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Structure of pathways in ecological networks:
relationships between length and number
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Abstract

In ecosystems network, structure determines adjacent (direct) and non-adjacent (indirect) pathways over which energy, mat-
ter, and information can flow. The more pathways, the more possible ways the conservative substance can move in zero-sum
transactions between network nodes that the pathways interconnect, and the more possible non-conservative, nonzero-sum
relations can be secondarily derived from these. Structural analysis is a tool we employ, from a family of input–output
methods for exploring zero- and nonzero-sum attributes of environmental networks, to count pathways of varying length
between network nodes. In this paper, we examine the relationship between pathway length (k) and number (Pk) as deter-
mined by system size (n, number of nodes) and extent and pattern of connectance (C). We develop a measure (ma) of path-
way growth in numbers with increasing length, and then normalize this to the maximum rate possible (ma/mc) for a given
system size. These measures apply to two pathway types—paths, ma(0) andma(0)/mc(0), which forbid adjacent node repeti-
tions, andwalks, ma(1) andma(1)/mc(1), which allow them. We find that network size has a curvilinear effect on the path-
way number versus length relationship, and extent and pattern of connectance are convolved. Values computed for the paths
and walks of three ecosystem models (oyster reef, freshwater marsh, and reservoir cove) are used to compare their pathway
structure.
© 2003 Elsevier B.V. All rights reserved.

Keywords:Environ analysis; Indirect effects; Network analysis; Network structure; Nonzero-sumness; Pathway length; Relations;
Transactions; Zero-sumness

1. Introduction

Environ analysis(Patten, 1978a, 1982; Matis and
Patten, 1981) is a family of input–output methods
of network analysis descended fromLeontief (1965,
1966)and introduced into ecology byHannon (1973).
Environ methodology is employed in the holistic study
of ecological networks to describe, quantify, and ana-
lyze component-level environments (environs) within
systems. These environments are of two types, affer-
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ent (input environs) which are generated by history,
and efferent (output environs) which are propagated
to the future. Environ methods include analyses for
structure, flows, utilities, and control within systems,
and are a form of complex-systems analysis as de-
scribed byAllen and Hoekstra (1992, p. xiv). In this
paper, we elucidate several attributes of environ net-
work structure, which underlies much of the environ
analysis methodology.

Network structure establishes the pathways (di-
rect and indirect) over which conserved material can
flow between entities in connected systems (Fath and
Patten, 1999). The relationship between pathway
numbers and length is a significant component of this
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structure because it describes how quickly indirect
pathways increase, and with this also, proportional
opportunities for substance to move and for positive
“nonzero-sumness” (Wright, 2000) to be realized. In
a well-connected system, the number of pathways in
a network increases without bound as pathway length
increases (Fath, 1998; Patten, 1985). The rate of this
increase, however, varies (Borrett, 2001; Fath, 1998).
Here, we investigate the cause of this variation by
developing measures to examine the proposition that
the relationship between pathway length and number
is determined by three variables: system size, con-
nectance degree, and connectance pattern. We apply
our measures to three ecosystem models and then
consider the results.

1.1. Transactions and relations

The network perspective (Margalef, 1963; Higashi
and Burns, 1991) conceptualizes an ecosystem as a
reticulum of interactions. These are of two types, trans-
actions and relations (Fath and Patten, 1998).

Transactionsare physical (ontic, electromagnetic)
and have primacy. They are zero-sum exchanges of
conservative substances between adjacent network
nodes representing processes and storages (slow pro-
cesses). Zero-sumness means what is gained (+) by
one member of an interacting node pair identically
equals what is lost (−) by the other. The quantities
being equal, their signs opposite, and the substance
transferred conservative means the interactive sum is
zero.

Relations are phenomenal (epistemic, semiotic)
interactions as experienced and interpreted by par-
ticipants and observers. What is transferred between
non-adjacent nodes is conservative but nonzero-sum
(Wright, 2000), and in the latter property begins
to have attributes of non-conservative information.
Competition, predation, and mutualism are classic
examples of relations in ecology. In general, relations
have their basis in transactions but need not in them-
selves involve direct energy or matter interchange,
e.g. predation does, but competition and mutualism
do not.

