(x) = Ly 4 (%).

—~

$(x? —8x +12)
5 (—2x3 +30x% — 120x + 120)

=

—~
=

Ly (x)

L3(x) 1
LY(x) 1—x
LY(x) F(x? —4x+2)
LY(x) (x> +9x2 —18x +6)
Li(x) 1
Li(x) 2—x
Li(x) I1(x2—6x+6)
L(x) 1(—x®+3x2 —36x +24)
L3(x) 1
L3(x) 3—x

3(x)

(%)

In summary, we have made the following transformations:

u(r), p=ar.

uy
=
~~
=
S~—
I

=Ll | (x), x =2er

Therefore,

R(p) = e VUL (2V/ep/a).

The associated Laguerre polynomials are
named after the French mathematician
Edmond Laguerre (1834-1886).

Table 6.9: Associated Laguerre Func-
tions, L (x). Note that L9 (x) = L, (x).

In most derivation in quantum mechan-

. dmegh? .
icsa = %¢. where ag = 7:;52 is the Bohr

radius and a9 = 5.2917 x 10~ m.
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Figure 6.34: Plots of the first few La-
guerre polynomials.

Figure 6.35: Plots of R(p) for 2 = 1 and
n=1,2,3,4 for the ¢ = 0 states.
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However, we also found that 2,/¢ = 1/n. So,
R(p) = e /2" Ly (0/na).

In Figure 6.35 we show a few of these solutions.

Example 6.15. Find the ¢ > 0 solutions of the radial equation.
For the general case, for all £ > 0, we need to solve the differential
equation
1 0(0+1)

2
7 /
= €u. 6.17
u +-u +-u U =E€u (6.170)

Instead of letting u(r) = v(r)e~ Ve, we let
u(r) = o(r)rle Ver.
This lead to the differential equation
ro”" +2(0+1—+/er)v + (1 —2({+1)Ve)v = 0. (6.171)

as before, we let x = 2+/er to obtain

xy”+2[€+l—]v+[2\[—€(€+l)] = 0.

Noting that 2y/e = 1/n, we have
xy’ +2[2(0+1) — x|+ (n—£(L+1))v=0.

We see that this is once again in the form of the associate Laguerre
equation and the solutions are

y(x) = Ligjél,l(x)

So, the solution to the radial equation for the hydrogen atom is given
by

R(p) = rle VL2l (2\/fer)
_ (L) p—P/2na 2041 (ﬁ) (6.172)

2na n—t=1\pgq

Interpretations of these solutions will be left for your quantum me-
chanics course.

6.9 Curvilinear Coordinates

IN ORDER TO STUDY SOLUTIONS OF THE WAVE EQUATION, the heat equa-
tion, or even Schrodinger’s equation in different geometries, we need to see
how differential operators, such as the Laplacian, appear in these geome-
tries. The most common coordinate systems arising in physics are polar
coordinates, cylindrical coordinates, and spherical coordinates. These re-
flect the common geometrical symmetries often encountered in physics.
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N

inS

X3

Figure 6.36: Plots of x;-curves forming
an orthogonal Cartesian grid.

Figure 6.37: Plots of general u;-curves
forming an orthogonal grid.

In such systems it is easier to describe boundary conditions and to make
use of these symmetries. For example, specifying that the electric potential
is 10.0 V on a spherical surface of radius one, we would say ¢(x,y,z) =10
for x2 4+ y2 + 22 = 1. However, if we use spherical coordinates, (7,0, ¢), then
we would say ¢(r,0,¢) = 10 for r = 1, or ¢(1,6,¢) = 10. This is a much
simpler representation of the boundary condition.

However, this simplicity in boundary conditions leads to a more compli-
cated looking partial differential equation in spherical coordinates. In this
section we will consider general coordinate systems and how the differen-
tial operators are written in the new coordinate systems. This is a more
general approach than that taken earlier in the chapter. For a more modern
and elegant approach, one can use differential forms.

We begin by introducing the general coordinate transformations between
Cartesian coordinates and the more general curvilinear coordinates. Let the
Cartesian coordinates be designated by (x1, x2, x3) and the new coordinates
by (u1,up,u3). We will assume that these are related through the transfor-
mations

x1 = xq(uy,up, uz),
X = xz(MLMz, Ms),

x3 = x3(u1, Uz, U3). (6.173)

Thus, given the curvilinear coordinates (u1,uy,u3) for a specific point in
space, we can determine the Cartesian coordinates, (x1, X2, x3), of that point.
We will assume that we can invert this transformation: Given the Cartesian
coordinates, one can determine the corresponding curvilinear coordinates.

