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n (or the frequency) such as shown in Figure 9.6. In this case there is a
cosine contribution of amplitude two at frequency f; and a sine contribution
of amplitude one at frequency fo. It takes two plots to show both the a,’s
and b,,’s. However, we are often only interested in the energy content at each
frequency. For this example, the last plot in Figure 9.7 shows the spectral
content in terms of the modulus of the signal.

Fig. 9.5. HASA for pocket PCs.
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Fig. 9.6. This Figure shows the spectral coefficients for a signal of the form f(t) =
2 cos 4t + sin 2t.

For example, cos 5t and 3 sin 5t would have spikes in their respective plots
at the same frequency, f = % As noted earlier in Equation (8.23), we can
write the sum cos5t + 3sinbt as a single sine function with an amplitude
cn = y/a2 +b2. Thus, a plot of the "modulus" of the signal is used more
often. However, in our examples we will display both forms to bring home the
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relationship between the trigonometric and exponential forms of the Fourier
spectrum of the signal.
Before proceeding we should provide a few definitions:

Definition 9.1. A spectrogram is a three-dimensional plot of the energy of
the frequency content of a signal as it changes over time.

Definition 9.2. The power spectrum is a plot of the portion of a signal’s
power (energy per unit time) falling within given frequency bins. We can either
plot the Fourier coefficients, or the modulus of the Fourier transform.

Definition 9.3. Sometimes the plot of ¢, = /a2 + b2 wvs frequency is called
a periodogram.
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Fig. 9.7. This Figure shows the spectrum for a signal of the form f(t) = 2cos4t +
sin 2t.

Once one has determined the Fourier coeflicients, then one can reconstruct
the signal. In the case that one has the exact components, then the recon-
struction should be perfect as shown for the previous example in Figure 9.6.
The reconstruction in this case gave the plot in Figure 9.8. However, for real
signals one does not know ahead of time what the actual frequencies are that
made up the signal.

For example, one could be analyzing a bird sound like in Figure 9.9. One
can capture a part of the sound and look at its spectrum. An example is shown
in Figure 9.10. Notice that the spectrum is not very clean, though a few peaks
stand out. A group of students picked out a few of the dominant frequencies
and their amplitudes and reconstructed the bird signals. In Figures 9.11 and
9.12 are the original and reconstructed signals, respectively. While these might
not look exactly the same, they do sound very similar.

The are many other types of applications. We have had students studying
the oscillations of mass-spring systems and vibrating beams in differential
equations. The setups are shown in Figure 9.13. Of course, a simple mass on a
spring exhibits the typical almost pure sinusoidal function as shown in Figure
9.14. Students would learn how to fit their data to sinusoidal functions and
then determine the period of oscillation as compared to the theoretical value.
They could either do the fits in Maple (Figure 9.15) or Excel (Figure 9.16).
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Comparison of Fix) and f(x)

Fig. 9.8. This Figure shows the original signal of the form f(t) = 2cos4t + sin 2t
and a reconstruction based upon the series expansion.

| 22050/ 16 bit / Mono [Beg: 3165
3 End: 8246

Fig. 9.9. A piece of a typical bird sound.

Cursor: 4766 Hz 27.6 %
Frequency: 3705.83 Hz l]

Fig. 9.10. A Fourier analysis of the bird sound in Figure 9.9.

Fig. 9.11. The original bird sound used in the analysis.

Fig. 9.12. A reconstruction of the bird sound 9.11 using an analysis of the major
parts as shown in Figures 9.9-9.10.
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Fig. 9.13. Setup for experiments for oscillations of mass-spring systems and vi-
brating beams. Data is recorded at a 50 Hz sampling rate using handheld devices

connected to distance probes.
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Fig. 9.14. Distance vs time plot for a mass undergoing simple harmonic motion.