By conceptualizing complex systems like ecosys-
tems as networks, we can analyze them holistically for
properties arising from the transactions and relations
interconnecting component parts.

Fig. 1. Example network. Two isomorphic representations of an
example network withn = 5 and C = 0.28: (A) digraph and
(B) adjacency matrix. Note how the pattern of connections in the
digraph is represented in the matrix.

1.2. Pathways and cycles

Network structure can be represented by digraphs
(directed graphs) or isomorphic matrices (Margalef,
1963; Hannon, 1973; Patten, 1985). In digraphs anode
is a point representing a system component and an
arc is an arrow denoting a directed transaction (energy
or matter flow) or relation (Fig. 1A). A pathwayis a
sequence of nodes and arcs over which a substance
flows (in transactions) or relationships emerge (in re-
lations) from nodej to nodei. Pathwaylength (k) is
the number of arcs from an initial to a terminal node.
A direct pathwaybetween two nodes has only one arc,
k = 1; an indirect pathwayhask > 1 arcs. Pathways
can besimple, where there are no repeated nodes, or
compound, with repeated nodes. In theFig. 1, network
j→ f → g→ h→ i is a simple pathway fromj to i
while j→ f → g→ f → i is a compound pathway.
Both are indirect and of lengthk = 4.

Cycles are an important type of pathway in network
structures (Patten et al., 1990). A cycle is a pathway
starting and ending at the same node, as in the em-
bedded pathway segment· · · → f → g→ f → · · ·
in our example (Fig. 1A). Like other pathways, cycles
can be simple (first time around) or compound. A cy-
cle of lengthk = 1 is aself-loop; this can be used to
represent node storage in a network (e.g.· · · → i→
i→ i→ · · · ).

1.3. Network structural measures

The size(n) of a network equals its number of nodes.
Connectance(C) is the proportion of realized direct
(k = 1) pathways, often termedlinks (L) in food-web
literature (Cohen et al., 1990; Martinez, 1994; Bersier
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et al., 1999; Williams and Martinez, 2000), divided
by the number of possible links,n2: C = L/n2 (see
Margalef, 1991; Newman, 2002for alternative formu-
lations).

Digraphs have isomorphic representations as adja-
cency matrices,An×n = (aij )n×n (Fig. 1B). An ad-
jacency matrixis a square matrix whose rows and
columns are indexed by the node vector (i, j = 1, 2,
. . . , n) and whose elements take valuesaij = 1 if and
only if a link directed from columnj to row i exists,
otherwiseaij = 0.

Each column denotes the presence (ones) or absence
(zeros) of links directedfrom nodej to nodei in the
corresponding digraph, that is, links in thej’th output
environ of the system. InFig. 1B, for example, col-
umn j has ones at rowsf and i denoting linksj → f

andj → i in Fig. 1A. The orientationfrom columns
(initial nodes)to rows (terminal nodes) is the same as
that of the digraph arrows, reflecting the fact that out-
put environs extend forward through the system from
starting to ending nodes.

Each row of A denotes the presence or absence of
links directedto node i from row j in the system’s
i’th input environ. Thus, inFig. 1B row i has ones at
columnsj, f andh denoting linksi← j, i← f , and
i ← h in Fig. 1A. The orientationto rows (terminal
nodes)from columns (initial nodes) is opposite that
of the digraph arrows, reflecting the fact that input
environs extend backward through the system from
ending to starting nodes.

This reverse orientation can be treated separately
in the columns-to-rows format ofA matrices by per-
forming the operations of this paper on corresponding
transposesAT

n×n = (aji )n×n, mentally reversing the
arrow directions. Numerical results would differ since
the pathway structure directed from initial to terminal
nodes differs from that in the reverse direction, but the
principles elaborated would be the same. Therefore,
for present purposes we will limit further attention to
output environs whose structure is generated by ma-
tricesA, not their transposes.

