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Introduction

These are notes for a second course in differential equations originally taught
in the Spring semester of 2005 at the University of North Carolina Wilmington
to upper level and first year graduate students and later updated in Fall 2007
and Fall 2008. It is assumed that you have had an introductory course in
differential equations. However, we will begin this chapter with a review of
some of the material from your first course in differential equations and then
give an overview of the material we are about to cover.

Typically an introductory course in differential equations introduces stu-
dents to analytical solutions of first order differential equations which are sep-
arable, first order linear differential equations, and sometimes to some other
special types of equations. Students then explore the theory of second order
differential equations generally restricted the study of exact solutions of con-
stant coefficient linear differential equations or even equations of the Cauchy-
Euler type. These are later followed by the study of special techniques, such
as power series methods or Laplace transform methods. If time permits, ones
explores a few special functions, such as Legendre polynomials and Bessel
functions, while exploring power series methods for solving differential equa-
tions.

More recently, variations on this inventory of topics have been introduced
through the early introduction of systems of differential equations, qualitative
studies of these systems and a more intense use of technology for understand-
ing the behavior of solutions of differential equations. This is typically done
at the expense of not covering power series methods, special functions, or
Laplace transforms. In either case, the types of problems solved are initial
value problems in which the differential equation to be solved is accompanied
by a set of initial conditions.

In this course we will assume some exposure to the overlap of these two
approaches. We will first give a quick review of the solution of separable and
linear first order equations. Then we will review second order linear differen-
tial equations and Cauchy-Euler equations. This will then be followed by an
overview of some of the topics covered. As with any course in differential equa-
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tions, we will emphasize analytical, graphical and (sometimes) approximate
solutions of differential equations. Throughout we will present applications
from physics, chemistry and biology.

1.1 Review of the First Course

In this section we review a few of the solution techniques encountered in a first
course in differential equations. We will not review the basic theory except in
possible references as reminders as to what we are doing.

We first recall that an n-th order ordinary differential equation is an equa-
tion for an unknown function y(x) that expresses a relationship between the
unknown function and its first n derivatives. One could write this generally
as

F (y(n)(x), y(n−1)(x), . . . , y′(x), y(x), x) = 0. (1.1)

Here y(n)(x) represents the nth derivative of y(x).
An initial value problem consists of the differential equation plus the values

of the first n− 1 derivatives at a particular value of the independent variable,
say x0:

y(n−1)(x0) = yn−1, y(n−2)(x0) = yn−2, . . . , y(x0) = y0. (1.2)

A linear nth order differential equation takes the form

an(x)y(n)(x)+an−1(x)y(n−1)(x)+ . . .+a1(x)y′(x)+a0(x)y(x)) = f(x). (1.3)

If f(x) ≡ 0, then the equation is said to be homogeneous, otherwise it is
nonhomogeneous.

1.1.1 First Order Differential Equations

Typically, the first differential equations encountered are first order equations.
A first order differential equation takes the form

F (y′, y, x) = 0. (1.4)

There are two general forms for which one can formally obtain a solution.
The first is the separable case and the second is a first order equation. We
indicate that we can formally obtain solutions, as one can display the needed
integration that leads to a solution. However, the resulting integrals are not
always reducible to elementary functions nor does one obtain explicit solutions
when the integrals are doable.

A first order equation is separable if it can be written the form

dy

dx
= f(x)g(y). (1.5)
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Special cases result when either f(x) = 1 or g(y) = 1. In the first case the
equation is said to be autonomous.

The general solution to equation (1.5) is obtained in terms of two integrals:

∫

dy

g(y)
=

∫

f(x) dx + C, (1.6)

where C is an integration constant. This yields a 1-parameter family of solu-

tions to the differential equation corresponding to different values of C. If one
can solve (1.6) for y(x), then one obtains an explicit solution. Otherwise, one
has a family of implicit solutions. If an initial condition is given as well, then
one might be able to find a member of the family that satisfies this condition,
which is often called a particular solution.

Example 1.1. y′ = 2xy, y(0) = 2.
Applying (1.6), one has

∫

dy

y
=

∫

2xdx + C.

Integrating yields
ln |y| = x2 + C.

Exponentiating, one obtains the general solution,

y(x) = ±ex2+C = Aex2

.

Here we have defined A = ±eC . Since C is an arbitrary constant, A is an
arbitrary constant. Several solutions in this 1-parameter family are shown in
Figure 1.1.