Fitting data to damped oscillations, such as shown in Figure 9.17, is more
difficult. Typically, one had to try to guess several parameters to determine
the correct period, amplitude and damping. Of course, we know that it is
probably better to put such a function into a program like Matlab and then
to perform a Fourier analysis on it to pick out the frequency. We did this for
the signal shown in Figure 9.18. The result of the spectral analysis is shown in
Figure 9.19. Do you see any predominant frequencies? Is this a better method

than trying to fit the data by hand?
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(-a2) 27 (£-£y)
Guess values for the amplitude, period, damping constant and phase shift to fit functiony =4 e sin| T
> RA:=0.016: T:=0.85: alpha:=0: t0=0: viewvec:=[0..10,-0.02..0.02]:
Pl:=pointplot{{seq([Lt[i,1],Ly[il],i=1..N)},view=viewvec):
P2:=plot{A*exp({-alpha*t)*sin{(2*Pi/T*t),t=0..10,view=viewvec, title="Position
vs Time  ,labels=[ Time  , "Position’],axes=boxed):
display({P1,P2});
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Fig. 9.15. Example of fitting data in Maple.
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Fig. 9.16. Example of fitting data in Excel.
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Fig. 9.17. Distance vs time plot for a vibrating beam clamped at one end. The
motion appears to be damped harmonic motion.
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Fig. 9.18. Distance vs time plot in Matlab for a vibrating beam clamped at one
end.
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Fig. 9.19. Fourier spectrum for the signal shown in Figure 9.18.
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9.3 Effects of Sampling

We are interested in how well the DFT works with real signals. In the last
section we saw a few examples of how signal analysis might be used. We will
look into other applications later. For now, we want to examine the effects
of discretization on signals so that we can make sense out of the analysis we
might do on real signals. We need to begin with the simplest signals and then
employ the DFT Matlab program in Section ?? to show the results of small
changes to the data.

We begin by inputting the signal. We consider the function y(t) =
sin(27 fot). We sample this function with fo = 5.0 Hz for N = 128 points
on the interval [0, 5]. The Fourier Trigonometric coefficients are given in Fig-
ure 9.20. Note that the A,,’s are negligible (on the order of 1071%). There is
a spike at the right frequency. We can also plot the periodogram as shown in
Figure 9.21. We obtain the expected result of a spike at f = 5.0 Hz. We can
reconstruct the signal as well. There appears to be agreement between the
function y(¢) indicated by the line plot and the reconstruction indicated by
the circles in 9.22.
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Fig. 9.20. Fourier coefficients for the signal y(t) = sin(2x fot) with fo = 5.0 Hz.

In the set of Figures 9.23 and 9.24 we show the Fourier coefficients and
periodogram for the function y(t) = 2sin(27 fot) — cos(2x f1t) for fo = f1 =6
Hz. We note that the heights in Figure 9.23 are the amplitudes of the sine
and cosine functions. The "peaks" are located at the correct frequencies of 6
Hz. However, in the periodogram there is no information regarding the phase
shift; i.e., there is no information as to whether the frequency content arises
from a sine or a cosine function. We just know that all of the signals energy
is concentrated at one frequency.
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Fig. 9.21. Fourier spectrum for the signal y(t) = sin(27 fot) with fo = 5.0 Hz.
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Fig. 9.22. The function y(¢) is indicated by the line plot and the reconstruction by
circles.

In the set of Figures 9.25 and 9.26 we show the Fourier coefficients and
periodogram for the function y(t) = 2sin(27 fot)—cos(27 f1t) for fo = 6 Hz and
f1 =10 Hz. Once again we see that the amplitudes of the Fourier coefficients
are of the right height and in the right location. In the periodogram we see
that the energy of the signal is distributed between two frequencies.

