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The embedded surface of revolution is a hyperboloid.

The Wormhole Metric

Morris and Thorne wormhole metric: [M. S. Morris, K. S. Thorne,
Wormbholes in spacetime and their use for interstellar travel: A tool
for teaching general relativity, Am. J. Phys. 56, 395-412, 1988.]
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Lagrangian Approach to Geodesics

Begin with a metric ds® = 8a8 dx®dx?. Then,

dx® dxP

e = fy VT

Euler-Lagrange Equations = Geodesic Equations
d(OLy_ oL
do \ Ox7 oxv

dx?
where x7 = di and we defined the “Lagrangian”
o

. dxa dxB dr
Lo, XT) = V8% 45 do  do

7=0,1,23,

Embedding ds® = —dt* + dr? + (b + r?)(d6? +
Consider 2D slices (t =const, § = 7/2). Then,

sin® 0 d¢?)

dS? = dr? 4 (b + r?) d¢?.
Compare to a cylindrical coordinate line element: (p(r),, z(r))
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Since pdp = rdr, — = .
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Compute Ox"/ ~ 45 (W) =0.

We carefully compute the derivatives for a general metric.
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The o derivatives have been replaced by ¢ dg = gi g; = Ldf We

used symmetry and the fact that o and 8 are dummy |nd|ces




d oL _ !
- = <—a(dxv/d0)> = 0. (cont'd)
We differentiate the last result:

oL
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Compute 2 aX/
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We have used symmetry, re-indexing of repeated indices, and have
eliminated appearances of L.
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Wormhole Geodesics via the Lagrangian
Begin with the proper time (with ¢ = 1),
d7? = —ds? = dt? — dr® — (b* + r?)(d6? + sin? 0 d¢?),

Write the Lagrangian,

() (&) e () oo (),

Apply the Euler-Lagrange equation for each variable: t, r, 0, ¢.

Example - time variable t, = <.
7 g

oL

d (oLy _oL_,
do \ Ot ot

_d(__oL ) _ i I i i
Compute P& — 2 (a(dxw/da)) = 0. (finally!) Time Equation
So far, we have Lagrangian:
oL d oL 2 .2 2, 2v2 a2 gi2n] Y2
d’x* 1 (dga dg,s\ dx? dx* L Ogap dx® dx? . .
=L {gmﬁ +t5 ( dX/Z + de ) ar dr } > ox dr dr Geodesic Equation for t: [Recall that L% = %
Rearranging the terms and changing the dummy index o to § , d <6L> _ %
do \ 0t ot
d?x® 1 0gap dx® dx? 1 dge d dx® dx?
gmri); = R T~ g: gwf - = d (7 dt _
dr 2 Ox7 dr dt dx? dx* ) dr dr do\7lde) 0
_1[dgay dgwa _ dgap | dx* dx? 7 d dU
dxB dx@ dx? | dr dr [— (i) = 0
_ 1[das, |, de  das] B dx’ dr \dr
T 2| dxB dx?® dxv | dr dr >
dx? dx? d—; =0.
= —8ay 5[; dr dT dr
The Result: Key Equations Radial Equation
The Geodesic Equations Lagrangian:
. . ., q1/2
e g L= [t2 — 2 (B + r)(6? + sin 0¢?)
B =
dr?. dr dr Geodesic Equation for r:
In terms of the four-velocity:
d(oLy _ oL
du® e, P —0 do \or) ~— Or
dr ’ 2 2
d 1d 1 do
Ld— <,zd;) = *ﬂ(2r) [(d) +sin6 (—¢> }
The Christoffel Symbols are given by [Note: % =17, ] T g g
Ogas O P d?r A do\?
s o oy U8By g _ v 2p (22
Eaolsy = 2| oxv oxB oxa |’ a2z "\ g7 +sin dr .




The 6-Equation
Lagrangian:

. . 1/2
L= [F — % — (b? 4 r?)(6? + sin? 9¢2)] /

Geodesic Equation for 6:
d (o) _ oL
do \ 90 Y

L4 (Bl
dr L do a
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. ((b +r )d7'> = (b 4+ r°)sinf cos 6 ar )

Christoffel Symbols from the Geodesic Equations

Start with general Geodesic Equation:

d?xe ra dx? dx?
dr2 ~—  Prdr dr
d*t
ot _ o
dr2

d2r doN? 5 (d¢\?
a2 " {(dr) sin”0 <d7’) '
Read off the coefficients:

> 15,=0 By=rbo
> [y =—r T, =—rsin’0.