We will employ two forms of the adjacency matrix.
A(0) will denote a matrix with zero principal diagonal
entries,ajj = 0, signifying no node storage, andA(1)
will be a matrix with diagonal ones,ajj = 1, repre-
senting digraph self-loops denoting storage. The for-
mer pathways are termedpathsand the latterwalksin
subsequent usage.Connectance patternis the network

geometry (topology) of nodes and arcs as reflected in
a digraph or its corresponding adjacency matrix.

A power matrix,Ak can be used to compute the
number of pathways of lengthk ≥ 0 directed fromj
to i in a network (Harary, 1969; Hill, 1981); k = 0
denotes self-loops. The total number of pathways (Pk)
of different lengths (k) from all nodes to all other nodes
is given by the scalar measure:

Pk =
n∑

j=1

n∑

i=1

(aij )
k.

The number of pathways of all lengths from eachj to
eachi is generated by the matrix power series:

I + A+ A2+ A3+ · · · + Ak + · · ·
The first termA0 = In×n corresponding tok = 0

signifies the network’sn nodes as initial in pathway
propagation. The next termA denotes adjacency—
direct links (k = 1) defined by zero-sum transactions
directed from j’s to i’s. The remaining termsAk,
k > 1, denote pathways that are non-adjacent, in-
direct, relational, and carry nonzero-sum flows. In
a well-connected system, one with cyclic feedback
and a maximum real eigenvalue greater than one,
the series diverges because sums of powers of the
A-matrix entries grow ask increases (Fath, 1998).
This is consistent with the fact that ecological systems
are dissipative; energy and matter pass through them
and ultimately exit as a limit process. This implies
k → ∞ and thereforeAk → ∞. Also, as k in-
creases,Pk increases approximately geometrically. By
log-transformingPk we generate a line of slopema (in-
dexa referring to the digraph corresponding toA) that
can be used to describe the rate of growth ofPk with k.

1.4. Network structure in environ analysis

The methods of environ analysis (Patten, 2003,
Chapter 4) can be grouped in pairs:

(1 and 2) Input and output environstructure, which
is our focus in this paper.

(3 and 4) Input and output environflows to through-
flows. Throughflows (Ti) are sums of flows
at nodes (i = 1, . . . , n) in storage-and-flow
networks. The input environ case corre-
sponds to originalLeontief (1965, 1966)
input–output analysis.
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(5 and 6) Input and output environ flows to node
storage(xi, i = 1, . . . , n). From the net-
work perspective, storage is interpreted as
flow impedance, like capacitance in elec-
trical networks.

(7 and 8) Throughflow- and storage-basedutilities,
u(Ti) andu(xi) respectively, generated by
net input- and output-environ direct flows
between node pairs (Patten, 1991). Util-
ity measures direct and indirect values of
throughflow and storage conferred by the
particulars of network organization.

(9 and 10) Throughflow-based control (Patten,
1978b) and storage-based control (Patten,
2003), c(Ti) and c(xi), respectively, ex-
erted over network distances,k. Direct and
indirect control are assessed and quanti-
fied between each node pair in a system.

Each of these methods generates a unique perspec-
tive on relationships inherent in ecological networks.
These derive from one overarching result from anal-
yses 3–6 above: flowsf(Ak) over pathwaysAk of
lengthsk > 1 in the adjacency matrix power series
often exceed in aggregate those associated with the
direct links in the adjacency matrixA itself. That
is,

