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We now substitute this expression in the integral and make the substitution

y=x-%
f) = /_‘: a2/ 2+ikx g
= o [T R gy
Il
= e*% Oo_%k e PV dy. (7.42)

a
One would be tempted to absorb the —% terms in the limits of integration.
However, we know from our previous study that the integration takes place
over a contour in the complex plane as shown in Figure 7.4.
In this case we can deform this horizontal contour to a contour along the
real axis since we will not cross any singularities of the integrand. So, we

now safely write
k2

f(k) =e¢ u /m e BV dy.

The resulting integral is a classic integral® and can be performed using a
standard trick. Define I by

I:/ e PV dy.

12:/ e PV dy/ e P gy,

Note that we needed to change the integration variable so that we can write
this product as a double integral:

/ / *4+9%) dxdy.

This is an integral over the entire xy-plane. We now transform to polar

coordinates to obtain
21 oo
? = / / e P rdrde
o Jo
= 2m / e P rdr
0
7T 27 7T
- _ﬁr = —
ﬁ% }0 B’ (7-43)
The final result is gotten by taking the square root, yielding

1:¢?.

We can now insert this result to give the Fourier transform of the Gaussian

function:
A 27T 2
f(k) =4/ - ¢ e (7-44)

Then,

Figure 7.4: Simple horizontal contour.

! Here we show

” PV dy = \/ﬁ
/m V=B
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b, |x|<a
0, |x|>a"
This function is called the box function, or gate function. It is shown in

Example 7.5. Box or Gate Function. f(x) =

Figure 7.5. The Fourier transform of the box function is relatively easy to
compute. It is given by

f0) = [ faeax

= ’ be'** dx
—a
_ % pikx “_ a
= z—kb sinka. (7.45)
We can rewrite this as
f(k) = 2ab sinka = 2ab sinc ka.

Here we introduced the sinc function,

. sin x
sinc x = .

A plot of this function is shown in Figure 7.6.

We will now consider special limiting values for the box function and
its transform. This will lead us to the Uncertainty Principle for signals,
connecting the relationship between the localization properties of a signal and
its transform.

1. a — oo and b fixed.
In this case, as a gets large the box function approaches the constant
function f(x) = b. At the same time, we see that the Fourier trans-
form approaches a Dirac delta function. We had seen this function
earlier when we first defined the Dirac delta function. Compare
Figure 7.6 with Figure 7.1. In fact, f(k) = bD,(k). [Recall the
definition of Dy (x) in Equation (7.22).] So, in the limit we obtain
f(k) = 27tbé (k). This limit implies fact that the Fourier transform
of f(x) = 1is f(k) = 27t6(k). As the width of the box becomes
wider, the Fourier transform becomes more localized. In fact, we
have arrived at the result that

/ e = 2718(k). (7.46)

—00

2. b—o0,a—0,and 2ab = 1.
In this case our box narrows and becomes steeper while maintaining
a constant area of one. This is the way we had found a represen-

tation of the Dirac delta function previously. The Fourier trans-
form approaches a constant in this limit. As a approaches zero, the

Figure 7.5: A plot of the box function in
Example 7.5.

MAVA VAR

Figure 7.6: A plot of the Fourier trans-
form of the box function in Example 7.5.
This is the general shape of the sinc func-
tion.
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sinc function approaches one, leaving f(k) — 2ab = 1. Thus, the
Fourier transform of the Dirac delta function is one. Namely, we
have

L 0:05(X)eik" =1 (7.47)

In this case we have that the more localized the function f(x) is, the
more spread out the Fourier transform, f(k), is. We will summarize
these notions in the next item by relating the widths of the function
and its Fourier transform.

. The Uncertainty Principle
The widths of the box function and its Fourier transform are
related as we have seen in the last two limiting cases. It is natural
to define the width, Ax of the box function as

Ax = 2a.

The width of the Fourier transform is a little trickier. This function
actually extends the entire k-axis. However, as f (k) became more
localized, the central peak in Figure 7.6 became narrower. So, we
define the width of this function, Ak as the distance between the
first zeros on either side of the main lobe. This gives

_2r

==

Ak
Combining these two relations, we find that
AxAk = 4.

Thus, the more localized a signal, the less localized its transform.
This notion is referred to as the Uncertainty Principle. For general
signals, one needs to define the effective widths more carefully, but
the main idea holds:

AxAk > ¢ > 0.

We now turn to other examples of Fourier transforms.

e™, x>0

,a>0.
0, x <0

The Fourier transform of this function is

f0 = [ e

— / el X—ax dx
0

1

Next, we will compute the inverse Fourier transform of this result and
recover the original function.

More formally, the uncertainty principle
for signals is about the relation between
duration and bandwidth, which are de-

: _ ltfll2 _ lwfllz ..
fined by At = B and Aw TG re

spectively, where ||f|l = [~ [f(t)|?dt
and ||fll2 = & [* |f(w)?dw. Under
appropriate conditions, one can prove
that AtAw > 1. Equality holds for Gaus-
sian signals. Werner Heisenberg (1901-
1976) introduced the uncertainty princi-
ple into quantum physics in 1926, relat-
ing uncertainties in the position and mo-
mentum of particles.
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Example 7.7. f(k) = ﬁ

The inverse Fourier transform of this function is

Flx) = i/w F(k)e ™ dk — i/m ek
o 27T —0o0 o 27T

e a—ik
This integral can be evaluated using contour integral methods. We recall
Jordan’s Lemma from the last chapter:
If f(z) converges uniformly to zero as z — oo, then
lim [ f(z)et*dz =0
g, e, S a2
where k > 0 and Cg is the upper half of the circle |z| = R. A similar result

applies for k < 0, but one closes the contour in the lower half plane.
In this example, we have to evaluate the integral

00 e*ixz
I= / —dz.
—oc0 4 —1Z

According to Jordan's Lemma, we need to enclose the contour with a semicircle
in the upper half plane for x < 0 and in the lower half plane for x > 0 as
shown in Figure 7.7.

The integrations along the semicircles will vanish and we will have

oo ,—ikx
o) = 5 [ S

7ooa—ik
—ixz
= j:i% ¢ —dz
2t Jca—iz
B 0, x <0
B —2-271i Res [z = —ia), x>0
B 0, x <0 ( )
- e, x>0 749

Example 7.8. f(w) = 76(w + wp) + w6 (w — wy).