In the Cartesian system we can assign an orthogonal basis, {i,j, k}. As a
particle traces out a path in space, one locates its position by the coordinates
(x1,x2, x3). Picking x, and x3 constant, the particle lies on the curve x; =
value of the x; coordinate. This line lies in the direction of the basis vector
i. We can do the same with the other coordinates and essentially map out
a grid in three dimensional space as sown in Figure 6.36. All of the x;-
curves intersect at each point orthogonally and the basis vectors {i,j, k}
lie along the grid lines and are mutually orthogonal. We would like to
mimic this construction for general curvilinear coordinates. Requiring the
orthogonality of the resulting basis vectors leads to orthogonal curvilinear
coordinates.

As for the Cartesian case, we consider u#; and u3 constant. This leads to
a curve parametrized by uq : r = x1(u1)i+ x2(u71)j + x3(11)k. We call this
the uq-curve. Similarly, when u; and u3 are constant we obtain a uy-curve
and for u7 and u; constant we obtain a uz-curve. We will assume that these
curves intersect such that each pair of curves intersect orthogonally as seen
in Figure 6.37. Furthermore, we will assume that the unit tangent vectors to
these curves form a right handed system similar to the {i,j, k} systems for
Cartesian coordinates. We will denote these as {1, @iy, i3}

We can determine these tangent vectors from the coordinate transforma-
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tions. Consider the position vector as a function of the new coordinates,

r(ulruZ/ M3) = xl(ul/ uz, u3)i + x2(u1, us, M3)j + X3(M1, us, 1/[3)1(.

Then, the infinitesimal change in position is given by

Jr Jr or 3 or
dr = Edu] + deuz + %dug, =, —.dui.

or

We note that the vectors 3,; are tangent to the u;-curves. Thus, we define

the unit tangent vectors

or
A~ E)ui
u; =

or

aui

Solving for the original tangent vector, we have

Jor R
_— = -Uu;
aul e ¥4
where The scale factors, h; = % .
Jr '
hi = |-
aui

The h;’s are called the scale factors for the transformation. The infinitesimal

change in position in the new basis is then given by

3
dr = Z hiuiﬁi.
i=1

Example 6.16. Determine the scale factors for the polar coordinate
transformation.
The transformation for polar coordinates is

x =rcosf, y=rsinf.

Here we note that x; = x, x =y, u; = r, and up = 6. The uj-curves are
curves with § = const. Thus, these curves are radial lines. Similarly,
the uy-curves have r = const. These curves are concentric circles about
the origin as shown in Figure 6.38.

The unit vectors are easily found. We will denote them by 4, and
tg. We can determine these unit vectors by first computing aani- Let

r=x(r,0)i+y(r,0)j = rcosbi+ rsinbj. y
Then,
or A ; ,
= = cosi+singy | i 70 =const

5 — ~rsin 01 + r cos 6. (6.174) : Ou’

The first vector already is a unit vector. So,

L . . e . : : : x
0, = cosfi + sin 0j. r = const

Figure 6.38: Plots an orthogonal polar
grid.
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X

Figure 6.39: Infinitesimal area in polar
coordinates.

The second vector has length 7 since | — 7 sin 0i + r cos 8| = r. Dividing
% by r, we have
Gy = —sin6i + cos 0j.
We can see these vectors are orthogonal (@, - tip = 0) and form a

right hand system. That they form a right hand system can be seen by
either drawing the vectors, or computing the cross product,

(cosBi +sinfj) x (—sinfi+coshj) = cos?hixj—sin®6j x i
= k (6.175)
Since
o
5 = U,
o
0 M

The scale factors are h, = 1 and hg = 1.

Once we know the scale factors, we have that

3
dr = 2 hidul-ﬁi.
i=1

The infinitesimal arclength is then given by the Euclidean line element

3
2 24,2
ds* =dr-dr =Y hidu;
i=1
when the system is orthogonal. The h? are referred to as the metric coeffi-
cients.

Example 6.17. Verify that dr = dri, +r d6iy directly from r = r cos 8i +
rsin#j and obtain the Euclidean line element for polar coordinates.

