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Fourier-Bessel Series Examples

We consider examples of the Fourier-Bessel function series on [0, b]]
f(l') = Z CiJn(aim)v (1)
i=1

where

 fadi(a) fe)de
o : HJn(Oéix)HQ , t=1,2,.... (2)

Here, J,(ax) is a solution of Bessel’s equation in the form

d dy 9 n? _
dx<xdx)—|—<ozx—x>y—0. (3)

We assume that one boundary condition is that the solution is finite at the origin. The other homogeneous
boundary conditions at x = b take the form

Ay(b) + By (b) = 0.

Noting that from the Chain Rule we have

dJ, (ax)
dx

then this boundary condition can be written as

= aJ) (azx),

AJ,(ab) + aBJ) (ab) = 0.

|? as

Solutions of this equation yield the values «;, for i = 1,2,.... This also impacts the value of ||J,,(c;z)
well as providing the orthogonality condition

b
/ zdy(;x) Ty (o) do = ||Jn(aix)H25¢j.
0

One can derive the expansion coefficients for different types of boundary conditions. The main affect is
in the value of || J,, (c;x)||%.

e For J,(ab) =0, we have that
2

b
||Jn(aim)H2 = 9 [J’n-i-l(o‘ib)}g .

e For Jj(ab) =0, we have that
b? 2
1o(ei)lI* = 5 [To(eid)]”,
for ¢ > 1. For i = 1, we have

2

b
| o@i)]* = -



e For AJ,(ab) + aBJ/ (ab) = 0, we have that

a?b? —n? + A?

2
20

1T (i) ||* =

[T (@ib))*.

We now look at a couple of examples of Fourier-Bessel series. We note that several identities may be

useful.
d n o n
L) = (),
d -nj _ —-n
e [1’ n(x)] = z "Jpy1().

(4)
(5)

Example 1. Consider the function f(z) = 22, z € [0, 1]. Find the Fourier-Bessel series expansion in Ja(c;)

for Ja(oy) = 0.

Here we have that
2

= s 13:3 o;x) d.
“= [Js(ozi)]Q/o Ta(iw) d

We can compute the integral using a substitution of ¢ = c;;z and the identity in Equation (4).

1 a;
/ 23Ty () da i4 t3Jo(t) dt
0

@; Jo

1 [ d
= — — [T dt

«

This gives

and

= 2
z? = Jo(ayx),
i:ZlJ?)(ai) ()

where Jo(a;) = 0. In Figure 1 is a plot of this function with 100 terms.

(7)

Example 2. Consider the function f(x) =1, x € [0,2]. Find the Fourier-Bessel series expansion in Jy(o;x)

for J}(2a;) = 0.
Here we have that for ¢ > 1,

= T /0 e do(or) do



2

Figure 1: Plot of Fourier-Bessel series expansion for f(z) = * using 100 terms.

We can compute the integral using a substitution of ¢ = o;z and the identity in Equation (77?).

2 1 200
/ zo(z)der = — / tJo(t) dt
0 0

o?
1 [?% (¢

0412/0 P [tJ1(z)] dt

1 o

— [th(@)™

2

EJl(Qai). (8)

This gives
1 2 J1 (20
Ci= ———— &5 1(2041'): 1(a) PR
2 [JQ(QO[Z)] Q; (673 [J0(20lz)]

We note that for ¢ = 1, we also have

2 [? 12
= — = — =1.
€=y /0 xf(x)dx 5 /0 xdx

= Jl(QOéi) .
2 Ua(za? ) ©)

In Figure 2 is a plot of this function with 10 terms. where Jj(2c;) = 0.

Then, we find that
1=1+

The theory and history of series involving Bessel function is given in Chapter XVIII of Watson’s A
Treatise on the Theory of Bessel Functions. Series of the form

f(x) = Z amJO(jmx)v 0<z< 17
m=1
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Figure 2: Plot of Fourier-Bessel series expansion for f(x) =1 using 10 terms.

where the j,, are positive zeros of Jy(x) were treated in studies by Fourier of the conduction of heat, Daniel
Bernoulli’s vibrating chain, and Euler’s vibrating circular membrane.

