MAT 418/518 Final Exam                            Name ______________________________


1. Show that the vibrating string solution, 
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is the sum of a left and right traveling wave. What is the wave speed?

2. Given the following initial conditions for a vibrating string with two fixed ends, write down the solution 
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b. 
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3. Use the transformation 
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in the wave equation to prove that the general solution of the wave equation is the sum of two arbitrary functions, one traveling to the left and the other traveling to the right. 

4. Consider the problem: 
[image: image11.wmf],

xx

tt

u

u

=



 EMBED Equation.3  [image: image12.wmf],

¥

<

<

¥

-

x



 EMBED Equation.3  [image: image13.wmf],

0

¥

<

<

t

             
                                     
[image: image14.wmf]2

(,0),

x

uxe

-

=



 EMBED Equation.3  [image: image15.wmf](,0)0.

t

ux

=

 

a. Sketch the initial profile.

b. Sketch the solution of the wave equation at different times. [Think about the general behavior of solutions of the wave equation.]

5. Consider the ODE 
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 when answering a-d.

a. Put this equation in self-adjoint form.

b. Write out the Lagrange Identity for this equation.

c. Write down the appropriate inner product for any two functions, f(x) and g(x).

d. Prove that solutions corresponding to different 
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’s are orthogonal under appropriate conditions. 
6. Below are the sketches of nodal curves for several vibrating membrane modes. Determine the frequencies of each membrane and order them from lowest to highest. Assume that the wave speed in each case is 1.0 m/s, the squares have sides of 1.0 cm, and the circles have radii of 1.0 cm.
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Zeros of 
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	n 
	m=0
	m=1
	m=2
	m=3

	1 
	2.405
	3.832
	5.135
	6.379

	2 
	5.520
	7.016
	8.147
	9.760

	3 
	8.654
	10.173
	11.620
	13.017


7. Consider the Sturm-Liouville problem 
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a. What do solutions of the ODE look like for small x? 

b. Derive the Rayleigh quotient for this problem.

c. Use a test function to find an upper bound on the first eigenvalue.

8. Consider the problem:
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 Use Poisson’s Integral formula to find 
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9. Consider that you have a thin square plate initially at 100 oC. Assume that the front and back faces are insulated, the left and right edges are insulated and the top and bottom edges are kept at 0 oC. Solve the heat equation, 
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 assuming that the plate is a unit square.

a. What are the product solutions?

b. What is the general series solution?

c. Determine the coefficients in this solution. 

d. What happens as 
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10. In electrostatics the electric potential inside a conducting spherical shell is given by Laplace's equation. Assume that the electric potential on the surface of the sphere, 
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a. Write down the form of the general solution for this problem.

b. Determine the solution satisfying the given boundary condition.

11. Some buildings are in the shape of a long semi-cylinder of length L and radius R as shown below. Let the floor and semicircular ends be insulated. The insulated floor can be handled like 1D problems with an insulated end by extending the model to a full cylinder satisfying 
[image: image30.wmf](,,)(,,)

urzurz

qq

=-

. Thus, an appropriate selection of the -dependence will satisfy the insulated floor condition at
[image: image31.wmf]0.

q

=

 Based upon these common features, consider the following problems: 
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a. Let the building be an igloo (made of ice) whose curved surface has a temperature 
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oC. Determine the form of the general solution assuming that initially the temperature inside is constant.

b. Some greenhouses have this shape as well. Assume that the curved roof of the greenhouse is kept at a fixed temperature, 
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T

. How is this problem different from the previous problem? Describe the temperature distribution throughout the greenhouse; i.e., what is the form of the general solution?
12. Solve the following:

a. 
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b. 
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c. 
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13. (9 pts) Consider the first order equation 
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a. Write the problem in conservation law form.

b. Find the general solution

c. For 
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 find the breaking time.
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