We begin by computing
dr = d(rcosbi+ rsin6j)
= (cosBi+sinbj)dr + r(—sin 0i + cos 0j) do
= drl, + rdoay. (6.176)

This agrees with the form dr = 213:1 h;du;@i; when the scale factors for
polar coordinates are inserted.
The line element is found as

ds* = dr-dr
= dr*+r*de%. (6.177)
This is the Euclidean line element in polar coordinates.

Also, along the u;-curves,

dr = hjdu;t;;, (no summation).
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This can be seen in Figure 6.40 by focusing on the 17 curve. Along this curve,
Uy and ug are constant. So, dup, = 0 and duz = 0. This leaves dr = hjdu
along the uj-curve. Similar expressions hold along the other two curves.

We can use this result to investigate infinitesimal volume elements for
general coordinate systems as shown in Figure 6.40. At a given point
(u1,up,u3) we can construct an infinitesimal parallelepiped of sides h;du;,
i = 1,2,3. This infinitesimal parallelepiped has a volume of size

Jr or or

V=5 o s

dulduzdug.

The triple scalar product can be computed using determinants and the re-
sulting determinant is call the Jacobian, and is given by

a(xl/xZI x3)
9(u, Uz, u3)
or or " or
du; Odup  dug
9 dxp  dx
gul gul gul
—_ g9x1  9Xp 93

Jdup, dup dup |° (6.178)
9 dxp  Ix
Jdus  duz  dus

] =

Therefore, the volume element can be written as

9(x1,x2,x3)

duidurdus.
d(uy, up, u3) s

dV = Jdujdurduz = ‘

Example 6.18. Determine the volume element for cylindrical coordi-
nates (r,0,z), given by

X = rcosb, (6.179)
y = rsinf, (6.180)
= z (6.181)

Here, we have (uj,up,u3) = (r,0,z) as displayed in Figure 6.41.
Then, the Jacobian is given by

;= a(x,y,2)
—19(r,0,2)
ax 9y oz
or ar  or
= dx 9y oz
00 960 90
ox 9y oz
Jdz dz oz
cos sinf 0
= —rsinf rcosf 0
0 0 1
= r (6.182)

Thus, the volume element is given as
dV = rdrdfdz.

This result should be familiar from multivariate calculus.

Figure 6.40: Infinitesimal volume ele-
ment with sides of length h; du;.

Figure 6.41: Cylindrical coordinate sys-
tem.
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Gradient, divergence and curl in orthog-
onal curvilinear coordinates.

Derivation of the gradient form.

Another approach is to consider the geometry of the infinitesimal volume
element. The directed edge lengths are given by ds; = h;du;@; as seen in
Figure 6.37. The infinitesimal area element of for the face in direction y is
found from a simple cross product,

dAk = dSZ‘ X dS] = hihjduidujﬁi X ﬁ]

Since these are unit vectors, the areas of the faces of the infinitesimal vol-
umes are d Ay = hihjdu;du;.
The infinitesimal volume is then obtained as

av = |dSk : dAk‘ = hihjhkduidujdukmi : (ﬁk X ﬁ]>|
Thus, dV = hihohzduduidus. Of course, this should not be a surprise since

| e or
a 8u1 auz aug

] = |h1ﬁ1 -h2ﬁ2 X h3ﬁ3| = hlhzhg.
Example 6.19. For polar coordinates, determine the infinitesimal area
element.

In an earlier example, we found the scale factors for polar coordi-
nates as b, = 1 and hy = r. Thus, dA = hhydrdd = rdrdf. Also,
the last example for cylindrical coordinates will yield similar results
if we already know the scales factors without having to compute the
Jacobian directly. Furthermore, the area element perpendicular to the
z-coordinate gives the polar coordinate system result.

Next we will derive the forms of the gradient, divergence, and curl in
curvilinear coordinates using several of the identities in section ??. The
results are given here for quick reference.

3 4,0
v o= L
i=1 Mt Ui
_ Wy Iy U3 9P
- ]’ll 8u1 hz ale h3 au3 ’ (6183)
VoF = 1 (2 k) + <2 (uhaFy) + = (o)
= T \ o 2hsb) g 2 Uhsba) £ 5 (mhaks) )
(6.184)
1 hiGy  hotiy  hs3ls
_ p 2 9
Fihi  Rhy FBhs
1 (0 [hh3dp\ 9 [hihs 3¢
25 — - (_9 (2283 9¥ _g (M8 9¥
V= iohs (aul ( n 8u1) HE ( I 8u2>
9 (hhy 3
*ais (o)) (6180