This can be extended to the Fourier-Bessel series
o0
f(z) = Z amdn(Jmz), 0<z <1,
m=1
where the j,, are positive zeros of J,(z). Multiplying the series by z.J, (jrx) and integrating, one has

/0 P @ DG d = 3 an / T () T (i) de

akHJn(.jkx)”Q(sk,m- (10)

According to Watson, the expansion coefficients can be determined from
! 2
mi/ zf () (M) dz = [(A; — n®)J2(Ak) + Aidn™ (k)] ak
0
So, if Ay, = jj are the zeros of J, (), then

. 1
1 (i) = 57n"* (M)

and

gk

2 ! .
- s / £ (@) Jn (k) da.

In the more general case, one can have mixed boundary conditions, f'(1) + Af(1) = 0. Then, the A,’s
are roots of z7"[zJ,(2) + AJn(2)]. The resulting series is called a Dini series. In the next example we derive
the formula giving for ||J, (az)]|?.



Example 3. Show that

/bx[Jn(ozac)]2 dr = 2% [(a?b? — n?) J2(ab) + 6> T2 (ab)] .
0 a

We begin with the Bessel equation (3) for different values of a. Consider the equations
d dJ,(ax) 9 n?

% <x Ir > + <a T — I (ax)
dJ Bx n?

> <ﬁ2 ) Jn(Bz)

Multiply Equation (11) by J,(8z), Equation (12) by .J,(ax), subtract and rearrange to find

o) | (d D= ten) | (+*2552)| = - a®antan s (o0)

dJ, (ax)
. |:$Jn(5:L‘) .

Il
e

[
e

—zJ,(ax)

dJ,(Bx)
dx

Integrate from x = 0 to x = b, to obtain

dJ,(az) dJ,(Bz)1"

b
(ﬁ2—0¢2)/0 xJy(ax)Jp(Bx) de = [aan(ﬁx) I — zdy(ax) x|,

dJ,(Bx)
de

dJ, (ax)
dz

So, if a # 8 and AJ,(ab) + aBJ), (ab) = 0, then

b
/0 xJp(ax) I, () de =

However, what if &« = 87 Then, we need to compute

b

dJ,(ax) dJ,(Bx)

dx 0

L = lim ; [aan(ﬁx) — zJy(ax)

a—f 52

using 'Hopital’s Rule. First, we simplify the numerator using the identity

dJ,(z n
dz( ) = ;Jn(z) — Jnt1(2).
Let z = ax. Then,
dJn(2) _ dJn(z) dz
dz B dz dx
n
= a[Zun(@) = ()]
dJ,(ax)

n
= EJn(ozx) — aJpt1(ax).

] = (8% —aPad,(az)],(Bx).



So, we have

dJ, dJ, ’
2 J, (Be) d(max) — ady(az) d(fm)]o = bJ,(Bb) [%Jn(ab) - aJnH(ab)}
—bJn(ab) |3 Jn(Bb) = Bt (B0)|
= BbJ,(ab)Jn1(8b) — abdy, 1 (ab)J,(5b) (16)
We also have the identity
dJ,
22 () - 2ate)
Therefore, we can use the result
dJ, 1
% = Ju(aw) = 2 g (o)
to simplify the numerator in the limit:
[0 (00) T2 (50) — 0T (00)Ta(B0)] = b1 (80) (2 u(ah) — 2 Tia (0D))
DT 41 (ab) T (BD)
—abJ, (3b) (an(ab) - "Z 1Jn+1(ab)> . (17

Then the limit simplifies as

A 1Bb T, (ab) g1 (Bb) — ab i1 (ab) J,, (8D)]

L = lim
a—f3 —2«
_ an+1(ﬂb) [nJn(8b) — BbJyy1(8b)] — Jni1(8b)Jn(8b) — Jp(8b) [BbJn(8b) — (n + 1)J,11(8)]
—28
= Qbﬁ (8675 (Bb) — 21, (8b) Ju11(Bb) + BbJ 1 (BD)] - (18)

Since n
Tnsa(2) = 20a() = T 2),

we can write the result in terms of J,(8b) and J/,(8b) as

L= g lﬁwﬁ(ﬁb) — 20T (BY) (;)Jn(ﬂfﬁ - J;(ﬁb)) +6b (gb.fn(ﬁb) - J;,<,8b)) ]
b o2n2  n? 5 ) i
- 2 [(5() ~ B + 5b> J2(Bb) + (2n — 2n)J,(Bb)J),(Bb) + BbJ; (ﬂb)]
= T;Z [(ﬁQbQ — n2) Jz(ﬁb) +ﬁ2b2J;L2(ﬂb)] _ )
We have shown that
b
/0 o[ Jn(a)] du = % [(a26® — n?) J2(ab) + ab2J 2 (ab)] - (20)