∑
k>1 f(Ak) > f(A). The reason is because al-

though conservative quantities dissipate with transfers
and transformations in networks, this happens more
slowly than the rates at which pathways are gener-
ated in well-connected networks (Patten, 1985). Each
pathway of whatever length carries some quantity
of transferred substance until lengthskd are reached
where materials have been effectively dissipated (dis-
sipation is a limit process) such that flows over those
pathways are zero. This fact allows power series of
non-dimensional flows to converge, which is what en-
ables input–output methods to calculate integral flows
carried by all pathwaysPk of all lengthsk = 0 in a
system. Small, even infinitesimal, flows over large,
approaching astronomical, numbers of pathways gen-
erated before lengthskd are reached can add up to
significant total flow over pathsPk of lengthsk > 1.
This is in fact the essential input–output network
dynamic. Its consequence is that indirect effects dom-
inate (Patten, 1984; Higashi and Patten, 1989) and
make holistic determination (Patten et al., 1976) the
principal mode of causality in nature (Patten, 2003).

Higashi (see Patten, 1991) developed algebraic for-
mulations to show that certain network properties in-
crease the dominance of indirect over direct effects.
These are system size (n), connectivity (C), network
looping (storage), network cycling, feedback cycling
(return to initial nodes), and strength of direct arc
flows. All but the last are structural properties, as con-
sidered here. In this paper, we investigate the relation-
ship between pathway length (k) and number (Pk) as
determined by the first two of Higashi’s properties,n
andC.

As pathway structure defines how conserved sub-
stances can flow in connected networks, the more path-
ways there are the more possible ways exist for energy
and matter to move between nodes. Structural analy-
sis, however, does not consider how much substance
actually flows along each pathway, it only enumerates
the pathways. To determine flow relationships requires
other analyses such as those in the environ set of meth-
ods. As stated previously, here our topic is structural
analysis.

2. Materials and methods

We will investigate how three properties of
networks—(1) system size, (2) connectance degree,
and (3) connectance pattern—contribute to the rate
of pathway proliferation. Below we describe methods
to test each, and introduce model ecosystems we will
analyze as examples.

2.1. System size

To determine if there is a relationship between sys-
tem size and pathway length and number, we ana-
lyzed digraphs of varying sizes (n = 1 to n = 200).
Both arbitrary digraphs (a) and their complete coun-
terparts (c) were studied. Complete digraphs have a
link to and from every node (aij = 1, ∀i,j); their anal-
yses quantify walks due to principal diagonal values
of one, ajj = 1. For paths, the same digraphs with
self-loops excluded (aij = 1 ∀i �= j, and ajj = 0)
were analyzed. For a given networka (or c) we de-
terminedma (or mc), the slope of a line describing
the relationship between pathway length and the log-
arithm of pathway number. Slopes were calculated
as differences between an arbitrarily selected pair of
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adjacentPk values; the values used werek = 50 and
51:ma (ormc) = log10(P51)− log10(P50). If size does
not affect the relationship slopes should be roughly
equivalent between networks. Use of complete graphs
neutralized the effects of degree and pattern of con-
nectance, and also generated the maximum number of
possible pathways.

2.2. Extent of connectance

If there were a relationship between system size
and pathway length and number, the size effect would
have to be removed in order to examine the con-
nectance of systems of different sizes. To accommo-
date this, we created a normalized response variable
by taking ratios of slopes generated by actual di-
graphs,ma, to those for complete graphs,mc, of the
same size. For paths this measure isma(0)/mc(0) and
for walks ma(1)/mc(1). The second part of our inves-
tigation was to determine if degree of connectance
in adjacency matrices alteredma/mc ratios. We held
system size constant and then systematically added
connections (Fig. 2, networksA1–A4). If connectivity
does not affect the relationship, thenma/mc should
remain constant. It became clear that augmenting con-
nectivity typically alters the pattern of connectance as
well (Section 2.3). The two attributes are convolved,
such that if varying the pattern changesma/mc,
the effects of degree cannot be distinguished from
pattern.