We begin the derivations of these formulae by looking at the gradient,
V¢, of the scalar function ¢(u1, up, u3). We recall that the gradient operator
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appears in the differential change of a scalar function,
dp =V¢-dr = i a—(Pdw
4) - ¢ - = aui 1

Since

3
dr =

hidu;t;, (6.187)
i=1

we also have that ,

dp =V -dr =Y (V) hidu;.

i=1
Comparing these two expressions for d¢, we determine that the components
of the del operator can be written as

0

u

| —
=

(Vo); =

=
QU

and thus the gradient is given by

R )

¢ = Mo iy ouy s us (6.188)

Next we compute the divergence, Derivation of the divergence form.
3
V-F=) V- (F).
We can do this by computing the individual terms in the sum. We will

compute V - (Fjig).
Using Equation (6.188), we have that

;
Then b X G N
W u; U
VMZ X Vu3 = h2h3 = 7]/12}13.

Solving for 1y, gives
i = h2h3Vu2 X Vu3.

Inserting this result into V - (Fjli1) and using the vector identity 2c from
section ??,

V- (fA)=fV-A+A-Vf,

we have

V- (Flﬁl) V- (F1h2h3Vu2 X Vu3)
=V (Flhzh;;) - Viup X Vuz + Fihohy V - (Vuz X Vug).
(6.189)
The second term of this result vanishes by vector identity 3c,

V- (VfxVg)=0.
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Since Vuy x Vug = ﬁ, the first term can be evaluated as
hahs

@19
h2h3 h1h2h3 E)ul

Similar computations can be carried out for the remaining components,

V- (Fiiy) = V (Fyhahs) - (Fihahs).

leading to the sought expression for the divergence in curvilinear coordi-
nates:

1 d d d
V.-F= Tl (au (hohsFy) + , (mh3F2) + o (h1h2F3)> . (6.190)

Example 6.20. Write the divergence operator in cylindrical coordi-
nates.
In this case we have

1 d d d
V-F = 7 l’lg]’l (a (h@thy) Y] (l/lrthf)) + Y] (l/lrthz)>
1 d d d
= (ar (rF) + = 50 (Fp) + 50 (rFZ))
1 0 1 d d
- r a (I’Fr) 89 (FQ) ae (FZ) (6191)
Derivation of the curl form. We now turn to the curl operator. In this case, we need to evaluate

3
VXF:ZVX(E‘ﬁ,‘).

i=1
Again we focus on one term, V x (F;fi1) . Using the vector identity 2e,
Vx(fA)=fVxA—-AxVf,
we have

V x (Flﬁl) = Vx (F1h1Vu1)
= MV xVuy —V (Fhy) x Vu;. (6.192)

The curl of the gradient vanishes, leaving
V x (Flﬁl) =V (Flhl) X Vul.

Since Vu; = Z—l, we have

A

u
V x (Fiy) = V(Flhl)xh—ll
B ig (Fihy) W
- = hl du; h1
Gy d(Fhy) 3 d(Fh)

- h3h1 8u3 _h1h2 au2 ' (6‘193)

The other terms can be handled in a similar manner. The overall result is

that
VxF — i8] d (h3F3) _ d (thz) + ap d (h1P1) . d (thg,)
h2h3 8u2 8u3 h1]’l3 8u3 au1
i3 (9(F)  3(mF)
+h1h2 ( 8u1 auz (6.194)
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This can be written more compactly as

— o) J J
V xXF = h1h2h3 E E M (6195)
Fhy Bhy  Fh

Example 6.21. Write the curl operator in cylindrical coordinates.

1 ér Teg

_ Ll a8
VxF = Lo
Fr TF(;

é,
KA
0z
F,

= (19k _ % 4 (9F RN

~ \rof oz or )

1 a(ng) BF, n
+; ( 3 30 ) é, (6.196)

Finally, we turn to the Laplacian. In the next chapter we will solve

higher dimensional problems in various geometric settings such as the wave
equation, the heat equation, and Laplace’s equation. These all involve
knowing how to write the Laplacian in different coordinate systems. Since
V2¢ = V- V¢, we need only combine the results from Equations (6.188)
and (6.190)for the gradient and the divergence in curvilinear coordinates.
This is straight forward and gives

1 /9 [hohs 3¢ hihs 99
2. _ 2h3 1h3
Ve = hihyhs (3u1 ( h aul) +a < ) auz)
9 (hihy 3
o (o)) (6297)