The ¢-Equation
Lagrangian:

. . 1/2
L= |2 =2 — (b® + r?)(6? + sin? 9¢2)] /

d(aL)_aL
do\ag) 99

. do
2 _
s Hda) 0

Geodesic Equation for ¢:

Li b2+ r?
dr L

d (2 22,99 _
. ((b + rf)sin OdT) =0.

Christoffel Symbols (cont'd)

d’x® R dx? dx”
7 = e
% <(b2 + rQ)Z—f> = (b*+ r?)sinfcosf (:i)z
(b2+r2)%+2r%% = (b*+r*)sinfcosf (Zf’;)z
% = szzi_:ﬂ%;l—fqtsinﬁcosﬁ(%
> ) =z =0, TG, = —sinfcost.

» Note: I'zr and I'fo contribute equally, thus there is no 2.
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The Geodesic Equations for the MT Wormhole

@
dr2

d?r doN? ., (do\?

a? = Km) +ein 9(5)
d ST N N S N do\?
. ((b +r )dT) = (b°+r°)sinfcosb Ir

d (2 2ya 2,99 _
dT((b + r°)sin 0d7> = 0.

= 0

» Solve for geodesics (t(7), r(7), (1), #(7)).

» Read off Christoffel Symbols, ‘ﬁ%; = —ngﬁ%

Christoffel Symbols (cont'd)

d?x>  _ dx? dx?
0 = g ar
d%_ ((b2 + r?)sin® 9%) = 0.
(b° + r?)sin® 9% = —2rsin? 0%%
do d
2 72(b2 + r2) sinGCOSHEd—f.
% = —[3227#%% - 2cot9%%.

¢ _ _r¢ r¢ _
> r¢,_bz—;ﬂ_r,¢, Fw—cot&




Christoffel Symbols from the Metric Christoffel Symbols I'gﬁ

The Christoffel symbols are defined by The metric elements are
gt =—1, 8r =1, gog = b + 1%, gy = (b* + r?)sin6.
0gap agoz'y _ 6&% Let @« = 6 and x“ = 6, then

1
8as rg =5
72| oxY OxP Ox™

s _ 1[0gys  Ogpy 0Ogpy
. gl == o8y _ .
For the wormhole metric, 2| OxV OxP 00
ds? = —dt® + dr® + (b% + r?)(d6? + sin® 0 d?). Thus, 6 = 6. We take 3 = 0 or 3 = ¢ due to symmetry. So, we
have
1 [Ogoo  Ogoy Ogp
10 0 0 Rl - ) v _ Y8y
0 1 0 0 8001 oy 2 |:8X7 + o0 a0
Buv = y
“ 0 0 P+r? . g . ool = 1[0gps | 089y O8py
0 0 0 (b* + r*)sin @ o7 T o | 9xr o 99 |-
or, g = —1, g =1, ggg = b* + r2, = (b% + r?)sin?4. Nonzero terms occur for v = r in first and 7 = ¢ in second
& & & 8oo
equation.
Christoffel Symbols I'f;, Christoffel Symbols I ; (cont'd)
The nonzero metric elements are Since ggg = b + r? and gy = (b + r?) sin% 0, we have
g =—1, & =1, gop = b* + 1%, gyp = (b* + r?)sin® 0.
Let &« = t and x* = t, then - 1 [0gpg | Ogor  Ogor .
o 2l or " 90 09
1 [dg 0 0
5 t3 8ty U8By 1 Ogye
gusl sy = 2 oxv  OxP ot ] ' (6% + )G, = 2 9r
0 r 0
Since the g, is nonzero and constant for i = t, For = i Mro-
rt 1[08s | Ogry  Ogsy and
BBy T 2o T oxB T ot
1 :8g og g g, = 1[0gpp | O9s  O8s9
L 1084 .
B2+, = —222%2 — _(b? + r?)sinfcosb
So, I, =0 forall a and S. ( Wos 2 09 ( )
Fg(b = —sinfcosb.
Christoffel Symbols I’/ ; Christoffel Symbols I},
The metric elements are The metric elements are
g =—1, 8w =1, goo = b* + 17, gyy = (b* + r*)sin® 6. g =1, gr =1, goo = b2 + 1%, gsy = (b? + r?)sin? 0.
Let « = r and x® = r, then Let @ = ¢ and x® = ¢, then
g _r5 _ 1 _agrﬁ agr’v _ 8gﬂ’y g 5r6 _ 1 8g¢5 8g¢7 B 8g[37
T2 o T oxP T or | 9T o | oxr | oxP 9¢ |
Thus, 6 = r and either 5 =~ =6 or f =~ = ¢. So, we have Thus, 6 = ¢ and we take 8 = ¢ due to symmetry. So, we have
g7 — 1[0gw , Ogro  Ogoo - 1085 | 084y 084y
T 200 90 or | 90" oy 21 0xr T 9 09
rr_ 1[0, 080 O8s0 _ 198
&rrl o = 5 0¢ 13J0) N or |’ 2 9x1
Therefore, since g, = 1, Since gy = (b? + r?)sin?6, then v = r or y = 0.

