Ellipse Parameters for Tidal Currents

Semimajor and Semiminor Axes

The goal is to obtain the ellipse parameters given the components of the tidal current which are given as 
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By a simple rescaling, we can set 
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in the rest of the discussion. 

The basic idea is that if these equations describe an ellipse in the uv-plane, then one can find the equation of the ellipse and then rotate the axes to place the equation in the new coordinates in standard form. The semimajor and semiminor axes can then be found. The angle of rotation should be the inclination angle of the ellipse. This derivation can be carried out in a straightforward way showing the geometry behind the determination of the ellipse parameters. The derivation given by Xu in the paper at the SEAMAT site is a bit more elegant, but not as geometric. 

We begin by rewriting system (1) as 
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We then seek constants in time, , and f in the expression 
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Expanding and eliminating coefficients in 
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One can now rotate the axes to eliminate the xy term. Let 
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By choosing 
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the equation in the new coordinates becomes
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where
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Inclination and Phase Angles

The inclination angle is the angle which the semimajor axis makes with the x- (east) axis. The phase angle is the angle corresponding to the time of maximum velocity. These angles can be obtained by decomposing the ellipse into the sum of  two phasors, to borrow a term in the study of AC circuits. 

Essentially, any ellipse with center at the origin can be obtained as the sum of two counter-rotating vectors (phasors) attached to the origin with different lengths. This can be seen easily from the simplest parametric form of the standard ellipse:
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This set of equations can be rewritten by letting 
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 Then the system becomes 
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These can be viewed as the x and y components of the sum of two vectors of lengths 
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 in the directions t and –t, respectively. Thus, the ellipse can be written as a sum of points on the two circles directed counterclockwise and clockwise, respectively. 

The same can be done with an ellipse oriented at some angle with respect to the x-axis. One need only rotate the above ellipse by an angle . This is accomplished by rotating the coordinate system to new coordinates (u,v). One can use the rotation matrix to obtain
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Using standard trigonometric identities, one finds 


[image: image24.wmf].

)

sin(

)

sin(

)

cos(

)

cos(

)

sin(

2

)

sin(

2

)

cos(

2

)

cos(

2

2

1

2

1

ú

û

ù

ê

ë

é

-

+

+

-

+

+

=

ú

ú

ú

û

ù

ê

ê

ê

ë

é

-

-

+

+

+

-

-

+

+

+

=

ú

û

ù

ê

ë

é

t

r

t

r

t

r

t

r

t

b

a

t

b

a

t

b

a

t

b

a

v

u

q

q

q

q

q

q

q

q

 
(12)

This is just what one would obtain by adding  to the arguments in equations (10). This can be expected, because the circles are invariant under a rotation. Therefore, rotation of an ellipse can be implemented by rotating the initial vectors at 
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The only other variation needed is to start these initial vectors at some angle with respect to each other, or at some angles 
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Expanding these expressions, one finds 
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Note that these equations are of the same form as equation (1).

What we have shown is that the original form of the equations are related to the rotation of the ellipse and the phase of the initial vectors used to obtain the decomposition into two circles. Thus, we have 
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We now solve this system for the radii and the angles, 
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 This can be done by first adding and subtracting various pairs of equations to obtain 
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The radii are then obtained as 
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The angles are found as
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Using the relations to U,V, one finds from a simple trigonometric identity that
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This equation is the same result as equation (6). It says that the inclination of the ellipse is 
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 It should be noted that this  is not the same as that in (6). If there is no phase difference between the two initial vectors in the decomposition, then they do agree. This can be expected, because the ellipse formed by two vectors not initially in phase with one along the x-axis leads to an ellipse which is tilted at some angle with respect to the axis. In fact, the angle can be obtained from this result. These angles are the same as obtained by Xu.

Finally, it is easily seen that the phase difference between the angles is given by 
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 However, this is not the phase angle defined by Xu. That angle is defined to be “the time of maximum velocity”. This is determined to be when the vectors in the decomposition are in the same direction: 
[image: image41.wmf],

max

max

m

p

t

t

q

q

+

-

=

+

 or 
[image: image42.wmf]).

(

2

1

m

p

PHA

q

q

-

=


_1050688982.unknown

_1050749867.unknown

_1050752396.unknown

_1050752987.unknown

_1050753526.unknown

_1050754069.unknown

_1050754866.unknown

_1050754929.unknown

_1050753797.unknown

_1050753153.unknown

_1050752858.unknown

_1050752875.unknown

_1050752543.unknown

_1050750531.unknown

_1050750853.unknown

_1050751667.unknown

_1050750561.unknown

_1050750328.unknown

_1050750354.unknown

_1050750276.unknown

_1050748867.unknown

_1050749040.unknown

_1050749586.unknown

_1050749010.unknown

_1050748805.unknown

_1050748834.unknown

_1050748718.unknown

_1050687625.unknown

_1050687975.unknown

_1050688229.unknown

_1050688942.unknown

_1050688103.unknown

_1050687701.unknown

_1050687857.unknown

_1050687650.unknown

_1050687002.unknown

_1050687477.unknown

_1050687489.unknown

_1050687201.unknown

_1050686125.unknown

_1050686158.unknown

_1050686106.unknown

