MAT 451/551 Spring 2020 Midterm Exam

This exam has 12 problems on 5 pages with two problems designated graduate students
only. Do as many problems as you can. You can use the back of a page but note this in
the problem space. There are no calculators, phones, or other electronic devices allowed
during this exam. Be sure to show all your work.

Name: V\EHJ Score:

Problem 1. (12 pts) Let X and Y be sets and 4 C X. Define the following:

(a) Topology on X. Co\lection o a0losetn ok % %-‘\'w%gwx Yogen, <\>ogm‘
ac\m\\CN\s Vrnwons o owu‘\z onre OQen, and LiavXe
Intecse dions of otan 8¢ ane open.

(b) Subspace topology on A. Svbsek of A v open £ X b = l\n.\)
‘Fei‘ Qo oQew \) \'“\/\.

(c) Discrete topology on X. B svesda of N ene open

(d) X is connected. S %Yo ace go noncm\¥5 opew s of X sudmi
ey e g [UAV=$lans coven X TYoyT],

(&) Xis compact. "R every ogencovtr 0§ X adende s Ginike ceSinemmedt.

(f) X is Hausdorff. \§ Qur M\S&wot\ﬁ\;t\ Pounls *‘367\,5' opea VNV CX
AT Ke O, ueV, and UaN=b
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Problem 2. (2 pts) State the Heine-Borel Theorem.

N
S TCW® ® Compady K T iy doved and bosadel.

Problem 3. (4 pts) Let S and T be two topologies on a set X.

a. Is their union, SUT, a topology on X? Why?

No. \§ 9=T,3vUes BT Led NeTNnS, Vg

Wan VES UnVes \woit of VeT , VéTns
w Ul\V‘. 30'\"

b. Is their intersection, S N T, a topology on X? Why?
e, 57 WRewkan bY G Ve ASTAYNE -3
and NeS NET, Then, UWES, T, N UANCSAT

Problem 4. (6 pts) Let X = {1,2,3, 4} be equipped with the topology

T = {0,{1},{2}, {1,2}.{3,4}.{2,3,4}, {1,3,4}, {1,2,3,4}}.
LetY = {a,b,c}.

a. Let f : X — Y be the function sending 1 — a,2 = a,3 - b, and 4 — c. Find the
quotient topology @ on Y defined by f.

‘g?— : Q* { &, {0&’3:‘(3 Nee ) f‘(,\)\ opew vin X; 2.V

L*-C.

b. Let g : X — Y be the function sending 1 — a,2 — b, 3 — b, and 4 — ¢. Find the
quotient topology P on Y defined by g.
LN

1> Pigide]
w7

c. Are the spaces (Y, Q) and (¥, P) homeomorphic? If yes, write down the homeomor-
phism. If not, explain why not.

\‘%‘ (VS V' 1\&&*:*:
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Problem 5. (6 pts) Consider the real numbers R with the standard topology and the
closed interval [-1,2] c R with the subset topology. Consider the following subsets of
[~1,2]. Which are open in R? Which are open in [-1, 2]?

a. A=(0,1), 1Bsm

b. B =(1,2], Vot v & Lot B= [_-\‘?.][\(\.3)
c. C={-1}U(1,2]? Ne\¥a

Problem 6. (5 pts) Let X and Y be topological spaces and let y, € Y be a point.
a. Give a basis for the product topology on X x Y.

Op«ﬁm ace o€ W QM‘M UV Lee VUCX o \IC\’ov.n

b. Prove that the function f : X — X x Y, defined by f(z) = (z, y), is continuous when
X x Y is given the product topology.

Newd o oo § (UNV) ia ofen Soe Younis elemedt UV
Foms & & gy
CUxW)=U & yeV

Bos R VGcopmin N, 0 § ia Cottuions

Problem 7. (3 pts) Which of the following are connected? (0,1), R — {0}, R? — {0}.
oy, -3
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Problem 8. (3 pts) Describe how one shows that D2 /0D = 52, T v = D0 4 bit
N - w2 |
) oy & %t—i(o\o‘ \{’5 \ng’r\tﬂesﬁ.w\cw &&\ov‘\
Qdey T-IQ — gt 1(0‘0‘\)75

Now edend be Blat— € oy Waditing ¥—3(000)

Problem 9. (5 pts) In Figure (a) one has the identification on [0, 1]* given by the equiva-
lence relation

(z,y) ~(¢,y) e z=2"andy — ¢ € Z.
Describe the quotient space [0, 1]2/ ~ .

N
rd
A T
n N
> >
(a) (b)
Qﬁ\\f; LV Yocug
Tonlx s Fxs!

On Figure (b) draw the identification given by

(z,y)~(2y) o r—-2' €Zandy—-y € Z.

Describe the quotient space [0,1]2/ ~ .

Problem 10. (4 pts) Describe the space RP2. How can it be defined as a quotient space?

> LA -~ °Va : \ . .
Res) Qe e ‘\g“e. Y ot a\\ %*t\\tgq-\ \\N/;Weool\ O(‘\N;\

2.
WP Sn e F e “i,;:sé;.si-a»;& (u&\‘sm?\;)
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The following are for graduate students only.

Problem 11. (5 pts) Consider the diagram below.

R3—-{O} _g_)S2

RP?2 —— §%/ ~

a. Describe the spaces and the functions ¢, 7; and 7, in the diagram.
T, -i—“kts m"?‘f\“‘" Q“& \Q‘,-‘o‘g ?M*'U‘A Shew,
A1 ﬁv:\\vu“? w‘e'l. \7"&"&‘;’. Q\‘""’
s sunk.ekgghare.
Ly P Tvo’t\o&\ sQae

b. Let U be open in RP2. Prove that F(U) is open.

‘F(U—) = Tll.(s ({‘:‘ (U\\X Shew W, w-‘h%\&\“\\)‘o%

Problem 12. (5 pts) Let X be a topological space and define the diagonal map A : X —
X x X be defined as A(z) = (z,z) for z € X.

a. Show that the diagonal map is continuous.

Veee v eX, Alua0)= Pl reunsi = U b opan.

b. Prove that X is Hausdorff if and only if A(X) = {(z,z) : z € X} is closed in X x'X.
B closed 1 vy Thae (914 ALK
Se, (x.4) € AN Aly) ‘:peen] Coow Qveh:& 'Lo‘o\“

¥V SeN | UV o i Y Bt (UAVn A(\L\f-' = UNW=
Thas i \\w;&:r’& . @ ‘b

Wet € otk agands Shows ARowsloct =5 AlX)dhsed |
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