In the last several examples we have computed the spectra in using a
sampled signal "recorded" over times in the interval [0,5] and sampled with
N = 128 points. Sampling at N = 256 points leads to the periodogram in
Figure 9.28. We note that increasing the number of points leads to a longer
interval in frequency space. In Figure 9.27 we doubled the record length to
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Fig. 9.23. Fourier coefficients for the signal y(t) = 2sin(27 fot) — cos(2w f1t) with
fo=f1 =6.0 Hz.
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Fig. 9.24. Fourier spectrum for the signal y(t) = 2sin(27 fot) — cos(2x fit) with
fo=fi=6.0Hz.

T = 10 and kept the number of points sampled at N = 128. In this case the
frequency interval has become shorter. We not only lost the 10 Hz frequency,
but now we have picked up a 2.8 Hz frequency. We know that our simple
signal did not have a frequency term corresponding to 2.8 Hz. So, where did
this come from?

Also, we note that the interval between displayed frequencies has changed.
For the cases where T' = 5 s the frequency spacing is 0.2 Hz as seen in Figure
9.27. However, when we increased T to 10 s, we got a frequency spacing of
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Fig. 9.26. Fourier spectrum for the signal y(t) = 2sin(27 fot) — cos(2x fit) with
fo = 6 Hz and f; = 10 Hz. The signal was sampled with N = 128 points on an

interval of [0, 5].
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0.1 Hz. Thus, it appears that Af = % But, this makes sense, because at the
beginning of the last chapter we defined

2

wp =21fp = TP
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Fig. 9.27. Fourier spectrum for the signal y(¢) = 2sin(27 fot) — cos(2x fit) with
fo = 6 Hz and f; = 10 Hz. The signal was sampled with N = 128 points on an
interval of [0, 10].

So, changing the record length will change the frequency spacing. But
why does changing T introduce frequencies that are not there? What if we
reduced N7 We saw that increasing N leads to longer frequency intervals.
Will reducing it lead to a problem similar to increasing 77 In Figure 9.31 we
see the result of using only 64 points. Yes, there is again the occurrence of a
2.8 Hz spike. Also, the range of displayed frequencies is shorter. So, the range
of displayed frequencies depends upon both the numbers of points at which
the signal is sampled and the record length.

We will explain this masquerading of frequencies in terms of something
called aliasing. However, that is not the whole story. Notice that the frequen-
cies represented in the periodograms is discrete. Even in the case that T =5
and N = 128, we only displayed frequencies at intervals of % = 0.2. What
would happen if our signal had a frequency in between these values? For ex-
ample, what if our 6 Hz frequency was 6.1 Hz? We see the result in Figure
9.32. Since we could not pinpoint the signal’s frequencies at one of the allowed
discrete frequencies, the periodogram displays a spread in frequencies. This
phenomenon is called ringing. It is also interesting to see the effects on the
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Fig. 9.28. Fourier spectrum for the signal y(¢) = 2sin(27 fot) — cos(2w f1t) with
fo = 6 Hz and f; = 10 Hz. The signal was sampled with N = 256 points on an
interval of [0, 5].
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Fig. 9.29. Zoomed in view of Figure 9.27.

individual Fourier coefficients. This is shown in Figure 9.33. While there is
some apparent distribution of energy amongst the A, ’s, it is still essentially
zero. Most of the effects indicate that the energy is distributed amongst sine
contributions.

What we have learned from these examples is that we need to be careful
in picking the record length and number of samples used in analyzing analog
signals. Sometimes we have control over these parameters, but other times we
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Fig. 9.30. Zoomed in view of Figure 9.26. A similar view results for Figure 9.28.
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Fig. 9.31. Fourier spectrum for the signal y(t) = 2sin(27 fot) — cos(2w f1t) with
fo = 6 Hz and fi = 10 Hz. The signal was sampled with N = 64 points on an
interval of [0, 5].

are stuck with them depending upon the limitations of our recording devices.
Next we will investigate how the effects of ringing and aliasing occur.