We would like to find the inverse Fourier transform of this function. In-
stead of carrying out any integration, we will make use of the properties of
Fourier transforms. Since the transforms of sums are the sums of transforms,
we can look at each term individually. Consider §(w — wy). This is a shifted
function. From the shift theorems in Equations (7.35)-(7.36) we have

et (1) < flw — wp).
Recalling from a previous example that
/ et dt = 21t6(w),

we have

Cr

—ia®

—ia®

Cr

Figure 7.7: Contours for inverting

f(k) = a—lik'
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The second term can be transformed similarly. Therefore, we have

1, 1,
Fmé(w + wp) + mé(w — wy] = Eel‘*’ot + Ee_“"ot = cos wyt.
coswot, |t <a
0, |t > a
For our last example, we consider the finite wave train, which will reappear
in the last chapter on signal analysis. A straight forward computation gives

flw) = [ fnetar

a .
= / cos wotet dt
—a

Example 7.9. The Finite Wave Train. f(t) =

a
= / cos wyt cos wt dt
—a
1 ra
= 5 [cos((w + wp)t) 4 cos((w — wp)t)] dt
—a

sin((w + wp)a)  sin((w — wp)a)

7.5 The Convolution Theorem

In our list of properties, we defined the convolution of two functions,
f(x) and g(x) to be the integral

/f (x—t)d (7.51)

In some sense one is looking at a sum of the overlaps of one of the
functions and all of the shifted versions of the other function. The
German word for convolution is faltung, which means “folding”.

First, we note that the convolution is commutative: f*g = g * f.
This is easily shown by replacing x — t with a new variable, y.

N = [ gWfx-n
= /wg(x—y)f(y)dy

=/f ~y)dy

= (f*xg)(x ) (7.52)

Example 7.10. Graphical Convolution.
In order to understand the convolution operation, we need to apply it to
several functions. We will do this graphically for the box function

)1, x <1
f(x)_{ 0, |x|>1

RE
Figure 7.8: A plot of the finite wave train.
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and the triangular function

) ox Jx <1
g(x)—{ 0, |x|>1

as shown in Figures 7.9 and 7.10.

In order to determine the contributions to the integrand, we look at the
shifted and reflected function g(t — x) in Equation 7.51 for various values of
t. For t = 0, we have g(—x). This is a reflection of the triangle function as

J— Figure 7.9: A plot of the box function
shown in Figure 7.11. 0)

We then translate this function performing horizontal shifts by t. In Figure
7.12 we show such a shifted and reflected g(x) for t = 2. The following
figures show other shifts superimposed on f(x). The integrand is the product
of f(x) and g(t — x) and the convolution evaluated at t is given by the " ‘
shaded areas. In Figures 7.13 the area is zero, as there is no overlap of the " |

Triangle Function
1

functions. Intermediate shift values are displayed in Figures 7.14-7.16 and ;
the convolution is shown by the area under the product of the two functions. b

F[f xg] = f(k)g(k). :
[f g] f< )g< ) 7.53) Figure 7.10: A plot of the triangle func-

We see that the value of the convolution integral builds up and then quickly tion.
drops to zero. The plot of the convolution of the box and triangle functions is

given in Figure 7.17. [T

Next we would like to compute the Fourier transform of the convo-
lution integral. First, we use the definitions of Fourier transform and
convolution to write the transform as

Fifegl = [ (Frg)(xeax

_ ~ « _ ikx Figure 7.11: A plot of the reflected trian-
/700 (/oo f(t)g(x t) dt) e dx gle function.
= [ ([ ste-near) s s

‘Sifed, Reflected Trizngle Function
1

We now substitute y = x — t on the inside integral and separate the g ’
integrals: |

g = [ ([ sr-near) g 72 : |

[ ([ sweray) gy
-® - Figure 7.12: A plot of the reflected trian-

/oo (/oo g(y)eiky dy) f(t)eikt it (7.55) gle function shifted by 2 units.

—00

We see that the two integrals are just the Fourier transforms of f and
g. Therefore, the Fourier transform of a convolution is the product of
the Fourier transforms of the functions involved:
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Figure 7.13: A plot of the box and trian-
gle functions with the overlap indicated
by the shaded area.

Figure 7.14: A plot of the box and trian-
gle functions with the overlap indicated
by the shaded area.

Figure 7.15: A plot of the box and trian-
gle functions with the overlap indicated
by the shaded area.

Figure 7.16: A plot of the box and trian-
gle functions with the overlap indicated
by the shaded area.

Figure 7.17: A plot of the overlap of the
box and triangle functions.
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Example 7.11. Convolution of two Gaussian functions f(x) = e=%.

In this example we will compute the convolution of two Gaussian func-
tions with different widths. Let f(x) = e~ and g(x) = et A direct
evaluation of the integral would be to compute

o o 2 b 2
(Fr9)x) = [ flglx—tydt= [ et g,
This integral can be rewritten as
(Frg)x) = et [ elatiazint gy
—00
One could proceed to complete the square and finish carrying out the in-
tegration. However, we will use the Convolution Theorem to evaluate the
convolution and leave the evaluation of this integral to Problem 8.
Recalling the Fourier transform of a Gaussian from Example 7.4, we have

k) = Fleme) = | [T (7:56)

80 = Fle ) = [T b,

Denoting the convolution function by h(x) = (f * g)(x), the Convolution

and

Theorem gives
N ~ R T 2 2
h(k) =f(k)g(k) _ ﬁe k°/4a ,—k*/4b

This is another Gaussian function, as seen by rewriting the Fourier transform
of h(x) as

= b =3l (7:57)

In order to complete the evaluation of the convolution of these two Gaus-
sian functions, we need to find the inverse transform of the Gaussian in Equa-
tion (7.57). We can do this by looking at Equation (7.56). We have first that

Ffl |: /nek2/4u:| _ efaxz'
a

Moving the constants, we then obtain

Ffl[esz/éla] _ /ﬂefaxz.
7T

1

A 7T 1(1_'_%)](2 7T _a+bk2

We now make the substitution o« =

Ag7
F—l[e—akz] — 1 e—x2/4a
4o '
This is in the form needed to invert (7.57). Thus, for & = %“lf’ we find
(f *8)(x) = h(x) = | Zpes™
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7.6 Applications of the Convolution Theorem

There are many applications of the convolution operation. In this sec-
tion we will describe a few of the applications, which are useful in
studying signal analysis.

The first application is filtering. For a given signal there might be
some noise in the signal, or some undesirable high frequencies. Or, the
device used for recording an analog signal might naturally not be able
to record high frequencies. Let f(t) denote the amplitude of a given
analog signal and f(w) be the Fourier transform of this signal. An
example is provided in Figure 7.18. Recall that the Fourier transform
gives the frequency content of the signal and that w = 27tv, where v is
the frequency in Hertz, or cycles per second (cps).

There are many ways to filter out unwanted frequencies. The sim-
plest would be to just drop all of the high frequencies, |w| > wy for
some cutoff frequency wy. The Fourier transform of the filtered signal
would then be zero for |w| > wy. This could be accomplished by mul-
tiplying the Fourier transform of the signal by a function that vanishes
for |w| > wy. For example, we could consider the gate function

L |w| <w
pr— . . 8
pwo(w) { O/ |(U| > wp (75 )

Figure 7.19 shows how the gate function is used to filter the signal.
In general, we multiply the Fourier transform of the signal by some
filtering function /2(t) to get the Fourier transform of the filtered signal,

§(w) = f(w)h(w).
The new signal, ¢(t) is then the inverse Fourier transform of this prod-
uct, giving the new signal as a convolution:

[e9)

g(t) = Ff(@h@) = [ nt-nf@dr. (59

—00

Such processes occur often in systems theory as well. One thinks of
f(t) as the input signal into some filtering device which in turn pro-
duces the output, g(t). The function h(t) is called the impulse response.
This is because it is a response to the impulse function, 4(¢). In this
case, one has

/°° h(t — 7)8(t) dT = h(t).