The results of rewriting the standard differential operators in cylindrical
and spherical coordinates are shown in Problems ?? and ??. In particular,
the Laplacians are given as

Cylindrical Coordinates:

of 10%f  0%f
2r 2 7 — 2S4S

Vif= ( Br) TR T oz (6.198)
Spherical Coordinates:

210 (p0F), 1 0 (L ary 1 @
Vf— 2 p +p251n986 1'1986 pzsiHZQa(pZ‘ (6199)

Problems

1. A rectangular plate 0 < x < L 0 < y < H with heat diffusivity constant k
is insulated on the edges ¥ = 0, H and is kept at constant zero temperature
on the other two edges. Assuming an initial temperature of u(x,y,0) =
f(x,y), use separation of variables t find the general solution.

211
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2. Solve the following problem.

Uyy +Uyy +uzz =0, 0<x<2mr, O<y<m 0<z<I,

u(x,y,0) =sinxsiny, u(x,y,z) = Oon other faces.

3. Consider Laplace’s equation on the unit square, tyy +uy, = 0,0 < x,y <
1. Let u(0,y) = 0,u(1,y) =0for 0 <y < 1and uy(x,0) =0for 0 <y < 1.
Carry out the needed separation of variables and write down the product
solutions satisfying these boundary conditions.

4. Consider a cylinder of height H and radius a.

a. Write down Laplace’s Equation for this cylinder in cylindrical coordi-
nates.

b. Carry out the separation of variables and obtain the three ordinary
differential equations that result from this problem.

c. What kind of boundary conditions could be satisfied in this problem
in the independent variables?

5. Consider a square drum of side s and a circular drum of radius a.

a. Rank the modes corresponding to the first 6 frequencies for each.

b. Write each frequency (in Hz) in terms of the fundamental (i.e., the
lowest frequency.)

c. What would the lengths of the sides of the square drum have to be to
have the same fundamental frequency? (Assume that ¢ = 1.0 for each
one.)

6. We presented the full solution of the vibrating rectangular membrane
in Equation 6.37. Finish the solution to the vibrating circular membrane by
writing out a similar full solution.

7. A copper cube 10.0 cm on a side is heated to 100° C. The block is placed

on a surface that is kept at 0° C. The sides of the block are insulated, so
the normal derivatives on the sides are zero. Heat flows from the top of
the block to the air governed by the gradient u, = —10°C/m. Determine
the temperature of the block at its center after 1.0 minutes. Note that the
thermal diffusivity is given by k = %, where K is the thermal conductivity,
p is the density, and ¢y, is the specific heat capacity.

8. Consider a spherical balloon of radius a. Small deformations on the
surface can produce waves on the balloon’s surface.

a. Write the wave equation in spherical polar coordinates. (Note: p is
constant!)

b. Carry out a separation of variables and find the product solutions for
this problem.

c. Describe the nodal curves for the first six modes.
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d. For each mode determine the frequency of oscillation in Hz assuming
c=1.0m/s.

9. Consider a circular cylinder of radius R = 4.00 cm and height H = 20.0
cm which obeys the steady state heat equation

1
Upr + ;ur + Uzz.

Find the temperature distribution, u(r, z), given that u(r,0) = 0°C, u(r,20) =
20°C, and heat is lost through the sides due to Newton’s Law of Cooling

[ty + hul,—4 =0,
forh=1.0cm™1.

10. The spherical surface of a homogeneous ball of radius one in main-
tained at zero temperature. It has an initial temperature distribution u(p,0) =
100° C. Assuming a heat diffusivity constant k, find the temperature through-
out the sphere, u(p,0, ¢, t).

11. Determine the steady state temperature of a spherical ball maintained
at the temperature

u(x,y,z) = x? +2y2 + 322, p=1.

[Hint - Rewrite the problem in spherical coordinates and use the properties
of spherical harmonics.]

12. ) A hot dog initially at temperature 50°C is put into boiling water at
100°C. Assume the hot dog is 12.0 cm long, has a radius of 2.00 cm, and the
heat constant is 2.0 x 107> cm?/s.

a. Find the general solution for the temperature. [Hint: Solve the heat
equation for u(r,z,t) = T(r,z,t) — 100, where T(r,z,t) is the temper-
ature of the hot dog.]

b. indicate how one might proceed with the remaining information in
order to determine when the hot dog is cooked; i.e., when the center
temperature is 80°C.
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