2.3. Pattern of connectance

To investigate the effects of connectivity pattern we
held network size and degree of connectance constant
while varying the pattern (Fig. 2, networksA5–A8).
Changes were made so as to maintain cyclic feedback.
Each test network hadn = 9 andC = 0.12. In A5
there is a chain of links spanning the network, with
two links in the upper right corner providing the pos-
sibility for cycle development. MatrixA6 is similar to
A5 but the chain is slightly altered. InA7, the chain
is replaced with a block of connections in the lower
left corner. The final manipulation (A8) was to aggre-
gate the links in the top right and bottom left corners.
Structural analysis was performed on each of these
networks to determinema/mc for paths and walks. We
would consider connectance pattern as having no ef-

fect if these measures remained constant as topology
changed.

In addition to actually changing connections (Fig. 2,
A5–A8) it is also possible to change the perceived
linkage pattern. For example, renumbering nodes in
a digraph would leave the pattern of connections
unchanged, but the display in the corresponding ad-
jacency matrix would (typically) be altered. To test
if this kind of change would be reflected in our mea-
sures we analyzed alternative representations of the
same network created by interchanging two or more
columns and then making an identical change in the
corresponding rows (Fig. 2, networksA9–A12; theA9
matrix functions as a control). InA10 column (row)
5 (of A9) was placed between columns (rows) 1 and
2, column (row) 7 between columns (rows) 2 and 3,
and column (row) 8 between columns (rows) 3 and
4. Matrix A11 was created by moving column (row)
4 into the first column (row) position and column
(row) 9 between columns (rows) 6 and 7. MatrixA12
was generated by moving columns (rows) 5 and 6
into the first two positions. These row and column
interchanges clearly changed perceived patterns in the
adjacency matrices, but without altering actual net-
work topology. These manipulations are equivalent to
symmetric permutations of the adjacency matrix. If
ma/mc ratios changed under this kind of manipulation
we would conclude that the measure is invalid for
network structural analysis. A proper measure would
yield uniquema/mc ratios for a network irrespective
of its representation.

2.4. Example networks

We applied structural network analysis to three
static, steady state, ecosystem models to compare their
direct and indirect pathway structure. The models dif-
fer in size, connectivity, connectance pattern, and type
of ecosystem represented. Our goal was to determine
the degree of similarity in these models’ network struc-
tures. The models were for (1) an intertidal oyster reef
in coastal South Carolina (Dame and Patten, 1981),
(2) a marsh called Little Cooter Prairie in Okefenokee
Swamp (Whipple, 1995), and (3) a reservoir cove in
Lake Texoma (Patten et al., 1975). We will refer to
these as oyster, marsh, and cove models, respectively.
The oyster model has six compartments and connec-
tivity C = 0.50. Patten (1985)described the direct
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Fig. 2. Experimental networks. Twelve experimental networks were used to investigate degree and pattern of connectance.A1–A4 are the
same size and have increasing connectivity.A5–A8 have the same size and connectance, but the pattern of linkage is altered. InA9–A12
size, connectance, and pattern of connection remain constant but reordering the node vector alters the adjacency matrix representation.

and indirect pathway structure of this network, and
the model has been used further to develop ecological
network theory (e.g.Patten et al., 1990; Higashi and
Burns, 1991). The marsh model has 42 compartments
and a connectivity ofC = 0.20. The cove model
has 33 compartments and connectivityC = 0.30.
Like the oyster model, the cove model has been used
before in theory development and many of its spe-
cific pathways have been identified (e.g.Patten et al.,
1982b).

3. Results

Experimental results showed network size, and
extent and pattern of connectance all affect the rela-
tionship between path numbers (Pk) and length (k).

The effect of connectance degree was inconclusive
because this is convolved with pattern. Relabeling
digraph nodes without altering real topology changed
the adjacency matrix pattern, but did not alterma/mc
ratios.