—oo

Another application of the convolution is in windowing. This rep-
resents what happens when one measures a real signal. Real signals
cannot be recorded for all values of time. Instead data is collected over
a finite time interval. If the length of time the data is collected is T,
then the resulting signal is zero outside this time interval. This can be

f(t) f(m)

Al L

Figure 7.18: Plot of a 51gnal f(t) and its
Fourier transform f(w

fl
[6))
"
(b) ®
B, ()
-0y, "o
P
(c) g(»)

AL

Figure 7.19: (a) Plot of the Fourier trans-
form f(w) of a signal. (b) The gate func-
tion pu,(w) used to filter out high fre-
quencies. (c) The product of the func-
tions, §(w) = f(w)pw,(w), in (a) and
(b).
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modeled in the same way as with filtering, except the new signal will
be the product of the old signal with the windowing function. The re-
sulting Fourier transform of the new signal will be a convolution of the
Fourier transforms of the original signal and the windowing function.

We will later see that the effect of windowing would be to change
the spectral content of the signal we are trying to analyze. We will
study these natural windowing and filtering effects from recording
data in the last chapter.

Example 7.12. Finite Wave Train, Revisited.
We return to the finite wave train in Example 7.9 given by

nt) = coswot, |t <a
0, |t > a

We can view this as a windowed version of f(t) = coswyt obtained by
multiplying f(t) by the gate function

ga<t>:{ Lok<a (7.60)

0, |x|>a

This is shown in Figure 7.20. Then, the Fourier transform is given as a
convolution,

fl(w) = ( *ga )
= 5 / flw = v)ga(v) dv. (761)

Note that the convolution in frequency space requires the extra factor of
1/(2m).

We need the Fourier transforms of f and g, in order to finish the computa-
tion. The Fourier transform of the box function was already found in Example
7.5 as

A

(w) = 2 sinwa
8a ~w .

The Fourier transform of the cosine function, f (t) = cos wyt, is

(e9)

F(w) / cos(wot)e! di

—00

_ <1 iwot —iwpt | Liwt
= / 5 (et - ent) et gt
_ 1(w+wo i(w—wp)t
5 / te ) dt

= n[d(w+wp)+d(w—wp)]. (7.62)

Note that we had earlier computed the inverse Fourier transform of this func-
tion in Example 7.8.

LR
I e

Figure 7.20: A plot of the triangle func-
tion.
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Inserting these results in the convolution integral, we have

@) = 5= [ flo-ng )i

1 [ 2
= E/ioon[é(w_v‘i_wo)+5((U—1/—w0)}ESIrlvad—U
sin(w +wg)a  sin(w — wp)a
B ( s ( o)t (7.63)
w + Wy w — wy

This is the same result we had obtained in Example 7.9.

7.6.1  Parseval’s Equality

As another example of the convolution theorem, we derive Parseval’s
Equality (named after Marc-Antoine Parseval (1755-1836) ):

[irord = o [ @) de. (769

This equality has a physical meaning for signals. The integral on the
left side is a measure of the energy content of the signal in the time
domain. The right side provides a measure of the energy content of
the transform of the signal. Parseval’s equality, is simply a statement
that the energy is invariant under the transform. Parseval’s equality is
a special case of Plancherel’s formula (named after Michel Plancherel

).

Let’s rewrite the Convolution Theorem in its inverse form
FHf(R)§(R)] = (f xg)(t). (7:65)
Then, by the definition of the inverse Fourier transform, we have
[ st -wgwan =5 [” fpg@)e deo.
Setting t = 0,

[ swg@yan = - [7 fog@)de.  G66)

Now, let g(t) = f(—t), or f(—t) = g(t). We note that the Fourier
is

transform of g(t) is related to the Fourier transform of f(t) :

fw) = [ et ar
_/oo_‘”mefim Jt
| e i = fw). 7:67)

So, inserting this result into Equation (7.66), we find that

[ rwiEmdn = o [ |f@)Pde

185
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which yields Parseval’s Equality in the form (7.64) after subsituting
t = —u on the left.

As noted above, the forms in Equations (7.64) and (7.66) are often re-
ferred to as the Plancherel formula or Parseval formula. A more com-
monly defined Paresval equation is that given for Fourier series. For
example, for a function f(x) defined on [—, 77|, which has a Fourier
series representation, we have

IR SRS N 2

2 L@ = [ P
In general, there is a Parseval identity for functions that can be ex-
panded in a complete sets of orthonormal functions, {¢n(x)}, n =
1,2,..., which is given by

o]

Y < fign>2=fI%

n=1
Here ||f||> =< f, f > . The Fourier series example is just a special case
of this formula.

7.7 The Laplace Transform

Up until this point we have only explored Fourier exponential trans-
forms as one type of integral transform. The Fourier transform is use-
ful on infinite domains. However, students are often introduced to
another integral transform, called the Laplace transform, in their in-
troductory differential equations class. These transforms are defined
over semi-infinite domains and are useful for solving ordinary differ-
ential equations.

The Fourier and Laplace transforms are examples of a broader class
of transforms known as integral transforms. For a function f(x) defined
on an interval (a,b), we define the integral transform

F(k) = / 'Kl k) f(x) dx,

where K(x,k) is a specified kernel of the transform. Looking at the
Fourier transform, we have that the interval stretched over the entire
real axis and the kernel is of the form, K(x,k) = eikx. In Table 7.1 we
show several types of integral transforms.

Laplace transforms also have proven useful in engineering for solv-
ing circuit problems and doing systems analysis. In Figure 7.21 it is
shown that a signal x(t) is provided as input to a linear system, h(t).
One is interested in the output, y(t). By transforming both x(¢) and
y(t), the transform of the output is given as a product of the Laplace
transforms in the s-domain. In order to obtain the output, one needs

The Laplace transform is named af-
ter Pierre-Simon de Laplace (1749-1827).
Laplace made major contributions, espe-
cially to celestial mechanics, tidal analy-
sis, and probability.
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Laplace Transform F(s) = f 0 e ¥ f(x)dx Table 7.1: A table of common integral
Fourier Transform F(k) = [, e f(x)dx transforms.

Fourier Cosine Transform | F(k) = [ cos(kx)f(x) dx

Fourier Sine Transform | F(k) = fooo sin(kx) f (x)dx
Mellin Transform F(k) = [5° x*1f(x)dx
Hankel Transform F(k) = f X (kx) f(x) dx

to compute a convolution product for Laplace transforms similar to
that we saw earlier in the chapter for Fourier transforms. Of course,
for us to do this in practice, we have to know how to compute Laplace

transforms.