Next, one seeks a particular solution satisfying the initial condition. For
y(0) = 2, one finds that A = 2. So, the particular solution satisfying the initial

conditions is y(x) = 2ex2

.

Example 1.2. yy′ = −x.
Following the same procedure as in the last example, one obtains:

∫

y dy = −
∫

xdx + C ⇒ y2 = −x2 + A, where A = 2C.

Thus, we obtain an implicit solution. Writing the solution as x2 + y2 = A, we
see that this is a family of circles for A > 0 and the origin for A = 0. Plots of
some solutions in this family are shown in Figure 1.2.

The second type of first order equation encountered is the linear first order

differential equation in the form

y′(x) + p(x)y(x) = q(x). (1.7)
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Fig. 1.1. Plots of solutions from the 1-parameter family of solutions of Example
1.1 for several initial conditions.

In this case one seeks an integrating factor, µ(x), which is a function that one
can multiply through the equation making the left side a perfect derivative.
Thus, obtaining,

d

dx
[µ(x)y(x)] = µ(x)q(x). (1.8)

The integrating factor that works is µ(x) = exp(
∫ x

p(ξ) dξ). One can show
this by expanding the derivative in Equation (1.8),

µ(x)y′(x) + µ′(x)y(x) = µ(x)q(x), (1.9)

and comparing this equation to the one obtained from multiplying (1.7) by
µ(x) :

µ(x)y′(x) + µ(x)p(x)y(x) = µ(x)q(x). (1.10)

Note that these last two equations would be the same if

dµ(x)

dx
= µ(x)p(x).

This is a separable first order equation whose solution is the above given form
for the integrating factor,
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Fig. 1.2. Plots of solutions of Example 1.2 for several initial conditions.

µ(x) = exp

(
∫ x

p(ξ) dξ

)

. (1.11)

Equation (1.8) is easily integrated to obtain

y(x) =
1

µ(x)

[
∫ x

µ(ξ)q(ξ) dξ + C

]

. (1.12)

Example 1.3. xy′ + y = x, x > 0, y(1) = 0.
One first notes that this is a linear first order differential equation. Solving

for y′, one can see that the original equation is not separable. However, it is
not in the standard form. So, we first rewrite the equation as

dy

dx
+

1

x
y = 1. (1.13)

Noting that p(x) = 1
x
, we determine the integrating factor

µ(x) = exp

[
∫ x dξ

ξ

]

= eln x = x.

Multiplying equation (1.13) by µ(x) = x, we actually get back the original
equation! In this case we have found that xy′+y must have been the derivative
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of something to start. In fact, (xy)′ = xy′ + x. Therefore, equation (1.8)
becomes

(xy)′ = x.

Integrating one obtains

xy =
1

2
x2 + C,

or

y(x) =
1

2
x +

C

x
.

Inserting the initial condition into this solution, we have 0 = 1
2 + C.

Therefore, C = − 1
2 . Thus, the solution of the initial value problem is

y(x) = 1
2 (x − 1

x
).

Example 1.4. (sin x)y′ + (cosx)y = x2 sinx.
Actually, this problem is easy if you realize that

d

dx
((sin x)y) = (sin x)y′ + (cosx)y.

But, we will go through the process of finding the integrating factor for prac-
tice.

First, rewrite the original differential equation in standard form:

y′ + (cotx)y = x2.

Then, compute the integrating factor as

µ(x) = exp

(
∫ x

cot ξ dξ

)

= e− ln(sin x) =
1

sinx
.

Using the integrating factor, the original equation becomes

d

dx
((sin x)y) = x2.

Integrating, we have

y sin x =
1

3
x3 + C.

So, the solution is

y =

(

1

3
x3 + C

)

cscx.

There are other first order equations that one can solve for closed form so-
lutions. However, many equations are not solvable, or one is simply interested
in the behavior of solutions. In such cases one turns to direction fields. We
will return to a discussion of the qualitative behavior of differential equations
later in the course.
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1.1.2 Second Order Linear Differential Equations

Second order differential equations are typically harder than first order. In
most cases students are only exposed to second order linear differential equa-
tions. A general form for a second order linear differential equation is given
by

a(x)y′′(x) + b(x)y′(x) + c(x)y(x) = f(x). (1.14)

One can rewrite this equation using operator terminology. Namely, one first
defines the differential operator L = a(x)D2 + b(x)D + c(x), where D = d

dx
.