Too = —r Ty = —rsin? 6.




Christoffel Symbols Fzﬂ (cont'd)

Since gy = (b? + r?)sin 0, we have

1984
8oo! or 2 Or
(b? + r?)sin? argr = rsin?f
1 0gs9
re = -Z500
8oo! g0 2 96
(B + r?)sin? 9r$0 = (b®+ r?)sin6 cost

Therefore, we have

@ r _

— ¢ ¢ _ _r?
Cor = e =T Tgg=cotd =Ty,

Example: Spherical Coordinates

Transformation:

= rsinfcos o,
rsin@sin ¢,

z = rcosf.
Christoffel Symbols
_ 82xﬂ+ 82yg+ 822&
T 9rd0dx ' 9rdbdy | 9rdh oz
= cos@coscb; + cosfsin q% —sin 9; =0.
Pxor  Pyor  Fzor
020 0x 9200y = 020 0z

. X .y z
= —rsinfcosp— + rsinfsinp= — rcosf— = —r.
r r r

r
Moo =

etc.

Wormhole Metric and Geodesic Equations

ds = —di® + dr® + (b7 + r%)(d6° + sin 0 do?). |

P
dr?2

d2r A
g2 = r{(dT) + sin H(E) .

= 0.

d (2 2d0\ 5 o do\?
= ((b +r )—d7_> = (b°+ r°)sinfcosb 4 )
d 2, 22,00\ _
o <(b =+ r°)sin 9d7‘> = 0.

Christoffel Symbols 'y, = —r, Moo = —rsin?0, Fgr = T:Lﬂ = F%,
|—9

_ : ¢ _r¢ r¢ _ _r¢
¢¢——sm0cos€7 r¢,_b2++r2_r,¢,r¢g_cot0_r9¢,

Computing Christoffel Symbols in Maple

|> restart: with( tensor ):

Declare coordinates in desired order.

[> coord := [t, r, theta, phi]:

Enter metric components to produce g

> gg:=array (symmetric,sparse,l..4,1..4):

ggfl,1] = -1: :ggi2,;2] =1: gg[3,3] := r"2+b"2: ggl4,4] := (r*2+b*2)*sin(theta)2:
> g := create( [-1,-1], eval(gg)):
10 0 0
0 0 0
g = table([compts = U | index_char=[-1.-11])

00 FF4+2” 0
2 2 2

00 o0 (" +57) sin(8)"

Run main routine and display Chritoffel symbols (of second kind).
> tensorsCR(coord,g,contra metric,det met, €1, €2, Rm, Re, R, G, €):
> displayGR(Christoffel2,c2) ;

The Christoffel Symbols of the Second Kind
Hon-zero components :
233}=—r
(2,44 = —r sin(8)*

»

(3.23)=—5—
rgb
{3,44} = —sin(6)) cos(8)

»

#24)=——
R
cos(8)

4,34 = ()

Computing 5 without Lagrangians

Let's compare Fg:w, in basis x*' to I, in basis x*. For
x* = x%(x"") we define

ox®

oxm'”

Lﬁ/ =
Then, we have (MTW, p. 262),

o __gadu v rp o @
By Lp Lﬁ’ Lv’ r;w + Lu Lﬁ’,v”

where the bases are e,y = L},e, at a given point.
So,

’ !

/ Ox™ Ox* Ox” x> 9?xH
a/ ;= TR 1/ +
BT oxp 9xB axY M T Oxk 9xY OxP
Since the Christoffel symbols vanish for flat coordinates,
Ix®  §Pxn

= o 0T on
For example, to find I'%_, for spherical coordinates, one computse
a few derivatives of the spherical coordinate transformations.

rg/,\//