Time domain Figure 7.21: A schematic depicting the
use of Laplace transforms in systems
theory.

x(t) —— [h(t)| —— y(t) = h(t) = x(t)
Laplace Laplace Inverse Laplace
Transform Transform Transform

l l |

X(s) —— [H(s)| —— Y(s) = H(s)X(s)

Frequency domain

The Laplace transform of a function f(t) is defined as

F(s) = L[f](s) :/ F(hestdt, s> 0. (7.68)
0
This is an improper integral and one needs
7st _
fim f(9e- =0

to guarantee convergence.

It is typical that one makes use of Laplace transforms by referring
to a Table of transform pairs. A sample of such pairs is given in Table
7.2. Combining some of these simple Laplace transforms with the
properties of the Laplace transform, as shown in Table 7.3, we can
deal with many applications of the Laplace transform. We will first
prove a few of the given Laplace transforms and show how they can
be used to obtain new transform pairs. In the next section we will
show how these can be used to solve ordinary differential equations.

We begin with some simple transforms. These are found by simply
using the definition of the Laplace transform.
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f(t) F(s) f(t) F(s)
c at 1
c - e , s>a
;S s—a’
" n! n at n!
sin wt Y e sin wt &
s2 4+ w? (s—a)2+w?
cos wt 5 e cos wt S
s2 + w? (s —a)? + w?
t sin wt 2ws t cos wt 8 — o
(s2 + w?)? (52 + w?)?
a s
sinh at " cosh at o
e—us
H(t—a) - s>0 | 6(t—a) |e®, a>0,s>0

Example 7.13. L[1]
For this example, we insert f(t) = 1 into the integral transform:

c) = / Vet at,
0

This is an improper integral and the computation is understood by introduc-
ing an upper limit of a and then letting a — oo. We will not always write this
limit, but it will be understood that this is how one computes such improper
integrals. Proceeding with the computation, we have

£ = / et di
0
a
= lim e St dt
a—o /0
a
= lim (—1eSt>
a—00 s 0
1 1 1
— lim (—ce 4 =) =", :
aEE‘o< e +s) 5 (7-69)

Thus, we have found that the Laplace transform of 1 is % This

result can be extended to any constant ¢, using the linearity of the
transform. Since the Laplace transform is simply an integral, L[c] =
cL[1]. Therefore,

Example 7.14. L[e"],
For this example, we can easily compute the transform. Again, we only
need to compute the integral of an exponential function.

E[eut] _ / eate—st dt
0

A
0

Table 7.2: Table of selected Laplace
transform pairs.



FOURIER AND LAPLACE TRANSFORMS

_ ( 1 e(as)t)
a—s 0
1

1 1
frd 1 (ﬂ*S)t_i —= . .
tggoa—se 1—s R (7.70)

Note that the last limit was computed as lim;_,eo (=) = 0. This is only
true if a —s < 0, or s > a. [Actually, a could be complex. In this case we
would only need that s is greater than the real part of a.]

Example 7.15. L[cosat] and L[sin at]
In these cases, we could again insert the functions directly into the trans-
form. For example,

L][cos at| :/ e % cosat dt.
0

Recall how one does such integrals involving both the trigonometric function
and the exponential function. One integrates by parts two times and then ob-
tains an integral of the original unknown integral. Rearranging the resulting
integral expressions, one can arrive at the desired result. However, there is a
much simpler way to compute these transforms.

Recall that e = cosat + isinat. Making use of the linearity of the
Laplace transform, we have

L[e™] = L]cosat] + iL]sinat].

Thus, transforming this complex exponential and looking at the real and imag-

inary parts of the results will give both transforms at the same time! The
transform is simply computed as

[,[emt] _ /oo elato—st gy — /oo ef(sfia)tdt _ 1 .

0 0 s—ia

Note that we could easily have used the result for the transform of an expo-
nential, which was already proven. In this case s > Re(ia) = 0.

We now extract the real and imaginary parts of the result using the com-
plex conjugate of the denominator:

1 1 s+ia s+ ia

s—ia s—ias+ia s> +a?

Reading off the real and imaginary parts gives

S
o= >
L][cos at] o
. a
E[Sln at] = m (771)

Example 7.16. L[t]
For this example we need to evaluate

L[t = /oo te=st dt.
0

189
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This integration can be done using integration by parts. (Pick u = t and
do = e St dt. Then, du = dt and v = —%e’”.) So, we have

/ te=stdt = —t=e st +f/ et dt
0 S 0 S Jo

1
= 2 (7.72)

Example 7.17. L[t"]
We can generalize the last example to integer powers of t greater than
n = 1. In this case we have to do the integral

LH”]:”/wﬂ%’“dt
0

Following the previous example, we integrate by parts:

0 1
/ tnefst dt = _t”,E*St
0 S
1

nf/ t e st dt, (7.73)
5.J0

(o] 1 o]
+nf/ e st dt
0 s Jo

We could continue to integrate by parts until the final integral is computed.
However, look at the integral that resulted after one integration by parts. It is
just the Laplace transform of t"~1. So, we can write the result as

Ll = ZLie ).

This is an example of a recursive definition of a sequence. In this case we
have a sequence of integrals. Denoting

u:qﬂ:/twﬂw
0

and noting that Iy = L[1] = 1, we have the following:

n 1
I, = Sl Ip= 5 (7.74)
This is also what is called a difference equation. It is a first order difference
equation with an “initial condition”, Iy. There is a whole theory of difference
equations, which we will not get into here.
Our goal is to solve the above difference equation. It is easy to do by simple
iteration. Note that replacing n with n — 1, we have

n—1
In—1:

Lo
S

So, repeating the process we find

In = —in-
S

= Tlnfz- (7.75)

Here we see an example of a first order
difference equation and its solution.
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We can repeat this process until we get to Iy, which we know. We have to
carefully count the number of iterations. We first iterate k times:

I = -l

I3
s3 "

— ”(”_1)(n_25)1<.”(n_k+1)1n7k~ (7.76)

Since we know Iy, we choose to stop at k = n obtaining

o= D(n=2).. @),

s 0= gh+1”

Therefore, we have shown that L[t"] = S,ﬁl. [Such iterative techniques are

useful in obtaining a variety of of integrals, such as I, = [ X2 .
See Problem 10]

As a final note, one can extend this result to cases when 7 is not an
integer. To do this, one introduces what is called the Gamma function,
which was discussed in Chapter 4. This function is defined as

o
I(x) = / Pt g, (7.77)
0
Note the similarity to the Laplace transform of +*~1 :
[e9)
L1 = / P lemst dt.
0
For x — 1 an integer and s = 1, we have that
I'(x)=(x—1).
Thus, the Gamma function can be viewed as a generalization of the

factorial and we have shown that

I'(p+1)

L[] = op+1

forp > —1.
Now we are ready to introduce additional properties of the Laplace
transform. We will prove a few of the properties in Table 7.3.

Example 7.18. £ [%}

We have to compute

df | _ [edf o
E{dt} =/, Ee dt.