Then equation (1.14) becomes

Ly = f. (1.15)

The solutions of linear differential equations are found by making use of
the linearity of L. Namely, we consider the vector space 1 consisting of real-
valued functions over some domain. Let f and g be vectors in this function
space. L is a linear operator if for two vectors f and g and scalar a, we have
that

a. L(f + g) = Lf + Lg
b. L(af) = aLf.

One typically solves (1.14) by finding the general solution of the homoge-
neous problem,

Lyh = 0

and a particular solution of the nonhomogeneous problem,

Lyp = f.

Then the general solution of (1.14) is simply given as y = yh +yp. This is true
because of the linearity of L. Namely,

Ly = L(yh + yp)

= Lyh + Lyp

= 0 + f = f. (1.16)

There are methods for finding a particular solution of a differential equa-
tion. These range from pure guessing to the Method of Undetermined Coef-
ficients, or by making use of the Method of Variation of Parameters. We will
review some of these methods later.

Determining solutions to the homogeneous problem, Lyh = 0, is not always
easy. However, others have studied a variety of second order linear equations

1 We assume that the reader has been introduced to concepts in linear algebra.
Late in the text we will recall the definition of a vector space and see that linear
algebra is in the background of the study of many concepts in the solution of
differential equations.
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and have saved us the trouble for some of the differential equations that often
appear in applications.

Again, linearity is useful in producing the general solution of a homoge-
neous linear differential equation. If y1 and y2 are solutions of the homogeneous
equation, then the linear combination y = c1y1 + c2y2 is also a solution of the
homogeneous equation. In fact, if y1 and y2 are linearly independent,2 then
y = c1y1 + c2y2 is the general solution of the homogeneous problem. As you
may recall, linear independence is established if the Wronskian of the solutions
in not zero. In this case, we have

W (y1, y2) = y1(x)y′

2(x) − y′

1(x)y2(x) 6= 0. (1.17)

1.1.3 Constant Coefficient Equations

The simplest and most seen second order differential equations are those with
constant coefficients. The general form for a homogeneous constant coefficient
second order linear differential equation is given as

ay′′(x) + by′(x) + cy(x) = 0, (1.18)

where a, b, and c are constants.
Solutions to (1.18) are obtained by making a guess of y(x) = erx. Inserting

this guess into (1.18) leads to the characteristic equation

ar2 + br + c = 0. (1.19)

The roots of this equation in turn lead to three types of solution depending
upon the nature of the roots as shown below.

Example 1.5. y′′ − y′ − 6y = 0 y(0) = 2, y′(0) = 0.
The characteristic equation for this problem is r2 − r − 6 = 0. The roots

of this equation are found as r = −2, 3. Therefore, the general solution can
be quickly written down:

y(x) = c1e
−2x + c2e

3x.

Note that there are two arbitrary constants in the general solution. There-
fore, one needs two pieces of information to find a particular solution. Of
course, we have the needed information in the form of the initial conditions.

One also needs to evaluate the first derivative

y′(x) = −2c1e
−2x + 3c2e

3x

2 Recall, a set of functions {yi(x)}n

i=1 is a linearly independent set if and only if

c1y(1(x) + . . . + cnyn(x) = 0

implies ci = 0, for i = 1, . . . , n.
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in order to attempt to satisfy the initial conditions. Evaluating y and y′ at
x = 0 yields

2 = c1 + c2

0 = −2c1 + 3c2 (1.20)

These two equations in two unknowns can readily be solved to give c1 = 6/5
and c2 = 4/5. Therefore, the solution of the initial value problem is obtained
as y(x) = 6

5e−2x + 4
5e3x.

Classification of Roots of the Characteristic Equation

for Second Order Constant Coefficient ODEs

1. Real, distinct roots r1, r2. In this case the solutions corre-
sponding to each root are linearly independent. Therefore, the
general solution is simply y(x) = c1e

r1x + c2e
r2x.

2. Real, equal roots r1 = r2 = r. In this case the solutions
corresponding to each root are linearly dependent. To find a
second linearly independent solution, one uses the Method of

Reduction of Order. This gives the second solution as xerx.
Therefore, the general solution is found as y(x) = (c1+c2x)erx.
[This is covered in the appendix to this chapter.]

