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he Wormhole Metric

Morris and Thorne wormhole metric: [M. S. Morris, K. S. Thorne,
Wormbholes in spacetime and their use for interstellar travel: A tool
for teaching general relativity, Am. J. Phys. 56, 395-412, 1988.]

|ds? = —c2de® 1 dr? + (B + r)(d6° +sin? 0 dg?) |

Embedding ds® = —dt> + dr’ + (b2 + r2)(d6? + sin’ 0 d¢
Consider 2D slices (t =const, § = m/2). Then, (¢ = 1) becomes
d¥? =dr* + (b° + r?) d¢’.

Compare to cylindrical coordinate line element (p(r), %, z(r))
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dS® = dp®+p? dy® + dz* = Rdz) + (%) dr? + p*(r) d¢”.
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Then, p?> = r? + b? and
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Integrating, z = bsinh_lg, or
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p = bcosh 5

Lagrangian

Begin with metric ds®> = g5 dx®dx”. Then, (c = 1)
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Euler-Lagrange Equations = Geodesic Equations
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Geodesic Equations
The Key Equations
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or in terms of the four-velocity:
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Here the Christoffel Symbols are given by
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where rgv = rgﬂ.

ormhole Geodesics via Lagrangian

Begin with the proper time,
d7? = —ds? = dt? — dr® — (b* + r?)(d6? + sin? 0 d¢?),

Write the Lagrangian,

L= \j (;’;)2— (;’;)2—(b2+r2) <(£)2+sin20 (Zf)j,

Apply the Euler-Lagrange equation for each variable: t, r, 6, ¢.

& = oo

d(BLY _oL_
dx \ ot ot

Example - time variable t,




Time Equation Radial Equation

Lagrangian: Lagrangian:
1/2

L= [i’2 — 12 — (b2 + r?)(6? + sin 64?)

A . 1/2
L= ['t2 — P2 — (b2 + r2)(6% + sin2 9¢2)] /

d Geodesic Equation for r:

Geodesic Equation for t: [Recall that Ld% — ﬁ]
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The 6-Equation he ¢-Equation

Lagrangian: Lagrangian:

. : ) 2 . . .,11/2
L= [t2 P (B ) (62 + sin? 0¢2)] = [t2 P (B ) (62 + sin? 0¢2)]
Geodesic Equation for 0: Geodesic Equation for ¢:
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Christoffel Symbols

Start with general Geodesic Equation:

Set of Geodesic Equati-ons

dr

B ((b2 + r2) sin? 0%)

» Solve for geodesics (t(7), r(7)
» Read off Christoffel Symbols, <%~

0.
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Read off the coefficients:
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Christoffel Symbols (cént'd) N
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> Fg, = —bb’rrz = F%, F?W = —sinfcosf.

> Note: Fgr and Ffa contribute equally, thus there is no 2.

d\

d )2.

Christoffel Symbols (c<l)nt’d) N
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Christoffel Symbols from Metric
The Christoffel symbols are defined by
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For the wormhole metric,

ds® = —dt? + dr? + (b? + r?)(d6? + sin® 6 d¢?).
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or, g = —1, g = 1, ggg = b + r?, gy = (b + r?)sin® 4.

Christoffel Symbols '},

The nonzero metric elements are
g =1, 8r =1, gog = b + 12, gsp = (b + r?)sin? 0.
Let « =t and x* = t, then
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Since the g, is nonzero and constant for y = t,
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So, I',5 =0 for all @ and 3.

Christoffel Symbols I,

The metric elements are
8tt = 717 8rr = 17 860 = b2 + I’2, Bop = (b2 + ,'Q)Sin2 0.
Let & = r and x® = r, then
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Thus, 6 = r and either 5=~ =6 or f =~ = ¢. So, we have
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Therefore, since g, = 1,

Too=—r, Ty = —rsin? 4.

Christoffel Symbols [,

The metric elements are
8tt = 71) 8rr = 17 869 = b2 + r2a Bop = (b2 + I’2) Sin2 0.
Let @« = 6 and x“ = 0, then

1 [Ogp
s _ 1[0
8ol 3y = 2 o

98y _ Ogpy
oxP 90 |-

Thus, 6 = 0. We take 8 = 0 or § = ¢ due to symmetry. So, we
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Nonzero terms occur for v = r in first and 7 = ¢ in second

equation.
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Christoffel Symbols I/, ; (cont'd)

Since ggp = b? + r? and gy = (b? + r?)sin® 6, we have
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(6% + )Y, = _5% = — (b + r?)sinfcos b
rg¢ = —sinfcosf.

Christoffel Symbols I,

The metric elements are
8tt = _17 8rr = 1) 809 = b2 + r27 g¢'¢ = (b2 + r2) Sin2 9
Let « = ¢ and x® = ¢, then
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Thus, § = ¢ and we take 8 = ¢ due to symmetry. So, we have
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Since gy = (b? + r?)sin?0, then v = r or y = 0.
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Christoffel Symbols '’ ; (cont'd)
Since gy = (b* + r?)sin 0, we have

ormhole Metric and Geodesic Equations

ds? = —dt?2 + dr2 + (b2 4= r2)(d02 +5sin%0 dqﬁz). ‘
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Christoffel Symbols I'p, = —r, I';w = —rsin?0, I'zr = pif = Ffw

= —sinfcosf, I'zr = F‘fd), Fig = cotf = F$¢.
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Run main routine and display Chritoffel symbols (of second kind).
> tensorsGR(coord,g,contra metric,det met, Cl1, C2, Rm, Rc, R, G, C):
> displayCR(Christoffel?,C2) ; -
The Christoffel Symbols of the Second Kind
non-zero components *
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Therefore, we have
M= —=T%, % =cotf=T{
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Maple Routine
> restart: with( tensor ):
Declare coordinates in desired order.
L coord := [t, r, theta, phil:
Enter metric components to produce g
> gg:—array (symmetric,sparse,1..4,1..4):
ggll,1] = -1: gg[2,2] := 1: ggl3,3] = r*2+bA2: ggl4,4] := (rA2+4b*2)*sin(theta)*2:
> g := create( [-1,-11, eval(gg));
10 0 0
0 L 0 0
& = table([compts = i . index_char=-1,-1])
00 » 4+ 0