191
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Laplace Transform Properties Table 7.3: Table' of selected Laplace
E[af(t) + bg(t)] _ lZF(S) n bG(S) transform properties.
d
LIF(1)] = — £ FGs)
d
) = sr(s) - £10)

) dt
21201 = PF(s) - 5£(0) - £1(0)
Ll (1)) = F(s —a)
LIH( -~ a)f(t— a)] = e F(3)

LI+ ) (0] = £1 [ £t~ wgle) du] = F(5)G(s)

We can move the derivative off of f by integrating by parts. This is similar
to what we had done when finding the Fourier transform of the derivative of
a function. Letting u = e~ and v = f(t), we have

c[4] - [Hea

— (et :+s/0°°f(t)e-5f dt
= —f(0) +sF(s). (7.78)

—st

Here we have assumed that f(t)e
The final result is that

c| %] =) - o

vanishes for large t.

Example 6: E[dzf]

dt?
We can compute this Laplace transform using two 1nte§mtions by parts,
or we could make use of the last result. Letting g(t) = =7, we have

e8] = £ %] = s -50) = s6() - £ 0
But,
6ls) = £ | % | = sF(s) - fl0)
So,
e8] = sew-r0
= s[sF() - £0)] - £1(0)
= sF(s) —sf(0) — f(0). (7.79)

7.8  Further Uses of Laplace Transforms

Although the Laplace transform is a very useful transform, it is often
encountered only as a method for solving initial value problems in
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introductory differential equations. In this section we will show how
to solve simple differential equations. Along the way we will introduce
step and impulse functions and show how the Convolution Theorem
plays a role in finding solutions. Also, we will show that there is an
inverse Laplace transform, called the Bromwich integral, named after
Thomas John 1’Anson Bromwich (1875-1929) . This inverse transform
is not usually covered in differential equations courses because the
integration takes place in the complex plane.

However, we will first explore an unrelated application of Laplace
transforms. We will see that the Laplace transform is useful in finding
sums of infinite series. Generally, many of the topics in this section are
optional and not needed in the rest of the text.

7.8.1  Series Summation Using Laplace Transforms

We saw in Chapter 3 that Fourier series can be used to sum series. For
example, in Problem 3.3, one gets to prove that

2

201 7T
Fr-%

In this section we will show how Laplace transforms can be used to
sum series. [See Wheelon’s book?.] There is an interesting history of
using integral transforms to sum series. For example, Richard Feyn-
man3 (1918-1988) described how one can use the convolution theorem
for Laplace transforms to sum series with denominators that involved
products. We will describe this and simpler sums in this section.

We begin by considering the Laplace transform of a known function,

= /Ooof(t)e—“ dt.

Inserting this expression into the sum Y, F(n) and interchanging the
sum and integral, we find

Y F(n) = rg)/o f(t)e "t dt
- /°°f<t>i(e—f>”

= [T (7.80)

The last step was obtained using the sum of a geometric series. The
key is being able to carry out the final integral as we show in the next
example.

Example 7.19. Evaluate the sum Y 4 L7

2 Albert D. Wheelon, Tables of Summable
Series and Integrals Involving Bessel Func-
tions, Holden-Day, 1968.

3R. P. Feynman, 1949, Phys. Rev. 76, p.
769
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Since, L[1] = 1/s, we have
o (1)

y S sy ]Qw(g—l)”+1e_”tdt
n=1

n=1
) eft
= —dt
/0 1+et

2
= d—u =In2. (7.81)
1 U

1
n2:
This is a special case of the Riemann zeta function 4

Example 7.20. Evaluate the sum ) ;> ;

= 1
f(s)=), —- (7.82)

n=1m
This function is important in the study of prime numbers and more recently
has seen applications in the study of dynamical systems. The series in this

example is {(2). We have already seen in 3.3that

Using Laplace transforms, we can provide an integral representation of {(2).

The first step is to find the correct Laplace transform pair. The sum in-
volves the function F(n) = 1/n%. So, we look for a function f(t) whose
Laplace transform is F(s) = 1/s*. We know by now that The inverse Laplace
transform of F(s) = 1/s% is f(t) = t. As before, we replace each term in the
series by a Laplace transform, exchange the summation and integration, and

(e}
/wWﬂ
l O
t

sum the resulting geometric series:

o0
1

X

= /0 e dt. (7.83)

So, we have that

© ¢ > 1
Aaqﬂ_ﬁﬂ_m)

Integrals of this type occur often in statistical mechanics in the form of Bose-
Einstein integrals. These are of the form

oo yn—l
Gn(z) == ‘/0 mdx

Note that G,(1) =T'(n){(n).

In general the Riemann zeta function has to be tabulated through
other means. In some special cases, one can closed form expressions.
For example,

22n—1 7.[2n

g(zn):WBm

4 A translation of Riemann, Bernhard
(1859), "Uber die Anzahl der Primzahlen
unter einer gegebenen Grosse" is in H.
M. Edwards (1974). Riemann’s Zeta
Function. Academic Press. Riemann
had shown that the Riemann zeta func-
tion can be obtained through contour in-
tegral representation, 2sin(7s)I'{(s) =

(el p
i § “Ze2—dx, for a specific contour C.
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where the B,’s are the Bernoulli numbers. Bernoulli numbers are de-
fined through the Maclaurin series expansion

o
c e,
ex—1

|
=0 n:

The first few Riemann zeta functions are,

(=" (@=g5 (6)=gg.

We can extend this method of using Laplace transforms to summing
series whose terms take special general forms. For example, from
Feynman'’s paper we note that

0

This can be shown easily by first noting
/°° p—slatbn) gg — e‘s(“b”)] 1
0

a+bn Ca+bn’
Now, differentiate this with respect to 4 and the result follows.

This can be generalized further as

1 _ <_1)k ik ooefs(a+bn) ds.
(a + bn)k+1 k! 9ak

In Feynman’s 1949 paper, he develops methods for handling several
other general sums using the convolution theorem. Wheelon gives
more examples of these. We will just provide one such result and an
example. First, we note that

1 /1 du
ab — Jo [a(1—u)+bu)?
However,

- (1_:)+bu / to—tla(l—u)+bu] 4

1_ /1 du /oo te—tla(l—u)+bu] g4
ab 0 0

We see in the next example how this representation can be useful.

So, we have

Example 7.21. Evaluate ), W

TE)E We compute this as follows:

[e9)

© 1 du
= (2n+1)( 2n+2) N ZO/O 2n+1)(1—u) + (2n+2)ul?

_ i/ du/ fo—t@n+1+u) g4
n=0

=

195
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_ « e_t ! —tud d
= /0 1o —e*”/o e udt
o ppmt 1 _ et
= / _te Tl g
0 1l—e 2t ¢

[eS) e—t
= dt
/0 1+et

= —In(1+eh) ’: =1In2. (7.84)

7.8.2  Solution of ODEs Using Laplace Transforms

One of the typical applications of Laplace transforms is the solution of
nonhomogeneous linear constant coefficient differential equations. In
the following examples we will show how this works.