3. Complex conjugate roots r1, r2 = α ± iβ. In this case the
solutions corresponding to each root are linearly independent.
Making use of Euler’s identity, eiθ = cos(θ) + i sin(θ), these
complex exponentials can be rewritten in terms of trigonomet-
ric functions. Namely, one has that eαx cos(βx) and eαx sin(βx)
are two linearly independent solutions. Therefore, the general
solution becomes y(x) = eαx(c1 cos(βx) + c2 sin(βx)). [This is
covered in the appendix to this chapter.]

Example 1.6. y′′ + 6y′ + 9y = 0.
In this example we have r2 + 6r + 9 = 0. There is only one root, r = −3.

Again, the solution is easily obtained as y(x) = (c1 + c2x)e−3x.

Example 1.7. y′′ + 4y = 0.
The characteristic equation in this case is r2 + 4 = 0. The roots are pure

imaginary roots, r = ±2i and the general solution consists purely of sinusoidal
functions: y(x) = c1 cos(2x) + c2 sin(2x).

Example 1.8. y′′ + 2y′ + 4y = 0.
The characteristic equation in this case is r2 + 2r + 4 = 0. The roots are

complex, r = −1 ±
√

3i and the general solution can be written as y(x) =
[

c1 cos(
√

3x) + c2 sin(
√

3x)
]

e−x.
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One of the most important applications of the equations in the last two
examples is in the study of oscillations. Typical systems are a mass on a
spring, or a simple pendulum. For a mass m on a spring with spring constant
k > 0, one has from Hooke’s law that the position as a function of time, x(t),
satisfies the equation

mx′′ + kx = 0.

This constant coefficient equation has pure imaginary roots (α = 0) and the
solutions are pure sines and cosines. Such motion is called simple harmonic

motion.
Adding a damping term and periodic forcing complicates the dynamics,

but is nonetheless solvable. The next example shows a forced harmonic oscil-
lator.

Example 1.9. y′′ + 4y = sin x.
This is an example of a nonhomogeneous problem. The homogeneous prob-

lem was actually solved in Example 1.7. According to the theory, we need only
seek a particular solution to the nonhomogeneous problem and add it to the
solution of the last example to get the general solution.

The particular solution can be obtained by purely guessing, making an
educated guess, or using the Method of Variation of Parameters. We will
not review all of these techniques at this time. Due to the simple form of
the driving term, we will make an intelligent guess of yp(x) = A sin x and
determine what A needs to be. Recall, this is the Method of Undetermined

Coefficients which we review in the next section. Inserting our guess in the
equation gives (−A + 4A) sin x = sinx. So, we see that A = 1/3 works.
The general solution of the nonhomogeneous problem is therefore y(x) =
c1 cos(2x) + c2 sin(2x) + 1

3 sin x.

1.1.4 Method of Undetermined Coefficients

To date, we only know how to solve constant coefficient, homogeneous equa-
tions. How does one solve a nonhomogeneous equation like that in Equation
(1.14),

a(x)y′′(x) + b(x)y′(x) + c(x)y(x) = f(x). (1.21)

Recall, that one solves this equation by finding the general solution of the
homogeneous problem,

Lyh = 0

and a particular solution of the nonhomogeneous problem,

Lyp = f.

Then the general solution of (1.14) is simply given as y = yh + yp. So, how do
we find the particular solution?
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You could guess a solution, but that is not usually possible without a
little bit of experience. So we need some other methods. There are two main
methods. In the first case, the Method of Undetermined Coefficients, one
makes an intelligent guess based on the form of f(x). In the second method,
one can systematically develop the particular solution. We will come back to
this method the Method of Variation of Parameters, later in the book.

Let’s solve a simple differential equation highlighting how we can handle
nonhomogeneous equations.

Example 1.10. Consider the equation

y′′ + 2y′ − 3y = 4. (1.22)

The first step is to determine the solution of the homogeneous equation.
Thus, we solve

y′′

h + 2y′

h − 3yh = 0. (1.23)

The characteristic equation is r2 + 2r − 3 = 0. The roots are r = 1,−3. So,
we can immediately write the solution

yh(x) = c1e
x + c2e

−3x.

The second step is to find a particular solution of (1.22). What possible
function can we insert into this equation such that only a 4 remains? If we
try something proportional to x, then we are left with a linear function after
inserting x and its derivatives. Perhaps a constant function you might think.
y = 4 does not work. But, we could try an arbitrary constant, y = A.

Let’s see. Inserting y = A into (1.22), we obtain

−3A = 4.

Ah ha! We see that we can choose A = − 4
3 and this works. So, we have a

particular solution, yp(x) = − 4
3 . This step is done.