9.4 Effect of Finite Record Length

In the last section we saw examples of the effects of finite record length on the
spectrum of sampled data. In order to understand this for general signals, we
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Fig. 9.32. Fourier spectrum for the signal y(t) = 2sin(2nw fot) with fo = 6.1 Hz.
The signal was sampled with N = 256 points on an interval of [0, 5].
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Fig. 9.33. Fourier spectrum for the signal y(t) = 2sin(2n fot) with fo = 6.1 Hz.
The signal was sampled with N = 256 points on an interval of [0, 5].

should focus on a signal containing one frequency, such as y(t) = sin(2w fot).
Sampling this signal over a finite time interval, [0,7T], leads us to a finite
wave train. (Recall that we saw a finite wave train in the chapter on Fourier
Transforms which involved a cosine function. In that case we integrated over a
symmetric interval.) So, the sampled signal leads to the finite sine wave train

[ sin2mfot, 0 <t < T
y(t) = { 0, otherwise (9-1)
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In order to understand the spectrum of this signal, we will first compute
the Fourier transform of this function and then sample this finite wave train.
We begin with the Fourier transform and write it in terms of its real and
imaginary parts. Thus,

i = [ wemra
T T
= / sin(27 fot) cos(2m ft) dt + ¢ / sin (27 fot) sin(2w ft) dt
0 0

_ L {1 _ 1}
Cdn | f+f T
1 [cos 2r(f = fo)T  cos2nm(f + fO)T}

4m f—1ro I+ Jfo
4 [sin2x(f — fo)T | sin27(f + fO)T}
4m { f=1Jo - I+ ©-2)

This, of course, is a complicated result. One might even desire to carry out
a further analysis to put this in a more revealing form. However, we could just
plot the real and imaginary parts of this result, or we could plot the modulus,
|9(f)] to get the spectrum. So, we will look at some special cases.

Let’s pick T' = 5 and f = 2. The resulting finite wave train is shown in
Figure 9.34.
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Fig. 9.34. The finite wave train for 7'=>5 and f = 2.

We now look at the spectral functions. In Figures 9.35 9.36 we plot the real
and the imaginary parts of the Fourier transform of this finite wave train. In
Figure 9.37 we show the plot of the modulus of the Fourier transform. We note
in these figures that there ate peaks at both f = 2 and f = —2. Also, there
are other smaller peaks, decaying as the frequencies are further from these
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main peaks. It is the appearance of these minor peaks that will contribute to
ringing when we do not sample the data correctly.

Fig. 9.35. The real part of the Fourier transform of the finite wave train for T =15
and f = 2.
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Fig. 9.36. The imaginary part of the Fourier transform of the finite wave train for
T=5and f=2.

We now consider sampling the signal. Lets take NV = 40 sample points. In
Figure 9.38 we show both the original signal and the location of the samples
on the signal. Using a finite record length and a discrete set of points leads
to a sampling of the Fourier transform with Af = % = 0.2 and an extent of
(N—-1)Af = 7.8. We will only show part of this interval. The sampled Fourier
transform superimposed on the original modulus of the Fourier transform is

shown in Figure 9.39. The main peak is captured with a data values at the
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Fig. 9.37. The modulus of the Fourier transform, or the spectrum, of the finite
wave train for T'=5 and f = 2.

top of the peak. The other data pints lie at the zeros of the Fourier transform.
This is what we would expect for our sampled transform.

Fig. 9.38. The finite wave train for 7= 5 and f = 2 sampled with N = 40 points,
or At = 0.125.

Now we ask what happens when we sample for a different frequency. We
keep everything the same, but look at a signal with frequency f = 2.1. The
sampled signal is shown in Figure 9.40 and its transform is displayed in Figure
9.41. Notice that now the main peak of the Fourier transform is at f = 2.1,
but the sample frequencies do not match this frequency. In fact, even the other
sampled frequencies have nonzero values, leading to a ringing in the Fourier
transform. It is only a coincidence that the data values have found their way
to the peaks of the minor lobes in the transform. If we pick f = 2.05, we find
that this is not always the case, as displayed in Figure 9.42.
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Fig. 9.39. The modulus of the fourier transform and its samples for the finite wave
train for 7' =5 and f = 2 sampled with N = 40 points and Af = 0.2.
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Fig. 9.40. The finite wave train for 7' =5 and f = 2.1 sampled with N = 40 points,
or At = 0.125.

