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Fig. 3.30. Phase plane for the unforced Duffing equation with k = 0.1 and Γ = 0.

ẋ = y

ẏ = x(1 − x2) + Γ cosωt. (3.55)

In Figure 3.31 we only show one orbit with k = 0.1, Γ = 0.5, and ω = 1.25.
The solution intersects itself and look a bit messy. We can imagine what we
would get if we added any more orbits. For completeness, we show in Figure
3.32 an example with four different orbits.

In cases for which one has periodic orbits such as the Duffing equation,
Poincaré introduced the notion of surfaces of section. One embeds the orbit in
a higher dimensional space so that there are no self intersections, like we saw
in Figures 3.31 and 3.32. In Figure 3.33 we show an example where a simple
orbit is shown as it periodically pierces a given surface.

In order to simplify the resulting pictures, one only plots the points at
which the orbit pierces the surface as sketched in Figure 3.34. In practice,
there is a natural frequency, such as ω in the forced Duffing equation. Then,
one plots points at times that are multiples of the period, T = 2π

ω . In Figure
3.35 we show what the plot for one orbit would look like for the damped,
unforced Duffing equation.

The more interesting case, is when there is forcing and damping. In this
case the surface of section plot is given in Figure 3.36. While this is not as busy
as the solution plot in Figure 3.31, it still provides some interesting behavior.
What one finds is what is called a strange attractor. Plotting many orbits, we
find that after a long time, all of the orbits are attracted to a small region
in the plane, much like a stable node attracts nearby orbits. However, this
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Fig. 3.31. Phase plane for the Duffing equation with k = 0.1, Γ = 0.5, and ω = 1.25.
In this case we show only one orbit which was generated from the initial condition
(x0 = 1.0, y0 = 0.5).

–2

–1

0

1

2

y

–2 –1 1 2

x

Fig. 3.32. Phase plane for the Duffing equation with k = 0.1, Γ = 0.5, and ω = 1.25.
In this case four initial conditions were used to generate four orbits.
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Fig. 3.33. Poincaré’s surface of section. One notes each time the orbit pierces the
surface.

Fig. 3.34. As an orbit pierces the surface of section, one plots the point of inter-
section in that plane to produce the surface of section plot.

set consists of more than one point. Also, the flow on the attractor is chaotic
in nature. Thus, points wander in an irregular way throughout the attractor.
This is one of the interesting topics in chaos theory and this whole theory of
dynamical systems has only been touched in this text leaving the reader to
wander of into further depth into this fascinating field.

3.9.1 Maple Code for Phase Plane Plots

For reference, the plots in Figures 3.29 and 3.30 were generated in Maple using
the following commands:
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Fig. 3.35. Poincaré’s surface of section plot for the damped, unforced Duffing equa-
tion.
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Fig. 3.36. Poincaré’s surface of section plot for the damped, forced Duffing equation.
This leads to what is known as a strange attractor.
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> with(DEtools):

> Gamma:=0.5:omega:=1.25:k:=0.1:

> DEplot([diff(x(t),t)=y(t), diff(y(t),t)=x(t)-k*y(t)-(x(t))^3

+ Gamma*cos(omega*t)], [x(t),y(t)],t=0..500,[[x(0)=1,y(0)=0.5],

[x(0)=-1,y(0)=0.5], [x(0)=1,y(0)=0.75], [x(0)=-1,y(0)=1.5]],

x=-2..2,y=-2..2, stepsize=0.1, linecolor=blue, thickness=1,

color=black);

The surface of section plots at the end of the last section were obtained
using code from S. Lynch’s book Dynamical Systems with Applications Using
Maple. The Maple code is given by

> Gamma:=0:omega:=1.25:k:=0.1:

> f:=

dsolve({diff(x(t),t)=y(t),diff(y(t),t)=x(t)-k*y(t)-(x(t))^3

+ Gamma*cos(omega*t),x(0)=1,y(0)=0.5},{x(t),y(t)},

type=numeric,method=classical,output=procedurelist):

> pt:=array(0..10000):x1:=array(0..10000):y1:=array(0..10000):

> imax:=4000:

> for i from 0 to imax do

> x1[i]:=eval(x(t),f(i*2*Pi/omega)):

> y1[i]:=eval(y(t),f(i*2*Pi/omega)):

> end do:

> pts:=[[x1[n],y1[n]]\$ n=10..imax]:

> # Plot the points on the Poincare section #

> pointplot(pts,style=point,symbol=circle,symbolsize=10,

color=black,axes=BOXED,scaling=CONSTRAINED,

font=[TIMES,ROMAN,15]);

3.10 Appendix: Period of the Nonlinear Pendulum

In Section 3.5.1 we saw that the solution of the nonlinear pendulum problem
can be found up to quadrature. In fact, the integral in Equation (3.19) can be
transformed into what is know as an elliptic integral of the first kind. We will
rewrite our result and then use it to obtain an approximation to the period
of oscillation of our nonlinear pendulum, leading to corrections to the linear
result found earlier.

We will first rewrite the constant found in (3.18). This requires a little
physics. The swinging of a mass on a string, assuming no energy loss at the
pivot point, is a conservative process. Namely, the total mechanical energy is
conserved. Thus, the total of the kinetic and gravitational potential energies
is a constant. Noting that v = Lθ̇, the kinetic energy of the mass on the string
is given as

T =
1

2
mv2 =

1

2
mL2θ̇2.
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The potential energy is the gravitational potential energy. If we set the po-
tential energy to zero at the bottom of the swing, then the potential energy
is U = mgh, where h is the height that the mass is from the bottom of
the swing. A little trigonometry gives that h = L(1 − cos θ). This gives the
potential energy as

U = mgL(1 − cos θ).

So, the total mechanical energy is

E =
1

2
mL2θ′2 +mgL(1 − cos θ). (3.56)

We note that a little rearranging shows that we can relate this to Equation
(3.18):

1

2
(θ′)2 − ω2 cos θ =

1

mL2
E − ω2 = c.

We can use Equation (3.56) to get a value for the total energy. At the top
of the swing the mass is not moving, if only for a moment. Thus, the kinetic
energy is zero and the total energy is pure potential energy. Letting θ0 denote
the angle at the highest position, we have that

E = mgL(1 − cos θ0) = mL2ω2(1 − cos θ0).

Here we have used the relation g = Lω2.
Therefore, we have found that

1

2
θ̇2 − ω2 cos θ = ω2(1 − cos θ0). (3.57)

Using the half angle formula,

sin2 θ

2
=

1

2
(1 − cos θ),

we can rewrite Equation (3.57) as

1

2
θ̇2 = 2ω2

[

sin2 θ0
2

− sin2 θ

2

]

. (3.58)

Solving for θ′, we have

dθ

dt
= 2ω

[

sin2 θ0
2

− sin2 θ

2

]1/2

. (3.59)

One can now apply separation of variables and obtain an integral similar
to the solution we had obtained previously. Noting that a motion from θ = 0
to θ = θ0 is a quarter of a cycle, then we have that

T =
2

ω

∫ θ0

0

dφ
√

sin2 θ0

2 − sin2 θ
2

. (3.60)
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This result is not much different than our previous result, but we can now
easily transform the integral into an elliptic integral. We define

z =
sin θ

2

sin θ0

2

and

k = sin
θ0
2
.

Then Equation (3.60) becomes

T =
4

ω

∫ 1

0

dz
√

(1 − z2)(1 − k2z2)
. (3.61)

This is done by noting that dz = 1
2k cos θ

2 dθ = 1
2k (1 − k2z2)1/2 dθ and that

sin2 θ0

2 − sin2 θ
2 = k2(1 − z2). The integral in this result is an elliptic integral

of the first kind. In particular, the elliptic integral of the first kind is defined
as

F (φ, k) ≡=

∫ φ

0

dθ
√

1 − k2 sin2 θ
=

∫ sin φ

0

dz
√

(1 − z2)(1 − k2z2)
.

In some contexts, this is known as the incomplete elliptic integral of the first
kind and K(k) = F (π

2 , k) is called the complete integral of the first kind.
There are tables of values for elliptic integrals. Historically, that is how one

found values of elliptic integrals. However, we now have access to computer
algebra systems which can be used to compute values of such integrals. For
small angles, we have that k is small. So, we can develop a series expansion
for the period, T, for small k. This is done by first expanding

(1 − k2z2)−1/2 = 1 +
1

2
k2z2 +

3

8
k2z4 +O((kz)6).

Substituting this in the integrand and integrating term by term, one finds
that

T = 2π

√

L

g

[

1 +
1

4
k2 +

9

64
k4 + . . .