3.1. System size

Fig. 3 shows results of determining if size (n) of
fully connected networks increases the rate (mc) at
which higher order pathways are generated. As net-
work size increases the rate of growth of pathway num-
bers increases and the difference betweenmc values
for corresponding paths and walks decreases (Fig. 3A).
The reason is that the proportion of self-loops (n) in
a fully connected network relative to all arcs (n2) de-
creases by the factorn/n2 = 1/n. This causes the
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Fig. 3. Relationships between number of pathways (Pk) and pathway length (k) as network size (n) increases from 1 to 200. (A) Selected
networks to demonstrate relationships. Note how differences between paths,A(0), and walks,A(1), decrease as size increases. (B) Using
the slope (ma) of the relationship to describe it, we see that size has a curvilinear affect onma.
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relationship between system size and rate of pathway
increase to be curvilinear (Fig. 3B). In fully connected
networks size influences the growth of system struc-
ture most in smaller networks where the ratio ofn to
n2 is greatest.

3.2. Extent of connectance

To evaluate degree of connectance in non-complete
digraphs requires use of a normalized metric like
ma/mc. Given C < 1 (incomplete connectance) one
can visualize slopes of actual networks (ma) being
less than those of corresponding complete networks
(mc). Then, inFig. 3A format,ma values would gener-
ate lines of lesser slope thanmc and curve forms like
those ofFig. 3Bwould rise more slowly. Connectance
changes made in the experimental networksA1–A4 of
Fig. 2 changed the values ofma/mc (Table 1). These
ratios increased with connectance but not consis-
tently. For example, networkA8 in Table 1has lower
connectance thanA1, but itsma/mc values are larger.
This shows that extent and pattern of connectance are
interwoven quantities, not easily separated by simple
measures.

Table 1
Effect of connectance degree and pattern on measures of the rate of
pathway proliferation for walks (ma(1)/mc(1)), paths (ma(0)/mc(0)),
and the asymptotic rate (max|λ|); Fath, 1998; Hill, unpublished
manuscript)

Matrix n C ma(1)/mc(1) ma(0)/mc(0) max|λ|

Connectance
A1 9 0.20 0.2688 0.4602 1.7489
A2 9 0.25 0.3406 0.5046 2.0306
A3 9 0.41 0.6449 0.7161 3.8229
A4 9 0.62 0.8352 0.8642 5.6786

Pattern of connectance
A5 9 0.12 0.0413 0.3345 1.0851
A6 9 0.12 0.1024 0.3668 1.2388
A7 9 0.12 0.3211 0.4923 1.9498
A8 9 0.12 0.3333 0.5000 2.0000

Network representation
A9 9 0.25 0.3406 0.5046 2.0306
A10 9 0.25 0.3406 0.5046 2.0306
A11 9 0.25 0.3406 0.5046 2.0306
A12 9 0.25 0.3406 0.5046 2.0306

Matrix number corresponds to experimental networks shown in
Fig. 2.

3.3. Pattern of connectance

Changing the pattern of connectance clearly alters
the relationship between number (Pk) and length (k) of
pathways. InTable 1, networkA5 hasma(0)/mc(0) =
0.0413 andma(1)/mc(1) = 0.3345. The small pattern
change inA6 versusA5 causesma(0)/mc(0) to increase
to 0.1024 andma(1)/mc(1) to 0.3668. The pattern inA7
generatesma(0)/mc(0) = 0.3211 andma(1)/mc(1) =
0.4923, whileA8 has anma(0)/mc(0) ratio of 0.3333
and anma(1)/mc(1) value of 0.5000. As connections
become more concentrated in the lower left and top
right corners of the matrix, reflecting an increase in
the number of cycles,ma/mc increases.

Reordering network nodes in the adjacency ma-
trix under the constraint that order is consistent for
both rows and columns, does not affectma/mc. In all
four representations of a fixed topology (A9–A12), the
same path and walk ratios were obtained (Table 1):
ma(0)/mc(0) = 0.3406 andma(1)/mc(1) = 0.5046.
This result is not unexpected and is quite general
because symmetric permutations of adjacency matri-
ces generate isomorphic graphs, which have identi-
cal structural properties (Logofet, 1993; Bondy and
Murty, 1976).