9.5 Aliasing

In the last section we observed that ringing can be described by studying the
finite wave train which is due to an improper selection of the record length, 7.
In this section we will investigate the concept of aliasing, which is due to poor
discretization. Aliasing is the masquerading of some frequencies as other ones.
Aliasing is a result of a mismatch in sampling rate to the desired frequency
analysis. It is due to an inherent ambiguity in the trigonometric functions
owing to their periodicity.

Let y(t) = sin 27 fot. We will sample the signal at the rate fs = ﬁ. Often
we have no choice in the sample rate. This is the rate at which we can collect
data and may be due to the limitations in the response time of the devices
we use. This could be the result of the repsonses of our recording devices, our
data storage devices, or any post processing that is done on the data.
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Fig. 9.41. The modulus of the fourier transform and its samples for the finite wave
train for 7' =5 and f = 2.1 sampled with N = 40 points and Af = 0.2.
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Fig. 9.42. The modulus of the fourier transform and its samples for the finite wave
train for T'=5 and f = 2.05 sampled with N = 40 points and Af = 0.2.

Sampling leads to samples at times ¢ = nt, for t5 = fi Our sampled signal
is then

Yn = sin(27 fonts)

. Through a little manipulation, we can rewrite this. Making use of the fact

that we can insert any multiple m of 27 into the argument of the sine function,
we have

Yn = sin(2w fonts)
sin(27 fonts + 2wm)

sin(27(fo + n
n

. Ints)

S

= sin(27(fo + tﬁ)nts), m = kn,
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= sin(27(fo + kfs)nts). (9.3)

This tells us that frequencies of f, would produce the same results as
signals of frequency fy + kfs for k and integer. Thus, if fy does not fall into
our interval of frequencies, then fy + kfs might for the right value of k. This
is why the 2.8 Hz signal showed up in the examples in an earlier section of
this chapter.

So, how do we determine the in frequency interval of allowed discrete
frequencies that will show up in our transform? We know that the smallest
frequency value that we can resolve is fi;, = Af = % The largest value
of the frequency would be fimax = %A f= % = ﬁ. Thus, to capture a
desired frequency, fo, we would need the condition that

fmin < fo < fmax.

However, we need to be a bit more careful. Recall that negative frequencies
might also contribute. So, we also have that

—fmin = fo 2 —fmax.

This leads to the general conclusion that if |fo| > fmax, then the frequency
will not be resolved in the analysis; i.e., it will not be captured and there
might be an integer k such that

Jmin < [fo +Efs| < fmax, (9.4)

in which case we will observe aliasing. Thus, to capture all frequencies up to
fo, we need to sample at a rate f; such that fo < fmax = % fs- This is what
is called the Nyquist criterion. Essentially, one needs to sample at a rate at
least twice the largest expected frequency.

Example Occurrence of 2.8 Hz

In the earlier sample plots displaying the results of a DFT analysis of
simple sine functions we saw that for certain choices of N and 7T a 10 Hz
signal produced a 2.8 Hz spike. Let’s see if we can predict this.

We began by sampling N = 128 points on an interval of [0,5]. Thus,
the frequency increments were Af = % = 0.2 Hz. The sampling rate was
fs = ﬁ = % = 25.6 Hz. Therefore, f,;, = 0.2 Hz and fmax = %fs =12.8
Hz. So, we can sample signals with frequencies up to 12.8 Hz without seeing
any aliasing. The frequencies we can resolve without ringing would be of the
form f, = 0.2n < 12.8.