Combining our two solutions, we have the general solution to the original
nonhomogeneous equation (1.22). Namely,

y(x) = yh(x) + yp(x) = c1e
x + c2e

−3x − 4

3
.

Insert this solution into the equation and verify that it is indeed a solution.
If we had been given initial conditions, we could now use them to determine
our arbitrary constants.

What if we had a different source term? Consider the equation

y′′ + 2y′ − 3y = 4x. (1.24)

The only thing that would change is our particular solution. So, we need a
guess.
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We know a constant function does not work by the last example. So, let’s
try yp = Ax. Inserting this function into Equation (??), we obtain

2A − 3Ax = 4x.

Picking A = −4/3 would get rid of the x terms, but will not cancel everything.
We still have a constant left. So, we need something more general.

Let’s try a linear function, yp(x) = Ax+B. Then we get after substitution
into (1.24)

2A − 3(Ax + B) = 4x.

Equating the coefficients of the different powers of x on both sides, we find a
system of equations for the undetermined coefficients:

2A − 3B = 0

−3A = 4. (1.25)

These are easily solved to obtain

A = −4

3

B =
2

3
A = −8

9
. (1.26)

So, our particular solution is

yp(x) = −4

3
x − 8

9
.

This gives the general solution to the nonhomogeneous problem as

y(x) = yh(x) + yp(x) = c1e
x + c2e

−3x − 4

3
x − 8

9
.

There are general forms that you can guess based upon the form of the
driving term, f(x). Some examples are given in Table 1.1.4. More general ap-
plications are covered in a standard text on differential equations. However,
the procedure is simple. Given f(x) in a particular form, you make an ap-
propriate guess up to some unknown parameters, or coefficients. Inserting the
guess leads to a system of equations for the unknown coefficients. Solve the
system and you have your solution. This solution is then added to the general
solution of the homogeneous differential equation.

f(x) Guess

anxn + an−1x
n−1 + · · · + a1x + a0 Anxn + An−1x

n−1 + · · · + A1x + A0

aebx Aebx

a cos ωx + b sin ωx A cos ωx + B sin ωx
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Example 1.11. As a final example, let’s consider the equation

y′′ + 2y′ − 3y = 2e−3x. (1.27)

According to the above, we would guess a solution of the form yp = Ae−3x.
Inserting our guess, we find

0 = 2e−3x.

Oops! The coefficient, A, disappeared! We cannot solve for it. What went
wrong?

The answer lies in the general solution of the homogeneous problem. Note
that ex and e−3x are solutions to the homogeneous problem. So, a multiple
of e−3x will not get us anywhere. It turns out that there is one further modi-
fication of the method. If our driving term contains terms that are solutions
of the homogeneous problem, then we need to make a guess consisting of the
smallest possible power of x times the function which is no longer a solution of
the homogeneous problem. Namely, we guess yp(x) = Axe−3x. We compute
the derivative of our guess, y′

p = A(1 − 3x)e−3x and y′′
p = A(9x − 6)e−3x.

Inserting these into the equation, we obtain

[(9x − 6) + 2(1 − 3x) − 3x]Ae−3x = 2e−3x,

or
−4A = 2.

So, A = −1/2 and yp(x) = − 1
2xe−3x.

Modified Method of Undetermined Coefficients

In general, if any term in the guess yp(x) is a solution of the ho-
mogeneous equation, then multiply the guess by xk, where k is the
smallest positive integer such that no term in xkyp(x) is a solution
of the homogeneous problem.

1.1.5 Cauchy-Euler Equations

Another class of solvable linear differential equations that is of interest are
the Cauchy-Euler type of equations. These are given by

ax2y′′(x) + bxy′(x) + cy(x) = 0. (1.28)

Note that in such equations the power of x in each of the coefficients matches
the order of the derivative in that term. These equations are solved in a
manner similar to the constant coefficient equations.

One begins by making the guess y(x) = xr . Inserting this function and its
derivatives,

y′(x) = rxr−1, y′′(x) = r(r − 1)xr−2,
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into Equation (1.28), we have

[ar(r − 1) + br + c] xr = 0.

Since this has to be true for all x in the problem domain, we obtain the
characteristic equation

ar(r − 1) + br + c = 0. (1.29)

Just like the constant coefficient differential equation, we have a quadratic
equation and the nature of the roots again leads to three classes of solutions.
These are shown below. Some of the details are provided in the next section.