]

. (3.62)

This expression gives further corrections to the linear result, which only
provides the first term. In Figure 3.37 we show the relative errors incurred
when keeping the k2 and k4 terms versus not keeping them. The reader is
asked to explore this further in Problem 3.8.
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Fig. 3.37. The relative error in percent when approximating the exact period of a
nonlinear pendulum with one, two, or three terms in Equation (3.62).

Problems

3.1. Find the equilibrium solutions and determine their stability for the fol-
lowing systems. For each case draw representative solutions and phase lines.

a. y′ = y2 − 6y − 16.
b. y′ = cos y.
c. y′ = y(y − 2)(y + 3).
d. y′ = y2(y + 1)(y − 4).

3.2. For y′ = y − y2, find the general solution corresponding to y(0) = y0.
Provide specific solutions for the following initial conditions and sketch them:
a. y(0) = 0.25, b. y(0) = 1.5, and c. y(0) = −0.5.

3.3. For each problem determine equilibrium points, bifurcation points and
construct a bifurcation diagram. Discuss the different behaviors in each sys-
tem.

a. y′ = y − µy2

b. y′ = y(µ− y)(µ− 2y)
c. x′ = µ− x3

d. x′ = x− µx
1+x2

3.4. Consider the family of differential equations x′ = x3 + δx2 − µx.

a. Sketch a bifurcation diagram in the xµ-plane for δ = 0.
b. Sketch a bifurcation diagram in the xµ-plane for δ > 0.
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Hint: Pick a few values of δ and µ in order to get a feel for how this system
behaves.

3.5. Consider the system

x′ = −y + x
[
µ− x2 − y2

]
,

y′ = x+ y
[
µ− x2 − y2

]
.

Rewrite this system in polar form. Look at the behavior of the r equation and
construct a bifurcation diagram in µr space. What might this diagram look
like in the three dimensional µxy space? (Think about the symmetry in this
problem.) This leads to what is called a Hopf bifurcation.

3.6. Find the fixed points of the following systems. Linearize the system about
each fixed point and determine the nature and stability in the neighborhood
of each fixed point, when possible. Verify your findings by plotting phase
portraits using a computer.

a.

x′ = x(100 − x− 2y),

y′ = y(150 − x− 6y).

b.

x′ = x+ x3,

y′ = y + y3.

c.

x′ = x− x2 + xy,

y′ = 2y − xy − 6y2.

d.

x′ = −2xy,

y′ = −x+ y + xy − y3.

3.7. Plot phase portraits for the Lienard system

x′ = y − µ(x3 − x)

y′ = −x.

for a small and a not so small value of µ. Describe what happens as one varies
µ.
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3.8. Consider the period of a nonlinear pendulum. Let the length be L = 1.0
m and g = 9.8 m/s2. Sketch T vs the initial angle θ0 and compare the linear
and nonlinear values for the period. For what angles can you use the linear
approximation confidently?

3.9. Another population model is one in which species compete for resources,
such as a limited food supply. Such a model is given by

x′ = ax− bx2 − cxy,

y′ = dy − ey2 − fxy.

In this case, assume that all constants are positive.

a Describe the effects/purpose of each terms.
b Find the fixed points of the model.
c Linearize the system about each fixed point and determine the stability.
d From the above, describe the types of solution behavior you might expect,

in terms of the model.

3.10. Consider a model of a food chain of three species. Assume that each
population on its own can be modeled by logistic growth. Let the species be
labeled by x(t), y(t), and z(t). Assume that population x is at the bottom of
the chain. That population will be depleted by population y. Population y is
sustained by x’s, but eaten by z’s. A simple, but scaled, model for this system
can be given by the system

x′ = x(1 − x) − xy

y′ = y(1 − y) + xy − yz

z′ = z(1 − z) + yz.

a. Find the equilibrium points of the system.
b. Find the Jacobian matrix for the system and evaluate it at the equilibrium

points.
c. Find the eigenvalues and eigenvectors.
d. Describe the solution behavior near each equilibrium point.
f. Which of these equilibria are important in the study of the population

model and describe the interactions of the species in the neighborhood of
these point(s).

3.11. Show that the system x′ = x − y − x3, y′ = x + y − y3, has a unique
limit cycle by picking an appropriate ψ(x, y) in Dulac’s Criteria.