The general idea is that one transforms the equation for an un-
known function y(t) into an algebraic equation for its transform, Y (¢).
Typically, the algebraic equation is easy to solve for Y(s) as a function
of s. Then one transforms back into ¢-space using Laplace transform
tables and the properties of Laplace transforms. The scheme is shown
in Figure 7.22.

Later we will see that there is an integral form for the inverse trans-
form. This is typically not covered in introductory differential equa-
tions classes as one needs carry out integrations in the complex plane.

ODE  Laplace Transform AlgEbl"aic
for y(1) Equation

and y(0) > for ¥(s)

Y
Vi) - Yis)

Inverse Laplace Transform

Example 7.22. Solve the initial value problem y' + 3y = %, y(0) = 1.
The first step is to perform a Laplace transform of the initial value problem.
The transform of the left side of the equation is

Lly +3y] =sY —y(0) +3Y = (s+3)Y — 1.

Figure 7.22: The scheme for solving
an ordinary differential equation using
Laplace transforms. One transforms the
initial value problem for y(t) and obtains
an algebraic equation for Y(s). Solve for
Y(s) and the inverse transform give the
solution to the initial value problem.
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Transforming the right hand side, we have

1
L[e*] = It
Combining these, we obtain
(s4+3)Y —1=—1_
s—2
The next step is to solve for Y (s) :
1 1

Yo = S T oG )

Now, we need to find the inverse Laplace transform. Namely, we need to
figure out what function has a Laplace transform of the above form. It is easy
to do if we only had the first term. The inverse transform of the first term is
e 3t

We have not seen anything that looks like the second form in the table of
transforms that we have compiled so far. However, we are not stuck. We know
that we can rewrite the second term by using a partial fraction decomposition.
Let’s recall how to do this. The goal is to find constants, A and B, such that

1 A B

(s—2)(s+3) :s—2+s+3'

We picked this form because we know that recombining the two terms into
one term will have the same denominator. We just need to make sure the
numerators agree afterwards. So, adding the two terms, we have

1 _ A(s+3)+B(s—2)

(s—=2)(s+3) (s—=2)(s+3)

Equating numerators,
1=A(s+3)+B(s—2).

This has to be true for all s. Rewriting the equation by gathering terms with
common powers of s, we have

(A+B)s+3A—2B=1.

The only way that this can be true for all s is that the coefficients of the
different powers of s agree on both sides. This leads to two equations for A

and B:
A+B=0
3A—-2B=1. (7.85)
The first equation gives A = —B, so the second equation becomes —5B = 1.

The solution is then A = —B = %
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Returning to the problem, we have found that

1 1 1 1
Y(S>_s+3+5(s—2_s+3>’

[Of course, we could have tried to guess the form of the partial fraction decom-

position as we had done earlier when talking about Laurent series.] In order
to finish the problem at hand, we find a function whose Laplace transform is
of this form. We easily see that

1
I v L.
y(f) =e > + G (e e )
works. Simplifying, we have the solution of the initial value problem

1 4
y(t) = geZt + ge*?”.

Example 7.23. Solve the initial value problem y" + 4y = 0, y(0) = 1,

!/
y'(0) =3.
We can probably solve this without Laplace transforms, but it is a simple
exercise. Transforming the equation, we have

0 = s*Y —sy(0) —y'(0) +4Y

= (s> +4)Y —s-3. (7.86)
Solving for Y, we have
s+3
Y(s) = 5—-.
(s) s2+4

We now ask if we recognize the transform pair needed. The denominator looks
like the type needed for the transform of a sine or cosine. We just need to play
with the numerator. Splitting the expression into two terms, we have

Y(s) S 3

R E
The first term is now recognizable as the transform of cos 2t. The second term
is not the transform of sin 2t. It would be if the numerator were a 2. This can
be corrected by multiplying and dividing by 2:

3 3( 2
244 2\s2+4)°

The solution is then found as

s 3 2 3 .

7.8.3  Step and Impulse Functions

Often the initial value problems that one faces in differential equations
courses can be solved using either the Method of Undetermined Coef-
ficients or the Method of Variation of Parameters. However, using the
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latter can be messy and involves some skill with integration. Many
circuit designs can be modeled with systems of differential equations
using Kirchoff’s Rules. Such systems can get fairly complicated. How-
ever, Laplace transforms can be used to solve such systems and elec-
trical engineers have long used such methods in circuit analysis.

In this section we add a couple of more transform pairs and trans-
form properties that are useful in accounting for things like turning on
a driving force, using periodic functions like a square wave, or intro-
ducing impulse forces.

We first recall the Heaviside step function, given by

0, t<0,
H(t) = 8
(t) {1, 50 (7.87)

A more general version of the step function is the horizontally
shifted step function, H(t — a). This function is shown in Figure 7.23.
The Laplace transform of this function is found for a > 0 as

CIH(E—a)] = /OOH(t—a)e’Stdt
0
= /we_Stdt
e—stoo e
= sl = (7.88)

Just like the Fourier transform, the Laplace transform has two shift
theorems involving multiplication of f(t) or F(s) by exponentials. These
are given by

Ll f(H)] = F(s—a) (7.89)
LIf(t—a)H(t—a)] = e F(s). (7.90)

We prove the first shift theorem and leave the other proof as an
exercise for the reader. Namely,

Ll F(H)] = /Oooe”tf(t)e’“dt
/Ooof(t)e_(s_”)tdt =F(s—a). (7.91)

Example 7.24. Compute the Laplace transform of e~ sin wt.

This function arises as the solution of the underdamped harmonic oscilla-
tor. We first note that the exponential multiplies a sine function. The shift
theorem tells us that we need the transform of the sine function. So,

F(s)

Using this transform, we can obtain the solution to our problem as

. w
§2 + w?’

w

ﬁ[efat slnwt] = F(S+ﬂ) = m

Figure 7.23: A shifted Heaviside func-
tion, H(t — a).
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More interesting examples can be found in piecewise functions. First we
consider the function H(t) — H(t —a). For t < 0 both terms are zero.
In the interval [0,a] the function H(t) = 1 and H(t —a) = 0. Therefore,
H(t)— H(t—a) =1 for t € [0,a]. Finally, for t > a, both functions are one
and therefore the difference is zero. This function is shown in Figure 7.24.

We now consider the piecewise defined function

g(t)—{f(t), 0<t<ag,

0, t<0,t>a.

This function can be rewritten in terms of step functions. We only need
to multiply f(t) by the above box function, g(t) = f(¢)[H(t) — H(t —
a)]. We depict this in Figure 7.25.