Classification of Roots of the Characteristic Equation

for Cauchy-Euler Differential Equations

1. Real, distinct roots r1, r2. In this case the solutions correspond-
ing to each root are linearly independent. Therefore, the general
solution is simply y(x) = c1x

r1 + c2x
r2 .

2. Real, equal roots r1 = r2 = r. In this case the solutions corre-
sponding to each root are linearly dependent. To find a second
linearly independent solution, one uses the Method of Reduc-
tion of Order. This gives the second solution as xr ln |x|. There-
fore, the general solution is found as y(x) = (c1 + c2 ln |x|)xr .

3. Complex conjugate roots r1, r2 = α ± iβ. In this case
the solutions corresponding to each root are linearly in-
dependent. These complex exponentials can be rewritten
in terms of trigonometric functions. Namely, one has that
xα cos(β ln |x|) and xα sin(β ln |x|) are two linearly indepen-
dent solutions. Therefore, the general solution becomes y(x) =
xα(c1 cos(β ln |x|) + c2 sin(β ln |x|)).

Example 1.12. x2y′′ + 5xy′ + 12y = 0
As with the constant coefficient equations, we begin by writing down the

characteristic equation. Doing a simple computation,

0 = r(r − 1) + 5r + 12

= r2 + 4r + 12

= (r + 2)2 + 8,

−8 = (r + 2)2, (1.30)

one determines the roots are r = −2 ± 2
√

2i. Therefore, the general solution
is y(x) =

[

c1 cos(2
√

2 ln |x|) + c2 sin(2
√

2 ln |x|)
]

x−2
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Example 1.13. t2y′′ + 3ty′ + y = 0, y(1) = 0, y′(1) = 1.
For this example the characteristic equation takes the form

r(r − 1) + 3r + 1 = 0,

or
r2 + 2r + 1 = 0.

There is only one real root, r = −1. Therefore, the general solution is

y(t) = (c1 + c2 ln |t|)t−1.

However, this problem is an initial value problem. At t = 1 we know the
values of y and y′. Using the general solution, we first have that

0 = y(1) = c1.

Thus, we have so far that y(t) = c2 ln |t|t−1. Now, using the second condition
and

y′(t) = c2(1 − ln |t|)t−2,

we have
1 = y(1) = c2.

Therefore, the solution of the initial value problem is y(t) = ln |t|t−1.

Nonhomogeneous Cauchy-Euler Equations We can also solve some
nonhomogeneous Cauchy-Euler equations using the Method of Undetermined
Coefficients. We will demonstrate this with a couple of examples.

Example 1.14. Find the solution of x2y′′ − xy′ − 3y = 2x2.
First we find the solution of the homogeneous equation. The characteristic

equation is r2 − 2r − 3 = 0. So, the roots are r = −1, 3 and the solution is
yh(x) = c1x

−1 + c2x
3.

We next need a particular solution. Let’s guess yp(x) = Ax2. Inserting the
guess into the nonhomogeneous differential equation, we have

2x2 = x2y′′ − xy′ − 3y = 2x2

= 2Ax2 − 2Ax2 − 3Ax2

= −3Ax2. (1.31)

So, A = −2/3. Therefore, the general solution of the problem is

y(x) = c1x
−1 + c2x

3 − 2

3
x2.

Example 1.15. Find the solution of x2y′′ − xy′ − 3y = 2x3.
In this case the nonhomogeneous term is a solution of the homogeneous

problem, which we solved in the last example. So, we will need a modification
of the method. We have a problem of the form
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ax2y′′ + bxy′ + cy = dxr,

where r is a solution of ar(r − 1) + br + c = 0. Let’s guess a solution of the
form y = Axr lnx. Then one finds that the differential equation reduces to
Axr(2ar − a + b) = dxr . [You should verify this for yourself.]

With this in mind, we can now solve the problem at hand. Let yp =
Ax3 lnx. Inserting into the equation, we obtain 4Ax3 = 2x3, or A = 1/2. The
general solution of the problem can now be written as

y(x) = c1x
−1 + c2x

3 +
1

2
x3 lnx.

1.2 Overview of the Course

For the most part, your first course in differential equations was about solving
initial value problems. When second order equations did not fall into the above
cases, then you might have learned how to obtain approximate solutions using
power series methods, or even finding new functions from these methods. In
this course we will explore two broad topics: systems of differential equations
and boundary value problems.