3.4. Comparison of example models

In non-complete networks of the oyster, marsh, and
cove models pathway numbers (Pk) increased without
bound as length (k) increased (Fig. 4). As in the ex-
perimental networks ofFig. 2, walks increased faster
than paths and differences in their rates of increase
decreased with system size. The rate (ma) at which
number of pathways increases in the oyster model is
less than that of the marsh and cove models, which
between themselves are very similar. Ratesma(0) and
ma(1) of, respectively, path and walk generation in
the three models indicate that the difference between
marsh and cove models is small and that between these
two and the oyster model larger (Table 2).

The normalized measurema/mc indicates some-
what different relationships than those based on
non-normalized slopes. InTable 2, ma(0)/mc(0) is
least for the oyster model (0.4750) and greatest for
the cove model (0.6826), whereasma(1)/mc(1) is least
for the marsh model (0.6321) and greatest (0.7027)
for the cove model. The ranking changes between
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Fig. 4. Structural comparison of three model ecosystems: (A) oyster reef (Dame and Patten, 1981), (B) Okefenokee marsh (Whipple, 1995)
and (C) Lake Texoma cove (Patten et al., 1975).

Table 2
Comparison of pathway proliferation rates in three ecosystem models

Model n C ma(0) mc(1) ma(0)/mc(0) ma(1)/mc(1) max|λ|

Oyster 6 0.50 0.33 0.50 0.4750 0.6400 2.1479
Marsh 42 0.20 0.98 1.03 0.6095 0.6321 9.6170
Cove 33 0.30 1.02 1.06 0.6826 0.7027 10.4217

paths and walks. Faster walk than path development
in the oyster versus the other two models is a size
(n/n2 = 1/n) effect, as previously described. Adding
n self-loops to<n2 arcs (in incomplete graphs) has a
greater effect whenn is small. It is also evident from
higher values ofma(0)/mc(0) andma(1)/mc(1) for the
cove model (Table 2) that more of the potential ways
to move energy and matter are realized in this model
than in the oyster and marsh models.

4. Discussion

In ecosystems virtual structure is defined by direct
(adjacent) zero-sum transactions of conservative en-

ergy and matter exchanged between organisms and
their environments. The transactions set up more di-
verse and wide-ranging informational relations that
are indirect (non-adjacent) and nonzero-sum. Rela-
tions make life in the ecosphere infinitely varied and
for the most part positively experienced by organisms
(Patten, 1991) over their time-lines (Jørgensen et al.,
1992).

Network structure establishes pathways over which
conserved material can flow between entities in con-
nected systems. The relationship between pathway
numbers and length is a significant network attribute
because it describes how quickly indirect pathways
increase, and thus, the volume of pathways avail-
able for transactions and relations. In this paper we
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have demonstrated, consistent with other findings
from environ analysis, that network size (n) and con-
nectance degree (C) and pattern contribute to shaping
of the pathway length (k) and number (Pk) relation-
ship. System size was shown to have a curvilinear
effect. Connectance extent and pattern were found
to jointly influence this relationship, though in ways
not easily separated. Our main conclusions are the
following:

1. in well-connected networks, pathways increase ge-
ometrically with length regardless of system size,
as measured byma;

2. system size has a curvilinear effect on the relation-
ship between pathway length and number;

3. irrespective of system size, connectance can be
compared utilizing the measurema/mc; and

4. while connectance degree is entangled with pattern,
connectance pattern has a clear role in determining
the rate of pathway increase, as measured byma.

Our measure of path growth,ma, indicates an in-
crease rate based on the total number of pathways
Pk of selected lengthsk. A less empirical (and less
heuristic) metric is the dominant eigenvalue of the ad-
jacency matrix, max|λ|. This analytically determines
the asymptotic growth rate of paths between any node
pair (Fath, 1998; Hill, unpublished manuscript). This
rate is identical for all node pairs and represents the
overall growth rate of pathways for that structure.
Experimental trials using the maximum eigenvalue
measure (Tables 1 and 2) are consistent with those
reflected inma.

