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Definition: Point Domination

A point p = (x, y) dominates another point q = (x
′
, y

′
)

iff x
′ ≤ x and y

′ ≤ y (i.e., point q lies to the left and
below point p) denoted as q ≤ p.

This definition is consistent with the concept of vector
dominance where a vector v dominates w if and only
if for all indices i, vi ≥ wi.
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Definition: Chain

A sequence of points σ = (p1, p2, . . . , pn) is an increas-
ing sequence of points iff point pi dominates point pi−1

for all 1 < i ≤ n. Such a sequence is called a chain
set or simply a chain.

A chain σ = (p1, p2, . . . , pn) is a maximum chain if it is
of maximum length.
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Definition: Height of a Point

The height ht(p) of a point p is defined as the size
(length) of a maximum chain in the subset {q ∈ P | q ≤
p}, (i.e, size of maximum chain in the subset of points
smaller than p that terminates at p) and the height
for a set of points P is the size of the maximum
chain in P .
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Definition:

Canonical Anti-Chain Partition

A canonical anti-chain partition A1, . . . , Aλ of P ,
where λ is the height of the set P , is the family of
anti-chains such that each anti-chain Ai contains ele-
ments with the same height i.
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Definition:

Canonical Chain Partition

A canonical chain partition of a set of points P is
the unique chain partition C1, . . . , Ck with all points
of ∪j≥iCj in the shadow of Ci (light from lower right
corner), for 1 ≤ i ≤ k.
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Side Remark

Permutation graphs are Perfect

A Chain of points corresponds to an Independent set
in the Permutation graph

An Anti-chain of points corresponds to a Clique in the
Permutation graph

Which is why Signal nets corresponding to a chain
can therefore all be safely assigned to the same layer
in VLSI.
The partial order defined on points is a bi-order.
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Definition: Affine Transformation δ

If xmax represent the maximum x-co-ordinate value of
points in P then affine transformation δ maps a
point p = (x, y) to another point δ(p) by the following
function:

δ(p) = (y, (xmax − x)) (1)

In terms of matrix operations, the δ transformation
corresponds to first multiplying the point vector p =(

x
y

)
with transformation matrix:

m =

(
0 1
−1 0

)

followed by addition of the vector:

a =

(
0

xmax

)

δ(p) = m.p + a (2)
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Lemma

If two points p, q in the set P are comparable p ≤ q or
q ≤ p then their mappings δ(p) and δ(q) are incompa-
rable.

Proof: Without loss of generality let p = (x, y) ≤ q =
(x

′
, y

′
). Therefore δ(p) = (y, (xmax − x)) and δ(q) =

(y
′
, (xmax − x

′
)). Hence, δ(q) ≤ δ(p). ♣
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Theorem

Following statements are equivalent:
• A chain C in the set of points P is an anti-chain

A in δ(P ).
• An anti-chain A in the set of points P is a chain

C in δ(P ).
♣
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Proposition

If k is the length of the maximal canonical chain for a
set of points in a plane then the number of canonical
anti-chains which partition the set of points is also k.

Proof: Each point on the k-maximal chain belongs
to a distinct anti-chain giving the result. ♣
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Algorithm Chains and Anti-Chains

Algorithm ChainsAndAntiChains
(input P:set of points;
output A: family of anti-chains; C: family of chains)
begin

i height(P);
ii for all points p ∈ P do /* in parallel */

Aht(p) ← Aht(p) ∪ {p}
/* add point p to the anti-chain with the index
same as height of p */

iii δ(P ) ← transform(P );
iv height(δ(P ));
v for all points p ∈ δ(P ) do /* in parallel */

Cht(δ(p)) ← Cht(δ(p)) ∪ {δ(p)}
/* add point δ(p) to the chain with the index
same as height of δ(p) */

end.
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Algorithm Transform

function transform
(input P:set of points;
output δ(P ): transformed set of points)
begin

i Initialize

m = {{0,1}, {−1,0}}; a = {0, xmax};
ii for all points p ∈ P do /* in parallel */

δ(p) ← m.p + a

end.
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Algorithm Height (sequential)

function
height(sequential)(P:set of points)
begin

i Initialize Cumulative set ← Current Set ← ps;
ht(ps) ← i ← 0;

ii while (P − Cumulative set) 6= φ do

iii for each (z 6∈ Cumulative set)
if lt(z) ⊆ Cumulative set then
Current Set ← Current Set ∪ z;
ht(z) ← i

iv

Cumulative Set ← Cumulative Set∪Current Set;

i + +;

end.
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Definition: Direct Domination

A point p directly dominates another point q iff q ≤ p
and there is no other point k such that q ≤ k ≤ p.

Another interpretation of direct dominance is that a
point p directly dominates point q if there is no other
point inside the rectangle defined by the two points p
and q as diagonally opposite corners and q ≤ p.
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Algorithm Direct Domination

function
Direct Domination(P:set of points)
begin

i for all pairs of points x, y, x ∈ lt(y) do
/* in parallel */
if SizeOf lt(y) − SizeOf lt(S(x, y)) −
SizeOf lt(S(y, x)) + SizeOf lt(x) == 0
/* the rectangle defined by corners x and y is
empty */
then x → y /* y directly dominates x*/

end.
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Algorithm Height (parallel)

function
height(parallel)(P:set of points)
begin

iv for every point p compute lt(p); and
SizeOf lt(p)

iv for every pair of points (x, y) ∈ P do in par-
allel Direct Domination(P );

iv Orient the rectangles counter-clockwise with x
and y as diagonally opposite corners;

iv Assign weight of zero to all horizontal segments
and a weight of +1 and -1 to vertical segments
going north and south respectively.

iv for each point p in parallel stitch the rectan-
gles which share p.

iv Height of a point is the sum of the +1’s.

end.
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Function LtAndSizeOf Lt

General Prefix Problem: f(m) and y(m) be

given sequence of integers 1 ≤ m ≤ n.

There is a binary associative operator ’∗’ on

the f-elements;

the y-elements can be compared by a linear

order ’<’.

The general prefix problem is to compute the

sequence of prefixes:

Dm = f(j1) ∗ f(j2) ∗ f(j3) ∗ . . . ∗ f(jk) where

j1 < j2 < . . . < jk and {j1, . . . , jk} is the set of

indices j < m for which y(j) < y(m), where m

is each index from 1 to n.

If the f(m) is set to reference of point m for

all the points, y(m) is set to the y-coordinates

of the point m and the ∗ operation is set to the

union operation ′∪′(which is associative) then

the general prefix function [SS89] computes

the lt(m) for each point m.
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How these ideas can be useful
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Computing Maximum Chain

Definition: Depth of a Point

The depth dt(p) of a point p is defined as the size
(length) of a maximum chain in the subset {q ∈ P |
q > p}, (i.e, size of maximum chain in the subset of
points larger than p that begin at p).
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Automatic Routing in Well-shaped Meshes

Meshes are well-shaped if the angle and/or

the aspect ratios of their elements are bounded

within some values.

Most of the meshes used in scientific simula-

tions are well-shaped.

Overlap graphs [Miller93] contain well-shaped

meshes and planar graphs.
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Conclusion

Parallel Algorithms are presented to find canonical
anti-chain and chain partition in planar point sets.
These structures provide a basis for solving other
problems for points in a plane.
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