We will see that there are interesting initial value problems when studying
systems of differential equations. In fact, many of the second order equations
that you have seen in the past can be written as a system of two first order
equations. For example, the equation for simple harmonic motion,

x′′ + ω2x = 0,

can be written as the system

x′ = y
y′ = −ω2x

.

Just note that x′′ = y′ = −ω2x. Of course, one can generalize this to systems
with more complicated right hand sides. The behavior of such systems can be
fairly interesting and these systems result from a variety of physical models.

In the second part of the course we will explore boundary value problems.
Often these problems evolve from the study of partial differential equations.
Such examples stem from vibrating strings, temperature distributions, bend-
ing beams, etc. Boundary conditions are conditions that are imposed at more
than one point, while for initial value problems the conditions are specified
at one point. For example, we could take the oscillation equation above and
ask when solutions of the equation would satisfy the conditions x(0) = 0 and
x(1) = 0. The general solution, as we have determined earlier, is

x(t) = c1 cosωt + c2 sin ωt.
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Requiring x(0) = 0, we find that c1 = 0, leaving x(t) = c2 sin ωt. Also imposing
that 0 = x(1) = c2 sin ω, we are forced to make ω = nπ, for n = 1, 2, . . . .
(Making c2 = 0 would not give a nonzero solution of the problem.) Thus,
there are an infinite number of solutions possible, if we have the freedom to
choose our ω. In the second half of the course we will investigate techniques for
solving boundary value problems and look at several applications, including
seeing the connections with partial differential equations and Fourier series.

1.3 Appendix: Reduction of Order and Complex Roots

In this section we provide some of the details leading to the general forms for
the constant coefficient and Cauchy-Euler differential equations. In the first
subsection we review how the Method of Reduction of Order is used to obtain
the second linearly independent solutions for the case of one repeated root.
In the second subsection we review how the complex solutions can be used to
produce two linearly independent real solutions.

Method of Reduction of Order

First we consider constant coefficient equations. In the case when there is a
repeated real root, one has only one independent solution, y1(x) = erx. The
question is how does one obtain the second solution? Since the solutions are
independent, we must have that the ratio y2(x)/y1(x) is not a constant. So, we
guess the form y2(x) = v(x)y1(x) = v(x)erx. For constant coefficient second
order equations, we can write the equation as

(D − r)2y = 0,

where D = d
dx

.
We now insert y2(x) into this equation. First we compute

(D − r)verx = v′erx.

Then,
(D − r)2verx = (D − r)v′erx = v′′erx.

So, if y2(x) is to be a solution to the differential equation, (D − r)2y2 = 0,
then v′′(x)erx = 0 for all x. So, v′′(x) = 0, which implies that

v(x) = ax + b.

So,
y2(x) = (ax + b)erx.

Without loss of generality, we can take b = 0 and a = 1 to obtain the second
linearly independent solution, y2(x) = xerx.
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Deriving the solution for Case 2 for the Cauchy-Euler equations is messier,
but works in the same way. First note that for the real root, r = r1, the
characteristic equation has to factor as (r − r1)

2 = 0. Expanding, we have

r2 − 2r1r + r2
1 = 0.

The general characteristic equation is

ar(r − 1) + br + c = 0.

Rewriting this, we have

r2 + (
b

a
− 1)r +

c

a
= 0.

Comparing equations, we find

b

a
= 1 − 2r1,

c

a
= r2

1 .

So, the general Cauchy-Euler equation in this case takes the form

x2y′′ + (1 − 2r1)xy′ + r2
1y = 0.

Now we seek the second linearly independent solution in the form y2(x) =
v(x)xr1 . We first list this function and its derivatives,

y2(x) = vxr1 ,

y′

2(x) = (xv′ + r1v)xr1−1,

y′′

2 (x) = (x2v′′ + 2r1xv′ + r1(r1 − 1)v)xr1−2.

(1.32)

Inserting these forms into the differential equation, we have

0 = x2y′′ + (1 − 2r1)xy′ + r2
1y

= (xv′′ + v′)xr1+1. (1.33)

Thus, we need to solve the equation

xv′′ + v′ = 0,

or
v′′

v′
= − 1

x
.

Integrating, we have
ln |v′| = − ln |x| + C.

Exponentiating, we have one last differential equation to solve,
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v′ =
A

x
.

Thus,
v(x) = A ln |x| + k.

So, we have found that the second linearly independent equation can be writ-
ten as

y2(x) = xr1 ln |x|.