Even more complicated functions can be written out in terms of
step functions. We only need to look at sums of functions of the form
f(t)[H(t —a) — H(t — b)] for b > a. This is just a box between a and
b of height f(t). An example of a square wave function is shown in
Figure 7.26. It can be represented as a sum of an infinite number of

boxes,
[ee]

F(8) =Y [H(t—2na) — H(t— (2n + 1)a)].

n=—oo

Example 7.25. Laplace Transform of a square wave turned on at t = 0,

i H(t—2na) — H(t — (2n 4+ 1)a)].
n=0
i i i i i i i -
-2a -a a 2a 3a 4a

Using the properties of the Heaviside function, we have

LIfB] = io[ﬁ[H(t—ZW)]—E[H(f—(2n+1)ﬂ)ﬂ
o | ,—2nas  ,—(2n+1)as
- ;O[ -]
1—e® X2

- SR

n=0

H()-H(t-a)

—

Figure 7.24: The box function, H(t) —
H(t—a).

‘Tﬂr)[H(r)-H(r-a)]

‘ I K

a 4

Figure 7.25: Formation of a piecewise
function, f(#)[H(t) — H(t — a)].

Figure 7.26: A square wave, f(t) =
Yo o H(t—2na) — H(t — (2n +1)a)].
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I 1
- s 1—e 2

1—e %
= m- (7.92)

Note that the third line in the derivation is a geometric series. We summed
this series to get our answer in a compact form.

Another interesting example is the delta function. The delta func-
tion represents a point impulse, or point driving force. For example,
while a mass on a spring is undergoing simple harmonic motion, one
could hit it for an instant at time t = a. In such a case, we could
represent the force as a multiple of 4(f — ). One would then need the
Laplace transform of the delta function to solve the associated initial
value problem.

We find that for a > 0

o0

L[o(t—a)] = 5(t—a)e®t dt

= /oo 5(t—a)e st dt

—00

S—

= e ™ (7.93)

As we will see later when discussing the discretization of signals,
the delta function can be used to sum a number of impulse. or point,
sources in order to describe a given function. Thus, a sum of such
impulses located at points a;, i = 1,...,n with strengths f(a;) would
be given by

fx) = iﬂaofs(x ~a).
A continuous sum could be written as
= [ F@s -2 de.

This is not more that an application of the sifting property of the delta
function. Bringing this back to our current example, we might have a
better sense of the delta function as a unit impulse function.

Example 7.26. Solve the initial value problem y'" + 4’y = 6(t — 2),
y(0) =y'(0) = 0.

This initial value problem models a spring oscillation with an impulse
force. Without the forcing term, given by the delta function, this spring is
initially at rest and not stretched. The delta function models a unit impulse
at t = 2. Of course, we anticipate that at this time the spring will begin to
oscillate. We will solve this problem using Laplace transforms.

First, transform the differential equation:

$2Y —sy(0) — ' (0) + 47%Y = e~ %.

201
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Inserting the initial conditions, we have
(s +4m2)Y = 7%,

Solve for Y (s) :
e~ 28
Y(s) = 5——.
(s) s2 + 42
We now seek the function for which this is the Laplace transform. The form
of this function is an exponential times some F(s). Thus, we need the second

shift theorem. First we need to find the f(t) corresponding to

1
F(s) = ——.
(s) s2 + 472
The denominator suggests a sine or cosine. Since the numerator is constant,
we pick sine. From the tables of transforms, we have

. 27
E[SanT[ﬂ = m
So, we write . )
T
F(s) = — ————=.
(5) 271 52 + 4772

This gives f(t) = (27r) 1 sin27t.
We now apply the second shift theorem, L[f(t —a)H(t —a)] = e~ F(s).

y(t) = H(t—2)f(t—2)
= %H(t—2)sin27‘[(t—2). (7.94)

This solution tells us that the mass is at rest until t = 2 and then begins
to oscillate at its natural frequency. A plot of this solution is shown in Figure

727

7.8.4 The Convolution Theorem

Finally, we consider the convolution of two functions. Often we are
faced with having the product of two Laplace transforms that we know
and we seek the inverse transform of the product. For example, let’s
say you end up with Y(s) = m while trying to solve a differ-
ential equation. We know how to do this if we only have one of the
denominators present. Of course, we could do a partial fraction de-
composition. But, there is another way to find the inverse transform,
especially if we cannot perform a partial fraction decomposition.

We define the convolution of two functions defined on [0, o0) much
the same way as we had done for the Fourier transform. The convolu-
tion f * g is defined as

(Fo8)(0) = [ fog(t—u)du

Spring Ostillation Under an Impulse:
\ 0 i

‘
Ll
!

|

Figure 7.27: A plot of the solution to Ex-
ercise in which a spring at rest experi-
ences an impulse force at t = 2.
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Note that the convolution integral has finite limits as opposed to the
Fourier transform case.
The convolution operation has two important properties:

1. The convolution is commutative: f x g = g * f
Proof: The key is to make a substitution y = t — u in the
integral. This makes f a simple function of the integration
variable.

G PO = [ gs—wan
—1A0g0—10fﬁﬂdy

- %jﬂwgﬁfyﬁw
(f*8)(t). (7.95)

2. The Convolution Theorem: The Laplace transform of a con-
volution is the product of the Laplace transforms of the indi-
vidual functions:

L[f 8l = F(s)G(s)

Proving this theorem takes a bit more work. We will make
some assumptions that will work in many cases. First, we
assume that our functions are causal, f(f) = 0 and g(t) =0
for t < 0. Secondly, we will assume that we can interchange
integrals, which needs more rigorous attention than will be
provided here. The first assumption will allow us to write
the finite integral as an infinite integral. Then a change of
variables will allow us to split the integral into the product of
two integrals that are recognized as a product of two Laplace
transforms.

[0}

L[f*xg] = /Otf(u)g(t—u)du> e st dt

/Ooo flu)g(t—u) du) e st dt

(s)G(s). (7.96)
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We make use of the Convolution Theorem to do the following ex-
ample.

Example 7.27. y(t) = E‘l[m].
We note that this is a product of two functions
1 1 1

Y(s) = (s—1)(s—2) s—1s—2 Fs)G(s).

We know the inverse transforms of the factors: f(t) = e' and g(t) = €*.
Using the Convolution Theorem, we find y(t) = (f * g)(t). We compute
the convolution:

wt) = [ fgle—wan

= / ete2t=1) gy
0

t
= eZt/ e “du
0

= Al +1]=¢* ¢ (7.97)

One can also confirm this by carrying out a partial fraction decomposition.

7.8.5 The Inverse Laplace Transform

Up until this point we have seen that the inverse Laplace transform can
be found by making use of Laplace transform tables and properties of
Laplace transforms. This is typically the way Laplace transforms are
taught and used. One can do the same for Fourier transforms. How-
ever, in that case we introduced an inverse transform in the form of an
integral. Does such an inverse exist for the Laplace transform? Yes, it
does! In this section we will introduce the inverse Laplace transform
integral and show how it is used.

We begin by considering a function f(t) which vanishes for t < 0
and define the function g(t) = f(t)e~“'. For g(t) absolutely integrable,

[ igwlde= [T ioleat < o,

we can write the Fourier transform,
(] ) 00 .
glw) = [ gl ide= [ p(petciar
—00 0
and the inverse Fourier transform,

g(t) = f(t)e " = Zi /ig(w)e*"“’t dw.