By eliminating the effect of size, our normalized
measuresma/mc for paths and walks characterize the
combined effect of connectance and topology on the
indirect network structure. The measures can be used
to compare indirect structure between systems of dif-
ferent sizes, and the next logical step in this research
would be to try to establish a relationship between par-
ticular connectance patterns and associated variation
in ma/mc values. Teasing apart the effect of magnitude
from the pattern of connectance itself we consider im-
portant to making inferences fromma/mc back to net-
work structure. Other research questions also present
themselves, such as the relationship betweenma and
ma/mc and network properties such as the cycling in-
dex (Finn, 1976), or some of the eleven cardinal prop-
erties of “holoecology” (Patten, 2003) derived from

the environ approach:

#1. Network proliferation—increase in pathway
numbers (Pk) with length (k), which is geomet-
ric increase as described herein.

#2. Network nonlocality—dominance of indirect
effects as carried by transactive flows (f),∑

k>1 f(Ak) > f(A).
#3. Network holocontrol—dominance of indirect

control (c),
∑

k>1 c(Ak) > c(A).
#4. Network homogenization—tendency to uni-

formly distribute causality.
#5. Network amplification—obtaining more than

face value from boundary inputsf(a(0)
ij ):

∑
k>0

f(a
(k)
ij ) > f(a

(0)
ij ).

#6. Network unfolding—proliferation of transfer
levels as a limit process, which in food webs
leads to trophic pyramids with an indefinite
number of trophic levels.

#7. Network synergism—dominance of indirect over
direct utility (u),

∑
k>1 u(Ak) > u(A).

#8. Network mutualism—indirect utilities becoming
more positive than direct.

#9. Network aggradation—internal order exceeding
generated disorder.

#10. Network enfolding—recursive incorporation of
indirect into direct causes such thatf(A) is really
f(A(

∑
k≥1 f(Ak))).

#11. Network holoevolution—the coevolution of
wholes and parts together.

The classical concept of “pattern and process” in
ecology comes to the fore in this list. Pathway nota-
tions (Ak = (a

(k)
ij ), k = 0) introduced into some of

the definitions show how central network structure is
to the principal results of environ analysis. That net-
work properties reflecting function (“process”) can be
depicted (in functional notation) as functions of struc-
ture (“pattern”) underscores how closely the two are
intertwined. In fact, as previously stated, structure is
virtual and follows function (transactions), which is
actual. From this it is reasonable to expect that struc-
tural measures such asma andma/mc can be useful in
predicting or bounding measures of function such as
the cycling index or some of the eleven above. The
logic here is that labyrinthine transactions define and
implicate, respectively, the direct and indirect pathway
structure within systems, including cycles. In fact the
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implication is mutual. Structure and function, or pat-
tern and process, go together and methods like those
in the set of environ analyses are going to be required
to distinguish one from the other.

Scale and modeling issues will be ever present in
this. The oyster reef, swamp marsh, and reservoir cove
ecosystems were each modeled at particular scales
not necessarily alike. Network size and connectivity
in models reflect the resolution at which systems are
studied. A network representation of the interior of a
cell can be far more intricate than that for an ecosys-
tem (e.g.Guet et al., 2002; Jeong et al., 2000; Maslov
and Sneppen, 2002). At their own scales it is true that
both can be equally complex, or the smaller perhaps
more complex than the larger. In general, finer grain
of observation leads to more nodes and links, which
by Higashi’s algebraic relations translates into greater
dominance of indirect effects. However, recalling the
definition of connectance (C = L/n2, L the number of
links), it is clear that finer resolution of nodes (n) will
causen2 to grow faster thann, rarefyingC. At very
large system sizes adjacency matrices can be expected
to become extremely sparse though number of links is
astronomical. A system with a billion nodes (n = 109)
and a trillion transactions interconnecting them (L =
1012) will be only one-millionth connected (L/n2 =
10−6), a sparse universe indeed in the present experi-
ence of ecological modeling. How to balance practical
needs to describe and predict with the companion need
to understand principles in order to better describe and
predict, will present a continuing challenge.
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