Complex Roots

When one has complex roots in the solution of constant coefficient equations,
one needs to look at the solutions

y1,2(x) = e(α±iβ)x.

We make use of Euler’s formula

eiβx = cosβx + i sinβx. (1.34)

Then the linear combination of y1(x) and y2(x) becomes

Ae(α+iβ)x + Be(α−iβ)x = eαx
[

Aeiβx + Be−iβx
]

= eαx [(A + B) cosβx + i(A − B) sin βx]

≡ eαx(c1 cosβx + c2 sin βx). (1.35)

Thus, we see that we have a linear combination of two real, linearly indepen-
dent solutions, eαx cosβx and eαx sinβx.

When dealing with the Cauchy-Euler equations, we have solutions of the
form y(x) = xα+iβ . The key to obtaining real solutions is to first recall that

xy = eln xy

= ey ln x.

Thus, a power can be written as an exponential and the solution can be written
as

y(x) = xα+iβ = xαeiβ ln x, x > 0.

We can now find two real, linearly independent solutions, xα cos(β ln |x|) and
xα sin(β ln |x|) following the same steps as above for the constant coefficient
case.

Problems

1.1. Find all of the solutions of the first order differential equations. When an
initial condition is given, find the particular solution satisfying that condition.
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a. dy

dx
=

√
1−y2

x
.

b. xy′ = y(1 − 2y), y(1) = 2.
c. y′ − (sin x)y = sin x.
d. xy′ − 2y = x2, y(1) = 1.
e. ds

dt
+ 2s = st2, , s(0) = 1.

f. x′ − 2x = te2t.

1.2. Find all of the solutions of the second order differential equations. When
an initial condition is given, find the particular solution satisfying that con-
dition.

a. y′′ − 9y′ + 20y = 0.
b. y′′ − 3y′ + 4y = 0, y(0) = 0, y′(0) = 1.
c. x2y′′ + 5xy′ + 4y = 0, x > 0.
d. x2y′′ − 2xy′ + 3y = 0, x > 0.

1.3. Consider the differential equation

dy

dx
=

x

y
− x

1 + y
.

a. Find the 1-parameter family of solutions (general solution) of this equa-
tion.

b. Find the solution of this equation satisfying the initial condition y(0) = 1.
Is this a member of the 1-parameter family?

1.4. The initial value problem

dy

dx
=

y2 + xy

x2
, y(1) = 1

does not fall into the class of problems considered in our review. However,
if one substitutes y(x) = xz(x) into the differential equation, one obtains an
equation for z(x) which can be solved. Use this substitution to solve the initial
value problem for y(x).

1.5. Consider the nonhomogeneous differential equation x′′−3x′ +2x = 6e3t.

a. Find the general solution of the homogenous equation.
b. Find a particular solution using the Method of Undetermined Coefficients

by guessing xp(t) = Ae3t.
c. Use your answers in the previous parts to write down the general solution

for this problem.

1.6. Find the general solution of each differential equation. When an initial
condition is given, find the particular solution satisfying that condition.

a. y′′ − 3y′ + 2y = 20e−2x, y(0) = 0, y′(0) = 6.
b. y′′ + y = 2 sin 3x.
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c. y′′ + y = 1 + 2 cosx.
d. x2y′′ − 2xy′ + 2y = 3x2 − x, x > 0.

1.7. Verify that the given function is a solution and use Reduction of Order
to find a second linearly independent solution.

a. x2y′′ − 2xy′ − 4y = 0, y1(x) = x4.
b. xy′′ − y′ + 4x3y = 0, y1(x) = sin(x2).

1.8. A certain model of the motion of a tossed whiffle ball is given by

mx′′ + cx′ + mg = 0, x(0) = 0, x′(0) = v0.

Here m is the mass of the ball, g=9.8 m/s2 is the acceleration due to gravity
and c is a measure of the damping. Since there is no x term, we can write this
as a first order equation for the velocity v(t) = x′(t) :

mv′ + cv + mg = 0.

a. Find the general solution for the velocity v(t) of the linear first order
differential equation above.

b. Use the solution of part a to find the general solution for the position x(t).
c. Find an expression to determine how long it takes for the ball to reach

it’s maximum height?
d. Assume that c/m = 10 s−1. For v0 = 5, 10, 15, 20 m/s, plot the solution,

x(t), versus the time.
e. From your plots and the expression in part c, determine the rise time. Do

these answers agree?
f. What can you say about the time it takes for the ball to fall as compared

to the rise time?