T )
Multiplying by e and inserting ¢(w) into the integral for g(t), we
find 1 oo poo
— (iw—c)T —(iw—c)t
f(t) 7o '/_OO ./0 f(r)e dte dw.
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Letting s = ¢ — iw (so dw = ids), we have

c—ioco

f0 =5 [ [ s et as

Note that the inside integral is simply F(s). So, we have

f(t) = ZLm /CHOO F(s)e ds.

c—ioo

-

This is the inverse Laplace transform, called the Bromwich integral.
This integral is evaluated along a path in the complex plane. The \
typical way to compute this integral is to chose c so that all poles are
to the left of the contour and to close the contour with a semicircle

enclosing the poles. One then relies on Jordan’s lemma extended into B
the second and third quadrants.
Example 7.28. Find the inverse Laplace transform of F(s) = - (Sil).
The integral we have to compute is
1 c+ico ESt
f (t) = / - ds. Figure 7.28: The contour used for ap-
2711 Je—ico s(s+1) plying the Bromwich integral to F(s) =
1
. . . s(s+1)
This integral has poles at s = 0 and s = —1. The contour we will use is

shown in Figure 7.28. We enclose the contour with a semicircle to the left of
the path in the complex s-plane. One has to verify that the integral over the
semicircle vanishes as the radius goes to infinity. Assuming that we have done
this, then the result is simply obtained as 27ti times the sum of the residues.
The residues in this case are:

zt zt
Res[e;z_o}_hm ©

z(z+1) 20 (z+1)
and
zt ezt
Res | ——;z=—1| = lim — = —¢ %,
z(z+1) 2—-1 2
Therefore, we have
F() = 270 | (1) + o (—e!)| = 1=
o 27t 271i o '

We can verify this result using the Convolution Theorem or using a partial
fraction decomposition. The decomposition is simplest:

1 1 1

s(s+1) s s+1

The first term leads to an inverse transform of 1 and the second term gives an
e~ !. Thus, we have verified the result from doing contour integration.
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Problems

1. In this problem you will show that the sequence of functions

fu(x) = % (1+1nzx2)

approaches 6(x) as n — oo. Use the following to support your argu-
ment:
a. Show that lim, .« fu(x) = 0 for x # 0.

b. Show that the area under each function is one.
2. Evaluate the following integrals:
. [y sinxd (x — %) dx.
5,0 (552e%) (3x2 — 7x +2) dx.
Jo' x%6 (x+ %) dx.
d. [5 e *5(x* — 5x + 6) dx. [See Problem 3.]
e. [T (x?2—2x+3)5(x?—9)dx. [See Problem 3.]

o 2V

0o

3. For the case that a function has multiple roots, f(x;) = 0, i =
1,2,..., it can be shown that

e =

Use this result to evaluate [~ d(x? — 5x +6)(3x% — 7x + 2) dx.
4. For a > 0, find the Fourier transform, f(k), of f(x) = e~1*l,
5. If f(x) = g(x +a), show that f(k) = e~ g(k).

6. A damped harmonic oscillator is given by

Ae—zxteiwotl >0,
t) = -
f6) { 0, t <O.

a. Find f(w) and

b. the frequency distribution |f(w)|?.
c. Sketch the frequency distribution.

7. Show that the convolution operation is associative: (f * (g*h))(t) =
((f *8) = h)(t).

8. a. Use completing the square to evaluate

/°° o~ Bt g4
—0
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b. Use the result from part a to directly compute the convolu-
tion in example 7.11:

(Frg)(x) =e ™ /°° o (a+)242bxt g

9. You will compute the (Fourier) convolution of two box functions of
the same width. Recall the box function is given by

fa(x) = { L ll<a

0, |x|>a.

Consider (f; * fa)(x) for different intervals of x. A few preliminary
sketches would help. In Figure 7.29 the factors in the convolution
integrand are show for one value of x. The integrand is the product of
the first two functions. The convolution at x is the area of the overlap
in the third figure. Think about how these pictures change as you vary
x. Plot the resulting areas as a function of x. This is the graph of the
desired convolution.

Jatt)

-a a t
Jal®) falot)

Convolution at x
= Area of Overlap

10. Define the integrals I, = [ X2~ dx. Noting that Iy = /T,

a. Find a recursive relation between I, and I,,_1.
b. Use this relation to determine Iy, I and Is.

c. Find an expression in terms of n for I,.

11. Find the Laplace transform of the following functions.

a. f()_9t2 7.
b. f(t) =
C. f(t)—cos7t

Figure 7.29: Sketch used to compute the
convolution of the box function with it-
self. In the top figure is the box function.
The second figure shows the box shifted
by x. The last figure indicates the over-
lap of the functions.



208 FOURIER AND COMPLEX ANALYSIS

d. f(t) = e*sin2t.
e. f(t)= ( + cosht).
f. f(t) =t2H(t—1).

sint, t <4,
g f(b) —{ ,

sint+cost, t>4rmr
h f(t) = [5(t —u)?sinudu.

12. Find the inverse Laplace transform of the following functions us-
ing the properties of Laplace transforms and the table of Laplace trans-

form pairs.
F(s) =18 +7
b. F(s) = % - 5214
c. F(s)= %
d. F(s) 52+§s+2

e. F(s)= 531)2'
f. F(s)

13. Use the convolution theorem to compute the inverse transform of
the following:
2
a. F (S) - m
3s

b. F(s) = ‘5.

14. Find the inverse Laplace transform two different ways: i) Use
Tables. ii) Use the Bromwich Integral.

a. F(S) - ﬁ
b. F(s) = szfstiw'

15. Use Laplace transforms to solve the following initial value prob-
lems. Where possible, describe the solution behavior in terms of oscil-

lation and decay.

a. y' =5y +6y=0,y(0)=2,4(0)=0.

b. ¥’ —y=te*, y(0) =0,y'(0) = 1.

c y' +4y=46(t—1),y(0) =3,y'(0) =0.

d. y"+6y +18y=2«H(r—t),y(0) =0,y (0) =0.
16. Use Laplace transforms to sum the following series.

a. Zn 0 (1+12)n

b. anl m.
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o —1)"
Co Yo %

d. ooy S

Py I

1) 1
e Ln=o (2n+1)2—a?"
fy®  Lle—an

n=1n

17. Do the following.

a. Find the first four nonvanishing terms of the Maclaurin series

expansion of f(x) = .

b. Use the result in part a. to determine the first four nonvan-
ishing Bernoulli numbers, B,.

c. Use these results to compute {(2n) forn =1,2,3,4.

18. The Gamma function was defined as

I'(x) :/ 1t dt.
0

a. Use integration by parts to show that T'(x + 1) = xT'(x).

b. Show that I'(1) = 1.

c. Use parts a and b to show that I'(n + 1) = n! for n a positive
integer.

d. Derive that I’ (%) = /7 by making the change of variables
t = y? in the integral for T (%) =/

e. Find I (3) without integration.