However, if we change either T' or N we may get a smaller interval and
the 10 Hz frequency will not be picked up correctly. By picking N = 64 and
T =5, we have fi i, = 0.2 Hz, f, = 12.8 Hz and fmax = 3 fs = 6.4. The 10
Hz frequency is larger than fiax. Where will the aliased frequency appear?
We just need to determine an integer k in Equation (9.4) such that

0.2 < |10 + k12.8] < 6.4. (9.5)
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The set of values of 10+ k12.8 are {...,—15.6,—2.8,10,22.8,...}. We see that
for k= —1,0.2 < 2.8 < 6.4. Thus, our 10 Hz signal will masquerade as a 2.8
Hz signal. This is what we had seen. Similarly, if N = 128 and T' = 10, we get
the same sampling rate f; = 12.8 Hz, but fy,;;, = 0.1. The inequality for 10
Hz takes the form

0.1 < |10 + k12.8| < 6.4. (9.6)

Thus, we once again get a 2.8 Hz frequency.

Example Plotting aliased signals.

We consider a simple 1.0 Hz signal of the form y(¢) = sin2nt sampled
with 15 points on [0, 5]. This signal and its samples are shown in figure 9.43.
However, we have seen that signals of frequency fo+k fs will also pass through
the sampled points. In this example the data points were sampled with f; =
& =1 =30 Hz For fo = 1.0 and k = 1, we have fy + kf, = 4.0 Hz. In
Figure 9.44 we plot this signal and the sampled data points of y(t) = sin 27 ft.
Notice that the new signal passes through all of the sampled points.

We can see this better in Figure 9.45. Here we plot both signals with the
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Fig. 9.43. A 1.0 Hz signal of the form y(¢) = sin 27t sampled with 15 points on
[0,5].

9.6 The Shannon Sampling Theorem

The problem of reconstructing a function by interpolating at equidistant sam-
ples of the function, using a Cardinal series was presented by Shannon in his
well known papers of 1948. He had used the sampling theorem to show that
a continuous signal can be completely reconstructed from the proper sam-
ples. This well-known sampling theorem, known as the Whittaker-Shannon-
Kotel’nikov (WSK) Theorem, can be stated as:
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Fig. 9.44. A signal of the form y(t) = sin 8xt is plotted with the samples of y(t) =
sin 27t sampled with 15 points on [0, 5].
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Fig. 9.45. Signal y(t) = sin8nt and y(¢) = sin 27t are plotted with the samples of
y(t) = sin 27t sampled with 15 points on [0, 5].
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Theorem 9.4. Let

(9]
o) = g [ i) e, (9.7)
where §(w) € La[—12,12]. Then
wt)= Yyl o) f;:f)~ (9.8)

This famous theorem is easily understood in terms of what we have studied
in this text. It essentially says that if a signal y(¢) is a piecewise, smooth,
bandlimited (|§(w)| < 2) function, then it can be reconstructed exactly from
its samples at ¢, = 5. The maximum frequency of the bandlimited signal
is fmax = % The sampling rate necessary to make this theorem hold is
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This is just the Nyquist sampling condition, which we saw previously, so that
there is no aliasing of the signal. This sampling rate is called the Nyquist
rate. Namely, we need to sample at twice the largest frequency contained in
the signal.

Example Multichannel Telephone Communication

Consider the amount of information transmitted in telephone communi-
cations. Let’s assume that conversations are transmitted easily at frequencies
bounded by 1 kHz. Then it is sufficient to sample conversations at twice this
value, or 2 kHz. That is, we need to sample every half a millisecond.

Assume that the telephone signals propagate at 56 kbps (kilobytes per
second). Each sample is stored as 7 bytes. Thus, we can sample at 56 kbps/ 7
bytes = 8000 samples per second. This is 8 samples per millisecond. Since we
sample a conversation at a rate of one sample per 1/2 ms, this means that we
can sample four conversations simultaneous. Thus, our system can support
four channels at once.





