MAT 361     Special Function Homework


1. Compute 
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 using the three term recursion relation for the Legendre polynomials.

2. Calculate 
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using Rodrigues formula.
3. We have solved Bessel’s equation in the form 
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 using the guess 
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 We obtained the recurrence relation 
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 Show that for 
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 we get the Bessel function of the first kind of order n: [Do not re-solve the problem. Start with the recursion relation.] 
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4. Use the result from the last problem and show that 
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 by inserting the series on both sides of the equation and differentiating term by term.
5. We can rewrite our Bessel function in a form which will allow the order to be non-integer. To do this we need the gamma function. Define 
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a. Use integration by parts to show 
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b. Note that 
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 Use this and the result from part a to prove that 
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 for k an integer. In particular, use mathematical induction. Recall the method: Let 
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be a statement for nonnegative integer k. If a) 
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is true and b) 
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, then 
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is true for all nonnegative integers.
c. Finally, extend the series definition of the Bessel function of the first kind of order 
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 by rewriting y(x) in Problem 3 using the gamma function. One can extend this to 
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 Discuss the resulting series and what happens when 
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is a positive integer.

6. Use the results from the last problem to obtain the closed form expressions 
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 Use these two expressions to obtain 
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from the recursion relation for Bessel functions, 
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[Recall the Maclaurin series expansions for sines and cosines.]
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